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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 35 ]. This is test number [ 2 |].



1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2. Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.

3.

4. Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.0.1.debian on Ubuntu 20.04 Linux

8.
9.

Mathematica 13.0.1 (February 17, 2022) on windows 10.

Maple 2022.1 (June 1, 2022) on windows 10.

under window 10 WSL 2.0 subsystem via sagemath 9.6.

Fricas 1.3.7 (June 30, 2021) based on based on ecl 21.2.1 on Ubuntu 20.04 Linux
under window 10 WSL 2.0 subsystem via sagemath 9.6.

Giac/Xcas 1.9.0-7 (April 2022) on on Ubuntu 20.04 Linux under window 10 WSL 2.0
subsystem. Direct testing using C++ APIL.

Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 Ubuntu 20.04 Linux under
window 10 WSL 2.0 subsystem via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.
Mathics 4.0 via sagemath 9.6.

Maxima, Fricas, Mathics are called using Sagemath. This was done using Sagemath integrate
command by changing the name of the algorithm to use the different CAS systems. Mathics
was called using its own interface in Sagemath as in this example

‘ from sage.interfaces.mathics import mathics |
Lres = mathics(’Integrate[Sin[x] /(3 + Cos[x])"2,x]’) J

Sympy was called directly from Python. Giac was also called directly via its C++ interface.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 ( 35 ) | 0.00 (0)
Rubi 94.29 (33) | 5.71(2)
Maple 80.00 (28) | 20.00 (7)
Fricas 68.57 (24) | 31.43 (11)
Giac 4857 (17) | 51.43 (18)
Maxima 42.86 (15) | 57.14 (20)
Mupad 2571 (9) | 74.29 (26)
Sympy 20.00 (7) | 80.00 (28)
Mathics | 17.14 (6) | 82.86 (29)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 91.43 2.86 0.00 5.71
Mathematica 65.71 11.43 22.86 0.00
Maple 48.57 17.14 14.29 20.00
Fricas 37.14 31.43 0.00 31.43
Maxima 37.14 2.86 2.86 57.14
Giac 28.57 17.14 2.86 51.43
Sympy 11.43 8.57 0.00 80.00
Mathics 8.57 2.86 5.71 82.86
Mupad N/A 25.71 0.00 74.29

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 2 100.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 7 100.00 % 0.00 % 0.00 %

Fricas 11 81.82 % 0.00 % 18.18 %

Giac 18 100.00 % 0.00 % 0.00 %
Maxima 20 95.00 % 5.00 % 0.00 %
Sympy 28 92.86 % 7.14 % 0.00 %
Mupad 26 100.00 % 0.00 % 0.00 %
Mathics 29 0.00 % 20.69 % 79.31 %

Table 1.4: Failure statistics for each CAS




1.3 Performance
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The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.20 183.58 1.23 83.00 1.00
Mathematica | 1.81 213.74 1.53 102.00 1.00
Maple 0.10 136.64 1.21 79.00 0.86
Maxima 0.35 94.33 1.20 51.00 1.23
Fricas 0.85 571.00 2.88 77.00 1.52
Sympy 2.79 168.29 3.95 61.00 2.44
Giac 0.02 148.12 2.16 92.00 1.38
Mupad 0.59 160.00 1.47 49.00 0.94
Mathics 5.59 43.83 1.24 35.00 1.30

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.

Normalized mean size of antiderivative
Lower is better

Mean time used (seconds)
Lower is better




1.4

{}
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
Mathics {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {7}
Mathics

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.
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1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi, Mathematica and
Mathics. Future version of this report will implement verification for the other CAS systems.
For the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.
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1.9 Important notes about some of the re-

sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

’besselexpand : true’

’display2d : false’

’domain : complex’

’keepfloat : true’
’load(to_poly_solve)’
’load(simplify_sum)’

’load (abs_integrate)’ ’load(diag)’

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set(’extra_definite_integration_methods’, ’[]’)
‘ maxima_lib.set(’extra_integration_methods’, ’[]’)

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-

[from-using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac antideriva-
tive was determined using the following function, thanks to user slelievre at
[sagemath.org/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
r"""
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7*count_ ops(anti))

except Exception as ee:
leafCount =1

For Giac, the call taille(anti_derivative,RAND_MAX) ; is used to find leaf size.


https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine,’cos(x)*sin(x)’)
‘ the_variable = evalin(symengine,’x’)
anti = int(integrand,the_variable)

N

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Sam Blake test file [ Mathematica script + grading +verification ]
8 @ l Rubi script + grading + verification }—>
Test files from Albert : N b
Mapl
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - -
test file [ Python script to run sympy + grading
t ’ Matlab script for Mupad/Symbolic toolbox

’ Direct C++ Program using GIAC/XCAS interface &
POST
, - hon PROCESSOR
ost processing python,
sagemath script for grading PROGRAM
GIAC result
Program that

Post processing generates the
Mathematica script for

grading + verification of LaFeX _relmrt
Mathics output using input

from the
result tables

—™  Mathics —>
SageMath/Python .
script to test SageMath — Fricas

Maxima, Fricas,

Mathics + grading
—m  Maxima 4’@—>

High level overview of the CAS
independent integration test
build system v

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.
integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.
integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. O if failed.
string. The integral in Latex format
string. The input used in CAS own syntax.
string. The result (antiderivative) produced by CAS in Latex format
string. The optimal antiderivative in Latex format.
.integer. 0 or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Table file
15. integer. Number of steps used.
16. integer. Number of rules used.
17. integer. Integrand leaf size.
18. real number. Ratio. Field 16 over field 17 Nasser M. Abbasi
19. String of form “{n,n,..}” which is list of the rules used by Rubi June 2022

WO NOULAEWNE
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2.1 List of integrals sorted by grade for each

CAS
Local contents
2.1.1 Rubi. . . .. . e 23
2.1.2 Mathematica . . . . . . . . . . . e 23]
2.1.3 Maple . . . . oL 23]
2.1.4 Maxima . . . . . . . e e e e 23
2.1.5 FriCAS . . . . e 23
216 SYMDY - « « « o i e e e e e e e e 24
2.1.7 Glac . . . .. e e 24
2.1.8 Mupad . . ...

2.1.9 Mathics . . . . . . . e s 24
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2.1.1 Rubi

A grade: { [1)2) 5L 5,5, 10) 1) 12 3} 14 5, 167 15, 20,22 23,24, 25,26, 27 25,
50, 51,5253 54,55}

B grade: { [21] }
C grade: { }

F grade: {[1[§ }

2.1.2 Mathematica
A grade: { 2)B)B) ) B) 0 1) 12 5 161 7[5 22 23, 20 27 26,293 B0, BT, B B B3 )
B grade: { [8/[19,[20,[33 }

C grade: { A6 AL )
F grade: { }

2.1.3 Maple

A grade: { [1}3)/4 5[0} 12 20, 21) 22, 23, [25) 27, B0 32 33 B B3 )
B grade: { (117192426}

C grade: { [6}[7}[8[13}[14] }

F grade: { [£)[[5} 16,8 28129, }

2.1.4 Maxima

A grade: { 1357103 12, I3, 20, 22,53, )
B grade: { 23]}

C grade: {4}
F grade: { 21[6}[9}[13} [14 [L5}[16} 17} 18} [21} 24} 25 26} 27} [28} [29} 80} B1} 32, [35] }
2.1.5 FriCAS

A grade: { [T}[2}[3} 4} 5} 9 12} L5} 16} [T7,[T8} [T9} 22| }
B grade: {510} 113,14 20,2123, 24,2653
C grade: { }

F grade: { [7}/8,[25}[27}[28) 29}30, 31} 32, 34,35 }
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2.1.6 Sympy

A grade: { [B[6}[L0}[19] }
B grade: { L2 )
C grade: { }

e (BRISSNEBEEBIEABNEELBENNRE
41135

2.1.7 Giac

A grade: { [1}3,[5}/6} [L0}[11}[12} 21} 22, 23] }

B grade: { QI3 2020

C grade: {4}

P g { 15 5 5 25 7 . L, 2 3 B

2.1.8 Mupad
A grade: { }

B grade: { [1}[2,3,5}[6; 21} 22,23, [26] }
C grade: { }

g}rade: { B BB O[T [12)[13}[14)[15][16}[17[18}[19}[20} 24 [25, 27 28} 29} 30} 31} 32} 33} 34
35

2.1.9 Mathics

A grade: (L2
B grade: {[f| }
C grade: { [6}[19] }

g{}@plﬂlﬂ
33,134} (35
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2.2 Detailed conclusion table per each inte-

gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is

defined as

antiderivative leaf size

abbreviated to MMA.

optimal antiderivative leaf size"

To help make the table fit, Mathematica was

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A C A A A B A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 22 22 77 21 20 25 61 24 16 32
N.S. 1 1.00  3.50 0.95 0.91 1.14 2.77 1.09 0.73 1.45
time (sec) N/A 0.011 0.045 0.090 0.406 0.355 4.142 0.003 0.141 6.104
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A B F A F B B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 32 32 41 50 0 44 0 208 49 0
N.S. 1 1.00 1.28 1.56 0.00 1.38 0.00 6.50 1.53 0.00
time (sec) N/A 0.022 0.089 0.010 0.000 0.346 0.000 0.026 0.622 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 25 25 16 16 23 20 14 21 14 14
N.S. 1 1.00 0.64 0.64 0.92 0.80 0.56 0.84 0.56 0.56
time (sec) N/A 0.012 0.008 0.017 0.279 0373 0.186 0.000 0.163 1.848
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A C A C A F C F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 58 58 68 42 112 46 0 80 -1 0
N.S. 1 1.00 1.17 0.72 1.93 0.79 0.00 1.38  -0.02 0.00
time (sec) N/A 0.061 0.012 0.059 0.375 0.445 0.000 0.002 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 50 50 26 42 56 67 838 39 88 86
N.S. 1 1.00 0.52 0.84 1.12 1.34 16.76 0.78 1.76 1.72
time (sec) N/A 0.020 0.025 0.121 0.273  0.343 3.527 0.002 0.269 15.130
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A C C F B A A B C
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 334 334 30 36 0 1058 26 344 313 37
N.S. 1 1.00 0.09 0.11 0.00 3.17 0.08 1.03 0.94 0.11
time (sec) N/A 0.248 0.004 0.018 0.000 0.390 1.248 0.007 0.262 3.092
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A F A C A F(-2) F F F F(-2)
verified N/A N/A NO TBD TBD TBD TBD TBD TBD TBD
size 291 0 430 172 366 0 0 0 -1 0
N.S. 1 0.00 148 0.59 1.26 0.00 0.00 0.00 -0.00 0.00
time (sec) N/A 0.031 0.737 0.148 0.377  0.000 0.000 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A F B C A F(-2) F F F F(-2)
verified N/A N/A Yes TBD TBD TBD TBD TBD TBD TBD
size 308 0 654 199 378 0 0 0 -1 0
N.S. 1 0.00 2.12 0.65 1.23 0.00 0.00 0.00 -0.00 0.00
time (sec) N/A 0.028 0.442 0.011 0.375 0.000 0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A F F A F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 84 84 105 0 0 66 0 0 -1 0
N.S. 1 1.00 1.25 0.00 0.00 0.79 0.00 0.00 -0.01 0.00
time (sec) N/A 0.039 0.120 0.010 0.000  0.336  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A A B A A F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 41 41 41 34 51 101 112 71 -1 0
N.S. 1 1.00 1.00 0.83 1.24 2.46 2.73 1.73 -0.02 0.00
time (sec) N/A 0.134 0.054 0.056 0.343  0.348 8.044 0.006 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A B A B F A F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 73 73 69 175 63 112 0 92 -1 0
N.S. 1 1.00 0.95 2.40 0.86 1.53 0.00 1.26  -0.01 0.00
time (sec) N/A 0.084 0.059 0.096 0.363 0.349 0.000 0.021 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A A A F A F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 73 73 52 60 7 110 0 106 -1 0
N.S. 1 1.00 0.71 0.82 1.05 1.51 0.00 1.45 -0.01 0.00
time (sec) N/A 0.197 0.047 0.018 0.370  0.417 0.000 0.005 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A C C F B F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 365 365 217 109 0 5235 0 0 -1 0
N.S. 1 1.00 0.59 0.30 0.00 14.34  0.00 0.00  -0.00 0.00
time (sec) N/A 0.605 0.155 0.059 0.000 5.354  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A C C F B F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 337 337 212 105 0 4535 0 0 -1 0
N.S. 1 1.00 0.63 0.31 0.00 13.46  0.00 0.00  -0.00 0.00
time (sec) N/A 0.399 0.143 0.059 0.000  3.374 0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A F F A F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 7 7 74 0 0 56 0 0 -1 0
N.S. 1 1.00 0.96 0.00 0.00 0.73 0.00 0.00 -0.01 0.00
time (sec) N/A 0.047 10.041 0.007 0.000 0.621 0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A F F A F F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 118 118 112 0 0 73 0 0 -1 0
N.S. 1 1.00  0.95 0.00 0.00 0.62 0.00 0.00 -0.01 0.00
time (sec) N/A 0.127 10.055 0.012 0.000 0.825 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A B F A F B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 83 83 7 298 0 81 0 262 -1 0
N.S. 1 1.00 0.93 3.59 0.00 0.98 0.00 3.16 -0.01 0.00
time (sec) N/A 0.070 0.147 0.018 0.000 1.862 0.000 0.020 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A F F A F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 96 96 89 0 0 122 0 0 -1 0
N.S. 1 1.00 0.93 0.00 0.00 1.27 0.00 0.00 -0.01 0.00
time (sec) N/A 0.056 0.356 0.014 0.000 1.897 0.000 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A B B A A A B F C
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 25 25 65 49 36 34 61 91 -1 61
N.S. 1 1.00 2.60 1.96 1.44 1.36 2.44 3.64 -0.04 2.44
time (sec) N/A 0.050 0.106 0.036 0.337 0.344 2.023 0.015 0.000 4.681
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A B A A B F B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 25 25 126 33 35 55 0 93 -1 0
N.S. 1 1.00 5.04 1.32 1.40 2.20 0.00 3.72 -0.04 0.00
time (sec) N/A 0.034 0.082 0.069 0.386  0.360 0.000 0.015 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A B C A F(-1) B F A B F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD TBD
size 108 786 478 95 0 219 0 128 307 0
N.S. 1 728 443 0.88 0.00 2.03 0.00 1.19 2.84 0.00
time (sec) N/A 0.790 6.233 0.129 0.000 0.390 0.000 0.004 1.247 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A A A B A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 29 29 56 27 40 46 66 40 26 33
N.S. 1 1.00 1.93 0.93 1.38 1.59 2.28 1.38 0.90 1.14
time (sec) N/A 0.013 0.023 0.086 0.273  0.347 0370 0.002 0.278 2.700
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A B B F A B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 26 26 26 20 43 68 0 26 19 0
N.S. 1 1.00 1.00 0.77 1.65 2.62 0.00 1.00 0.73 0.00
time (sec) N/A 0.009 0.013 0.056 0.360  0.335 0.000 0.006 0.162 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A B F B F B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 110 147 121 364 0 859 0 489 -1 0
N.S. 1 1.34 1.10 3.31 0.00 7.81 0.00 4.45 -0.01 0.00
time (sec) N/A 0.390 0.078 0.097 0.000 0.364 0.000 0.091 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A C A F F F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 40 40 54 75 0 0 0 0 -1 0
N.S. 1 1.00 1.35 1.88 0.00 0.00 0.00 0.00 -0.02 0.00
time (sec) N/A 0.052 32.138 0.151 0.000 0.372 0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A C B F B F B B F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD TBD
size 185 349 910 392 0 452 0 404 608 0
N.S. 1 1.89 4.92 2.12 0.00 2.44 0.00 2.18 3.29 0.00
time (sec) N/A 0.697 0.343 0.101 0.000 0.359 0.000 0.031 2.183 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A F F F(-1) F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 102 102 102 83 0 0 0 0 -1 0
N.S. 1 1.00  1.00 0.81 0.00 0.00 0.00 0.00 -0.01 0.00
time (sec) N/A 0.096 0.014 0.023 0.000  0.329 0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A F F F F F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 159 159 122 0 0 0 0 0 -1 0
N.S. 1 1.00 0.77 0.00 0.00 0.00 0.00 0.00 -0.01 0.00
time (sec) N/A 0.127 0.060 0.099 0.000  0.322 0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A F F F F(-1) F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 395 395 347 0 0 0 0 0 -1 0
N.S. 1 1.00 0.88 0.00 0.00 0.00 0.00 0.00  -0.00 0.00
time (sec) N/A 0.354 0.153 0.075 0.000  0.337 0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A F F F F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 981 981 868 722 0 0 0 0 -1 0
N.S. 1 1.00 0.88 0.74 0.00 0.00 0.00 0.00  -0.00 0.00
time (sec) N/A 0.859 0.323 0.051 0.000  0.341 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A F F F F F F F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD TBD
size 555 555 1076 0 0 0 0 0 -1 0
N.S. 1 1.00 194 0.00 0.00 0.00 0.00 0.00  -0.00 0.00
time (sec) N/A 0.438 0.890 0.007 0.000  0.342 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A F F F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 313 313 303 252 0 0 0 0 -1 0
N.S. 1 1.00 0.97 0.81 0.00 0.00 0.00 0.00  -0.00 0.00
time (sec) N/A 0.234 0.056 0.014 0.000  0.342 0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A B A A B F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 80 80 262 113 84 220 0 0 -1 0
N.S. 1 1.00 3.28 1.41 1.05 2.75 0.00 0.00 -0.01 0.00
time (sec) N/A 0.051 0.162 0.253 0.376  0.349 0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A A F F F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD TBD
size 57 57 44 71 31 0 0 0 -1 0
N.S. 1 1.00 0.77 1.25 0.54 0.00 0.00 0.00 -0.02 0.00
time (sec) N/A 0.047 0.049 0.493 0.386 0.337  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad Mathics
grade A A A A F F F F F F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD TBD
size 121 121 131 171 0 0 0 0 -1 0
N.S. 1 1.00 1.08 1.41 0.00 0.00 0.00 0.00 -0.01 0.00
time (sec) N/A 0.065 0.138 0.331 0.000 0.344  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [16] had the largest ratio of [36]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep(f uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 1 1 1.00 12 0.083
2 A 4 3 1.00 19 0.158
3 A 2 2 1.00 6 0.333
4 A 5 5 1.00 10 0.500
5! A 3 2 1.00 7 0.286
6 A 22 9 1.00 8 1.125
7 F 0 0 N/A 0 N/A
F 0 0 N/A 0 N/A
9 A 4 3 1.00 19 0.158
10 A 6 3 1.00 25 0.120
11 A ) 2 1.00 19 0.105
12 A 6 3 1.00 21 0.143
13 A 20 8 1.00 28 0.286
14 A 22 9 1.00 21 0.429
15 A 2 1 1.00 27 0.037
16 A 3 2 1.00 36 0.056
17, A 7 ) 1.00 17 0.294
18 A 7 5 1.00 17 0.294
19 A 6 6 1.00 25 0.240
20 A 7 7 1.00 14 0.500
21 B 45 7 7.28 9 0.778
22 A 3 3 1.00 8 0.375
23 A 2 2 1.00 10 0.200
24 A 11 7 1.34 16 0.438
25) A 5 5 1.00 11 0.454
Continued on next page
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number of

number of

normalized

A o integrand b f rul
# | grade stepe widie | antiderivative | e tegrand leaf size
26 A 31 12 1.89 16 0.750
27 A 12 10 1.00 16 0.625
28 A 13 12 1.00 12 1.000
29 A 28 15 1.00 13 1.154
30 A 44 10 1.00 18 0.556
31 A 35 16 1.00 18 0.889
32 A 21 7 1.00 14 0.500
33 A 7 4 1.00 5 0.800
34 A 5 5 1.00 8 0.625
35 A 10 7 1.00 14 0.500
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L dz
f \/5 +cos(z)+sin(z)

Optimal. Leaf size=22

3.1

1 — /2 sin(z)

" cos(z) — sin(z)

[Out] (-1+sin(z)*2~(1/2))/(cos(z)-sin(z))

Rubi [A]
time = 0.01, antiderivative size = 22, normalized size of antiderivative = 1.00, number of

number of rules _ 0.083,
integrand size

steps used = 1, number of rules used = 1, integrand size = 12,
Rules used = {3193}

1 — /2 sin(2)

~ cos(z) — sin(z)

Antiderivative was successfully verified.

[In] Int[(Sqrt[2] + Cos[z] + Sin[z])~(-1),z]
[Out] -((1 - Sqrt[2]*Sin[z])/(Cos[z] - Sin[z]))
Rule 3193

Int[(cos[(d_.) + (e_.)*(x_)]*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)1)~
(-1), x_Symbol] :> Simp[-(c - a*Sin[d + exx])/(c*e*(c*Cos[d + exx] - b*Sin[
d + e*x])), x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[a"2 - b™2 - ¢~2, 0]

Rubi steps

1 — /2 sin(z)

dz = " cos(z) — sin(z)

1
/ V2 + cos(z) + sin(z)

Mathematica [C] Result contains complex when optimal does not.
time = 0.05, size = 77, normalized size = 3.50

— (@ +80)+v2)cos (5)) + ((14+9) = iv2 ) sin (3)
(@+3)+ V2 ) cos (3) +i (-1 =) + V2 ) sin (3)

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2] + Cos[z] + Sin[z])~(-1),z]
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[Out] (-(((1 + 3*I) + Sqrt[2])*Cos[z/2]) + ((1 + I) - IxSqrt[2])*Sin[z/2]1)/(((1 +
I) + Sqrt[2])*Cos[z/2] + I*((-1 - I) + Sqrt([2])*Sin[z/2])

Mathics [A]
time = 6.10, size = 32, normalized size = 1.45

—198 + 140v/2’
99 — 70v/2" — 239Tan [] + 169+/2 Tan [Z]

Antiderivative was successfully verified.

[In] mathics(’Integrate[1/(Sqrt[2] + Sin[z] + Cos([z]),z]’)
[Out] (-198 + 140 Sqrt[2]) / (99 - 70 Sqrt[2] - 239 Tan[z / 2] + 169 Sqrt[2] Tan[
z / 2])

Maple [A]
time = 0.09, size = 21, normalized size = 0.95

method | result size

default | — (ﬁ—l) (taz(g)+ﬁ+1> 21
(—2—2\/5) tan(Z)+2

norman tan2 (§)+2 tan(%)—l

risch — 2 + 2i
ﬁ+2 eiz+i\/§ \/7+2 eiz+i\/5

32
45

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(z)+sin(z)+27(1/2)),z,method=_RETURNVERBOSE)
[Out] -2/(27(1/2)-1)/(tan(1/2*z)+27(1/2)+1)

Maxima [A]
time = 0.41, size = 20, normalized size = 0.91
2

- (V2'-1)sincs)

cos(z)+1

+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+27(1/2)),z, algorithm="maxima")
[Out] -2/((sqrt(2) - 1)*sin(z)/(cos(z) + 1) + 1)

Fricas [A]
time = 0.36, size = 25, normalized size = 1.14
V2 cos (2) + V2 sin (2) — 2

2 (cos(z) —sin(2))
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+2~(1/2)),z, algorithm="fricas")
[Out] 1/2*%(sqrt(2)*cos(z) + sqrt(2)*sin(z) - 2)/(cos(z) - sin(z))
Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 61 vs.

2(15) =30
time = 4.14, size = 61, normalized size = 2.77

B 198 N 140v/2'
—239tan (Z) + 169v/2 tan (Z) — 70v/2" +99 = —239tan (%) + 1692 tan (Z) — 70v/2" + 99

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+2**(1/2)),z)
[Out] -198/(-239*tan(z/2) + 169*sqrt(2)*tan(z/2) - 70*sqrt(2) + 99) + 140*sqrt(2)
/(-239%tan(z/2) + 169*sqrt(2)*tan(z/2) - 70*sqrt(2) + 99)

Giac [A]
time = 0.00, size = 24, normalized size = 1.09

2(—&—1)
tan(g)—l—ﬁ—l—l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+27(1/2)),2)
[Out] -2*(sqrt(2) + 1)/(sqrt(2) + tan(1/2*z) + 1)

Mupad [B]
time = 0.14, size = 16, normalized size = 0.73

2

_tan(g) <\/5 —1) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(z) + sin(z) + 2°(1/2)),z)
[Out] -2/(tan(z/2)*(27(1/2) - 1) + 1)
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3.2 | 7 dx

(mmm)

Optimal. Leaf size=32

1 Vi-22 1,
Tt T oyt @)

[Out] -1/2/x+1/2*arcsin(x)+1/2%(-x"2+1)"(1/2)/x

Rubi [A]
time = 0.02, antiderivative size = 32, normalized size of antiderivative = 1.00, number of

number of rules _ ( 159
integrand size ’

steps used = 4, number of rules used = 3, integrand size = 19,
Rules used = {6822, 283, 222}

Antiderivative was successfully verified.

