The problem to solve

by Nasser M. Abbasi (oct 2009)
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In this solution, | start directly by solving for the vector field {u, v} and starting from the general degrees of
freedom, and from it by matrix inversion, find the shape function matrix N (in terms of nodal degrees of free-
dom). This involves inversting a 6 by 6 matrix. But Ok, | am using a computer. By hand, | would use the
method | showed in the analytical note part of this assignment which involvesinverting only a 3 by 3 matrix.

inj1= Needs["Notation "]

inz= nNodes = 3;
nDegr eef Fr eedom = 6;
synbolize[ Uz ]; Synbolize[ ]; Synbolize[ us ]; Synbolize[ Vi ]; Synbolize[ Vo ]
Synbolize[ V3 ]; [ ]; Synbolize[ a, ]; Synbolize[ as ]; Synbolize[ ay ]
Synbolize[ as ]; Synbolize[ ap ]; Synbolize[ X1 ]; Syrrbolize[ X2 ]; S/r'rbolize[ X3 ]
I [v2 ]

symbol i ze [ y1 synbol i ze[ ys |

Start by defining the u and v trial functions (linear polynomialsin x and y)

ing:= nhodal Degr eesOf Freedom = {u;, Vi, Uy, Va, Uz, V3};
gener al Degr eesO Freedom = {a;, a,, as, as, as, ag};
U=a+ax+aszy,
V=as+asX+agy,

set up the u = X a equation
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2 | find_B_matrix.nb

2= {b, xMvat } = Normal [CoefficientArrays [{u, v}, general DegreesO™ Freedom]];
Print [ToString[MatrixForm[{{"u"}, {"v"}}], FormatType -» Traditional Form] <>"=",
ToString [Matri xFor m[xMat ], Format Type -» St andar dFor m] <>
ToString [Matri xFor m[gener al Degr eesCf Freedom], For mat Type - St andar dFor m] ]

az
az

(U)_(lxyOOO as
v/ {000 1xy/|as
as
ae
Now find the shape functions. Start by expression nodal unknowns in terms of nodal coordinates
n[a4=  Ur =u/. {X->X1, Yy->Vy1}
Vi=V /. {X->X1, Y->Y1}
Uz =U /. {X>Xp Y ->Y2}
Vo =V /. {X X2 Y ->Y2}

Uz =uU/. {X->X3, Y->VY3}
Va3 =V /. {X>X3, Y¥->Y3}

Out[14]= Qi + a2 X1 +az Yyi

Out[15]= A4 + @5 X1 +ag Y1

Ouf[16]= a1 + a2 X2 +asz Y2

Out[17]= Q4 + as X2 + A Y2

Out[18]= Q1 + @2 X3 + a3z Y3

Ouf[19]= Qg4 + a5 X3 + 86 Y3

Writethe u = Aa equation

0= {b, aMat } = Normal [CoefficientArrays [{uy, Vi, Uz, V2, Us, Vs}, general DegreesOf Freedom]];

Print [ToString [MatrixForm[Transpose [{{"u", "vi", "ux", "vo", "usg", "v3"}}11,
For mat Type - Tradi ti onal Form] <>" =",

ToString [Matri xForm[aMVat ], For mat Type - St andar dFor m] <>
ToString [Matri xFor m[gener al Degr eesCf Freedom], For mat Type - St andar dFor m] ]

U, 1 X1 Y1 0 0 0 a,
Vi 0 0 0 1 X1 y1||ap
uz | 1 x2y2 0 0 O as
Vo - 0 0 0 1 X2 Y2 aa
us 1 X3 Y3 0 0 O as
Vs 0 0 0 1 x3 Y3 as

Find a = A~! u from the above by matrix inversion
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find_B_matrix.nb | 3

shapeFuncti ons = xMat . | nver se [aMat ];

A= {{D[#1, X] & 0 &}, {0& D[#l, y] &}, {D[#1l, y] & D[#l, x] &}};
bMat = | nner [#1[#2] & A, shapeFunctions, Plus];

(bMat = Sinplify [Assumi ng [El ement [{y1, Y2, Y3, X1, X2, X3}, Reals], bvat 11) // Matri xForm

Out[29]//MatrixForm=
-Y2+Y3

0 Y1-Y3 0
X3 (-Y1+Y2) +X2 (Y1-Y3) +X1 (-Y2+Y3) X2 Y1-X3 Y1-X1 Y2+X3 Y2+X1 Y3-X2 Y3
0 X2-X3 0 X1-X3
X2 Y1-X3 Y1-X1 Y2+X3 Y2+X1 Y3-X2 Y3 X3 (Y1-Y2) +X1 (Y2-Y3) +X2 (-Y1+Y
X2-X3 -Y2+Y3 X1-X3 Y1-Ys
X2 Y1-X3 Y1-X1 Y2+X3 Y2+X1 Y3-X2 Y3 X3 (=Y1+Y2) +X2 (Y1-Y3) +X1 (-Y2+Y3)

X3 (Y1-Y2) +X1 (Y2-Y3) +X2 (-Y1+Y3) X2 Y1-X3Y1-X1 Y2+X3 Y2+X1 Y3-X2!

Factor the determinant term from the above to the outside.

den = Denom nator [bMat [[1, 1]11];
bMat = bMat = den;

Print [ToString[l /den, Format Type - StandardFor m] <>
ToString[Matri xForm[Si nplify [bMat 1], Fornat Type -» St andar dFor m] ]

1 -Y2+Y3 0 Y1-Ys 0 -Y1+Y2 0

0 X2 — X3 0 -X1 + X3 0 X1 - X2
X3 (-Y1+Y2) +X2 (Y1 -Y3) +X1 (-Y2 +Y3) X2-X3 -Ya+Y3 -X1+X3 Y1-Y3 X1-X2 -Y1+Y2

But area of triangleis

In[33]:=

area = (1/2) Cross[{Xz -X1, Y2 -VY1, 0}, {Xz-X1, Ya-Yy1, 0}]1[[3]]

1
Out[33]= E (-X2 Y1 +X3Y1+X1Y2-X3Y2-X1Y3+X2Y3)

Hence B matrix becomes

nE4= Panel [Style[ToString[1/"2 area", Format Type - Standar dFor m] <>

ToString [Matri xForm[Si nplify[bMat 1], Fornat Type -» St andar dForm], 18]]

1 [TY2tYs 0 Y1—Y3 0 -y1+Y2 0
ousd= | ——— 0 Xo — X3 0 —X1+X3 0 X1 —Xo
2 area
Xo—X3 —Yo+t¥Y3 —X1+tX3 VYi—-Ys Xi—=Xo —-Yi1tY>2

final B = bMat ;

2 area

Out[87]//MatrixForm=
Y2-Y3 0 ¥Y3-Y1 0
—X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1 —X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1
o -X2+X3 O -X3+X1
=X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1 X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X;

-X2+X3 Y2-Y3 -X3+X1 Y3-Y1

—X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1 -X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1

-X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3Y1 -X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X:
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