Butterworth low pass analog filter design
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1 Introduction

This is a detailed review of low pass Butterworth analog filter design. The goal is to generate H (s),
the Butterworth transfer function, from frequency specifications. There are 4 specifications as input
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to this design. The specifications are

fp | The passband corner frequency in Hz
fs | The stopband corner frequency in Hz
A, | The attenuation in db at €,
A, | The attenuation in db at €2,

This diagram below illustrates these specifications
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Notice that the specifications are given in db (the left diagram above) and not in magnitude (right
diagram above).

Notice that the specifications are given with reference to the transfer function magnitude. The phase
is not taken into account in the specifications. Butterworth analog transfer function transfer function
magnitude is given by

|H (5Q)] =

Where €. is the cutoff frequency. This is the frequency at which |H (jQ2)| = \/LQ = 0.707. Hence, the
goal of the design, is to determine N and (2. from the specifications. Once N and €2, are found, then

the H(s) poles are found. Once the poles are found, then H (s) is found.



2 Algorithm diagram

The following diagram outlines the design algorithm
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3 Design steps

3.1 backward transformation

Let ©, =1 rad/sec, and let Q, = ;—; rad/sec.

3.2 Determine filter order N

1
A, =—20log|H (582,)| = —20log = = 10log

1\ 2NV
1 —
“(a)

Solve for €2, from the above, we obtain

Now, using A;

1
As = —20log |H (j4)| = —QOIOg—N = 10log

()]

0, = O, (10% _ 1)2% (2)

Substitute . found in (1) into §25 above, we see that

Solve for €, from the above
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Hence, solve for N in the above by taking logs we find
As
1016 —1

log —( yw )

(10ﬁ71)

4

2log €2 (4)

Now, since order of filter has to be an integer, round the above value for N upwards if it is not an
integer already. Let us call this new N as N’ to make it clear that this is an updated N from the
original one.

N:

3.3 Find stables poles assuming €. = 1

Since the butterworth magnitude square of the transfer function is

H ()= —




Hence H (s) poles are found by setting the denominator of the above to zero, and for . = 1 we
obtain
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S = ] ej(ﬂ;%ff’rk)

S = ejgej(ﬂ;rﬁ;’rk)

Sk = ej(ﬂ—;ﬁ;/rk—i_%)

(5)
We only need to find the LHS poles, which are located at k = 0--- N’ — 1, because these are the
stable poles.

Now that we found the poles from above, hence we write

1 1
H(s) = N'-1 ~ (s—50)(s—51)---(5s—sn1_1) (6)
H S — Sk

k=0

3.4 Rescale the poles

We have to adjust either A, or As; depending on if the excess tolerance is to be assigned to the
passband or to the stop band and calculate €2, based on this.

If the excess tolerance is to be assigned to the passband, then from (3) we solve for A, and call this
new found value A}

(10% —1)
!/
and also need to determine Q. from (1), lets call this €, to reflect that this goes with the updated

Al and not the original A,.

o — ! (6.2)

c _1
(10?5 _ 1) -

However, if the excess tolerance is to be assigned to the stopband, then from (3) we solve for A, and
call this new found value A/

AL =10log (QgN' (10% - 1) + 1) (6.3)
and also need to adjust 2. to .. From (2), and using the above new value of A’ we write
Q,
Q. = - (6.4)

(10% —1)™
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Now need to adjust H (s) found above in (6) since that was found for §2. = 1 and now we have found
an updated €2, to do that we replace s by g;, hence H(s) becomes

1
H(s) =
) (e )
_ AR
= (s —so) (s —sy) -+ (s — Qsy1) (7)

Now, we have completed the first part of the design. We have found N’, €Y, and adjusted A, or A,
depending on the requirements for excess tolerance. Now we have all the parts needed to go ahead
and design H (s) by finding its poles. But remember to use the adjusted values from now on.

3.5 Convert normalized low pass using frequency transformation

The above H(s) found in (7) we designed for frequency €, = 1 and Q, = g;ﬁ The above found

H (s) is called the normalized transfer function. It is a low pass analog filter, which we need to map
to a low pass analog filter, but un-normalized based on the actual frequencies specified (remember,
the above was designed based on using €2, = 1).

So now we need to make adjustment to obtain H(s) for , = 2rf, and Q; = 27 f;.

To do this, replace s above by 3=, hence (7) becomes
[Q/](N'*l)

(7~ %) (25 - 20s0) - (i~ o)

H(s) =

[, x 2 f, V'Y

h (s =21 f,Q2sg) (s — 2w f€0.s1) - - - (s — 2w f, Qs nv_q) (®)

The zeros of H(s) are located at oo and there are N’ of them.

When simplifying the denominator above, multiply the complex conjugate terms with each others to
obtain real coefficients.

4 Example designs

4.1 Example 1

Given

fp = 1000 hz
fs = 2000 hz
A, = 1db

As = 20db

Excess tolerance at stopband, find H (s)



4.1.1 backward transformation

2, =1 rad/sec
Js

Q, =2
fp

= 2 rad/sec

4.1.2 Determine filter order N

From (4)
(10%5-1)
log "
( 0T
B 2log
1076 -1
log1 [Em%o 13]
=4.2894
2logy,
Hence
N =5

4.2 Find stables poles assuming (2. = 1

From (5), and since N' =5

Sk? e 62(7"‘2"’]?]7;16+")

= (5E+3)

Find the poles
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Hence from (6)

M) = oG ) =) =)

1

(s — (—0.30902 + 0.951 067)) (s — (—0.809 02 + 0.587 791)) (s —

1
(s — (—0.80902 — 0.587 79i)) (s — (—0.30902 — 0.951 067))

(=1)
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4.2.1 Rescale the poles

Excess tolerance is in the stopband, hence from (6.3)
AL =10log (QgN’ (10% - 1) + 1)
= 101ogy, (22<5> (10% - 1) + 1) —24.251 db
Hence new €, is found from (6.4)

/ JR—
QC_ 1

(10%* _ 1) o

(1024.1351 _ 1) 2(5)

Hence the above H (s) becomes (using equation 7 as reference)

1.1447

(5 1.1447(—0.30902 + 0.951 067)) (5 — 1. 1447 (—0.80902 + 0.587 791)) (5 — 1. 1447 (—1)) -
1

(s —1.1447 (—0.80902 — 0.587 794)) (s — 1. 1447 (—0.309 02 — 0.951 067))

H(s) =

4.2.2 Convert normalized low pass using frequency transformation

replace s by ﬁ, hence H (s) becomes (using equation 8 as reference), and noting that 27 f, =
27 (1000) = 6283. 2

(1.1447 x 6283.2)°

(5 L1447 x 6283.2 (—0.30902 + 0.951 061))
1

. X
(s —1.1447 x 6283.2(—0.809 02 + 0.587794)) (s — 1. 1447 x 6283.2 (—1))
1

(s —1.1447 x 6283.2 (—0.80902 — 0.587 79i)) (s — 1. 1447 x 6283.2 (—0.309 02 — 0.951 067))

Now multiply the complex conjugate terms with each others (to remove the complex terms), we
obtain

H(s) =

H(s) = 7192. 45
T (54 7192.2) (s2 + 4445.25 + 5.173 1 x 107) (s? + 11638.5 + 5. 1731 x 107)
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