[In] Int[(Sqrt[1 - x] + Sqrt[1 + x])~(-2),x]

[Out] -1/2%1/x + Sqrt[1 - x~2]/(2*x) + ArcSin[x]/2
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)~2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rule 283

Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] &% LtQ[m, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] &% IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 6822

Int[(u_.)*((e_.)*Sqrtl(a_.) + (b_.)*(x_)"(n_.)] + (£_.)*Sqrtl(c_.) + (d_.)*
(x)"(@_.)1)"(m_), x_Symbol] :> Dist[(b*e~2 - d*f~2)"m, Int[ExpandIntegrand
[(u*x~(m*n))/(exSqrt[a + b*x"n] - f*Sqrt[c + d*x"n])"m, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && ILtQ[m, O] && EqQ[a*e™2 - c*f~2, 0]

Rubi steps



41

1 1 2 2v1—2a2?
/<‘/1_93+\/1+m>2d$=1/(?_7x) dz

Mathematica [A]
time = 0.09, size = 41, normalized size = 1.28

—14+vV1—22 +2xtan_1( i+x>

-z
2z

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[1 - x] + Sqrt[1 + x])~(-2),x]
[Out] (-1 + Sqrt[1 - x72] + 2*x*ArcTan[Sqrt[1 + x]/Sqrt[1l - x]1)/(2*x)

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded in comparison

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[1/(Sqrt[1 + x] + Sqrt[1l - x])~2,x]°’)
[Out] cought exception: maximum recursion depth exceeded in comparison

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 49 vs.

2(24) = 48.
time = 0.01, size = 50, normalized size = 1.56

method | result size

(—arcsin(x)x—\/—$2 + 1)\/1 +z \/]. -z

default —55 — /2 r T 50
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((1-x)"(1/2)+(1+x)~(1/2))"2,x,method=_RETURNVERBOSE)

[Out] -1/2/x-1/2*(-arcsin(x)*x-(-x"2+1)"(1/2))*(1+x)~(1/2)*(1-x)~(1/2) /x/ (-x"2+1)
~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="maxima")
[Out] integrate((sqrt(x + 1) + sqrt(-x + 1))°(-2), x)

Fricas [A]
time = 0.35, size = 44, normalized size = 1.38

2xarctan<\/x+1 \/m—w—l—l _1) —Vr+1+vV—z+1 +1

2z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="fricas")

[Out] -1/2%(2*x*arctan((sqrt(x + 1)*sqrt(-x + 1) - 1)/x) - sqrt(x + 1)*sqrt(-x +
1) + 1/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ 5 d
(VI=& +va+1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)**(1/2)+(1+x)**(1/2))**2,x)

[Out] Integral((sqrt(l - x) + sqrt(x + 1))**x(-2), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 147 vs. 2(24) =

48.
time = 0.03, size = 208, normalized size = 6.50

2
9 < 2vV—zx+1 2z 41 +2ﬁ> vV—z+1 <<_‘2 M) - 1)
ul —2vz +1+2v2 0y/—z + 1  arctan 2v/—z+1 1
—2Vz +1 +2v2 2z

2 _( 2vV—x+1 _—2\/x+1+2ﬁ>2+4
—2vz+1 +2v/2 2v/—z+1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"~2,x)

[Out] -1/2%pi - 2*((sqrt(2) - sqrt(x + 1))/sqrt(-x + 1) - sqrt(-x + 1)/(sqrt(2) -
sqrt(x + 1)))/(((sqrt(2) - sqrt(x + 1))/sqrt(-x + 1) - sqrt(-x + 1)/(sqrt(
2) - sqrt(x + 1)))°2 - 4) - 1/2/x - arctan(-1/2x*sqrt(-x + 1)*((sqrt(2) - sq

rt(x + 1))72/(x - 1) + 1)/(sqrt(2) - sqrt(x + 1)))

Mupad [B]
time = 0.62, size = 49, normalized size = 1.53

E+) Vi 1 Vicz -1
— — —2atan | —
T +1 2z

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((x + 1)7(1/2) + (1 - x)~(1/2))72,%)
[Out] ((x/2 + 1/2)*(1 - x)7(1/2))/(xx(x + 1)7(1/2)) - 1/(2*x) - 2*atan(((1 - x)7(
1/2) - 1)/(x + 1)7(1/2) - 1))
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3.3 J (1—|—cos( e 4%

Optimal. Leaf size=25
sin(x) sin(zx)
3(1 4 cos(x))? = 3(1 + cos(z))
[Out] 1/3*sin(x)/(1+cos(x))~2+1/3*sin(x)/(1+cos(x))
Rubi [A]
time = 0.01, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules — 0.333
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 6,
Rules used = {2729, 2727}
sin(z) sin(x)
3(cos(z) +1) = 3(cos(z) + 1)2

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x])~(-2),x]

[Out] Sin[x]/(3*(1 + Cos[x])~2) + Sin[x]/(3*(1 + Cos[x]))
Rule 2727

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> Simp[-Cos[c +
dxx]/(dx(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a”™2 - b
~2, 0]

Rule 2729

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[bx*Cos[c
+ d*x]*((a + b*Sin[c + d*x])~"n/(a*d*(2*n + 1))), x] + Dist[(n + 1)/(a*(2*n
+ 1)), Int[(a + b*Sin[c + d*x])~(n + 1), x], x] /; FreeQ[{a, b, c, d}, x] &
& EqQ[a”2 - b™2, 0] && LtQ[n, -1] && IntegerQ[2*n]

Rubi steps

1 - sin(z) 1 1 i
/(l—i—cos(a:))zd 31 + cos()? " 3 /l—i-cos( 7 ¢
sin(x) sin(x)

(

3(1 + cos(z))?  3(1+ cos(z))

Mathematica [A]
time = 0.01, size = 16, normalized size = 0.64
(2 4 cos(z)) sin(z)
3(1 + cos(x))?




Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x])~(-2),x]
[Out] ((2 + Cos[x])*Sin[x])/(3*(1 + Cos[x])~2)
Mathics [A]
time = 1.85, size = 14, normalized size = 0.56
(3+ Tan [5]%) Tan [2]
6

Antiderivative was successfully verified.

[In] mathics(’Integrate[1/(1 + Cos[x])~2,x]’)
[Out] (3 + Tan[x / 2] ~ 2) Tanlx / 2] / 6

Maple [A]
time = 0.02, size = 16, normalized size = 0.64

method | result size
default | (2(z)) | ten(3) | g
norman (tanz(%)) + tanﬁ) 16
risch 2381 jij’)? 22

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x))~2,x,method=_RETURNVERBOSE)
[Out] 1/6%tan(1/2%*x)~3+1/2*tan(1/2*x)
Maxima [A]
time = 0.28, size = 23, normalized size = 0.92
sin (z) sin (z)?
2(cos(x) +1)  6(cos(z)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x, algorithm="maxima")
[Out] 1/2*sin(x)/(cos(x) + 1) + 1/6*sin(x)~3/(cos(x) + 1)°3
Fricas [A]
time = 0.37, size = 20, normalized size = 0.80
(cos (x) + 2)sin (z)
3 (cos (z)* +2 cos (z) + 1)

45



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x, algorithm="fricas")
[Out] 1/3*(cos(x) + 2)*sin(x)/(cos(x)~2 + 2*cos(x) + 1)

Sympy [A]
time = 0.19, size = 14, normalized size = 0.56

tan® (£) tan (%)
6 + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))**2,x)
[Out] tan(x/2)**3/6 + tan(x/2)/2

Giac [A]
time = 0.00, size = 21, normalized size = 0.84

(g (5)+n (5))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x)
[Out] 1/6*xtan(1/2*x)"3 + 1/2*tan(1/2*x)

Mupad [B]
time = 0.16, size = 14, normalized size = 0.56

tan (%) (tan (%)2 + 3)
6

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x) + 1)°2,x%)
[Out] (tan(x/2)*(tan(x/2)"2 + 3))/6
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3 4 f Sln
V1 —|— T
Optimal. Leaf size=58

V27 cos(1)S (\/?\/14-95 ) —Vor ¢ (\/?\/14-33 > sin(1)

[Out] cos(1)*FresnelS(2~(1/2)/Pi~(1/2)*(1+x)~(1/2))*2~(1/2)*Pi~(1/2)-FresnelC(2~(
1/2) /Pi~(1/2)*(1+x)~(1/2))*sin(1)*2~(1/2)*Pi~(1/2)

Rubi [A]
time = 0.06, antiderivative size = 58, normalized size of antiderivative = 1.00, number of

number of rules
’ integrand size = 0.500,

steps used = 5, number of rules used = 5, integrand size = 10
Rules used = {3387, 3386, 3432, 3385, 3433}

V2r cos(1)8 (\/?‘/x_i'l ) — V27 sin(1)C <\/§\/x+1 )

Antiderivative was successfully verified.
[In] Int([Sin[x]/Sqrt[1l + x],x]

[Out] Sqrt[2*Pi]*Cos[1]*FresnelS[Sqrt[2/Pi]l*Sqrt[1 + x]] - Sqrt[2*Pi]*FresnelC[Sq
rt[2/Pi]l*Sqrt[1 + x]]*Sin[1]

Rule 3385

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3386

Int[sinl(e_.) + (£_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3387

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*xe - cxf)/d], Int[Sin[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[cx(£f/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQl{c, 4,
e, f}, x] && ComplexFreeQ[f] && NeQ[d*e - cx*f, 0]

Rule 3432
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Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rubi steps

_sin(z) sin(1 + x) ) cos(l+z)
dz = cos(1 dz — sin(1 dz
Vitz @ / M Vitz

= (2cos(1))Subst (/ sin (2°) dz, =, \/Il—l-—x) — (2sin(1))Subst (/ cos (2°) dz,z,V1+x
= V27 cos(1)S (@ m) —Vor C (@ m) sin(1)

Mathematica [C] Result contains complex when optimal does not.
time = 0.01, size = 68, normalized size = 1.17

(mr( i(1+2)) + ¥ il +2) T (4,i(1+1)))
2V1+z

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/Sqrt[1 + x],x]

[Out] -1/2%(Sqrt[(-I)*(1 + x)]1*Gamma[1/2, (-I)*(1 + x)] + E~(2*I)*Sqrt[Ix(1 + x)]
*xGamma [1/2, I*(1 + x)])/(E"I*Sqrt[1 + x])

Mathics [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sin[x]/Sqrt[1 + x],x]’)
[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [A]
time = 0.06, size = 42, normalized size = 0.72



method resul size
dertivativedivides V2 t/F (cos (1)S (%) — sin (1) FresnelC (‘/5 \\%Jr—"’ )> 42
default V2 /T (cos (1)S (%) — sin (1) FresnelC <\/§ \/\/%T’” )) 42

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(1+x)~(1/2),x,method=_RETURNVERBOSE)

[Out] 27 (1/2)*Pi~(1/2)*(cos(1)*FresnelS(2-(1/2)/Pi~(1/2)*(1+x)~(1/2))-sin(1)*Fres
nelC(2~(1/2)/Pi~(1/2)*(1+x)~(1/2)))

Maxima [C] Result contains complex when optimal does not.

time = 0.37, size = 112, normalized size = 1.93

%ﬁ(((wl) VE cos (1) + (i = 1) V2 sin (1)) ex (( ) \/\/—) (=1 VZ eos(1) 1) V2 sin (1)) ext (( ) \/ﬂ/—) (=6=1) VZ cos (1) = i+ 1) v sin (1) ) ert (VT VETT) + ((+1) VE cos (1) + (= 1) \/E‘cm(l))exf((fl)%m))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)~(1/2),x, algorithm="maxima")

[Out] 1/8*sqrt(pi)*(((I + 1)*sqrt(2)*cos(1) + (I - 1)*sqrt(2)*sin(1))*erf ((1/2*I
+ 1/2)*sqrt(2)*sqrt(x + 1)) + ((I - 1)*sqrt(2)*cos(1) + (I + 1)*sqrt(2)*sin

(1)) *erf ((1/2*I - 1/2)*sqrt(2)*sqrt(x + 1)) + (-(I - 1)*sqrt(2)*cos(1) - (I

+ 1) xsqrt(2)*sin(1)) *erf (sqrt(-I)*sqrt(x + 1)) + ((I + 1)*sqrt(2)*cos(l) +

(I - 1)*sqrt(2)*sin(1))*erf((-1)"(1/4)*sqrt(x + 1)))
Fricas [A]
time = 0.45, size = 46, normalized size = 0.79

V2 Vr+1 V2V +1
ﬁﬁCOS(l)S<T> _ﬁ\/FC(T) SlIl(l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)~(1/2),x, algorithm="fricas")
[Out] sqrt(2)*sqrt(pi)*cos(l)*fresnel_sin(sqrt(2)*sqrt(x + 1)/sqrt(pi)) - sqrt(2)
*xsqrt (pi) *fresnel_cos(sqrt(2)*sqrt(x + 1)/sqrt(pi))*sin(1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
sin ()

———dx
vz+1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)**(1/2),x)
[Out] Integral(sin(x)/sqrt(x + 1), x)

Giac [C] Result contains complex when optimal does not.
time = 0.00, size = 80, normalized size = 1.38

o7t (VEYEEL)  aiyrat (V2T
(—141i)v2 -22i * (—1-i)v2 -2-2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)~(1/2),x)
[Out] -(1/4*I + 1/4)*sqrt(2)*sqrt(pi)*erf(-(1/2*I + 1/2)*sqrt(2)*sqrt(x + 1))*e"I
+ (1/4*%I - 1/4)*sqrt(2)*sqrt(pi)*erf ((1/2*I - 1/2)*sqrt(2)*sqrt(x + 1))*e”

(-1

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

sin ()

vVz+1

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int(sin(x)/(x + 1)°(1/2),%)
[Out] int(sin(x)/(x + 1)°(1/2), x)



o1

1
3.9 f (cos(x)+sin(z))° dx

Optimal. Leaf size=50

__cos(z) —sin(z)  cos(z) —sin(z) 2sin(z)
10(cos(z) + sin(z))®  15(cos(z) +sin(z))®  15(cos(x) + sin(zx))

[Out] 1/10%(-cos(x)+sin(x))/(cos(x)+sin(x)) " 5+1/15%(-cos(x)+sin(x))/(cos(x)+sin(x
))"3+2/15%sin(x)/(cos (x)+sin(x))

Rubi [A]

time = 0.02, antiderivative size = 50, normalized size of antiderivative = 1.00, number of

number of rules _ (j9gg
' integrand size ’

steps used = 3, number of rules used = 2, integrand size = 7
Rules used = {3155, 3154}
__cos(z) —sin(z)  cos(z) —sin(z) 2sin(z)
15(sin(x) + cos(x))®  10(sin(z) + cos(z))® = 15(sin(x) + cos(z))

Antiderivative was successfully verified.

[In] Int[(Cos[x] + Sin[x])~(-6),x]

[Out] -1/10%(Cos[x] - Sin[x])/(Cos[x] + Sin[x])~5 - (Cos[x] - Sin[x])/(15*(Cos[x]
+ Sin[x])~3) + (2*Sin([x])/(15%(Cos[x] + Sin[x]))

Rule 3154

Int[(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-2), x
_Symbol] :> Simp[Sin[c + d*x]/(a*d*(a*Cos[c + d*x] + b*Sin[c + d*x])), x] /

; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Rule 3155

Int[(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_D)*(x)D])"(), x
_Symbol] :> Simp[(b*Cos[c + d*x] - a*Sin[c + d*x])*((axCos[c + d*x] + bx*Sin
[c + dxx])"(n + 1)/(d*(n + 1)*(a"2 + b72))), x] + Dist[(n + 2)/((n + 1)*(a”
2 + b"2)), Int[(a*Cos[c + d*x] + bxSin[c + d*x])~(n + 2), x], x] /; FreeQ[{
a, b, c, d}, x] && NeQ[a"2 + b~2, 0] && LtQ[n, -1] && NeQ[n, -2]

Rubi steps

1 cos(z) — sin(x) 2 1
/ (cos(z) + sin(z))8 dz 10(cos(z) + sin(z))® 5 / (cos(z) + sin(x))4 de
_ cos(z) —sin(z)  cos(z) — sin(z) N 3/ 1
10(cos(z) + sin(z))®  15(cos(z) + sin(z))® ~ 15 /) (cos(z) + sin(z))?
_ cos(z) —sin(z)  cos(z) — sin(z) 2sin(z)
10(cos(z) + sin(z))®  15(cos(z) + sin(z))® ~ 15(cos(z) + sin(z))

dz
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Mathematica [A]
time = 0.02, size = 26, normalized size = 0.52

_5cos(3z) — 10sin(z) + sin(5z)
30(cos(z) + sin(x))?

Antiderivative was successfully verified.

[In] Integrate[(Cos[x] + Sin[x])~(-6),x]
[Out] -1/30%(5%Cos[3*x] - 10*Sin[x] + Sin[5%x])/(Cos[x] + Sin[x])~5

Mathics [B] Leaf count is larger than twice the leaf count of optimal. 110 vs. 2(50) = 100.
time = 15.13, size = 86, normalized size = 1.72

2 (=15 — 100Tan [2]® — 100Tan [2]® — 60Tan [2] — 20Tan [2]° — 15Tan [2]® + 20Tan [2]® + 60Tan [2]” + 118Tan [2]*) Tan [2
2 2 2 2 2 2 2 2 2

15(~1+ Tan [3]° - 2Tan [g])S

Antiderivative was successfully verified.

[In] mathics(’Integrate[1/(Cos[x] + Sin[x])~6,x]’)

[Out] 2 (-15 - 100 Tan[x / 2] = 2 - 100 Tan[x / 2] =~ 6 - 60 Tan[x / 2] - 20 Tan[x
/2] ~5-15Tan[x / 2] ~ 8 + 20 Tan[x / 2] ~ 3 + 60 Tan[x / 2] =~ 7 + 118
Tan[x / 2] ~ 4) Tan[x / 2] / (15 (-1 + Tan[x / 2] -~ 2 - 2 Tan[x / 2]) ~ 5)
Maple [A]

time = 0.12, size = 42, normalized size = 0.84

method | result Siz
risch @i 30
2 8 1 2 4
default | o ~ S’ T @ T Gan@) )t 3en() D)’ 42
rormma | 3R (3)—2tan(3) —2(tan’ (3)) 48 (eans () - N (B)) (e (5)) s(e(5))  elel(B))  melellB)) |
T x 5
(tan?(%)—2tan(2)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x)+sin(x))"6,x,method=_RETURNVERBOSE)

[Out] 2/(tan(x)+1)~2-8/3/(tan(x)+1)~3-1/(tan(x)+1)+2/(tan(x)+1)~4-4/5/(tan(x)+1)"
5

Maxima [A]
time = 0.27, size = 56, normalized size = 1.12

15 tan (z)* 4 30 tan (z)® + 40 tan (z)® + 20 tan (z) + 7
15 (tan (z)° + 5 tan (z)* + 10 tan (z)* + 10 tan (z)* + 5 tan (z) + 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))~6,x, algorithm="maxima")

[Out] -1/15%(15%tan(x)~4 + 30*tan(x)~3 + 40*tan(x)~2 + 20*tan(x) + 7)/(tan(x)"5 +
5xtan(x)~4 + 10*tan(x)~3 + 10*tan(x)~2 + 5*tan(x) + 1)

Fricas [A]
time = 0.34, size = 67, normalized size = 1.34
8 cos (z)° — 20 cos (z)* — (8 cos (z)* + 4 cos (x)* — 7) sin (z) + 5 cos (x)
30 (4 cos (z)” + (4 cos (z)* — 8 cos (z)* — 1) sin (z) — 5 cos (z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))~6,x, algorithm="fricas")

[Out] -1/30*%(8*cos(x)~5 - 20*cos(x)~3 - (8*cos(x)"4 + 4*cos(x)"2 - 7)*sin(x) + 5%
cos(x))/(4*xcos(x)"5 + (4*xcos(x)"4 - 8*cos(x)"2 - 1)*sin(x) - 5*cos(x))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 838 vs.
2(51) =102
time = 3.53, size = 838, normalized size = 16.76

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))**6,x)

[Out] -30*tan(x/2)**9/(15*%tan(x/2)**10 - 150*tan(x/2)**9 + 525%tan(x/2)**8 - 600%
tan(x/2)**x7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*ta
n(x/2)**x3 - 525*%tan(x/2)**2 - 150*tan(x/2) - 15) + 120*tan(x/2)**8/(15*xtan(
x/2)**x10 - 150*tan(x/2)**9 + 525*%tan(x/2)**8 - 600*tan(x/2)**7 - 450*%tan(x/
2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*tan(x/2)**3 - 525+tan(x/2)
*x2 — 150*tan(x/2) - 15) - 200*tan(x/2)**7/(15*%tan(x/2)**10 - 150*tan(x/2)*
*9 + 525%tan(x/2)**8 - 600*tan(x/2)**7 — 450*tan(x/2)**6 + 1020*tan(x/2)**5
+ 450*tan(x/2)**4 - 600*tan(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15)
- 40*tan(x/2)**6/(15*xtan(x/2)**10 - 150*tan(x/2)**9 + 525xtan(x/2)**8 - 60
Oxtan(x/2) **7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600%
tan(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15) + 236*tan(x/2)**5/(15*ta
n(x/2)**x10 - 150*tan(x/2)**9 + 525xtan(x/2)**8 — 600*tan(x/2)**7 - 450*tan(
x/2)*x6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*tan(x/2)**3 - 525*xtan(x/
2)*%*2 - 150*tan(x/2) - 15) + 40*tan(x/2)**4/(15*xtan(x/2)**10 - 150*tan(x/2)
*x9 + 525%tan(x/2)**8 - 600*tan(x/2)**7 — 450*tan(x/2)**6 + 1020*tan(x/2)x*x*
5 + 450*%tan(x/2)**x4 - 600*tan(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15
) — 200*tan(x/2)**3/(15*xtan(x/2)**10 — 150*tan(x/2)**9 + 525xtan(x/2)**8 -
600*tan(x/2) **7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 60
O*tan(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15) - 120*tan(x/2)**2/(15%



o4

tan(x/2)**10 - 150*tan(x/2)**9 + 525*tan(x/2)**8 - 600*tan(x/2)**7 — 450%ta
n(x/2)**x6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*tan(x/2)**3 - 525*tan(
x/2)*x2 - 150*tan(x/2) - 15) - 30*xtan(x/2)/(15*%tan(x/2)**10 - 150*tan(x/2)*
*9 + 525%tan(x/2)**8 - 600*tan(x/2)**7 — 450*tan(x/2)**6 + 1020*tan(x/2)**5
+ 450%tan(x/2)**4 - 600*tan(x/2)**3 - 525%tan(x/2)**2 - 150*tan(x/2) - 15)

Giac [A]
time = 0.00, size = 39, normalized size = 0.78
2(—15tan*z — 30tan®z — 40tan?z — 20tanz — 7)
30 (tanz + 1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))"6,x)

[Out] -1/15%(15*tan(x)~4 + 30*tan(x)~3 + 40*tan(x)~2 + 20*tan(x) + 7)/(tan(x) + 1
)~5

Mupad [B]

time = 0.27, size = 88, normalized size = 1.76

2tan (2) (15tan (2)* — 60tan (2)7 + 100tan (2)® + 20tan (2)° — 118tan (2)* — 20tan (2)® + 100 tan (2)® 4+ 60 tan (Z) + 15
2 2 2 2 2 2 2 2 2

15 (—tan (%)2 +2tan (%) + 1)5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x) + sin(x))~6,x)

