Finding the B matrix for constant strain triangle
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The problem is first solve for scalar field # with the interpolating polynomial a1 4+ asx 4+ agy. Writing
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0 = {1 x y] as (1)
as
Evaluating the field 6 at each node gives
01 1 1 y1| |m
O = |1 x2 2| |a2
03 I x3 ys3| |as3
Hence
—1
ap 1z oy 01
az| = (1 z2 o 02
as 1 z3 y3 03
) Toyz — T3Y2 T3Y1 — T1Yy3 T1y2 —x2y1| |0
=N v2uys Y3 — Y1 Y1 — Y2 6o (2)

T3 — T T1 — X3 T9 — X1 03

Where A is the determinant x1ys — Toy1 — T1y3 + T3y1 + Toys — T3Yy2
Substituting (2) into (1) gives

N

Toys — T3Y2 T3Y1 — T1Y3 T1y2 — T2y1 | |01

9:%[1 T y] Y2 — Y3 Ys — Y1 Y1 — Y2 02
T3 — To x| — X3 T2 — I1 03
01
= [Nl No N3} D) ®)
03
Where
1
Ny = A [22y3 — x3y2 + = (Y2 — y3) +y (23 — 2)] )

1
Ny = X [3y1 — z1y3 + @ (y3 — y1) +y (x1 — x3)]

1
N3 = A [z1y2 — x2y1 + 2 (Y1 — y2) + y (2 — 21)]

u
For constant stress triangle, the field is a vector field. Hence replacing 6 with [ ] equation (3) becomes

v
"
1
ul [N 0 No 0 Ny 0] |ue
H_[o N 0 Ny 0 NJ Vs
u3
_’U3_




From the above

ou 8N1 + 6N2 + 8N3
— = U U U
or or or 2 ox
ov 8N1 8N2 8N3
= v v
ay oy T oy T oy
ou + ov 8N1 8N2 8N3 + 8N1 + 6N2 + 8N3
— 4+ — = U U u v v v
dy Oz oy ! y 2 dy T 0z Y o 2 ox ?
Hence
€z 6% 0
u
— o)
9 9
Vay L0y Oz
[ 5
%U
— el
_8yu + or
8N1u + 8N2u + aéi“‘ug
— BN1,U + 8N2’U + ad]\;g, U3
aNlu + 8N2u2 + 3N3u3 + 8N1 vl + 8N2U + 857\;32}3
B u1
N AN ON: u1
% 0 T 0 0 "y
_ ON ON: ON:
=10 8—; 0 8—; 0 8—; (5)
ON1 N1 9N, 9Ny ANy ONs| |2
oy ox dy oz oy ox
U3
_U3_
From (4) aaNi, %terms are evaluated. Substituting the result into (5) gives the B matrix
ONy 1 ( )
ON» 1 ( )
ON3 1 ( )
And
0N 1 ( )
— = — (13—
oy A T3 2
ONs 1 ( )
—=— (11— 2
oy A\ 3
ON3 1 ( )
— = — (10—
oy A (P2 1

Hence B becomes



) Y2 — Y3 0 ys — 1 0 Y1 — Yo 0
B:Z 0 T3 — X9 0 1 — T3 0 Ty — T (6)
T3 — T2 Y2—Ys X1 —T3 Y3 —Yr T2—T1 Y1 —Y2

Letting y; — y; = ;5 and x; — xj; = x;;, the above becomes

y23 0 y31 0 w2 O

1
B=—
A 0 232 0 =13 0 291

I32 Y23 T13 Y31 L21 Y12

But the area of triangle is give by

i ik
1
A:§ zo—x1 y2—y1 O
r3—x1 ys—y1 O
2A = (x2 — 1) (y3 — 1) — (y2 — w1) (z3 — 21)

= T1Y2 — T2Y1 — T1Y3 + T3Y1 + T2Y3 — T3Y2

And the determinant A was found above to be z1y2 — zoy1 — T1y3 + T3y1 + T2ys — x3y2, hence

2A=A

Substituting the above into B found above in equation (6) gives

) Y2 — Y3 0 Y3 — Y1 0 Y1 — Y2 0

B= -
oa| O

r3 — I 0 Ir] — I3 0 o — I

T3 —T2 Y2 —Ys T1—T3 Y3 —Yr T2—T1 Y1 —Y2
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