[Out] (2*tan(x/2)*(60*tan(x/2) + 100*tan(x/2)"2 - 20*tan(x/2)"3 - 118*tan(x/2)"4
+ 20*%tan(x/2)~5 + 100*tan(x/2)~6 - 60*tan(x/2)"7 + 15%tan(x/2)"8 + 15))/(15
*(2xtan(x/2) - tan(x/2)"2 + 1)75)
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3.6 [log (55 +2%) dz

Optimal. Leaf size=334

—4z—1\/2+ V2 tan_l( 2-v2 —2:2)_\/2_\/5 tan_l(‘2+\/§ —2m)+ 2+\/§ tan™

2+ V2 2 V2

[Out] -4*x+x*1n(1/x74+x74)-arctan((-2*%x+(2+27(1/2))~(1/2))/(2-27(1/2))~(1/2))*(2-
27(1/2)) " (1/2)+arctan ((2*x+(2+27(1/2))~(1/2)) /(2-27(1/2))~(1/2))*(2-27(1/2)

)7 (1/2)-1/2x1n (1+x72-x%(2-27(1/2) ) " (1/2) ) % (2-27(1/2) ) " (1/2) +1/2*1n (1 +x™2+x*
(2-27(1/2))~(1/2))*(2-27(1/2) )~ (1/2) —arctan ((-2*x+(2-27(1/2)) ~(1/2) ) / (2+27(
1/2))7(1/2))*(2+27(1/2))~(1/2) +arctan ((2*x+(2-27(1/2) )~ (1/2) ) / (2+27(1/2))~(
1/2))*(2+27(1/2))~(1/2)-1/2*1n(1+x~2-x*(2+27(1/2) )~ (1/2) ) *(2+27(1/2) ) ~(1/2)
+1/2x1In(1+x72+x% (2+27(1/2) )~ (1/2) ) *(2+27(1/2) )~ (1/2)

Rubi [A]
time = 0.25, antiderivative size = 334, normalized size of antiderivative = 1.00, number of

number of rules _ ;| 195
’ integrand size ’

steps used = 22, number of rules used = 9, integrand size = 8
Rules used = {2603, 12, 396, 219, 1183, 648, 632, 210, 642}

Antiderivative was successfully verified.
[In] Int[Loglx~(-4) + x~4],x]

[Out] -4#x - Sqrt[2 + Sqrt[2]]*ArcTan[(Sqrt[2 - Sqrt[2]] - 2*x)/Sqrt[2 + Sqrt([2]]
] - Sqrt[2 - Sqrt[2]]1*ArcTan[(Sqrt[2 + Sqrt[2]] - 2#x)/Sqrt[2 - Sqrt[2]]1] +
Sqrt[2 + Sqrt[2]]*ArcTan[(Sqrt[2 - Sqrt[2]] + 2*x)/Sqrt[2 + Sqrt[2]]1] + Sq

rt[2 - Sqrt[2]]1*ArcTan[(Sqrt[2 + Sqrt[2]] + 2*x)/Sqrt[2 - Sqrt[2]]1] - (Sqrt

[2 - Sqrt[2]]1*Log[l - Sqrt[2 - Sqrt[2]]*x + x72])/2 + (Sqrt[2 - Sqrt[2]]*Lo

gll + Sqrt[2 - Sqrt[2]]1*x + x72])/2 - (Sqrt[2 + Sqrt[2]]*Log[l - Sqrt[2 + S
qrt[2]]*x + x72])/2 + (Sqrt[2 + Sqrt[2]]*Log[l + Sqrt[2 + Sqrt[2]]*x + x~2]

)/2 + xxLog[x~(-4) + x74]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)
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Rule 219

Int[((a_) + (b_.)*(x_)"(n_))"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b,
4]], s = Denominator[Rt[a/b, 411}, Dist[r/(2*Sqrt[2]*a), Int[(Sqrt[2]*r -
s*x~(n/4))/(r"2 - Sqrt[2]*r*s*xx~(n/4) + s~ 2*x~(n/2)), x], x] + Dist[r/(2*Sq
rt[2]*a), Int[(Sqrt[2]*r + s*xx~(n/4))/(r~2 + Sqrt[2]*r*s*x~(n/4) + s™2*xx"(n

/2)), x1, x]11 /; FreeQ[{a, b}, x] && IGtQ[n/4, 1] && GtQ[a/b, 0]

Rule 396

Int[((a_) + (b_.)*(x_)"(@m_))"(p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [d*x*((a + b*x™n)~(p + 1)/(b*(nx(p + 1) + 1))), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1))/(bx(nx(p + 1) + 1)), Int[(a + b*xx"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - axd, 0] && NeQ[nx(p + 1) + 1, 0]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x72, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2*xc*d - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 1183

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[a/c, 2]}, With[{r = Rt[2*%q - b/c, 2]}, Dist[1/(2*c*q*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*xg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x°2), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b°2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + a*e”2, 0] && NegQ[b~2 - 4*axc]

Rule 2603

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a +
bxLog[c*RFx~p]) "n, x] - Dist[b*n*p, Int[SimplifyIntegrand[x*(a + b*Log[c*R
Fx"p]l)~(n - 1)*(D[RFx, x]/RFx), x], x], x] /; FreeQ[{a, b, c, p}, x] && Rat
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ionalFunctionQ[RFx, x] && IGtQ[n, O]

Rubi steps
4(-1+2°%) 8)

/log(1 )da:—xlog( a:) BT
_wlog( ) / 11_:_3; dz
1

x

dz

= —4zr + xlog + ! dx

N

1—|—x8

= —4x + xlog +zt) +

(
(2

V2 — 12 p
1—fx2+x

v (ove) [

J+sf
v ) H 1+ V2 a2
\ 2+ ) <1+f
:—4m+xlog(%+w>+ \/E —\/2+ V2 z+22 “ +\/
=—4w+xlog(%+x4>—%\/ _\/E/ —V2 42 Lo

—\/2 ﬁx+x2

:_495—— 2—\/510g( \/7$+z2)+%\/710< \/7

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.00, size = 30, normalized size = 0.09

1 1
—4z + 8z o Fy —,1;9;—3[:8 +zlog [ = +z*
8 '8 x4

Antiderivative was successfully verified.

[In] Integrate[Log[x~(-4) + x74],x]
[Out] -4xx + 8*x*Hypergeometric2F1[1/8, 1, 9/8, -x"8] + xxLogl[x~(-4) + x~4]

Mathics [C] Result contains higher order function than in optimal. Order 9 vs. order 3 in
optimal.
time = 3.09, size = 37, normalized size = 0.11

1428
1

—4z + zLog { ] — RootSum [1 + #1%&, Log [z — #1] #1&]

Z

2+ V2
/ \/i
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Antiderivative was successfully verified.

[In] mathics(’Integrate[Logl[x~4 + 1/x74],x]’)
[Out] -4 x + x Log[(1 + x = 8) / x =~ 4] - RootSum[1 + #1 ~ 8&, Loglx - #1] #1&]

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 0.02, size = 36, normalized size = 0.11

method | result size

risch zln ( +2*) — 4z + ( > M) 34
_ R=RootOf (_Z8+1) _R

default | zln <z8+1) — 4z + < > M) 36

x4 R7
R=RootOf (_Z8+1)  —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(1/x"4+x"4),x,method=_RETURNVERBOSE)
[Out] x*1n((x"8+1)/x"4)-4*xx+sum(1/_R~7*1n(-_R+x), R=Root0f(_Z~8+1))
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1/x"4+x"4),x, algorithm="maxima")
[Out] x*log(x~8 + 1) - 4*x*log(x) - 4*x + 8*integrate(1/(x"8 + 1), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1058 vs.
2(252) = 504.
time = 0.39, size = 1058, normalized size = 3.17

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1/x"4+x"4),x, algorithm="fricas")

[Out] -1/2%(sqrt(2)*sqrt(sqrt(2) + 2) + sqrt(2)*sqrt(-sqrt(2) + 2))*arctan(-(2*sq
rt(2)*x - sqrt(2)*sqrt(4*x~2 + 2*sqrt(2)*x*sqrt(sqrt(2) + 2) - 2*sqrt(2)*x*
sqrt(-sqrt(2) + 2) + 4) + sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))/(sqrt(sqr
t(2) + 2) + sqrt(-sqrt(2) + 2))) - 1/2x(sqrt(2)*sqrt(sqrt(2) + 2) + sqrt(2)
xsqrt (-sqrt(2) + 2))*arctan(-(2*sqrt(2)*x - sqrt(2)*sqrt(4*x~2 - 2*sqrt(2)*
xxsqrt(sqrt(2) + 2) + 2xsqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) - sqrt(sqrt(2) +
2) + sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))) + 1/2x(s
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qrt(2)*sqrt(sqrt(2) + 2) - sqrt(2)*sqrt(-sqrt(2) + 2))*arctan((2*sqrt(2)*x

- sqrt(2)*sqrt (4*x~2 + 2*sqrt(2)*x*sqrt(sqrt(2) + 2) + 2*sqrt(2)*x*sqrt(-sq
rt(2) + 2) + 4) + sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2
) - sqrt(-sqrt(2) + 2))) + 1/2%(sqrt(2)*sqrt(sqrt(2) + 2) - sqrt(2)*sqrt(-s
qrt(2) + 2))*arctan((2*sqrt(2)*x - sqrt(2)*sqrt(4*x~2 - 2*sqrt(2)*x*sqrt(sq
rt(2) + 2) - 2*sqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) - sqrt(sqrt(2) + 2) - sqrt
(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))) + 1/8*(sqrt(2)*sq
rt(sqrt(2) + 2) + sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 + 2*sqrt(2)*x*sqrt(
sqrt(2) + 2) + 2*sqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) + 1/8x(sqrt(2)*sqrt(sqrt
(2) + 2) - sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 + 2*sqrt(2)*x*sqrt(sqrt(2)
+ 2) - 2xsqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) - 1/8*%(sqrt(2)*sqrt(sqrt(2) + 2
) - sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 - 2*sqrt(2)*x*sqrt(sqrt(2) + 2) +
2xsqrt (2) #*x*sqrt (-sqrt(2) + 2) + 4) - 1/8%(sqrt(2)*sqrt(sqrt(2) + 2) + sqr
t(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 - 2*sqrt(2)*x*sqrt(sqrt(2) + 2) - 2x*sqrt
(2) *x*sqrt(-sqrt(2) + 2) + 4) + x*log((x"8 + 1)/x74) - sqrt(sqrt(2) + 2)*ar
ctan(-(2*%x - 2*sqrt(x~2 + x*sqrt(-sqrt(2) + 2) + 1) + sqrt(-sqrt(2) + 2))/s
qrt(sqrt(2) + 2)) - sqrt(sqrt(2) + 2)*arctan(-(2*x - 2*sqrt(x~2 - x*sqrt(-s
qrt(2) + 2) + 1) - sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2)) - sqrt(-sqrt(2) +
2)*arctan(-(2*x - 2*sqrt(x~2 + x*sqrt(sqrt(2) + 2) + 1) + sqrt(sqrt(2) + 2
))/sqrt(-sqrt(2) + 2)) - sqrt(-sqrt(2) + 2)*arctan(-(2*x - 2*sqrt(x~2 - x*s
qrt(sqrt(2) + 2) + 1) - sqrt(sqrt(2) + 2))/sqrt(-sqrt(2) + 2)) + 1/4*sqrt(s
qrt(2) + 2)*log(x~2 + x*sqrt(sqrt(2) + 2) + 1) - 1/4*xsqrt(sqrt(2) + 2)*log(
X"2 - x*sqrt(sqrt(2) + 2) + 1) + 1/4*sqrt(-sqrt(2) + 2)*log(x~2 + x*sqrt(-s
qrt(2) + 2) + 1) - 1/4xsqrt(-sqrt(2) + 2)*log(x~2 - x*sqrt(-sqrt(2) + 2) +

1) - 4*x

Sympy [A]
time = 1.25, size = 26, normalized size = 0.08

zlog <x4 + é) — 4z — RootSum (t® + 1, (t — tlog (—t + z)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1n(1/x*x4+x**4),x)

[Out] x*log(x**4 + x**x(-4)) - 4*x - RootSum(_t**8 + 1, Lambda(_t, _t*log(-_t + x)
))

Giac [A]
time = 0.01, size = 344, normalized size = 1.03

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1/x"4+x"4),x)
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[Out] x*log(x~4 + 1/x74) + sqrt(sqrt(2) + 2)*arctan((2*x + sqrt(-sqrt(2) + 2))/sq
rt(sqrt(2) + 2)) + sqrt(sqrt(2) + 2)*arctan((2*x - sqrt(-sqrt(2) + 2))/sqrt
(sqrt(2) + 2)) + sqrt(-sqrt(2) + 2)*arctan((2*x + sqrt(sqrt(2) + 2))/sqrt(-
sqrt(2) + 2)) + sqrt(-sqrt(2) + 2)*arctan((2*x - sqrt(sqrt(2) + 2))/sqrt(-s
qrt(2) + 2)) + 1/2xsqrt(sqrt(2) + 2)*log(x~2 + x*sqrt(sqrt(2) + 2) + 1) - 1
/2*sqrt(sqrt(2) + 2)*xlog(x~2 - x*sqrt(sqrt(2) + 2) + 1) + 1/2*sqrt(-sqrt(2)

+ 2)*log(x~2 + x*sqrt(-sqrt(2) + 2) + 1) - 1/2*sqrt(-sqrt(2) + 2)*log(x~2

- xxsqrt(-sqrt(2) + 2) + 1) - 4x*x

Mupad [B]
time = 0.26, size = 313, normalized size = 0.94

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(1/x~4 + x74),x)

[Out] x*log(1/x"4 + x~4) - 4xx + atan((xx(- 27(1/2) - 2)~(1/2)*2097152i) /(2097152
*(2 - 27(1/2))"(1/2)*(- 27(1/2) - 2)7(1/2) + 2097152%27(1/2)) - (xx(2 - 27(
1/2))"(1/2)*2097152i) /(2097152% (2 - 27(1/2))~(1/2)*(- 2°(1/2) - 2)~(1/2) +
2097152%27(1/2)))*((- 27(1/2) - 2)~(1/2)*1i - (2 - 27(1/2))"(1/2)*1i) - ata
n((x*x(2~(1/2) - 2)~(1/2)*2097152i) /(2097152%2~(1/2) + 2097152*x(2~(1/2) - 2)
~(1/2)%(27(1/2) + 2)7(1/2)) + x*(27(1/2) + 2)~(1/2)*2097152i)/(2097152*2~ (
1/2) + 2097152%x(27(1/2) - 2)~(1/2)*(27(1/2) + 2)~(1/2)))*((2~(1/2) - 2)~(1/
2)*x1i + (27(1/2) + 2)°(1/2)*1i) + atan(xx(2°(1/2) + 2)~(1/2)*(1/2 + 1i/2) -
(27 (1/2)*xx (27 (1/2) + 2)°(1/2))/2)*((2~(1/2)*1i)/2 - (1/2 + 1i/2))*(27(1/2
) + 2)7(1/2)*2i - atan(x*x(27(1/2) + 2)~(1/2)*(1/2 - 1i/2) + (27(1/2)*x*x(27(
1/2) + 2)°(1/2)*1i)/2)*(27°(1/2)/2 - (1/2 - 1i/2))*(27(1/2) + 2)~(1/2)*2i
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log(1+x)

/ \/1+\/m

Optimal. Leaf size=291

3.7

1+v1l+z
—8tanh™* < 1+v1i+zx )— 2log(1 +7) —+/2 tanh™! ) log(1+2)+2+/2 tanh™!
1+v1i+z 2

[Out] -8*arctanh((1+(1+x)~(1/2))~(1/2))-arctanh(1/2%(1+(1+x)~(1/2))~(1/2)*2~(1/2)
)*1In(1+x)*27 (1/2)+2*arctanh (1/2*27(1/2) ) *1n(1-(1+(1+x)~(1/2))~(1/2))*2~(1/2
)-2%arctanh(1/2%27(1/2))*1n(1+(1+(1+x)~(1/2))~(1/2))*2~(1/2) +polylog(2,-2~(
1/2)*(1-(1+(1+x)~(1/2))~(1/2)) /(2-27(1/2) ) )*2~(1/2) -polylog (2,2~ (1/2) *(1-(1
+(1+x)7(1/2))7(1/2))/(2+27(1/2)) ) *2~(1/2) -polylog(2,-2" (1/2) * (1+ (1+(1+x) ~ (1
/2))~(1/2))/(2-27(1/2)))*27(1/2) +polylog(2,2~(1/2) * (1+(1+(1+x)~(1/2))~(1/2)

)/ (2427 (1/2)))*27(1/2) -2*1n(1+x) / (1+(1+x) ~(1/2) )~ (1/2)

Rubi [F]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules
' integrand size = 0.000,

steps used = 0, number of rules used = 0, integrand size = 0
Rules used = {}

/ log(1 + z)
z\/ 1+ V1i+z
Verification is not applicable to the result.
[In] Int[Logl[l + x]/(x*Sqrt[1 + Sqrt[1 + x]11),x]

[Out] Defer[Int] [Logl[l + x]/(x*#Sqrt[1 + Sqrtl[1 + x]1]1), x]
Rubi steps

/ log(1 + ) / log(1 + z)
dr = dx
z\/ 1+ Vitz z\/1+V1+z

Mathematica [A]
time = 0.74, size = 430, normalized size = 1.48

Warning: Unable to verify antiderivative.
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[In] Integrate[Logl[l + x]/(x*Sqrt[1 + Sqrt[1 + x]11),x]

[Out] -8*ArcTanh[1/Sqrt[1 + Sqrt[l + x]]] - (2*Log[l + x])/Sqrt[1 + Sqrt[1 + x]]
+ (Logl[1l + x]*Logl[l - Sqrt[2]/Sqrt[1 + Sqrt[1 + x]1]1)/Sqrt[2] - (Logl[l + x]
*Log[1 + Sqrt[2]/Sqrt[1 + Sqrt[1 + x]11)/Sqrt[2] - Sqrt[2]*(Logl[1l + Sqrt[2]
1*Logl[1l + 1/Sqrt[1 + Sqrt[1 + x]1] + Log[-((2 + Sqrt[2]1)*(-1 + 1/Sqrt[1 + S
qrt[1 + x]]1))1*Log[1l - Sqrt[2]/Sqrt[1 + Sqrt[1l + x]]] + 2xPolyLog[2, Sqrt[2
1/8qrt[1 + Sqrt[1 + x]]] - PolyLogl2, -((-2 + Sqrt[2])*(1 + 1/Sqrt[1 + Sagrt
[1 + x]1))] + PolyLogl[2, (1 + Sqrt[2])*(-1 + Sqrt[2]/Sqrt[1 + Sqrt[1l + x]1)
1) + Sqrt[2]*(Logl[1l + Sqrt[2]]1*Logll - 1/Sqrt[1 + Sqrt[1 + x]]1] + Logl[(2 +
Sqrt[2])*(1 + 1/Sqrt[1 + Sqrt[1l + x]])]*Logl[l + Sqrt[2]/Sqrt[1 + Sqrt[1l + x
111 + 2xPolyLog[2, -(Sqrt[2]/Sqrt[1 + Sqrt[l + x]1)] - PolyLogl[2, (-2 + Sqr
t[2])*(-1 + 1/Sqrt[1 + Sqrt[l + x]1)] + PolyLogl[2, -((1 + Sqrt[2])*(1 + Sqr
t[2]/Sqrt[1 + Sqrtl1l + x11))1)

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Log[l + x]/(x*Sqrt[1 + Sqrt[1 + x]]),x]’)

[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.15, size = 172, normalized size = 0.59

method result
In| \/ 1 + vV 1 + X —70) In(1+z) \/—
( ; —dilog<1+ 1—|1_+l/a1+x )—ln( /14
derivativedivides | 8 >

__a=RootOf (_Z2 —2)

In \/ 1 + \/ 1 + X —704) In(1+4z) \/—/—‘
( —dilog<1+ 1+ 1+IL‘ )—ln(\/l-l-'

2 1+_a

default 8 >
_a=RootOf (_ZQ —2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(An(1+x)/x/(1+(1+x)~(1/2))~(1/2) ,x,method=_RETURNVERBOSE)
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[Out] 8*Sum(1/8*(1/2*1n((1+(1+x)~(1/2))~(1/2)-_alpha)*1n(1+x)-dilog((1+(1+(1+x)~(

1/2))~(1/2))/(1+_alpha))-1n((1+(1+x)~(1/2))~(1/2)-_alpha) *1n((1+(1+(1+x)~(1
/2))~(1/2))/(1+_alpha))-dilog(((1+(1+x)~(1/2))~(1/2)-1)/(-1+_alpha))-1n((1+
(1+x)~(1/2))~(1/2)-_alpha) *1n(((1+(1+x)~(1/2))~(1/2)-1)/(-1+_alpha)))*_alph
a,_alpha=Root0f (_Z~2-2))-2*1n(1+x)/(1+(1+x)~(1/2))~(1/2)-8*arctanh ((1+(1+x)
~(1/2))°(1/2))

Maxima [A]
time = 0.38, size = 366, normalized size = 1.26

e (ELEE) e o T (LT ) o (BT Tl ) o (LT

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)/x/(1+(1+x)~(1/2))~(1/2),x, algorithm="maxima")

[Out] 1/2*%(sqrt(2)*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + sqrt(sqrt(x

+ 1) +1))) - 4/sqrt(sqrt(x + 1) + 1))*log(x + 1) + sqrt(2)*(log(sqrt(2) +
sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1)
+ 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1))) - sqrt(2)*(
log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1)
)/(sqrt(2) + 1) + 1) + dilog((sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1
))) + sqrt(2)*(log(sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sq
rt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1)
)/ (sqrt(2) - 1))) - sqrt(2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sq
rt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) - sqrt(s
qgrt(x + 1) + 1))/(sqrt(2) - 1))) - 4*log(sqrt(sqrt(x + 1) + 1) + 1) + 4xlog
(sqrt(sqrt(x + 1) + 1) - 1)

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1+x)/x/(1+(1+x)~(1/2))~(1/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code:
rate: implementation incomplete (constant residues)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ log (z + 1)
x\/ V+1 +1

Verification of antiderivative is not currently implemented for this CAS.

integ



[In] integrate(ln(1+x)/x/(1+(1+x)**(1/2))**(1/2),x)
[Out] Integral(log(x + 1)/(x*sqrt(sqrt(x + 1) + 1)), x)
Giac [F] N/A

time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1+x)/x/(1+(1+x)~(1/2))~(1/2),x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ In(z+1)
z\/ VT +1 -|-1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + 1)/(xx((x + 1)7(1/2) + 1)~(1/2)),x)
[Out] int(log(x + 1)/(x*x((x + 1)7(1/2) + 1)~(1/2)), x)

64
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3.8 f \/1—|— \/1;|—£Elog(1+x) dr

Optimal. Leaf size=308

V141
—mV1+V1+x44Mmm*( 1+V1+x)+4V1+V1+x1%u+@—m@%mml<———1c

V2

[Out] 16*arctanh((1+(1+x)~(1/2))~(1/2))-2*arctanh(1/2*x(1+(1+x)~(1/2))~(1/2)*2~(1/
2))*1n(1+x)*27(1/2)+4*arctanh (1/2*27(1/2) )*1n(1-(1+(1+x)~(1/2))~(1/2))*2~(1
/2)-4xarctanh(1/2%27(1/2) ) *1n(1+(1+(1+x)~(1/2))~(1/2))*2~(1/2) +2*polylog(2,
-27(1/2)*(1-(1+(1+x)~(1/2))~(1/2)) /(2-27(1/2) ) ) ¥2~ (1/2) -2*polylog (2,2~ (1/2)
*(1-(1+(1+x) 7 (1/2))~(1/2)) /(2427 (1/2) ) ) %27 (1/2) -2*polylog(2,-27 (1/2) * (1+(1+
(1+x)~(1/2))~(1/2))/(2-27(1/2) ) )*2~ (1/2) +2*polylog (2,2~ (1/2) * (1+(1+(1+x) ~ (1
/2))7(1/2))/(2+27(1/2))) %27 (1/2) -16*% (1+(1+x) ~(1/2) )~ (1/2) +4*1n(1+x) * (1+(1+x
)~(1/2))~(1/2)

Rubi [F]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
' integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0

Rules used = {}
/ V1++vV1+z log(l+x) J
x
z

Verification is not applicable to the result.
[In] Int[(Sqrt[1 + Sqrt[1 + x]]*Logll + x])/x,x]
[Out] Defer[Int] [(Sqrt[1 + Sqrt[1 + x]]*Logl[l + x])/x, x]

Rubi steps

/\/1+\/m log(l-l—w)dxz/\/l—i-\/m log(l—l—z)dw

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 654 vs. 2(308) =
616.
time = 0.44, size = 654, normalized size = 2.12
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Antiderivative was successfully verified.

[In] Integrate[(Sqrt[1 + Sqrt[1 + x]]*Logl[l + x])/x,x]

[Out] -16*%Sqrt[1 + Sqrt[1 + x]] + 4xSqrt[1 + Sqrt[1 + x]]xLogl[l + x] + Sqrt[2]*Lo
gll + x]*Log[Sqrt[2] - Sqrt[1 + Sqrt[l + x]]] - 8*Logl[-1 + Sqrt[1 + Sqrt[1
+ x]]1] - 2+Sqrt[2]*Log[Sqrt[2] - Sqrt[1 + Sqrt[1 + x]]]1*Log[-1 + Sqrt[1l + S
qrt[1 + x]]] + 8*Log[1l + Sqrt[1 + Sqrt[1 + x]1] - 2*Sqrt[2]*Logl[Sqrt[2] - S
qrt[1 + Sqrt[1 + x]]]*Logl[l + Sqrt[1 + Sqrt[1 + x]]] - Sqrt[2]*Log[l + x]*L
ogl[Sqrt[2] + Sqrt[1 + Sqrt[1 + x]]] + 2+Sqrt([2]*Log[-1 + Sqrt[1 + Sqrt[1 +
x]]1]*Log[Sqrt[2] + Sqrt[1 + Sqrt[1 + x]]] + 2*Sqrt[2]*Log[l + Sqrt[1 + Sqrt
[1 + x]]])*Log[Sqrt[2] + Sqrt[1 + Sqrt[1 + x]]] - 2xSqrt[2]*Log[-1 + Sqrt[1
+ Sqrt[1 + x]]]*Logl[(-1 + Sqrt[2])*(Sqrt[2] + Sqrt[1 + Sqrtl[l + x]])] - 2*S
qrt [2] *Log[1 + Sqrt[1 + Sqrt[1 + x]]1]*Logl[2 + Sqrt[2] + Sqrt[1 + Sqrt[l + x
1] + Sqrt[2]*Sqrt[1 + Sqrt[1 + x]]] + 2+Sqrt([2]*Logl[-1 + Sqrt[1l + Sqrt[1 +
x]1]1*Logl[1 - (1 + Sqrt[2])*(-1 + Sqrt[1 + Sqrt[1 + x]])] + 2*xSqrt([2]*Logl[1
+ Sqrt[1 + Sqrt[1l + x]]]*Logll - (-1 + Sqrt[2])*(1 + Sqrt[1 + Sqrt[1l + x]])
1 - 2xSqrt[2]*PolyLog[2, -((-1 + Sqrt[2])*(-1 + Sqrt[l + Sqrt[1 + x]1))] +
2xSqrt [2] ¥PolyLog[2, (1 + Sqrt[2])*(-1 + Sqrt[1 + Sqrt[1l + x]])] + 2*Sqrt[2
1*PolyLog[2, (-1 + Sqrt[2])*(1 + Sqrt[1 + Sqrt[1 + x]])] - 2xSqrt[2]*PolyLo
gl2, -((1 + Sqrt[2])*(1 + Sqrt[1 + Sqrt[1 + x]11))]

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Logl[l + x]/x*Sqrt[1 + Sqrt[1l + x]],x]’)

[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.01, size = 199, normalized size = 0.65

method result

derivativedivides | 4In(1+2) V1+vitz —16V/1+vita —8ln<\/1+\/1+x —1)+8ln<1
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default An(1+2)Vi+tvVits —16V1++vItaz —8111( 1+vits —1>+81n(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(1+x)*(1+(1+x)~(1/2))~(1/2)/x,x,method=_RETURNVERBOSE)

[Out] 4*1n(1+x)*(1+(1+x)~(1/2))~(1/2)-16*x(1+(1+x)~(1/2))~(1/2)-8*1n((1+(1+x)~(1/2
))"(1/2)-1)+8*1n (1+(1+(1+x)~(1/2))~(1/2) ) +8*Sum (1/4* (1/2*x1n ((1+(1+x)~(1/2))
~(1/2)-_alpha)*1n(1+x)-dilog ((1+(1+(1+x)~(1/2))~(1/2))/(1+_alpha))-1n((1+(1
+x)~(1/2))~(1/2)-_alpha) *1n((1+(1+(1+x)~(1/2))~(1/2))/(1+_alpha) )-dilog(((1
+(1+x)~(1/2))~(1/2)-1)/ (-1+_alpha) ) -1n((1+(1+x)~(1/2))~(1/2)-_alpha) *1n(((1
+(1+x)~(1/2))~(1/2)-1)/(-1+_alpha))) *_alpha,_alpha=Root0f (_Z~2-2))

Maxima [A]
time = 0.38, size = 378, normalized size = 1.23

) ) (T T ) (FTETT)) o T )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="maxima")

[Out] (sqrt(2)*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + sqrt(sqrt(x + 1)
+ 1))) + 4xsqrt(sqrt(x + 1) + 1))*log(x + 1) + 2*sqrt(2)*(log(sqrt(2) + sq
rt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1) +
1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1))) - 2*sqrt(2)*(
log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1)
)/(sqrt(2) + 1) + 1) + dilog((sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1
))) + 2xsqrt(2)*(log(sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(
sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) +
1))/(sqrt(2) - 1))) - 2xsqrt(2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(
-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) - sq
rt(sqrt(x + 1) + 1))/(sqrt(2) - 1))) - 16*sqrt(sqrt(x + 1) + 1) + 8xlog(sqr
t(sqrt(x + 1) + 1) + 1) - 8*log(sqrt(sqrt(x + 1) + 1) - 1)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(log(1l+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ

rate: implementation incomplete (constant residues)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/\/m+1 log (z + 1) "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(1+x)*(1+(1+x)**(1/2))**(1/2)/x,x)
[Out] Integral(sqrt(sqrt(x + 1) + 1)*log(x + 1)/x, x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)*(1+(1+x)~(1/2))~(1/2)/x,%)
[Out] Could not integrate
Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

T

/ln(x—i—l) ve+1 +1 p

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int((log(x + 1)*((x + 1)~(1/2) + 1)~(1/2))/x,x)
[Out] int((log(x + D)*((x + 1)~(1/2) + 1)~(1/2))/x, x)
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3.9

1 -dzx
f1+\/x+ V1 + 22

Optimal. Leaf size=84

1 1 1
- + +\z+ V1422 +§log<x+\/1+x2 )—2log(l+ z+ V14
20+ VIi+a) \oivitar

[Out] 1/2*%1n(x+(x"2+1)~(1/2))-2*%1n(1+(x+(x"2+1)"(1/2))~(1/2))-1/2/(x+(x"2+1)~(1/2
))+1/ (x+(x72+1)7(1/2)) ~(1/2) +(x+(x72+1) " (1/2) )~ (1/2)

Rubi [A]
time = 0.04, antiderivative size = 84, normalized size of antiderivative = 1.00, number of

number of rules _ ( 153
integrand size ’

steps used = 4, number of rules used = 3, integrand size = 19,
Rules used = {2142, 1835, 1634}

1 1 1
VV2+1l 4+ + +§log(\/x2+1 +x)—2log<\/\/x2+1 +z +1)

V2 +1 +z 2(\’”32"‘1 +x)

Antiderivative was successfully verified.
[In] Int[(1 + Sqrt[x + Sqrt[1 + x~2]1]1)~(-1),x]

[Out] -1/2%1/(x + Sqrt[1 + x72]) + 1/Sqrt[x + Sqrt[1 + x"2]] + Sqrt[x + Sqrt[1 +
x72]] + Logl[x + Sqrt[1 + x72]]/2 - 2*Log[1l + Sqrt[x + Sqrt[1 + x~2]]]

Rule 1634

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] && PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rule 1835

Int[(Pq ) *(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :> Dist[1/nm,
Subst [Int [x~ (Simplify[(m + 1)/n] - 1)*SubstFor[x"n, Pq, x]*(a + b*x)p, x]
, X, x'n], x] /; FreeQ[{a, b, m, n, p}, x] && PolyQ[Pq, x"n] &% IntegerQ[Si
mplify[(m + 1)/n]]

Rule 2142

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£f_.)*Sqrt[(a_) + (c_.)*(x_)"2])"(
n_))~(p_.), x_Symbol] :> Dist[1/(2*e), Subst[Int[(g + h*x"n) px((d~2 + axf”
2 - 2xd*x + x72)/(d - x)°2), x], x, d + exx + fxSqrt[a + c*x~2]], x] /; Fre
eQl{a, c, d, e, f, g, h, n}, x] && EqQ[e”2 - c*f~2, 0] && IntegerQ[p]
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Rubi steps

1 2
%dw,x,z+vl+z2 )

/ 1 da:—ESubst(/
1+ ot Vi 1+ V)
= Subs 21+ 2) z,2,\/ T+ V x

=Subst</<1—|—$—i—l—l— 2 )dm,x,\/:p+v1+x2 )

2z 14z

1 1
=— + +\Vz+vV1i+a? +
2(2+V1i+2 ) (ot vita?

Mathematica [A]
time = 0.12, size = 105, normalized size = 1.25

1 —14+5z+2(1+2z)\Vr+V1+22 +V1+a? (5+2\/z+\/1+w2 )
= +log(z+vV1+2% ) —4lo (l-i- 1:+\/1+12>
2 z+V1+z2 g( ) &

Antiderivative was successfully verified.

[In] Integrate[(1 + Sqrt[x + Sqrt[1 + x72]])~(-1),x]

[Out] ((-1 + B*x + 2%(1 + x)*Sqrt[x + Sqrt[1l + x72]] + Sqrt[l + x~2]*(5 + 2xSqrt[
x + Sqrt[1 + x72]1]1))/(x + Sqrt[1 + x72]) + Loglx + Sqrt[1 + x"2]] - 4xLogl[1

+ Sqrt[x + Sqrt[1 + x72]]11)/2

Mathics [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[1/(1 + Sqrt[x + Sqrt[1 + x~2]11),x]’)

[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [F]
time = 0.01, size = 0, normalized size = 0.00

/ 1
dz
1+\z+vaz+1
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Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(1+(x+(x"2+1)"(1/2))"(1/2)),x)
[Out] int(1/(1+(x+(x"2+1)"(1/2))~(1/2)),%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(1+(x+(x"2+1)~(1/2))~(1/2)),x, algorithm="maxima")
[Out] integrate(1/(sqrt(x + sqrt(x™2 + 1)) + 1), x)

Fricas [A]
time = 0.34, size = 66, normalized size = 0.79

—\Vz+Vr2+1 (a:—\/xZ—i—l —1)+1x—1\/w2+1 —210g<\/x+\/a:2+1 ~|—1>—|—10g( z+Vz2+1 )

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x"2+1)~(1/2))~(1/2)),x, algorithm="fricas")

[Out] -sqrt(x + sqrt(x”™2 + 1))*(x - sqrt(x"2 + 1) - 1) + 1/2xx - 1/2*sqrt(x”2 + 1
) - 2xlog(sqrt(x + sqrt(x”2 + 1)) + 1) + log(sqrt(x + sqrt(x™2 + 1)))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ / 1
dz
z+vVert+1l +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x**2+1)**(1/2))**(1/2)),x)
[Out] Integral(1l/(sqrt(x + sqrt(x**2 + 1)) + 1), x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x~2+1)~(1/2))~(1/2)),x)
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[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ / :
dz
r+vVzi+1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((x + (x72 + 1)7(1/2))~(1/2) + 1),x)
[Out] int(1/((x + (x72 + 1)7(1/2))7(1/2) + 1), x)



73

310 [—VYItT 4
w4V 1+ VI+z

Optimal. Leaf size=41

2\ 14+V1+z )

8tanh ! ( \/g
2V1+zx +

V5

[Out] 8/5%arctanh(1/5%(1+2%(1+(1+x)~(1/2))~(1/2))*57(1/2))*57(1/2)+2%(1+x)~(1/2)

Rubi [A]
time = 0.13, antiderivative size = 41, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.120,

steps used = 6, number of rules used = 3, integrand size = 25
Rules used = {814, 632, 212}

8 tanh- 2A/vVr+1 +1+1
V5
2vVz+1 +

V5

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + x]/(x + Sqrt[l + Sqrtl[1 + x]1),x]

[Out] 2*Sqrt[1 + x] + (8*ArcTanh[(1 + 2*Sqrt[1 + Sqrt[1 + x]])/Sqrt([5]1])/Sqrt[5]
Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4*ax*c, 0]

Rule 814

Int[(((d_.) + (e_)*(x_))"(m )*((f_.) + (g_)*x(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*x((f + g*x)/(a +
bxx + c*x~2)), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4x*ax
c, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] && IntegerQ[m]
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Rubi steps
V1
/ e dx=2Subst( 5 \/— \/1+x)
ot /1+ Atz —1+2°++V1+z
_ —1+4z)(1 +z)?
_4Subst( Azt de,z,\/1++V1+z
1
—4Sllet(/(l'—m) de,x,\/1+V1+zx )
=2v1+x — 4Subst /;d 1+vV1i+x
—14+z+22
=2v1+4+x + 8Subst (/ﬁdx,x,l+2 1+vV1+z )
14++1
8tanh™! + R
V5
=2V1+2x +
V5

Mathematica [A]
time = 0.05, size = 41, normalized size = 1.00

1+2¢\/ 14+ V14

V5

8tanh !

2V1l+zx +

V5

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1l + x]/(x + Sqrt[1l + Sqrt[1 + x]]),x]
[Out] 2*Sqrt[1 + x] + (8%ArcTanh[(1 + 2*Sqrt[1 + Sqrt[1 + x]])/Sqrt([5]])/Sqrt[5]
Mathics [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: AttributeError

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[1 + x]/(x + Sqrt[1 + Sqrt[1 + x]1),x]?)

[Out] Exception raised: AttributeError >> ’NoneType’ object has no attribute ’gen
S)
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Maple [A]
time = 0.06, size = 34, normalized size = 0.83
method result size
<1+2\/1+\/1+x >\/§
8 arctanh 3 \/g
derivativedivides | 2v/14+ 2 +2+ 5 34
2V 1+ V14 \/ET
8 arctanh ( = ) \/g
default 2vV1+x +2+ 5 34

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+x)~(1/2)/(x+(1+(1+x)~(1/2))~(1/2)) ,x,method=_RETURNVERBOSE)

[Out] 2x(1+x)~(1/2)+2+8/5*arctanh(1/5%(1+2%(1+(1+x)~(1/2))~(1/2))*57(1/2))*5~(1/2
)

Maxima [A]
time = 0.34, size = 51, normalized size = 1.24

V5 —24\/Vz+1 +1 —1
+2vVx+1 +2
V5 +2\Vz+1 +1 +1

4
—g\/glog —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))~(1/2)),x, algorithm="maxima")

[Out] -4/5%sqrt(5)*log(-(sqrt(5) - 2*sqrt(sqrt(x + 1) + 1) - 1)/(sqrt(5) + 2*sqrt
(sqrt(x + 1) + 1) + 1)) + 2xsqrt(x + 1) + 2

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 101 vs.

2(32) = 64.
time = 0.35, size = 101, normalized size = 2.46

L (2z2—\/€(3z+1)—(\/E(z+2)—5z)\/z+1 +(«/E(;tzijl(\/?(zzq)—s)\/ﬁ —52)\/VE+T +1 +3z+3> Jgp—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))~(1/2)),x, algorithm="fricas")

[Out] 4/5%sqrt(5)*log((2*x~2 - sqrt(5)*(3*x + 1) - (sqrt(5)*(x + 2) - 5*x)*sqrt(x
+ 1) + (sqrt(B)*(x + 2) + (sqrt(5)*(2*%x - 1) - B)*sqrt(x + 1) - 5*x)*sqrt(
sqrt(x + 1) + 1) + 3*x + 3)/(x"2 - x - 1)) + 2xsqrt(x + 1)
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Sympy [A]
time = 8.04, size = 112, normalized size = 2.73
( 5 (VVEH+1 +1+4
\/gacoth ( = )
2
- 10 for( ve+1 +1 +%) >%
2vz+1 —16 /B +2
24/ D VT + 1 + 1 +3
\/gatanh ( 3 §>

2
for (VVE+T +1 +1) <3

- 10

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)*x(1/2)/(x+(1+(1+x)**(1/2))**(1/2)),x)

[Out] 2*sqrt(x + 1) - 16*Piecewise((-sqrt(5)*acoth(2*sqrt(5)*(sqrt(sqrt(x + 1) +
1) + 1/2)/5)/10, (sqrt(sqrt(x + 1) + 1) + 1/2)**2 > 5/4), (-sqrt(5)*atanh(2
*sqrt (5) *(sqrt(sqrt(x + 1) + 1) + 1/2)/5)/10, (sqrt(sqrt(x + 1) + 1) + 1/2)

*x2 < 5/4)) + 2

Giac [A]
time = 0.01, size = 71, normalized size = 1.73

24/ vV +1 +1+1\/§>

In ‘
Vi+1 +1 (2\/\/z+1 +1 +14V/5
2 V5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))~(1/2)),x)
[Out] -4/5*sqrt(5)*log(-(sqrt(5) - 2xsqrt(sqrt(x + 1) + 1) - 1)/(sqrt(5) + 2*sqrt
(sqrt(x + 1) + 1) + 1)) + 2%sqrt(x + 1) + 2

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ vVr+1
dz
:L'-I—\/\/x-l-l +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 1)7(1/2)/(x + ((x + 1)7(1/2) + 1)7(1/2)),x)
[Out] int((x + 1)7(1/2)/(x + ((x + 1)7(1/2) + 1)7(1/2)), x)
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3.11

L — dx
fa:—\/l-l-\/].—l-x

Optimal. Leaf size=73

(5+W)log(1—\/§—2m> = (5- )1og(1+x/5?—2m)

[Out] 2/5*%1n(1+57(1/2)-2*%(1+(1+x)~(1/2))~(1/2))*(5-57(1/2) ) +2/5*1n(1-57(1/2)-2*(1
+(1+x)7(1/2))~(1/2) ) *(5+57(1/2))

Rubi [A]
time = 0.08, antiderivative size = 73, normalized size of antiderivative = 1.00, number of

, number of rules — 0.105,
integrand size

steps used = 5, number of rules used = 2, integrand size = 19
Rules used = {646, 31}

§(5+¢§)10g<—z VoET +1 -\/5*+1>+§(5_\/5)10g<_2\/m+1 +¢§+1>

Antiderivative was successfully verified.
[In] Int[(x - Sqrt[1 + Sqrt[1 + x]]1)~(-1),x]

[Out] (2*%(5 + Sqrt[b6])*Logll - Sqrt[5] - 2xSqrt[1 + Sqrt[l + x]11)/5 + (2*%(5 - Sq
rt[5])*Logl[1l + Sqrt[5] - 2*Sqrt[1 + Sqrt[1 + x]]11)/5

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 646

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b”™2 - 4x*axc, 2]}, Dist[(cxd - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + cxx), x], x] - Dist[(c*d - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), x
1, x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bxe, 0] && NeQ[b~2 - 4xa
xc, 0] &% NiceSqrtQ[b~2 - 4x*axc]

Rubi steps
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dx = 2Subst (/ ad dz,z, \/1+z)
—1+22-+V1+z

1
/z—\/1+\/m

— 4Subst /ﬁd 1+vVitz
1—z+ 22

(2(5—¢§>>Subst / " j/g+xdxx 1+vVitz +%(2<5

1
5
=§(5+W)1og(1—\/§—2\/1+ 1+x> ( 5)1og(1+f

Mathematica [A]
time = 0.06, size = 69, normalized size = 0.95

——( 5+Vh)bg<L+¢g—2V1+ 1+z ) (5+vﬁ)bg< L+¢§+2V1+¢T:5>

Antiderivative was successfully verified.

[In] Integrate[(x - Sqrt[1l + Sqrt[1 + x]])~(-1),x]

[Out] (-2%(-5 + Sqrt([5])*Logl[l + Sqrt[5] - 2*Sqrt[1 + Sqrt[1 + x]1])/5 + (2x(5 +
Sqrt [6])*Log[-1 + Sqrt[5] + 2*Sqrt[1 + Sqrt[1 + x]]11)/5

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[1/(x - Sqrt[1 + Sqrt[1 + x]]),x]’)
[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 174 vs.
2(53) = 106.
time = 0.10, size = 175, normalized size = 2.40

’ method ‘ result
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((M/ml)\/?)
44/D arctanh 2
derivativedivides | 2In (vl +z —V1+/1+2 ) + 5
\/g ) h((u—le-l-J))ﬁ) \/g . h((z\/1+x—1>¢g)
default = + . —In (m ++/

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x-(1+(1+x)~(1/2))~(1/2)) ,x,method=_RETURNVERBOSE)

[Out] 1/5%5~(1/2)*arctanh(1/5%(1+2x(1+x)~(1/2))*5~(1/2))+1/5%5~(1/2)*arctanh(1/5%
(2% (1+x)~(1/2)-1)*57(1/2))-1n((1+x) ~(1/2) +(1+(1+x)~(1/2) )~ (1/2) ) +1/2*1n(x-(
1+x)~(1/2))+1/5%5"(1/2) *arctanh (1/5% (2*%x-1)*5~(1/2) ) +1/2%1n(x"2-x-1)+2/5%5~

(1/2) *arctanh (1/5% (2* (1+(1+x)~(1/2))~(1/2)-1)*5"(1/2))+1n((1+x) " (1/2)-(1+(1
+x)~(1/2))"(1/2))-1/2*1n(x+(1+x) ~(1/2))+2/5*arctanh (1/5* (1+2x (1+(1+x)~(1/2)
)~(1/2))*5"(1/2))*5"(1/2)

Maxima [A]

time = 0.36, size = 63, normalized size = 0.86

2 V5 =2y Vz+1 +1 +1
—g\/glog (_\/34_2 %/m_i_l _1) —|—2log(\/:v+ -\ Vvz+1 —I—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))~(1/2)),x, algorithm="maxima")
[Out] -2/5*sqrt(5)*log(-(sqrt(5) - 2xsqrt(sqrt(x + 1) + 1) + 1)/(sqrt(5) + 2*sqrt
(sqrt(x + 1) + 1) - 1)) + 2xlog(sqrt(x + 1) - sqrt(sqrt(x + 1) + 1))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 112 vs.
2(51) = 102.
time = 0.35, size = 112, normalized size = 1.53

5 -z —1

2 S log 2x2+ﬁ(3x+l)+<¢§(z+2)+5z)\/z+1 +(¢§(z+2)+(\/5(295—1)+5)\/z+1 +5:c)\/\/:c+1 +1 +3x+3)+210g(\/ﬁ_ %/m-u)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))~(1/2)),x, algorithm="fricas")

[Out] 2/5%sqrt(5)*log((2*x~2 + sqrt(5)*(3*x + 1) + (sqrt(5)*(x + 2) + 5*x)*sqrt(x
+ 1) + (sqrt(B)*(x + 2) + (sqrt(5)*(2*%x - 1) + B)*sqrt(x + 1) + 5*x)*sqrt(
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sqrt(x + 1) + 1) + 3*x + 3)/(x"2 - x - 1)) + 2xlog(sqrt(x + 1) - sqrt(sqrt(
x+ 1) +1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ / :
dz
r—1\/Vr+1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)**(1/2))**(1/2)),x)
[Out] Integral(1l/(x - sqrt(sqrt(x + 1) + 1)), x)

Giac [A]
time = 0.02, size = 92, normalized size = 1.26

2v/ Ve +1 +1 —1—\/5
In

Vi+1 +1- \/x—|-1—|-1—1’ 2\/\/x—l—1 +1-14V5

2 2V/5

In

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))"(1/2)),x)

[Out] -2/5*sqrt(5)*log(abs(-sqrt(5) + 2*sqrt(sqrt(x + 1) + 1) - 1)/abs(sqrt(5) +
2xsqrt(sqrt(x + 1) + 1) - 1)) + 2*xlog(abs(sqrt(x + 1) - sqrt(sqrt(x + 1) +

1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ / :
dz
r—\/vVr+1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x - ((x + 1)7(1/2) + 1)7(1/2)),%)
[Out] int(1/(x - ((x + 1)7(1/2) + 1)7(1/2)), x)
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3.12 L — dx
f T+ \/1 — 1 +x
Optimal. Leaf size=73
8tanh~! (“2 1:/51“” )
Witz —4y/1-vitz +(1-vIta) + =

[Out] 8/5*arctanh(1/5%(1+2%(1-(1+x)~(1/2))~(1/2))*57(1/2))*5~(1/2)+(1-(1+x)~(1/2)
) T2+2% (1+x) ~(1/2) -4x(1-(1+x) ~(1/2))~(1/2)

Rubi [A]

time = 0.20, antiderivative size = 73, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.143,

2\/1—\/m +1)

steps used = 6, number of rules used = 3, integrand size = 21
Rules used = {1642, 632, 212}

V5

8tanh~! (
(1-vVE+T) 41— Vet T +2vat T + =

Antiderivative was successfully verified.

[In] Int([x/(x + Sqrt[1l - Sqrtl[1 + x]1]),x]

[Out] 2#Sqrt[1 + x] - 4*Sqrt[1 - Sqrt[l + x]] + (1 - Sqrt[1l + x])~2 + (8*ArcTanh[
(1 + 2%Sqrt[1 - Sqrt[1 + x11)/Sqrt[511)/Sqrt[5]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 1642

Int [(Pq_)*((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]
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Rubi steps

dz = 2Subst

(—1+ z?) )
dr,x,vV1+z
1+\/1—x + x2

?(1+z) (-2 + 2?) /
—4Subst(/ —1+m+x2 dz,z, 1—\/1+z)

= 4Subst ( 1—z+28 _—1+x+x2) dz,x, —V1+z )

—ovitz —4\1-Vita ( Vitz —4&ma(
(

/z+\/1—ac\/m

ds
1+x+x2

=2V1+z —44\/1— Vi+tz ( 1+x +88ubst /5 dxacl-

W

8tanh !

5
=2¢FE?—4vqj:E:;ﬂ+<1— iz V5 :

Mathematica [A]
time = 0.05, size = 52, normalized size = 0.71

8tanh~!

z—4\1-V1+z + 7

Antiderivative was successfully verified.

[In] Integrate[x/(x + Sqrt[l - Sqrt[1 + x]11),x]

[Out] x - 4*Sqrt[1 - Sqrt[1 + x]] + (8xArcTanh[(1 + 2*Sqrt[1 - Sqrt[1 + x]])/Sqrt
[511)/Sqrt[5]

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded in comparison

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[x/(x + Sqrt[1 - Sqrt[1 + x11),x]’)

[Out] cought exception: maximum recursion depth exceeded in comparison
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Maple [A]
time = 0.02, size = 60, normalized size = 0.82
method result
<1+2\/1 —V1+z )\/
8 arctanh =
derivativedivides | (1—vI+7 ) —2+2V1+2 —4V/1—V1+z + .
<1+2\/ 1—+1+4+2x )\/
8 arctanh 3
default 1-vitz) —2+42/T+7 —4V/1 -1tz + -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(x+(1-(1+x)~(1/2))"(1/2)),x,method=_RETURNVERBOSE)

[Out] (1-(1+x)~(1/2))"2-2+2%(1+x)~(1/2)-4*%(1-(1+x)~(1/2))~(1/2)+8/5*arctanh (1/5%(
1+2% (1-(1+x)7(1/2)) " (1/2))*567(1/2) ) *57(1/2)

Maxima [A]
time = 0.37, size = 77, normalized size = 1.05

V5 =24/ -vVz+1 +1 —1

V5 42\ -Vz+1 +1 +1

Verification of antiderivative is not currently implemented for this CAS.

(Vx+1._g2—gvgbg(— )+2Vx+ -4\ —-Vz+1 +1 =2

[In] integrate(x/(x+(1-(1+x)~(1/2))~(1/2)),x, algorithm="maxima")

[Out] (sqrt(x + 1) - 1)72 - 4/5*sqrt(5)*log(-(sqrt(5) - 2*sqrt(-sqrt(x + 1) + 1)
- 1)/(sqrt(5) + 2*sqrt(-sqrt(x + 1) + 1) + 1)) + 2*xsqrt(x + 1) - 4*xsqrt(-sq
rt(x +1) +1) -2

Fricas [A]

time = 0.42, size = 110, normalized size = 1.51

%\/Elog (212—\/5(3z+1)+(\/57(1-%—2)—51)\/1-%—1 +(\/ET(Z:_z)I—_(;/E(zz—1)—5)\/z+ —52)\/~VEFT +1 +3z+3> W v

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(x+(1-(1+x)~(1/2))~(1/2)),x, algorithm="fricas")

[Out] 4/5%sqrt(5)*log((2*x~2 - sqrt(5)*(3*x + 1) + (sqrt(5)*(x + 2) - 5*x)*sqrt(x
+ 1) + (sqrt(5)*(x + 2) - (sqrt(B)*(2*%x - 1) - 5)*sqrt(x + 1) - 5xx)*sqrt(
-sqrt(x + 1) + 1) + 3*%x + 3)/(x"2 - x - 1)) + x - 4*sqrt(-sqrt(x + 1) + 1)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

T
/ dz
r+1\/1—+vVx+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(x+(1-(1+x)**x(1/2))*x(1/2)),x)
[Out] Integral(x/(x + sqrt(1 - sqrt(x + 1))), x)
Giac [A]

time = 0.00, size = 106, normalized size = 1.45

2y/ —vzr+1 +1 +1—\/§‘

2\/—vVr+1 +1+1+vV5
V5

In

2
—\/.’E+1 +1 _ 1 1
( ; )_”;+——mﬂ_

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(x+(1-(1+x)~(1/2))~(1/2)),x)

[Out] (sqrt(x + 1) - 1)72 - 4/5*sqrt(5)*log(abs(-sqrt(5) + 2*sqrt(-sqrt(x + 1) +
1) + 1)/(sqrt(5) + 2*sqrt(-sqrt(x + 1) + 1) + 1)) + 2xsqrt(x + 1) - 4x*sqrt(
-sqrt(x + 1) + 1) - 2

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

T
/ dz
r+1\/1—+vVx+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(x + (1 - (x + 1)7(1/2))"(1/2)),x)
[Out] int(x/(x + (1 - (x + 1)°(1/2))"(1/2)), %)
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3.13 f\/x+\/1+x

V1+ 1z (1442)
Optimal. Leaf size=365
2+\/1—i—<1—2\/1—i‘)\/1+x‘ 2+\/1+i—(1—2\/1—|—i‘>\/1—|—x‘
itan—! : : itan™! : : itanh™!
2\/i+\/1—i \/x+\/1+x 2\/—i+\/1+i \/x+\/1+x

) 1—1 0 1+
i+vV1—1 i—V1+i

[Out] 1/2*I*arctanh(1/2*(2-(1-I)~(1/2)-(1+2%(1-I)"(1/2))*(1+x)~(1/2))/(-I+(1-I)~(
1/2))~(1/2) / (x+(1+x)~(1/2) )~ (1/2)) / ((-1+1) /(I-(1-1)~(1/2)) )~ (1/2) -1/2*I*arc
tan(1/2%(2+(1-I)~(1/2)-(1-2%(1-I)~(1/2) ) *(1+x)~(1/2) ) / (I+(1-I)~(1/2) )~ (1/2)

[ (x+(1+x)~(1/2))~(1/2))/ ((1-1) /(T+(1-I)"(1/2))) " (1/2)+1/2*I*arctan (1/2% (2+(
1+1)7(1/2) - (1-2%x (1+1) " (1/2) ) * (1+x) = (1/2) ) / (-I+(1+I) " (1/2) )~ (1/2) / (x+(1+x) ~(
1/2))°(1/2))/((-1-1) /(I-(1+I)~(1/2))) ~(1/2)-1/2*I*arctanh (1/2% (2- (1+I) ~(1/2

)= (1+2x (1+I) ~(1/2) ) *(1+x) = (1/2) ) /(T+(1+I)~(1/2))~(1/2) / (x+(1+x)~(1/2) ) ~(1/2
))/((1+1) /(I+(1+I)~(1/2)))~(1/2)

Rubi [A]
time = 0.61, antiderivative size = 365, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.286,

steps used = 20, number of rules used = 8, integrand size = 28
Rules used = {6873, 6860, 1004, 635, 212, 1047, 738, 210}

(VT VEFT VT =i 2 A A((VTFE) Ve T VT i 2 ) (VT )V 1) VI =i 42 ) A ((VTF )V ) VI + i+
tan~! tan~! tanh™" tanh™"
it VI—T o+ voTT AVIFT —i o+ Vo T T VT —i o+ Vo Tl i+ VITT Vot varl
\z+ 1—-1d \/ i—V1+i V i—V1—i \/2+ 1+

Antiderivative was successfully verified.
[In] Int[Sqrtlx + Sqrt[1 + x]]1/(Sqrt[1l + x]*(1 + x72)),x]

[Out] ((-1/2*I)*ArcTan[(2 + Sqrt[1 - I] - (1 - 2xSqrt[1 - I])*Sqrt[1l + x])/(2%Sqr
t[I + Sqrt[1 - I]]1#Sqrtlx + Sqrt[1 + x11)1)/Sqrt[(1 - I)/(I + Sqrt[1 - I1)]

+ ((I/2)*ArcTan[(2 + Sqrt[1 + I] - (1 - 2*Sqrt[1 + I])=*Sqrtl[l + x])/(2*Sqr
t[-I + Sqrt[1 + IJ]1*Sqrtlx + Sqrt[1 + x11)1)/Sqrt[(-1 - I)/(I - Sqrt[l + I]

)] + ((I/2)*ArcTanh[(2 - Sqrt[1 - I] - (1 + 2#Sqrt[1 - I])*Sqrtl[1 + x])/(2%
Sqrt[-I + Sqrt[1 - I]]*Sqrt[x + Sqrt[1 + x11)]1)/Sqrt[(-1 + I)/(I - Sqrt[1 -

I1)] - ((I/2)*ArcTanh[(2 - Sqrt[1 + I] - (1 + 2xSqrt[1 + I])*Sqrt[1l + x1)/
(2+Sqrt[I + Sqrt[1 + I]]1*Sqrtlx + Sqrt[l + x]]1)]1)/Sqrt[(1 + I)/(I + Sqrt[1
+ ID]

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
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& (LtQla, 0] Il LtQ[b, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x°2), x], x, (b + 2xc*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738

Int[1/C((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4*bxd*e + 4*a*e”2 - x°2), x], x, (2
*xaxe - bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1004

Int[Sqrtl(a_) + (b_.)*(x_) + (c_.)*x(x_)"2]1/((d_) + (£_.)*(x_)"2), x_Symbol]

:> Dist[c/f, Int[1/Sqrt[a + b*x + c*xx~2], x], x] - Dist[1/f, Int[(c*d - a*
f - bkf*x)/(Sqrt[a + bkx + c*x"2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c, d
, T}, x] && NeQ[b~2 - 4xaxc, O]

Rule 1047

Int[((g_.) + (h_.)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + cx*(g/(2xq)
), Int[1/((-q + c*xx)*Sqrt[d + exx + f*x~2]), x], x] + Dist[h/2 - cx(g/(2xq)
), Int[1/((q + c*x)*Sqrt[d + exx + f*x~2]), x], x]] /; FreeQ[{a, c, d, e, £
, &, h}Y, x] && NeQ[e™2 - 4xd*f, 0] && PosQ[(-a)x*c]

Rule 6860

Int[(u_)/((a_.) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] & EqQ[n2, 2*n] && IGtQ[n, O]

Rule 6873

Int[u_, x_Symbol] :> With[{v = NormalizelIntegrand[u, x]}, Int[v, x] /; v =!
= 'll]
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Rubi steps
r+V1itz V-1 2
/ dx = 2Subst / +w+x2dx,x, 14z
1+2z (1+2?) 14+ (—1+ z?)
vV—1+z+ 2?2
=2 1
Subst </ 5927 & 2t dr,z,V1+z
iv-14+z+2?> ivV—-1+z+z?
= 2Subst d 1
be (/( 2+ 2i)— 222 | (<2120 242 ) OTVIET

/— 2 /— 2
—QzSubst</ ltote de,z,\/1+z +2'1JSubst/ ltaote dzx

2+ 24) — 222 (—2 + 27) + 222
= iSubst / 2+ 20 dr,z,v/1+x | —iSubst /—
((2+26) —222) V—-1+x + 22 V-1
1 3/2 1
=—|=((-2—-(1—1)*?)) Subst dz, z,
2 (_zm +2x)¢m
32 1 —44+2y/1—1i —
= (-2—(1—1 Subst / dz, z,
(o (a=9"%) —16i + 161 — 4 — 2 \/;
2+vV1—i —(1-2¢/1—i V142
iv/i++vV1—1i tan™! ( : ) :
B 2\/i+\/1—i \/x—i-\/l-l—x +1(1+ )3/2[
a 2v/1—1i 4

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.16, size = 217, normalized size = 0.59

—leg(—\/ux +\Vz+Vite —#1)+ lg( VIitz +y/z \/1+ #)#12—slog(—\/1+x +\z+Vi+z —#1)#1‘+210g(—‘/1+r +y\z+ Vit —#1)#1‘
—1+ 1041 — 18417 + 10#1% + 5#1° — 3#1° + #17 ‘

—%RoemSum 1— 8#1 + 40417 — 48#1° + 20441° + 8#1° — 4#1° + #1°&,

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x + Sqrt[l + x]11/(Sqrt[1 + xI*(1 + x72)),x]

[Out] -1/2*%RootSum[1 - 8x#1 + 40*#17°2 - 48*#173 + 20*%#174 + 8x#1°5 - 4x*#176 + #1°
8 & , (-Log[-Sqrt[1 + x] + Sqrt[x + Sqrt[1 + x]] - #1] + 5xLog[-Sqrt[1 + x]

+ Sqrt[x + Sqrtl[l + x]] - #1]1*#1°2 - 5xLog[-Sqrt[1 + x] + Sqrt[x + Sqrt[1

+ x]] - #1]1*#1°4 + 2xLog[-Sqrt[1 + x] + Sqrtlx + Sqrt[1l + x]] - #1]x*#175)/(

=1 + 10*#1 - 18*#172 + 10*#173 + 5x#174 - 3x#175 + #1°7) & ]
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Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[Sqrt[1 + x] + x]/((1 + x~2)*Sqrt[1 + x]),x]?)

[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.

time = 0.06, size = 109, normalized size = 0.30

method result

(2_R5—5_R4+5_R2—1> 1n< T+ \/ﬁ
_R7—3_R5+5_R4+10_R3—1s_.

>
__ R=RootOf (_Z8 —4 7848 ZPio0 Zh_a8 ZB44a0 72 —8_Z+1)
derivativedivides | — 5

(2_R575_R4+5_R271> 1n< T+ \/ﬁ
R s R Ry Rois

>
__ R=RootOf (_Z8—4_Z"‘+8_Z5 420 Z%_48 ZB440 72 —s_Z+1)
default - 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((x+(1+x)~(1/2))"(1/2)/(x~2+1)/(1+x)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -1/2*sum((2*_R~5-5% R~4+5% R"2-1)/(_R"7-3%_R"5+5%_R"4+10*_R"3-18*_R"2+10* R
- *In((x+(1+x)~(1/2))~(1/2)-(1+x)~(1/2)-_R), _R=Root0f (_Z~8-4% Z~6+8% Z"5+2
O _Z~4-48%_Z~3+40%_Z~2-8% Z+1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1)/(1+x)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(x + sqrt(x + 1))/((x"2 + 1)*sqrt(x + 1)), x)

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 5235 vs. 2(201) = 402.
time = 5.35, size = 5235, normalized size = 14.34

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1)/(1+x)~(1/2),x, algorithm="fricas")

[Out] -1/4*sqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8+I + 1/8) - 2*sqrt(-3/64x*(4xsqrt(1/8
*I + 1/8) - I + 1)72 - 3/64x(4*sqrt(-1/8*%I + 1/8) + I + 1)72 - 1/32%(4*sqrt
(1/8%I + 1/8) - I + 1)*(4*sqrt(-1/8+I + 1/8) + I - 3) + 1/2%sqrt(-1/8*I + 1
/8) + 1/8%I + 1/8) - 1/2)*1og(1/4%(2x(((3*%x - 1)*sqrt(x + 1) + 4xx - 3)*(4x
sqrt(-1/8+I + 1/8) + I + 1) - 3*(3*x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + s
qrt(x + 1))*(4*sqrt(1/8*I + 1/8) - I + 1)72 + 2x(((3*x - ) *sqrt(x + 1) + 4
*x — 3)*(4xsqrt(-1/8%I + 1/8) + I + 1)72 - 4*%((3*%x - 1)*sqrt(x + 1) + 4*x -
3)*(4*sqrt(-1/8+I + 1/8) + I + 1) + 2x(7*x + 1)*sqrt(x + 1) + 12xx - 14)*s
qrt(x + sqrt(x + 1))*(4*xsqrt(1/8+I + 1/8) - I + 1) + 16%((((3*x - 1)*sqrt(x
+ 1) + 4xx - 3)*(4xsqrt(-1/8*I + 1/8) + I + 1) - 3*(3*x - 1)*sqrt(x + 1) -
T*x + 9)xsqrt(x + sqrt(x + 1))*(4*xsqrt(1/8+I + 1/8) - I + 1) - ((3*(3*x -
1)*sqrt(x + 1) + 7*x - 9)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 2x(11xx - 7)*sqr
t(x + 1) - 16%xx + 22)*sqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4*xsqrt(1/8+I + 1/8
) - I+ 1)72 - 3/64x(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*I +
1/8) - I + 1)*(4xsqrt(-1/8+I + 1/8) + I - 3) + 1/2*sqrt(-1/8+I + 1/8) + 1/
8*I + 1/8) - 2*%((3*(3*x - 1)*sqrt(x + 1) + 7xx - 9)*(4xsqrt(-1/8xI + 1/8) +
I+ 1)72 - 2x((7*x + 1)*sqrt(x + 1) + 6%xx - 7)*(4*xsqrt(-1/8%I + 1/8) + I +
1) - 4xsqrt(x + 1)*(x - 7) - 12%xx + 44)*sqrt(x + sqrt(x + 1)) + ((3*x"2 -
(x72 + 2% (3*x + 4)*sqrt(x + 1) + 8*x + 5)*x(4*sqrt(-1/8+I + 1/8) + I + 1) +
2% (9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8*I + 1/8) - I + 1)72 + (3*x
"2 + 2%(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4xsqrt(-1/8+I + 1/8) + I + 1)72
- 68*%x72 - ((x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8+I + 1/8)
+ I+ 1)72 - 2%x72 - 4%(x72 + 2%(3%x + 4)*sqrt(x + 1) + 8xx + 5)*(4*xsqrt(-
1/8¥I + 1/8) + I + 1) + 4x(7*x + 6)*sqrt(x + 1) + 24xx + 30)*(4*sqrt(1/8*I
+1/8) - I + 1) + 2%(x"2 - 2%x(7*x + 6)*sqrt(x + 1) - 12%x - 15)*(4*sqrt(-1/
8*I + 1/8) + I + 1) - 8%(14%x72 - (3*%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) +
8*x + B)x(4xsqrt(-1/8*%I + 1/8) + I + 1) + 2x(9%x + 7)*sqrt(x + 1) + 24*x +
15) % (4*sqrt(1/8*%I + 1/8) - I + 1) - (3*x72 + 2%x(9%x + 7T)*sqrt(x + 1) + 24x
X + 15)*(4*sqrt(-1/8+I + 1/8) + I + 1) + 4x(11*x + 8)*sqrt(x + 1) + 72%x +
30) *sqrt (-3/64* (4*sqrt(1/8*I + 1/8) - I + 1)°2 - 3/64x(4*xsqrt(-1/8*I + 1/8)
+ I+ 1)72 - 1/32%(4*sqrt(1/8*I + 1/8) - I + 1)*(4*sqrt(-1/8*I + 1/8) + I
- 3) + 1/2xsqrt(-1/8+I + 1/8) + 1/8*I + 1/8) - 8*(11xx + 3)*sqrt(x + 1) - 6
4xx - 20)*sqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8*I + 1/8) - 2*sqrt(-3/64*(4xsqr
t(1/8*I + 1/8) - I + 1)72 - 3/64x(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 1/32x(4
*sqrt(1/8+I + 1/8) - I + 1)*(4*sqrt(-1/8*I + 1/8) + I - 3) + 1/2*sqrt(-1/8%
I+1/8) +1/8xI + 1/8) - 1/2))/(x"2 + 1)) + 1/4xsqrt(sqrt(1/8+I + 1/8) + s
qrt(-1/8*I + 1/8) - 2*sqrt(-3/64x(4xsqrt(1/8+I + 1/8) - I + 1)72 - 3/64x*(4x%
sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32%(4xsqrt(1/8*I + 1/8) - I + 1)*(4*sqrt(
-1/8%I + 1/8) + I - 3) + 1/2%sqrt(-1/8*I + 1/8) + 1/8%I + 1/8) - 1/2)*1log(1
/4% (2% (((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8+«I + 1/8) + I + 1) - 3
*(3%x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8
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) = I+ 1)72 + 2x(((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*(4*sqrt(-1/8*%I + 1/8) +
I+ 1)72 - 4x((3*%x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8*I + 1/8) + I +
1) + 2% (7xx + 1)*sqrt(x + 1) + 12%x - 14)*sqrt(x + sqrt(x + 1))*(4xsqrt(1/

8*I + 1/8) - I + 1) + 16x((((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8%I
+1/8) + I + 1) - 3*%(3*x - 1)*sqrt(x + 1) - 7*x + 9 x*sqrt(x + sqrt(x + 1))

*x(4xsqrt(1/8+xI + 1/8) - I + 1) - ((3%(3*xx - 1)*sqrt(x + 1) + 7*x - 9)*(4*sq

rt(-1/8*%I + 1/8) + I + 1) - 2%(11xx - T)*sqrt(x + 1) - 16xx + 22)*sqrt(x +

sqrt(x + 1)))*sqrt(-3/64*(4*sqrt(1/8*I + 1/8) - I + 1)72 - 3/64x(4*sqrt(-1/

8*I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*I + 1/8) - I + 1)*(4*sqrt(-1/8xI +
1/8) + I - 3) + 1/2xsqrt(-1/8%I + 1/8) + 1/8+I + 1/8) - 2*((3*(3*x - 1)*sq

rt(x + 1) + 7xx - 9)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 2x((7*x + 1)*sqrt(x
+ 1) + 6xx — T)*(4xsqrt(-1/8*I + 1/8) + I + 1) - 4xsqrt(x + Dx*x(x - 7) - 1

2xx + 44)*sqrt(x + sqrt(x + 1)) - ((3*x™2 - (x72 + 2%(3*x + 4)*sqrt(x + 1)

+ 8%x + B)*(4xsqrt(-1/8*I + 1/8) + I + 1) + 2x(9%x + T)*sqrt(x + 1) + 24xx

+ 15)*(4xsqrt(1/8+I + 1/8) - I + 1)72 + (3*%x"2 + 2%(9%x + T)*sqrt(x + 1) +

24xx + 15)*(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 68*x72 - ((x72 + 2%(3*x + 4)*

sqrt(x + 1) + 8*x + B)*x(4*xsqrt(-1/8*%I + 1/8) + I + 1)72 - 2%xx™2 - 4*x(x"2 +

2% (3*%x + 4)*sqrt(x + 1) + 8%x + 5)*(4xsqrt(-1/8+I + 1/8) + I + 1) + 4x(T*x

+ 6)*sqrt(x + 1) + 24*x + 30)*(4*sqrt(1/8*I + 1/8) - I + 1) + 2x(x"2 - 2x(7

*x + 6)*sqrt(x + 1) - 12%x - 15)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 8*(14*x"2
- (3*%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8*I + 1/8)
+ I+ 1) + 2%(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8+I + 1/8) - I +
1) - (3*x72 + 2*%(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4xsqrt(-1/8xI + 1/8) +
I+ 1) + 4x(11*xx + 8)*sqrt(x + 1) + 72*x + 30)*sqrt(-3/64*(4*sqrt(1/8*I +

1/8) - I + 1)72 - 3/64%(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*

I+1/8) - I + 1)*(4*sqrt(-1/8*I + 1/8) + I - 3) + 1/2xsqrt(-1/8xI + 1/8) +
1/8+%I + 1/8) - 8x(11*x + 3)*sqrt(x + 1) - 64*x - 20)*sqrt(sqrt(1/8*I + 1/8

) + sqrt(-1/8+I + 1/8) - 2xsqrt(-3/64*(4*sqrt(1/8*I + 1/8) - I + 1)"2 - 3/6

4% (4*sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*I + 1/8) - I + 1)*(4x*

sqrt(-1/8+I + 1/8) + I - 3) + 1/2xsqrt(-1/8*I + 1/8) + 1/8xI + 1/8) - 1/2))

/(x"2 + 1)) - 1/4xsqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8+I + 1/8) + 2*sqrt(-3/6

4x(4xsqrt(1/8+xI + 1/8) - I + 1)°2 - 3/64x(4*xsqrt(-1/8*I + 1/8) + I + 1)72 -
1/32x(4xsqrt(1/8+I + 1/8) - I + 1)*(4*sqrt(-1/8+I + 1/8) + I - 3) + 1/2%sq

rt(-1/8+1 + 1/8) + 1/8xI + 1/8) - 1/2)*log(1/4% (2% (((3*x - 1)*sqrt(x + 1) +
4xx - 3)*(4*xsqrt(-1/8%I + 1/8) + I + 1) - 3*(3*%x - 1)*sqrt(x + 1) - 7*x +

9 *sqrt(x + sqrt(x + 1))*(4*xsqrt(1/8+I + 1/8) - I + 1)72 + 2x(((3*x - 1)*sq

rt(x + 1) + 4xx - 3)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 4x((3*x - 1)*sqrt(x
+ 1) + 4xx - 3)*(4xsqrt(-1/8*I + 1/8) + I + 1) + 2x(7*x + 1)*sqrt(x + 1) +
12xx - 14)*sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8) - I + 1) - 16*((((3*

X - D*sqrt(x + 1) + 4%x - 3)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 3*(3*x - 1)x*

sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8) - I + 1)

- ((3%(3*x - 1)*sqrt(x + 1) + 7*x - 9)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 2x*(

11xx - 7)*sqrt(x + 1) - 16%x + 22)*sqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4*sqr

t(1/8+«I + 1/8) - I + 1)72 - 3/64*(4xsqrt(-1/8+xI + 1/8) + I + 1)°2 - 1/32x(4

*sqrt (1/8+I + 1/8) - I + 1)*(4*sqrt(-1/8*I + 1/8) + I - 3) + 1/2*sqrt(-1/8%
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I+ 1/8) + 1/8%I + 1/8) - 2x((3*(3*x - 1)*sqrt(x + 1) + 7*x - 9)*(4*sqrt(-1
/81 + 1/8) + I + 1)72 - 2%((7*x + 1) *sqrt(x + 1) + 6*x - 7)*(4*sqrt(-1/8+I
+1/8) + I + 1) - 4*sqrt(x + 1)*(x - 7) - 12%x + 44)*sqrt(x + sqrt(x + 1))
+ ((3%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8+I + 1/8
) + I + 1) + 2%(9%x + 7)*sqrt(x + 1) + 24*x + 15)*(4xsqrt(1/8+I + 1/8) - 1
+ 1)72 + (3%x72 + 2%(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4xsqrt(-1/8+I + 1/8
) + I +1)72 - 68%x72 - ((x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*xsqrt(
-1/8+I + 1/8) + I + 1)72 - 2%x72 - 4x(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8xx +
B5)*(4*sqrt(-1/8*%I + 1/8) + I + 1) + 4x(7*x + 6)*sqrt(x + 1) + 24*x + 30)*(
4xsqrt(1/8+I + 1/8) - I + 1) + 2%(x72 - 2%(7*x + 6)*sqrt(x + 1) - 12*%x - 15
)*(4xsqrt(-1/8*I + 1/8) + I + 1) + 8x(14*x"2 - (3*x"2 - (x72 + 2*%(3*x + 4)*
sqrt(x + 1) + 8*%x + 5)*(4*xsqrt(-1/8*I + 1/8) + I + 1) + 2x(9*x + T7)*sqrt(x
+ 1) + 24%x + 15)*(4*sqrt(1/8*I + 1/8) - I + 1) - (3*%x72 + 2x(9*x + T7)*sqrt
(x + 1) + 24xx + 15)*(4*sqrt(-1/8+I + 1/8) + I + 1) + 4*(11*x + 8)*sqrt(x +
1) + 72xx + 30)*sqrt(-3/64x(4xsqrt(1/8+I + 1/8) - I + 1)72 - 3/64x*(4xsqrt(
-1/8*%I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*I + 1/8) - I + 1)*(4*sqrt(-1/8*
I+1/8) +I - 3) + 1/2%sqrt(-1/8+I + 1/8) + 1/8xI + 1/8) - 8*(11lxx + 3)*sq
rt(x + 1) - 64*x - 20)*sqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8+I + 1/8) + 2xsqrt
(-3/64x(4*sqrt(1/8+I + 1/8) - I + 1)72 - 3/64*(4*sqrt(-1/8+I + 1/8) + I + 1
)72 - 1/32%(4*xsqrt(1/8+I + 1/8) - I + 1)*(4*sqrt(-1/8*I + 1/8) + I - 3) + 1
/2%sqrt(-1/8+I + 1/8) + 1/8xI + 1/8) - 1/2))/(x"2 + 1)) + 1/4*sqrt(sqrt(1/8
*I + 1/8) + sqrt(-1/8+I + 1/8) + 2xsqrt(-3/64*(4*sqrt(1/8*I + 1/8) - I + 1)
"2 - 3/64%(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 1/32x(4*sqrt(1/8*I + 1/8) - I
+ 1)*(4*sqrt(-1/8+I + 1/8) + I - 3) + 1/2*sqrt(-1/8+I + 1/8) + 1/8+I + 1/8)
- 1/2)*1log(1/4%x (2% (((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4xsqrt(-1/8+I + 1/8)
+ I+ 1) - 3%(3*x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4xsqr
t(1/8+%I + 1/8) - I + 1)72 + 2x(((3*%x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1
/8%I + 1/8) + I + 1)72 - 4*%((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8+I
+1/8) + I + 1) + 2%(7*x + 1)*sqrt(x + 1) + 12*%x - 14)*sqrt(x + sqrt(x + 1
))*(4*sqrt(1/8*%I + 1/8) - I + 1) - 16%x((((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(
Axsqrt (-1/8*%I + 1/8) + I + 1) - 3*(3*x - 1)*sqrt(x + 1) - 7*x + 9 *sqrt(x +
sqrt(x + 1))*(4*sqrt(1/8+I + 1/8) - I + 1) - ((3*%(3*x - 1)*sqrt(x + 1) + 7
*x — 9)x(4xsqrt(-1/8*I + 1/8) + I + 1) - 2x(11*x - T)*sqrt(x + 1) - 16*x +
22)*sqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4*sqrt(1/8+«I + 1/8) - I + 1)72 - 3/6
4x(4xsqrt(-1/8*%I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*I + 1/8) - I + 1)*(4x*
sqrt(-1/8+I + 1/8) + I - 3) + 1/2xsqrt(-1/8*I + 1/8) + 1/8+I + 1/8) - 2*((3
*(3*%x - 1)*sqrt(x + 1) + 7*x - 9)*(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 2% ((7x
X + D*sqrt(x + 1) + 6%x - 7)*(4*sqrt(-1/8+«I + 1/8) + I + 1) - 4*sqrt(x + 1
)¥(x - 7) - 12%xx + 44)*sqrt(x + sqrt(x + 1)) - ((3*x72 - (x72 + 2%x(3*x + 4)
*sqrt(x + 1) + 8%x + 5)*(4*sqrt(-1/8+I + 1/8) + I + 1) + 2%(9%x + 7)*sqrt(x
+ 1) + 24%x + 15)*(4*sqrt(1/8*I + 1/8) - I + 1)72 + (3*x"2 + 2%(9*x + T)*s
qrt(x + 1) + 24%x + 15)*(4*sqrt(-1/8*I + 1/8) + I + 1)72 - 68%x72 - ((x72 +
2% (3*%x + 4)*sqrt(x + 1) + 8xx + 5)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 2%x~
2 - 4x(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*xsqrt(-1/8*I + 1/8) + I +
1) + 4*%(7*x + 6)*sqrt(x + 1) + 24*x + 30)*(4*sqrt(1/8*I + 1/8) - I + 1) +
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2% (x72 - 2x(7*x + 6)*sqrt(x + 1) - 12xx - 15)*(4*sqrt(-1/8*I + 1/8) + I + 1
) + 8%(14xx72 - (3*%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*xsqrt(
-1/8+xI + 1/8) + I + 1) + 2x(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8%I
+1/8) - I + 1) - (3*%x72 + 2%x(9%x + 7)*sqrt(x + 1) + 24*xx + 15)*(4*sqrt(-1
/81 + 1/8) + I + 1) + 4x(11xx + 8)*sqrt(x + 1) + 72xx + 30)*sqrt(-3/64* (4x*
sqrt(1/8*I + 1/8) - I + 1)72 - 3/64*(4*sqrt(-1/8*%I + 1/8) + I + 1)72 - 1/32
*x(4xsqrt(1/8+I + 1/8) - I + 1)*(4*sqrt(-1/8+«I + 1/8) + I - 3) + 1/2*sqrt(-1
/81 + 1/8) + 1/8%I + 1/8) - 8x(11xx + 3)*sqrt(x + 1) - 64*x - 20)*sqrt(sqr
t(1/8+%I + 1/8) + sqrt(-1/8*I + 1/8) + 2*sqrt(-3/64*(4*sqrt(1/8+I + 1/8) - I
+ 1)72 - 3/64%(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32x(4*sqrt(1/8*I + 1/8)
- I + 1)*(4*sqrt(-1/8*I + 1/8) + I - 3) + 1/2*sqrt(-1/8*I + 1/8) + 1/8*I +
1/8) - 1/2))/(x"2 + 1)) + 1/2xsqrt(-1/2*sqrt(1/8*I + 1/8) + 1/8%I - 1/8)*1
og(-((((3*x - D) *sqrt(x + 1) + 4xx - 3)*(4*xsqrt(-1/8*I + 1/8) + I + 1) - 3%
(3*x - 1D)*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8)
- I+ 1)72+ (((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*x(4*sqrt(-1/8*I + 1/8) + I
+ 1)72 - 4x((3*%x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8+I + 1/8) + I + 1)
+ 2x(7*x + 1) *sqrt(x + 1) + 12xx - 14)*sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I
+1/8) - I + 1) + (((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*xsqrt(-1/8*I + 1/8)
+ I+ 1)73 - 4%((3*x - 1D)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8*%I + 1/8) + I
+ 1)72 + 4%((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*sqrt(-1/8+I + 1/8) + I + 1
) + 2x(3%x - 1)*sqrt(x + 1) - 2xx + 14)*sqrt(x + sqrt(x + 1)) + ((x72 + 2x(
3xx + 4)*sqrt(x + 1) + 8%x + 5)*(4*sqrt(-1/8+I + 1/8) + I + 1)73 - (3*x"2 -
(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*xsqrt(-1/8*I + 1/8) + I + 1) +
2% (9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8*I + 1/8) - I + 1)72 - 4x*(
X72 + 2%(3%x + 4)*sqrt(x + 1) + 8*x + B)*(4*xsqrt(-1/8*I + 1/8) + I + 1)72 -
18%x72 + ((x72 + 2%(3*x + 4)*sqrt(x + 1) + 8%x + 5)*(4*sqrt(-1/8+I + 1/8)
+ I+ 1)72 - 2%x72 - 4%(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8%x + 5)*(4xsqrt(-1
/81 + 1/8) + I + 1) + 4%(7xx + 6)*sqrt(x + 1) + 24*x + 30)*(4*sqrt(1/8xI +
1/8) = I + 1) + 4x(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8%x + 5)*(4*sqrt(-1/8%I
+1/8) + I + 1) - 4%(7*x + 1)*sqrt(x + 1) + 16%x - 10)*sqrt(-1/2*sqrt(1/8*
I+1/8) + 1/8xI - 1/8))/(x”2 + 1)) - 1/2xsqrt(-1/2*sqrt(1/8*I + 1/8) + 1/8
*I - 1/8)*1og(-((((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8+I + 1/8) +
I+ 1) - 3%(3*%x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4xsqrt(1
/81 + 1/8) - I + 1)72 + (((3*%x - 1)*sqrt(x + 1) + 4*xx - 3)*(4*sqrt(-1/8%I
+1/8) + I + 1)72 - 4x((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*(4*sqrt(-1/8*I + 1/
8) + I + 1) + 2x(7*x + 1)*sqrt(x + 1) + 12*x - 14)*sqrt(x + sqrt(x + 1))*(4
*sqrt(1/8+I + 1/8) - I + 1) + (((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1
/8%I + 1/8) + I + 1)73 - 4*%((3*x - 1) *sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8+*I
+1/8) + I + 1)72 + 4x((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*(4*xsqrt(-1/8*I + 1
/8) + I + 1) + 2%(3%x - 1)*sqrt(x + 1) - 2xx + 14)*sqrt(x + sqrt(x + 1)) -
((x72 + 2%(3*x + 4)*sqrt(x + 1) + 8%x + B5)*(4*sqrt(-1/8+I + 1/8) + I + 1)73
- (3*%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*%x + 5)*(4*xsqrt(-1/8*I + 1/8)
+ I+ 1) + 2%(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*xsqrt(1/8+I + 1/8) - I +
1)72 - 4%(x72 + 2% (3*x + 4)*sqrt(x + 1) + 8xx + 5)*(4xsqrt(-1/8xI + 1/8) +
I+ 1)72 - 18%x72 + ((x72 + 2%(3*x + 4)*sqrt(x + 1) + 8xx + 5)*(4*xsqrt(-1/
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8*I + 1/8) + I + 1)72 - 2%xx72 - 4*%(x"2 + 2x(3*x + 4)*sqrt(x + 1) + 8*x + 5)
*x(4xsqrt(-1/8*%I + 1/8) + I + 1) + 4*x(7T*x + 6)*sqrt(x + 1) + 24*x + 30)*(4xs
qrt(1/8*I + 1/8) - I + 1) + 4*(x"2 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)* (4%
sqrt(-1/8+I + 1/8) + I + 1) - 4*(7*x + 1)*sqrt(x + 1) + 16%x - 10)*sqrt(-1/
2%sqrt (1/8+I + 1/8) + 1/8+I - 1/8))/(x72 + 1)) + 1/2xsqrt(-1/2*sqrt(-1/8*I
+ 1/8) - 1/8+I - 1/8)*1og(((((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4xsqrt(-1/8*
I+1/8) + I+ 1)73 - ((3*%x - 1)*sqrt(x + 1) + 9xx - 3)*(4xsqrt(-1/8*I + 1/
8) + I+ 1)72 - 2%((x + 3)*sqrt(x + 1) - 2%x - 1)*(4*xsqrt(-1/8*I + 1/8) + I
+ 1) - 10%(3*%x - 1)*sqrt(x + 1) - 30*x + 10)*sqrt(x + sqrt(x + 1)) + ((x72
+ 2%(3%x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8*I + 1/8) + I + 1)73 - (x
"2 + 6%(x + 3)*sqrt(x + 1) + 8*kx + 5)*(4*sqrt(-1/8*I + 1/8) + I + 1)72 + 10
*X"2 + 2% (3*%x72 - 2%sqrt(x + 1)*(x - 2) + 4*x - 5)*(4*sqrt(-1/8+I + 1/8) +
I+ 1) - 20%(x + 3)*sqrt(x + 1) - 80*x - 30)*sqrt(-1/2*sqrt(-1/8*I + 1/8) -
1/8*I - 1/8))/(x72 + 1)) - 1/2*sqrt(-1/2*sqrt(-1/8+I + 1/8) - 1/8+I - 1/8)
*1og(((((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8+I + 1/8) + I + 1)73 -
((3*%x - 1)*sqrt(x + 1) + 9xx - 3)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 2x((x
+ 3)*ksqrt(x + 1) - 2xx - 1)*(4xsqrt(-1/8*I + 1/8) + I + 1) - 10*%(3*x - 1)*
sqrt(x + 1) - 30*x + 10)*sqrt(x + sqrt(x + 1)) - ((x72 + 2*(3*x + 4)#*sqrt(x
+ 1) + 8%x + 5)*(4*xsqrt(-1/8*I + 1/8) + I + 1)73 - (x72 + 6%(x + 3)*sqrt(x
+ 1) + 8%x + 5)*(4*xsqrt(-1/8%I + 1/8) + I + 1)72 + 10%x72 + 2*%(3*x"2 - 2%*s
qrt(x + D *(x - 2) + 4%x - 5)*(4xsqrt(-1/8+I + 1/8) + I + 1) - 20*%(x + 3)*s
qrt(x + 1) - 80*x - 30)*sqrt(-1/2*sqrt(-1/8*I + 1/8) - 1/8+I - 1/8))/(x"2 +
1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

r+vVr+1 p
T
vr+1 (z2+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)**(1/2))**(1/2)/(x**2+1)/(1+x)**(1/2) ,x)
[Out] Integral(sqrt(x + sqrt(x + 1))/(sqrt(x + 1)*(x**2 + 1)), x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1)/(1+x)~(1/2),x)
[Out] Could not integrate



Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

\/:c-i-\/m d
/(zQ-I-l)\/m ’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + (x + 1)7(1/2))7(1/2)/((x"2 + D*(x + 1)7(1/2)),x)
[Out] int((x + (x + 1)7(1/2))7(1/2)/((x"2 + D*(x + 1)7(1/2)), x)
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514 [Ve+Vito g

1+2
Optimal. Leaf size=337

2/it+ VI=T o+ Vita 2/~

[Out] 1/2*Ixarctanh(1/2*(2-(1-I)~(1/2)-(1+2x(1-I)~(1/2))*(1+x)~(1/2))/(-I+(1-I)~(
1/2))~(1/2) / (x+(1+x)~(1/2))~(1/2) ) *(-I+(1-I)~(1/2) )~ (1/2)+1/2*I*arctan(1/2*
(2+(1-I)"(1/2)-(1-2%(1-I)~(1/2) ) *(1+x) ~(1/2)) /(I+(1-I)~(1/2))~(1/2) / (x+(1+x
)~(1/2))7(1/2) ) *(I+(1-1)~(1/2))~(1/2)-1/2xI*arctan(1/2*% (2+(1+I)~(1/2) - (1-2%
(1+I)~(1/2))*(1+x)~(1/2)) / (-I+(1+I)~(1/2) )~ (1/2) / (x+(1+x) ~(1/2) )~ (1/2) ) *(-I
+(1+I)7(1/2)) " (1/2)-1/2xI*arctanh (1/2% (2-(1+I) " (1/2) - (1+2*% (1+I) " (1/2) ) x (1+x
)7(1/2))/ (T+(1+I1)~(1/2))~(1/2) / (x+(1+x)~(1/2)) " (1/2) ) * (I+(1+I)~(1/2))~(1/2)

Rubi [A]

time = 0.40, antiderivative size = 337, normalized size of antiderivative = 1.00, number of

_ —Q o number of rules _
steps used = 22, number of rules used = 9, integrand size = 21, integrand size 0.429,

Rules used = {6873, 6860, 1035, 1092, 635, 212, 1047, 738, 210}

1—2\/1—«)/1-1)+¢1—,+2) e ‘(—((1—2\/1“)\/1“)+\/1+1+2) L ‘<—((1+2\/1—x)/1+1)—\/1—1+2) W (—((Hz\/lm)\/Hl)—‘/l-x+2>
— -5 P S e e e B Ll e S il A SR v/ UG B e
! 2 VIFT —i o+ VEFT R v 7 /

Antiderivative was successfully verified.
[In] Int[Sqrt[x + Sqrt[l + x]]1/(1 + x72),x]

[Out] (I/2)*Sqrt[I + Sqrt[1 - I]]*ArcTan[(2 + Sqrt[1 - I] - (1 - 2%Sqrt[1 - I])*S
qrt[1 + x])/(2*%Sqrt[I + Sqrt[1 - I]]1*Sqrtlx + Sqrt[1l + x]]1)] - (I/2)*Sqrt[-

I + Sqrt[1 + I]]*ArcTan[(2 + Sqrt[1 + I] - (1 - 2xSqrt[1 + I])*Sqrt[l + x])
/(2%Sqrt[-I + Sqrt[1 + I]]*Sqrt[x + Sqrt[l + x]1)] + (I/2)*Sqrt[-I + Sqrt[1

- I]]*ArcTanh[(2 - Sqrt[1 - I] - (1 + 2+Sqrt[1 - I])*Sqrt[1 + x])/(2*Sqrtl[

-I + Sqrt[1 - I]]*Sqrtlx + Sqrtl[1l + x]1)] - (I/2)*Sqrt[I + Sqrt[1 + I]]*Arc
Tanh[(2 - Sqrt[1 + I] - (1 + 2xSqrt[1 + I]1)*Sqrt[1 + x])/(2*Sqrt[I + Sqrt[1

+ I]1*Sqrt[x + Sqrt[1 + x]11)]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
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Qla, 0] Il LtQ[b, 0])

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x2), x], x, (b + 2xc*x)/Sqrtla + bxx + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738

Int[1/(C(d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
xa*xe - bxd - (2%cxd - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1035

Int[((g_.) + (h_)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*x(x_)72)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + £*x72)"(q +
1)/(2xfx(p + q + 1))), x] - Dist[1/(2*f*(p + q + 1)), Int[(a + b*x + c*xx"2
)"(p - D*(d + £*x72) “q*Simp [h*p*(b*d) + a*x(-2xgxf)*x(p + q + 1) + (2xhxpx*(c
*d - axf) + bx(-2%g*f)*(p + q + 1))*x + (h*p*x((-b)*f) + c*x(-2xgxf)*(p + q +
1))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4xa
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1047

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt(d_.) + (e_.)*x(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + c*(g/(2xq)
), Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Dist[h/2 - c*(g/(2*q)
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQl{a, c, d, e, £
, &, h}Y, x] && NeQ[e™2 - 4xd*f, 0] && PosQ[(-a)x*c]

Rule 1092

Int[((A_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_.)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*xc - a*C + Bxc*x)/((a + c*x~2)*Sqrt[d + e*x
+ f*xx~2]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e~2 - 4x*dxf
, 0]

Rule 6860

Int[(u_)/((a_.) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] & EqQ[n2, 2*n] && IGtQ[n, O]
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Rule 6873
Int[u_, x_Symbol] :> With[{v = NormalizelIntegrand[u, x]}, Int[v, x] /; v =!
= u]
Rubi steps
z+V1l+z V-1 2
/ 5 dr = 2Subst z +:c+z2 de,z,v/1+x
1+ 1+ (—1+ z?)

2— 222 4+ 74

vV—1 2
= 2Subst /a: tre de,z,\/1+x

izvV =142+ z2 izvV =14z + z2
= 2Subst d 1
ubs /( 2+ 20) — 222 (—2+2i)+2z2> & ”)

(2 + 2i) — 222

(—2 + 27) + 222

v 2 /— 2
:2iSubst</z ltete dr,z,v/1+x |+ 2iSubst /x lto+e d

(1 +1) + 2iz + 2

= iSubst (/ ((2 + 2) — 222) V-l+z+22

dw,x, v1+zx > — 1Subst (/ﬁ

— [ Lisubst / (=4 —4) — iz o,z Itz || — SiSubst
2 ((24+23) —222) V—-1+z + 22 2
1
=—|(—1—4v1—1 )Subst / de,z, 1+
( ) (—2\/1—2' —|—2x> V-1+z+a?
) —4—2y1—i
dx, x,

=— | (2(1-4vT=7) ) Subst /

—16i — 163/1—i — 22 |

) 24 VI=7 = (1-2v1=7 ) Vi+a |
=§i\/i+\/1—z’ tan~! — i\ —i+

1 1 2
2/i+VI=i \o+vIta

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.

time = 0.14, size = 212, normalized size = 0.63

%RootSum 1— 81+ 4017 — 48#1° + 2041° + 8#1° — d#1° + #1°%,

log (—\/Hm + V/r+ Vit —#1) +zlog<—\/1+a: + \/1+ Vita —#1) #1—2log (—‘/Hr +\z+Vita —#1) #15+lug<—\/1+a: +\z+Vita —#1) #1°
&

Antiderivative was successfully verified.

—1+ 10#1 — 1841 + 10#1° + 5417 — 3#1° + #17
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[In] Integrate[Sqrt[x + Sqrt[1l + x]]/(1 + x~2),x]

[Out] RootSum[1 - 8*#1 + 40*#172 - 48x#173 + 20*#174 + 8*#175 - 4*#1°6 + #1°8 & ,
(Log[-Sqrt[1 + x] + Sqrt[x + Sqrt[1 + x]] - #1] + 2xLog[-Sqrt[1 + x] + Sqr
tlx + Sqrtl[l + x]] - #1]*#1 - 2*xLog[-Sqrt[1 + x] + Sqrt[x + Sqrt[l + x]] -
#11x#1°5 + Log[-Sqrt[1 + x] + Sqrtlx + Sqrt[1 + x]] - #11*#176)/(-1 + 10*#1

- 18*#172 + 10*#173 + 5*#174 - 3*x#1°5 + #1°7) & ]1/2
Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[x + Sqrt[l + x]1]1/(1 + x72),x]°’)
[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 0.06, size = 105, normalized size = 0.31

method result
<_R6—2_R5+2_R+1) ln< r++V1+zx
>
_R:RootOf(_ZB—4_ZG+8_Z5+20_Z4—48_Z3+40_Z2—8_Z+1) _R7—3_R5+5_R4+10_R3—18_R2—
derivativedivides 5
<_R672_R5+2_R+1> 1n< T+ +V1+zx
>
_R=Root0f(_28—4_ZG+8_ZS+20_Z4—48_Z3+40_Z2—8_Z+1) _R7—3_R5+5_R4+10_R3—18_R2—
default 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+(1+x)~(1/2))~(1/2)/(x"2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/2*sum((_R~6-2% R~5+2% R+1)/(_R~7-3% R~5+5% R~4+10% R~3-18% R~2+10% R-1)%*1
n((x+(1+x)~(1/2))~(1/2)-(1+x)~(1/2)-_R), R=RootOf (_Z~8-4% Z~6+8% Z~5+20% Z~
4-48% Z~3+40%_Z~2-8% Z+1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1),x, algorithm="maxima")
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[Out] integrate(sqrt(x + sqrt(x + 1))/(x"2 + 1), x)

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 4535 vs. 2(185) = 370.
time = 3.37, size = 4535, normalized size = 13.46

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1),x, algorithm="fricas")

[Out] -1/4*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4xI + 1/4) - 2*xsqrt(-3/16*(2xsqrt(1/4
*xI + 1/4) + I)72 - 1/8x(2xsqrt(1/4*I + 1/4) + I)*(2xsqrt(-1/4xI + 1/4) - I)
- 3/16%(2*sqrt(-1/4*I + 1/4) - I)72))*log(-1/4*(2*x(((2*x + 1)*sqrt(x + 1)
- 9xx - 2)*x(2xsqrt(1/4*I + 1/4) + I) + 4x(2*%x + 1)*sqrt(x + 1) - x - 8)*sqr
t(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I)"2 + 2x(((2*x + 1)*sqrt(x + 1)
- 9%x - 2)*x(2xsqrt(1/4xI + 1/4) + I)"2 + (3*x - 16)*sqrt(x + 1) + 4*xx - 3)
*xsqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I) + 8*((((2*x + 1)*sqrt(x +
1) - 9%x - 2)*(2xsqrt(1/4*I + 1/4) + I) + 4x(2*x + 1)*sqrt(x + 1) - x - 8)
xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I) + ((4*%(2*x + 1)*sqrt(x +
1) - x - 8)*(2*sqrt(1/4*I + 1/4) + I) - (3*x - 16)*sqrt(x + 1) - 4*x + 3)*s
qrt(x + sqrt(x + 1)))*sqrt(-3/16*x(2*xsqrt(1/4*I + 1/4) + I)"2 - 1/8%(2xsqrt(
1/4%I + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) -
I)72) + 2%((4*%(2%x + 1)*sqrt(x + 1) - x - 8)*x(2xsqrt(1/4*I + 1/4) + I)"2 +
((3*%x - 16)*sqrt(x + 1) + 4*xx - 3)*x(2kxsqrt(1/4*I + 1/4) + I) + 12%(2*x + 1
)ksqrt(x + 1) + 32%x + 46)*sqrt(x + sqrt(x + 1)) + ((3*x72 + 8*sqrt(x + 1)*
(x - 2) - 16%x + B)*x(2xsqrt(1/4*I + 1/4) + I)"2 + (3*x"2 - 2%(4*x"2 - sqrt(
X + Dx(x - 2) + 2xx - 5)*x(2xsqrt(1/4*I + 1/4) + I) + 8*xsqrt(x + D*(x - 2)
- 16%x + 5)*(2*sqrt(-1/4*I + 1/4) - I)72 + 44*x"2 - 2%(6%x"2 + (16*x + 3)*
sqrt(x + 1) + 3*x + 10)*(2*sqrt(1/4*I + 1/4) + I) - 2x((4*x"2 - sqrt(x + 1)
*(x - 2) + 2xx - B)*(2xsqrt(1/4*I + 1/4) + I)72 + 6%x"2 + (16%x + 3)*sqrt(x
+ 1) + 3xx + 10)*(2*sqrt(-1/4*I + 1/4) - I) + 4*x(12*%x"2 + (3*x"2 + 8*sqrt(
X + Dx(x - 2) - 16%x + 5)*(2ksqrt(1/4*I + 1/4) + I) + (3*x"2 - 2%x(4*x"2 -
sqrt(x + 1)*(x - 2) + 2*%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8*sqrt(x + 1)*(x
- 2) - 16%x + B)*(2*sqrt(-1/4*I + 1/4) - I) + 2x(16*x + 3)*sqrt(x + 1) + 6
*x + 20)*sqrt(-3/16*(2xsqrt(1/4*I + 1/4) + I)72 - 1/8%(2*sqrt(1/4*I + 1/4)
+ I)*x(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2xsqrt(-1/4*I + 1/4) - I)72) + 24%s
qrt(x + D*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4)
- 2xsqrt(-3/16*(2*sqrt(1/4*I + 1/4) + I)"2 - 1/8%(2*sqrt(1/4*I + 1/4) + I)
*x(2xsqrt (-1/4*I + 1/4) - I) - 3/16x(2xsqrt(-1/4*I + 1/4) - ID"2)))/(x"2 + 1
)) + 1/4%sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4) - 2xsqrt(-3/16%(2*sqrt
(1/4%I + 1/4) + I)"2 - 1/8%(2xsqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4xI + 1/4)
- I) - 3/16%(2*sqrt(-1/4*I + 1/4) - I)"2))*log(-1/4*(2x(((2*x + 1)*sqrt(x +
1) - 9xx - 2)*(2xsqrt(1/4*I + 1/4) + I) + 4x(2*x + 1)*sqrt(x + 1) - x - 8)
xsqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I)°2 + 2%(((2*x + 1)*sqrt(x
+ 1) - 9xx - 2)*(2xsqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1) + 4xx
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- 3)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I) + 8x((((2*x + 1)*sqrt
(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4%(2xx + 1)*sqrt(x + 1) - x
- 8)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1/4+I + 1/4) - I) + ((4x(2*x + 1)*sqrt(
X+ 1) - x - 8)*%(2xsqrt(1/4*I + 1/4) + I) - (3*%x - 16)*sqrt(x + 1) - 4*x +
3)*sqrt(x + sqrt(x + 1)))*sqrt(-3/16*(2*sqrt(1/4*I + 1/4) + I)72 - 1/8%(2*s
qrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/
4) - I)72) + 2x((4x(2xx + 1) *sqrt(x + 1) - x - 8)*(2xsqrt(1/4*I + 1/4) + I)
"2 + ((3*x - 16)*sqrt(x + 1) + 4*x - 3)*(2*sqrt(1/4*I + 1/4) + I) + 12%(2x*x
+ 1)*sqrt(x + 1) + 32%x + 46)*sqrt(x + sqrt(x + 1)) - ((3*x~2 + 8xsqrt(x +
Dx(x - 2) - 16%xx + 5)*x(2xsqrt(1/4*I + 1/4) + I)72 + (3*x"2 - 2*%(4*x"2 - s
qrt(x + D*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8xsqrt(x + 1)*(x
- 2) - 16%x + 5)*(2*sqrt(-1/4*I + 1/4) - I)"2 + 44*x"2 - 2%(6%x"2 + (16xx +
3)*sqrt(x + 1) + 3xx + 10)*(2*sqrt(1/4*I + 1/4) + I) - 2x((4*x"2 - sqrt(x
+ 1)x(x - 2) + 2xx - 5)*x(2xsqrt(1/4*I + 1/4) + I)"2 + 6*%x72 + (16%x + 3)*sq
rt(x + 1) + 3%x + 10)*(2*sqrt(-1/4*I + 1/4) - I) + 4x(12*%x"2 + (3*%x"2 + 8%*s
qrt(x + Dx(x - 2) - 16%x + 5)*x(2xsqrt(1/4*I + 1/4) + I) + (3*%x72 - 2x(4*x~
2 - sqrt(x + D*x(x - 2) + 2%x - 5)*(2xsqrt(1/4*I + 1/4) + I) + 8xsqrt(x + 1
)¥(x - 2) - 16%xx + 5)*x(2xsqrt(-1/4*I + 1/4) - I) + 2%(16*x + 3)*sqrt(x + 1)
+ 6%x + 20)*sqrt(-3/16*%(2*sqrt(1/4*I + 1/4) + I)"2 - 1/8%(2*sqrt(1/4*I + 1
/4) + I)x(2xsqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) - 1)°2) +
24*sqrt(x + 1)*(x - 2) + 92xx - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I +
1/4) - 2*sqrt(-3/16*%(2*sqrt(1/4*I + 1/4) + I)~2 - 1/8%(2*sqrt(1/4*I + 1/4)
+ I)*(2*sqrt (-1/4%1 + 1/4) - I) - 3/16*%(2*sqrt(-1/4*I + 1/4) - I1)~2)))/(x"2
+ 1)) - 1/4*xsqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4) + 2xsqrt(-3/16%(2%
sqrt(1/4*I + 1/4) + I)"2 - 1/8%(2xsqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4*I + 1
/4) - I) - 3/16%(2xsqrt(-1/4*I + 1/4) - I)~2))*log(-1/4*(2x(((2*x + 1)*sqrt
(x + 1) - 9%x - 2)*%(2%sqrt(1/4*I + 1/4) + I) + 4%(2xx + 1)*sqrt(x + 1) - x
- 8)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I)"2 + 2x(((2*x + 1)*sqr
t(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1) +
4xx - 3)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I) - 8x((((2*x + 1)*
sqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4*(2*x + 1)*sqrt(x + 1)
- x - 8)*sqrt(x + sqrt(x + 1))*x(2xsqrt(-1/4*I + 1/4) - I) + ((4*(2*x + 1)*s
qrt(x + 1) - x - 8)*(2*sqrt(1/4*I + 1/4) + I) - (3*x - 16)*sqrt(x + 1) - 4x
X + 3)*sqrt(x + sqrt(x + 1)))*sqrt(-3/16x(2*sqrt(1/4*I + 1/4) + I)"2 - 1/8%
(2%sqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*xsqrt(-1/4*I
+ 1/4) - I)72) + 2x((4*%(2*x + 1)*sqrt(x + 1) - x - 8)*(2*sqrt(1/4*I + 1/4)
+ I)72 + ((3*%x - 16)*sqrt(x + 1) + 4*x - 3)*(2*sqrt(1/4*I + 1/4) + I) + 12%
(2%xx + 1)*sqrt(x + 1) + 32%x + 46)*sqrt(x + sqrt(x + 1)) + ((3*x"2 + 8+*sqrt
(x + Dx(x - 2) - 16%x + 5)*x(2xsqrt(1/4*I + 1/4) + I)72 + (3*%x72 - 2%(4*x"2
- sqrt(x + 1)*(x - 2) + 2%xx - B)*(2xsqrt(1/4*I + 1/4) + I) + 8*xsqrt(x + 1)
x(x - 2) - 16%xx + 5)*(2xsqrt(-1/4*I + 1/4) - I)"2 + 44*x72 - 2x(6*xx"2 + (16
*x + 3)xsqrt(x + 1) + 3*x + 10)*(2*sqrt(1/4*I + 1/4) + I) - 2x((4*x"2 - sqr
t(x + D*x(x - 2) + 2%x - 5)*(2%sqrt(1/4*I + 1/4) + I)"2 + 6%x"2 + (16%x + 3
)*¥sqrt(x + 1) + 3*xx + 10)*(2*sqrt(-1/4*I + 1/4) - I) - 4x(12%x"2 + (3*x"2 +
8ksqrt(x + 1)*(x - 2) - 16%x + 5)*(2xsqrt(1/4*I + 1/4) + I) + (3*x"2 - 2%(
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4xx72 - sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8*sqrt(x
+ 1)*(x - 2) - 16%x + 5)*(2*sqrt(-1/4*I + 1/4) - I) + 2x(16*x + 3)*sqrt(x
+ 1) + 6%x + 20)*sqrt(-3/16%(2xsqrt(1/4*I + 1/4) + I)72 - 1/8%(2*sqrt(1/4xI
+ 1/4) + I)*(2*%sqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) - I)"2
) + 24xsqrt(x + 1)*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4%
I+ 1/4) + 2xsqrt(-3/16*(2*sqrt(1/4*I + 1/4) + I)°2 - 1/8%(2*sqrt(1/4*I + 1
/4) + I)*(2*sqrt(-1/4%I + 1/4) - I) - 3/16%(2xsqrt(-1/4*I + 1/4) - 1)72)))/
(x72 + 1)) + 1/4*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4%I + 1/4) + 2*sqrt(-3/16
*x(2xsqrt(1/4*I + 1/4) + I)72 - 1/8x(2xsqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4*I
+ 1/4) - I) - 3/16%x(2*sqrt(-1/4*I + 1/4) - I)~2))*log(-1/4*(2*x(((2*x + 1)*
sqrt(x + 1) - 9*%x - 2)*x(2xsqrt(1/4xI + 1/4) + I) + 4x(2*x + 1)*sqrt(x + 1)
- x - 8)*xsqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I)72 + 2x(((2*x + 1)
xsqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I)"2 + (3*x - 16)*sqrt(x + 1
) + 4xx - 3)*sqrt(x + sqrt(x + 1))*(2ksqrt(-1/4*I + 1/4) - I) - 8*x((((2*xx +
D*sqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4%(2xx + 1)*sqrt(x +
1) - x - 8)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I) + ((4*x(2*x +
1*sqrt(x + 1) - x - 8)*x(2*sqrt(1/4*I + 1/4) + I) - (3*%x - 16)*sqrt(x + 1)
- 4xx + 3)xsqrt(x + sqrt(x + 1)))*sqrt(-3/16*(2xsqrt(1/4*I + 1/4) + I)"2 -
1/8%(2xsqrt (1/4*I + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/
4xI + 1/4) - I)72) + 2*%((4x(2*%x + 1)*sqrt(x + 1) - x - 8)*(2xsqrt(1/4*I + 1
/4) + I)72 + ((3*%x - 16)*sqrt(x + 1) + 4*xx - 3)*x(2xsqrt(1/4*I + 1/4) + I) +
12%x(2%x + 1)*sqrt(x + 1) + 32%x + 46)*sqrt(x + sqrt(x + 1)) - ((3*%x72 + 8%
sqrt(x + 1)*(x - 2) - 16*x + 5)*(2xsqrt(1/4*I + 1/4) + I)"2 + (3*x"2 - 2*x(4
*x"2 - sqrt(x + 1)*(x - 2) + 2%x - 5)*x(2*sqrt(1/4xI + 1/4) + I) + 8xsqrt(x
+ 1)x(x - 2) - 16%x + 5)*(2*sqrt(-1/4*I + 1/4) - I)72 + 44*%x72 - 2% (6%x"2 +
(16%x + 3)*sqrt(x + 1) + 3*x + 10)*(2*sqrt(1/4*I + 1/4) + I) - 2*%((4*x"2 -
sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I)72 + 6%x~2 + (16%*x
+ 3)*sqrt(x + 1) + 3xx + 10)*(2*sqrt(-1/4*I + 1/4) - I) - 4*(12*x"2 + (3*x
"2 + 8xsqrt(x + 1)*(x - 2) - 16%x + 5)*(2xsqrt(1/4*I + 1/4) + I) + (3*x"2 -
2% (4*%x72 - sqrt(x + D)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8%sq
rt(x + 1)*(x - 2) - 16%x + 5)*(2*sqrt(-1/4*I + 1/4) - I) + 2x(16%x + 3)*sqr
t(x + 1) + 6%x + 20)*sqrt(-3/16*%(2*sqrt(1/4*I + 1/4) + I)"2 - 1/8x(2*xsqrt(1l
/4%1 + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) -
I)72) + 24*xsqrt(x + 1)*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-
1/4%1 + 1/4) + 2xsqrt(-3/16%(2*sqrt(1/4*I + 1/4) + I)~"2 - 1/8%(2*sqrt(1/4x*I
+ 1/4) + I)*x(2xsqrt(-1/4*I + 1/4) - I) - 3/16*%(2*sqrt(-1/4*I + 1/4) - I)"2
1)/ (x72 + 1)) + 1/2%sqrt(-1/2*sqrt(-1/4*I + 1/4) + 1/4*I)*x1log(((((2*x + 1)
xsqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4%(2xx + 1)*sqrt(x + 1)
- x - 8)xsqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I)°2 + (((2*x + 1)*
sqrt(x + 1) - 9*%x - 2)*(2xsqrt(1/4*I + 1/4) + I)"2 + (3*%x - 16)*sqrt(x + 1)
+ 4xx - 3)*sqrt(x + sqrt(x + 1)) *(2xsqrt(-1/4*I + 1/4) - I) + (((2*x + 1)*
sqrt(x + 1) - 9*%x - 2)*(2xsqrt(1/4*I + 1/4) + I)"3 - 6%(2*x + 1)*sqrt(x + 1
) — 16%x - 23)*sqrt(x + sqrt(x + 1)) + (2%x(4*x"2 - sqrt(x + 1)*(x - 2) + 2%
x - B)x(2xsqrt(1/4*I + 1/4) + I)73 - (3*%x72 - 2%(4*x"2 - sqrt(x + 1)*(x - 2
) + 2xx - 5)*(2xsqrt(1/4*I + 1/4) + I) + 8*sqrt(x + 1)*(x - 2) - 16%x + 5)*
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(2xsqrt(-1/4*I + 1/4) - I)72 + 22%x72 + 2% ((4*x"2 - sqrt(x + D*(x - 2) + 2
*x — B)x(2xsqrt(1/4xI + 1/4) + I)72 + 6xx"2 + (16%x + 3)*sqrt(x + 1) + 3x*x
+ 10)*(2*sqrt(-1/4%I + 1/4) - I) + 12*sqrt(x + 1)*(x - 2) + 46%x - 10)*sqrt
(-1/2%sqrt(-1/4*I + 1/4) + 1/4x1))/(x"2 + 1)) - 1/2*sqrt(-1/2*sqrt(-1/4*I +
1/4) + 1/4%I)*1log(((((2*x + 1)*sqrt(x + 1) - 9*x - 2)*(2xsqrt(1/4*I + 1/4)
+ I) + 4x(2%x + 1)*sqrt(x + 1) - x - 8)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1/4
*xI + 1/4) - I)72 + (((2%x + 1)*sqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4)
+ I)72 + (3*%x - 16)*sqrt(x + 1) + 4*x - 3)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1
/41 + 1/4) - I) + (((2%x + 1)*sqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4)
+ I)73 - 6%(2%x + 1)*sqrt(x + 1) - 16xx - 23)*sqrt(x + sqrt(x + 1)) - (2*%(4
*x"2 - sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I)~3 - (3*x~2
- 2%x(4*x"2 - sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8%*s
grt(x + D*(x - 2) - 16*%x + 5)*x(2xsqrt(-1/4*I + 1/4) - I)72 + 22xx72 + 2x((
4xx72 - sqrt(x + 1)*(x - 2) + 2%x - 5)*(2ksqrt(1/4*I + 1/4) + I)"2 + 6%x"2
+ (16*%x + 3)*sqrt(x + 1) + 3*x + 10)*(2*sqrt(-1/4*I + 1/4) - I) + 12*sqrt(x
+ 1)*(x - 2) + 46%x - 10)*sqrt(-1/2*sqrt(-1/4*I + 1/4) + 1/4%I))/(x"2 + 1)
) + 1/2xsqrt(-1/2*sqrt(1/4*I + 1/4) - 1/4xI)*log(-((((2*x + 1)*sqrt(x + 1)
- 9xx - 2)x(2xsqrt(1/4*I + 1/4) + I)73 - (4*(2*x + 1)*sqrt(x + 1) - x - 8)*
(2%xsqrt(1/4*I + 1/4) + I)72 - ((3%x - 16)*sqrt(x + 1) + 4*x - 3)*(2*sqrt(1/
4xI + 1/4) + I) + 10%(2*x + 1)*sqrt(x + 1) - 20*x + 15)*sqrt(x + sqrt(x + 1
)) + (2% (4*x"2 - sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I)~3
+ (3*%x72 + 8*sqrt(x + 1)*(x - 2) - 16%x + 5)*(2*sqrt(1/4*I + 1/4) + I)"2 +
10%x72 - 2% (6%x72 + (16*x + 3)*sqrt(x + 1) + 3*x + 10)*(2*sqrt(1/4*I + 1/4
) + I) - 20xsqrt(x + 1)*x(x - 2) - 30*%x - 30)*sqrt(-1/2*sqrt(1/4*I + 1/4) -
1/4%1))/(x"2 + 1)) - 1/2*sqrt(-1/2*%sqrt(1/4*I + 1/4) - 1/4*I)*log(-((((2*x
+ 1)*sqrt(x + 1) - 9%x - 2)*(2xsqrt(1/4*I + 1/4) + I)73 - (4x(2*x + 1)*sqrt
(x + 1) - x - 8)*(2xsqrt(1/4*I + 1/4) + I)"2 - ((3*%x - 16)*sqrt(x + 1) + 4%
x - 3)x(2xsqrt(1/4*I + 1/4) + I) + 10%(2xx + 1)*sqrt(x + 1) - 20%x + 15)*sq
rt(x + sqrt(x + 1)) - (2%(4*x"2 - sqrt(x + 1)*(x - 2) + 2*x - 5)*(2*sqrt(1/
4xI + 1/4) + I)73 + (3*%x72 + 8*sqrt(x + 1)*(x - 2) - 16xx + 5)*(2xsqrt(1/4*
I+ 1/4) + I)72 + 10*%x72 - 2%(6*x72 + (16%x + 3)*sqrt(x + 1) + 3*x + 10)*(2
*xsqrt (1/4*I + 1/4) + I) - 20*sqrt(x + 1)*(x - 2) - 30*x - 30)*sqrt(-1/2*sqr
t(1/4*%I + 1/4) - 1/4x1))/(x"2 + 1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[,

24+ 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)**(1/2))**(1/2)/(x**2+1) ,x)
[Out] Integral(sqrt(x + sqrt(x + 1))/(x**2 + 1), x)



Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1),x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

[N,

241

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + (x + 1)7(1/2))7(1/2)/(x"2 + 1),x)
[Out] int((x + (x + 1)7(1/2))"(1/2)/(x"2 + 1), x)
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3.15 f\/1+\/:f—l—\/1+2\/5+2xda:

Optimal. Leaf size=77

2\/1+\/3?+\/1+2\/a7+2x (2+\/5+6x3/2 (2—Vz \/1+2f+2z)
15z
[Out] 2/15%x(2+6xx~(3/2)+x~(1/2)-(2-x"(1/2) ) * (1+2*x+2*x~ (1/2)) ~(1/2)) *(1+x~(1/2) +(
1+2%x+2xx~(1/2))~(1/2))~(1/2) /x~(1/2)
Rubi [A]

time = 0.05, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules — 0.037,
integrand size

steps used = 2, number of rules used = 1, integrand size = 27,
Rules used = {2139}

\/f+\/2x+2f+1 +1 (6x3/2+f— (2—- vz \/2x+2f+1 +2)
15/

Antiderivative was successfully verified.
[In] Int[Sqrt[1 + Sqrt[x] + Sqrt[1 + 2#Sqrt[x] + 2*x]],x]

[Out] (2#Sqrt[1 + Sqrt[x] + Sqrt[1 + 2xSqrt[x] + 2*xx]]*(2 + Sqrt[x] + 6%x~(3/2) -
(2 - Sqrt[x])*Sqrt[1 + 2*Sqrt[x] + 2*x]))/(15%Sqrt[x])

Rule 2139

Int[((g_.) + (h_.)*(x_))*Sqrt[(d_.) + (e_.)*(x_) + (£f_.)*Sqrt[(a_.) + (b_.)
*(x_) + (c_.)*(x_)"2]]1, x_Symbol] :> Simp[2*((£*(5*b*cxg™2 - 2*b~2xgxh - 3%

akckgkh + 2%a*xb*h~2) + cxfx(10*cxg™2 - bxgxh + axh™2)*x + 9%c™2*f*gxh*x~2 +
3xc"2xf*h"2*%x"3 - (exg - dxh)*(5xcxg - 2xbxh + cxh*x)*Sqrt[a + b*x + c*x™2
1)/ (15xc™2xf* (g + h*x)))*Sqrt[d + e*x + f*Sqrt[a + b*x + c*x~2]], x] /; Fre
eQl{a, b, c, d, e, £, g, h}, x] & EqQ[(e*g - dxh)~"2 - £72%(c*g™2 - bxgxh +
axh~2), 0] && EqQ[2*e~2*g - 2xd*e*xh - f£72%(2xc*g - bxh), 0]

Rubi steps

/\/1+\/;+\/1—|—2\/ﬂ? + 2z dm=2Subst</w\/1+x—|—v1+2x+2x2 dm,x,ﬁ)

2\/1+\/:?+\/1+2\/o? +2w“ (2+\/E+6z3/2—(2—\/5)
152
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Mathematica [A]
time = 10.04, size = 74, normalized size = 0.96

2\/1+\/E+\/1+2\/E +or (2+\/E+6x3/2+(—2+\/37) \/1+2\/E +2x)
15z

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Sqrt[x] + Sqrt[l + 2*Sqrt[x] + 2*x]],x]
[Out] (2%Sqrt[1 + Sqrt[x] + Sqrt[1 + 2xSqrt[x] + 2*xx]]1*(2 + Sqrt[x] + 6*x~(3/2) +
(-2 + Sqrt[x])*Sqrt[1 + 2#Sqrt[x] + 2*x]))/(15*Sqrt[x])

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded

Warning: Unable to verify antiderivative.
[In] mathics(’Integrate[Sqrt[1 + Sqrt[x] + Sqrtl[l + 2#Sqrt[x] + 2*x]],x]’)

[Out] cought exception: maximum recursion depth exceeded

Maple [F]
time = 0.01, size = 0, normalized size = 0.00

/\/1+\/a?+\/1+2x+2\/g?dz

Verification of antiderivative is not currently implemented for this CAS.
[In] int((1+x~(1/2)+(1+2*x+2%x~(1/2))~(1/2))~(1/2) ,x)
[Out] int((1+x~(1/2)+(1+2*x+2*x~(1/2))~(1/2))~(1/2) ,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1+x~(1/2)+(1+2*x+2*x~(1/2))~(1/2))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(sqrt(2*x + 2*sqrt(x) + 1) + sqrt(x) + 1), x)
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Fricas [A]
time = 0.62, size = 56, normalized size = 0.73

2(6x2+\/2x+2\/5+1(x—zﬁ)+x+2\/5)\/\/2x+2ﬁ+1+\/E+1

15z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x~(1/2)+(1+2*x+2*x~(1/2))~(1/2))~(1/2),x, algorithm="fricas")
[Out] 2/15%(6*x"2 + sqrt(2*x + 2*sqrt(x) + 1)*(x - 2*sqrt(x)) + x + 2*sqrt(x))*sq
rt(sqrt(2*x + 2*sqrt(x) + 1) + sqrt(x) + 1)/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/\/37+\/2\/9?+2x+1+1dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1+x**(1/2)+(1+2xx+2*x*x(1/2))**(1/2))**(1/2) ,%)
[Out] Integral(sqrt(sqrt(x) + sqrt(2*sqrt(x) + 2*x + 1) + 1), x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1+x~(1/2)+(1+2*x+2*x~(1/2))~(1/2))~(1/2),x%)

[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/\/\/2z+2\/5+1+\/a?+1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((2*x + 2*xx~(1/2) + 1)°(1/2) + x~(1/2) + 1)~(1/2),x)
[Out] int(((2*x + 2*xx~(1/2) + 1)°(1/2) + x~(1/2) + 1)~(1/2), x)
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3.16 f\/\/?+\/5+\/2+2ﬁ\/:?+2xda;

Optimal. Leaf size=118

2&Vﬁ#¢ﬂw@ﬁ+ﬂvim(MM%E+W%Wﬂ5@f—ﬁjm+%
15/

[Out] 2/15%27(1/2)*(4+3%x~(3/2)*27(1/2)+27(1/2)*x~(1/2)-2"(1/2) *(2%2~ (1/2)-x~(1/2
))*(1+x+27(1/2)*x™(1/2)) 7 (1/2) ) * (27 (1/2) +x~ (1/2) +27 (1/2) * (1+x+27 (1/2) *x~ (1/
2))"(1/2))~(1/2)/x~(1/2)

Rubi [A]
time = 0.13, antiderivative size = 118, normalized size of antiderivative = 1.00, number of

number of rules _ ( 56
integrand size ’

steps used = 3, number of rules used = 2, integrand size = 36,
Rules used = {2140, 2139}

zﬁ\/ﬁ+ﬁm+ﬁ<3ﬁx3/2+ﬁ\/‘—ﬁ(2f—\/§) Yok VEVE +1 +4)

157

Antiderivative was successfully verified.
[In] Int([Sqrt[Sqrt[2] + Sqrtlx] + Sqrt[2 + 2%Sqrt[2]*Sqrt[x] + 2xx]],x]

[Out] (2#Sqrt[2]*Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2]*Sqrt[1 + Sqrt[2]*Sqrt[x] + x]]*
(4 + Sqrt[2]*Sqrt[x] + 3*Sqrt[2]*x~(3/2) - Sqrt[2]*(2*Sqrt[2] - Sqrt([x])*Sq
rt[1 + Sqrt[2]*Sqrt[x] + x]))/(156%Sqrt[x])

Rule 2139

Int[((g_.) + (h_.)*(x_))*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*Sqrt[(a_.) + (b_.)
*(x_) + (c_.)*(x_)"2]]1, x_Symbol] :> Simp[2*((f*(5*bkcxg™2 - 2*¥b~2xgxh - 3%
akckgxh + 2%a*xb*h~2) + cxfx(10%cxg™2 - bxgxh + axh™2)*x + 9*c™2*f*gxh*x~2 +
3xc”2xf*h~2%x"3 - (exg — d*h)*(5*c*g - 2xbxh + c*xh*x)*Sqrt[a + bxx + c*x~2
1)/ (15%c™2xfx(g + h*x)))*Sqrt[d + exx + f*Sqrt[a + b*x + cxx~2]]1, x] /; Fre
eQl{a, b, c, d, e, f, g, h}, x] && EqQ[(exg - d*h)~2 - £72*(c*g™2 - bkgxh +
axh~2), 0] && EqQ[2*e~2%g - 2xd*exh - f£~2%(2xc*g - bxh), 0]

Rule 2140

Int[((u_) + (£_)*((G_.) + (k_.)*Sqrtlv_1))"(n_.)*((g_.) + (h_.)*(x_))"(m_.
), x_Symbol] :> Int[(g + h*x) “m*(ExpandToSum[u + f*j, x] + f*k*Sqrt[ExpandT
oSum[v, x]]1)°n, x] /; FreeQ[{f, g, h, j, k, m, n}, x] && LinearQ[u, x] && Q
vadraticQ[v, x] && !(LinearMatchQ[u, x] && QuadraticMatchQ[v, x] && (EqQL[j
, 0] || EqQ[f, 11)) && EqQ[(Coefficient[u, x, 1]*g - hx(Coefficient[u, x, O
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1 + £xj))"2 - £72x%k"2*%(Coefficient[v, x, 2]*g~2 - Coefficient[v, x, 1]*g*h
+ Coefficient[v, x, 0]*h~2), 0]

Rubi steps

/\/ﬁ+ﬁ+\/2+2ﬁﬁ —|—2z“dx=2Subst (/z\/ﬁ\/? <1+\/1+x/5z+x2>dm,x,v

= 2Subst (/x\/\/? +x+ﬁ\/1+ﬁz+z2 dz,z, \/:

2@\/ﬁ+ﬁ+ﬁ\/l+\/§ﬁ+x <4+\/§x

15

Mathematica [A]
time = 10.05, size = 112, normalized size = 0.95

2v2 (4+ﬁﬁ+3ﬁz3/2+ﬁ(—2ﬁ+ﬁ>\/1+ﬁﬁ+x>\/ﬁ+ﬁ(1+\/1+ﬁﬁ+z>

15/

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2 + 2*Sqrt[2]*Sqrt[x] + 2*x]],x]

[Out] (2xSqrt[2]*(4 + Sqrt[2]*Sqrt[x] + 3*Sqrt[2]*x~(3/2) + Sqrt[2]*(-2*Sqrt[2] +
Sqrt [x])*Sqrt[1 + Sqrt[2]*Sqrt[x] + x])*Sqrt([Sqrt[x] + Sqrt[2]*(1 + Sqrt[1
+ Sqrt[2]*Sqrt[x] + x])]1)/(15*%Sqrt([x])

Mathics [F(-1)]

time = 0.00, size = 0, normalized size = 0.00

Timed out

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2 + Sqrt[8]*Sqrt[x] + 2xx]
1,x]17)
[Out] Timed out

Maple [F]
time = 0.01, size = 0, normalized size = 0.00

/\/ﬁ+ﬁ+\/2+2x+2ﬁﬁdx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((27(1/2)+x~(1/2)+(2+2*x+2%2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x)
[Out] int((27(1/2)+x~(1/2)+(2+2%x+2*2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((27(1/2)+x~(1/2)+(2+2*x+2%2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algori
thm="maxima")

[Out] integrate(sqrt(sqrt(2) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) + sqrt(x)), x)

Fricas [A]
time = 0.83, size = 73, normalized size = 0.62

2(&ﬂ+(¢?x—4¢?)¢5¢5¢5+2x+2+4V5¢?+Qx>%V5+V&¢5¢5+2w+2+V?
15z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((27(1/2)+x~(1/2)+(2+2*x+2x2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algori
thm="fricas")

[Out] 2/15%(6*x"2 + (sqrt(2)*x - 4*sqrt(x))*sqrt(2xsqrt(2)*sqrt(x) + 2*xx + 2) + 4
*xsqrt (2) *sqrt(x) + 2*xx)*sqrt(sqrt(2) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) +
sqrt(x))/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/ﬁ+\/2ﬁﬁ+2x+2+ﬁdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x(1/2)+x**(1/2)+(2+2xx+2%2%x(1/2)*x**(1/2))**x(1/2))**(1/2) ,x)
[Out] Integral(sqrt(sqrt(x) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) + sqrt(2)), x)
Giac [F] N/A

time = 0.00, size = 0, normalized size = 0.00

Could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((27(1/2)+x~(1/2)+(2+2xx+2x2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x)

[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/\/\/2x+2¢5ﬁ+2+ﬁ+ﬁdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((2*x + 2%27(1/2)*x~(1/2) + 2)~(1/2) + 27(1/2) + x~(1/2))~(1/2) ,x)
[Out] int(((2*x + 2%27(1/2)*x~(1/2) + 2)7(1/2) + 27(1/2) + x7(1/2))~(1/2), x)
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317 [MetVitw g

Optimal. Leaf size=83

r++vV1+zx 1 1 3+vV14z 3 1 1-3v1+=x
— — —tan + - tanh
2 2

a
T 4 Ve+vVi+zx 4 Ve+vVitz

[Out] -1/4*arctan(1/2*(3+(1+x)~(1/2))/(x+(1+x)~(1/2))~(1/2))+3/4*arctanh(1/2%(1-3
*(14x)7(1/2)) / (x+ (1+x) 7 (1/2)) = (1/2) ) - (x+ (1+x) 7 (1/2) )~ (1/2) /x

Rubi [A]
time = 0.07, antiderivative size = 83, normalized size of antiderivative = 1.00, number of

number of rules _ ;994
’ integrand size ’

steps used = 7, number of rules used = 5, integrand size = 17
Rules used = {1028, 1047, 738, 212, 210}

_ r+vVr+1 —ltan_l( ve+1 +3 ) 3 (1—3\/30-1—1 )
2 2

1 + “tanh™!
r Vo4 VT +1 Vz+ vz +1

4
Antiderivative was successfully verified.

[In] Int[Sqrt[x + Sqrt[1 + x]]1/x72,x]

[Out] -(Sqrtlx + Sqrt[1l + x]]1/x) - ArcTan[(3 + Sqrt[1 + x])/(2*Sqrt[x + Sqrt[1 +
x]11)1/4 + (3*%ArcTanh[(1 - 3%Sqrt[1 + x])/(2*Sqrt[x + Sqrt[1 + x]]1)]1)/4

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*xe + 4*axe”2 - x~2), x], x, (2
*xaxe - bxd - (2%c*d - bkxe)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*xd - bxe, 0]
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Rule 1028

Int[((g_.) + (h_.)*(x_))*((a) + (c_)*x(x_)"2)"(p_)*((d_) + (e_.)*(x_) + (£
_O)*x(x_)72)"(q_), x_Symbol] :> Simp[(a*h - gxc*x)*(a + c*x"2)"(p + 1)*((d +
exx + £xx72)"q/(2*a*xcx(p + 1))), x] + Dist[2/(4*axcx(p + 1)), Int[(a + c*x
“2)"(p + 1)*(d + exx + £*xx"2)7(q - 1)*Simp[gxcxd*(2xp + 3) - ax(h*exq) + (g
xcxex(2xp + q + 3) - ax(2xhxfxq))*x + gxcxf*(2%p + 2xq + 3)*x~2, x], x], xl]
/; FreeQ[{a, c, d, e, f, g, h}, x] && NeQ[e~2 - 4xd*f, 0] && LtQlp, -1] &&
GtQlq, 0]

Rule 1047

Int[((g_.) + (h_.)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + cx*(g/(2%q)
), Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Dist[h/2 - c*(g/(2*q)
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQ[{a, c, d, e, f
, g5 h}, x] && NeQ[e™2 - 4xd*f, 0] && PosQ[(-a)x*c]

Rubi steps

z+Vli+zx V-1 2
/ 5 dr = 2Subst / z e +2z de,z,\/1+x
z (—1+2?)

+ Subst / 3 +7 1+
—1—|—:102)\/—l—l—x-l—:c2

+ - Subs / z,Vi+z | + §Subs
1+x)\/—1+z+w2 4

1+ —\/
= _ — —Subst /_4_ > dz, z, -3 1tz — gSubst /
T r+V1+zx
z+vV1+ 3+ Vit 3 1 1-3vV1+z
- _ + — tanh
T 2 z-l-\/l—l-w 2\/x+V1+zx

Mathematica [A]
time = 0.15, size = 77, normalized size = 0.93

+Vitsz A o
——E—i;———n— tan~ (1+v1+x-— z+Vi+tz )—Umh ( —Vi+zx +\Vz+V1i+zx )




113

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x + Sqrtl[1 + x]]1/x"2,x]

[Out] -(Sqrtlx + Sqrt[1 + x]]1/x) - ArcTan[1l + Sqrt[1 + x] - Sqrt[x + Sqrt[1 + x]]
1/2 - (3*ArcTanh[1 - Sqrt[1 + x] + Sqrt[x + Sqrtl[1 + x]1]11)/2

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[x + Sqrt[l + x]1]1/x72,x]’)
[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 297 vs.
2(59) = 118.
time = 0.02, size = 298, normalized size = 3.59

method result

[N

2

((—1+\/1+—x) —2+3\/1+—x> 3\/(_1+ \/H—HC)Q —2+3\/1+—x‘ 1n<;+\/
2(—1+\/1+—x) * 4 *

derivativedivides | —

Nlce

<<—1+\/1+—$)2—2+3\/1+—x> 3\/(_1"‘\/1"‘—35)2—24'3\/14-—30‘ 1n<;+\/
2(—1+\/1+—x> * 4 +

default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+(1+x)~(1/2))~(1/2)/x"2,x,method=_RETURNVERBOSE)

[Out] -1/2/(-1+(1+x)~(1/2))* ((-1+(1+x) ~(1/2) ) ~2-2+3% (1+x) ~(1/2) )~ (3/2) +3/4% ((-1+(
1+x) ~(1/2) ) "2-2+3% (1+x) ~(1/2)) ~(1/2)+1/2*x1n(1/2+ (1+x) ~(1/2)+((-1+(1+x) ~(1/2
))"2-2+43% (1+x) ~(1/2))~(1/2))-3/4*arctanh (1/2*% (-1+3% (1+x) ~(1/2)) / ((-1+(1+x)~
(1/2))72-2+3* (1+x) " (1/2))~(1/2) ) +1/4% (1+2x (1+x) " (1/2) ) * ((-1+(1+x) " (1/2) ) ~2-

243% (1+x) ~(1/2))~(1/2)-1/2/ 1+ (1+x) = (1/2) ) * ((1+(1+x) ~(1/2) ) ~2-(1+x) ~(1/2) -2

)" (3/2)-1/4x((1+(1+x)~(1/2))"2-(1+x)~(1/2)-2)"(1/2)-1/2*1n(1/2+(1+x) "~ (1/2) +
((A+(1+x)~(1/2))2-(1+x) ~(1/2)-2)~(1/2) ) +1/4*arctan (1/2*% (-3-(1+x) ~(1/2) ) / ((
1+(1+x) 7 (1/2) ) "2-(1+x) ~(1/2)-2) " (1/2) ) +1 /4% (1+2* (1+x) ~(1/2) ) * ((1+(1+x) ~(1/2
))"2-(1+x)~(1/2)-2)~(1/2)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/x"2,x, algorithm="maxima")
[Out] integrate(sqrt(x + sqrt(x + 1))/x"2, x)

Fricas [A]
time = 1.86, size = 81, normalized size = 0.98

z—8 T

2/ z+ vz +1 (\/1‘4-1—3) 2y z+ vz +1 (\/.’1}+1+1>—3z—2\/$+1—2
T arctan + 3z log —4\/z+vVzr+1

4z
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/x"2,x, algorithm="fricas")

[Out] 1/4*(x*arctan(2*sqrt(x + sqrt(x + 1))*(sqrt(x + 1) - 3)/(x - 8)) + 3*x*xlog(
(2*sqrt(x + sqrt(x + 1))*(sqrt(x + 1) + 1) - 3*%x - 2%xsqrt(x + 1) - 2)/x) -
4xsqrt(x + sqrt(x + 1)))/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Ve+vVr+1
/ = dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)**(1/2))**(1/2)/x**2,x)
[Out] Integral(sqrt(x + sqrt(x + 1))/x**2, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 188 vs. 2(59) =

118.
time = 0.02, size = 262, normalized size = 3.16

3 | — s | — ,lrct;xn(\/r,+1+\/z+1 —1 - VEFT - 1) 2( FVEFT -1 - Va -1) ?(\1+1 FVEFT -1 = VE +1) Vet14vVaFT -1 +Va il +1
4 Tﬁln‘\z+|+vz+| -1 —VzF1 —Tﬁln‘\/uu‘/ul 1 —VEET +2+ 5
4( Vo1 +voaT -1 -z +1) 2(» T+1+Vo+l =1 = Va+1 ) (V F14VEFT =1 —VE +1)>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))"(1/2)/x"2,x)
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[Out] -(2*(sqrt(x + sqrt(x + 1)) - sqrt(x + 1))73 - 3*(sqrt(x + sqrt(x + 1)) - sq
rt(x + 1))72 - sqrt(x + sqrt(x + 1)) + sqrt(x + 1) + 1)/((sqrt(x + sqrt(x +

1)) - sqrt(x + 1))74 - 2x(sqrt(x + sqrt(x + 1)) - sqrt(x + 1))72 + 4xsqrt(

x + sqrt(x + 1)) - 4*sqrt(x + 1)) + 1/2*arctan(sqrt(x + sqrt(x + 1)) - sqrt

(x + 1) - 1) - 3/4xlog(abs(sqrt(x + sqrt(x + 1)) - sqrt(x + 1) + 2)) + 3/4%
log(abs(sqrt(x + sqrt(x + 1)) - sqrt(x + 1)))

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

vVe+vVe+1
/ = dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + (x + 1)7(1/2))~(1/2)/x"2,x)
[Out] int((x + (x + 1)7(1/2))7(1/2)/x72, x)
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3.18 f\/ 14+ +1 dzx

Optimal. Leaf size=96

1 1
= /14— 1—3M1+—
\/1+— +—x+ tan1 ta,nh1
\/,/1+— +— \/,/1+ +—

[Out] 1/4*arctan(1/2*(3+(1+1/x)~(1/2))/(1/x+(1+1/x)~(1/2))~(1/2))-3/4*arctanh(1/2
*(1-3%(1+1/x)~(1/2))/ (1/x+(1+1/x)~(1/2) )~ (1/2) ) +x*x (1/x+(1+1/x)~(1/2))~(1/2)

Rubi [A]
time = 0.06, antiderivative size = 96, normalized size of antiderivative = 1.00, number of

number of rules
> integrand size = 0.294,

steps used = 7, number of rules used = 5, integrand size = 17
Rules used = {1028, 1047, 738, 212, 210}

/1 1
\/—+1 +—:c+ tanl ta,nhl
\/\/—+1 +— \/w/—+1 +—

Antiderivative was successfully verified.
[In] Int[Sqrt[Sqrt[1 + x~(-1)] + x~(-1)],x]

[Out] Sqrt[Sqrtl[l + x~(-1)] + x~(-1)]*x + ArcTan[(3 + Sqrt[1 + x~(-1)])/(2*Sqrt[S
qrt1 + x~(-1)] + x~(-1)]1)1/4 - (3*%ArcTanh[(1 - 3*Sqrt[1 + x~(-1)])/(2*Sqrt
[Sqrt[1 + x~(-1)] + x~(-1)])]1) /4

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 738
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Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x72), x], x, (2
*xaxe - bxd - (2xc*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 1028

Int[((g_.) + (h_)*(x_))*((a_) + (c_)*(x_)"2)"(p_)*((d_) + (e_.)*(x_) + (£
_)*x(x_)72)"(q_), x_Symbol] :> Simp[(a*h - gxc*x)*(a + c*x"2)~(p + 1)*((d +
exx + £*x72)7q/(2*a*xc*(p + 1))), x] + Dist[2/(4*xaxc*x(p + 1)), Int[(a + c*x
“2)"(p + 1)*(d + e*xx + £xx72)7(q - 1)*Simp[gxcxd*(2xp + 3) - ax(h*exq) + (g
xcxex(2xp + q + 3) - ax(2xhxfxq))*x + gxcxf*(2%p + 2xq + 3)*x~2, x], x], xI]
/; FreeQ[{a, c, d, e, f, g, h}, x] && NeQ[e~™2 - 4xdxf, 0] && LtQ[p, -1] &&
GtQlq, 0]

Rule 1047

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + c*(g/(2*q)
), Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Dist[h/2 - c*(g/(2*q)
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQ[{a, c, d, e, f
, g, h}, x] && NeQ[e™2 - 4xd*f, 0] && PosQ[(-a)x*c]

Rubi steps
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\/—1 2 1
/\/\ll—l— —+——dx—— 2Subst trte dr,z,\/1+ —
1—|—x2 x
1
5 1
:\/\/1+1 +1a:—Subst / 2 2 dz,z,/1+ =
r T (—14+2%)vV—-1+z+ 22 x

|
/ 1 1
=\/ 1—|—1 —|—1x—18ubst/ dr,z,\/1+ —
z ¢ 4 1+ z)V-1+z+ 22 x

| 3 1+1
1 1 1 1 S0 T 3
=1/4/1+ = + = o+ -Subst /—dm,z, L + —Subst
x T 2 —4 — 2 1 1‘ 2
\1+-= +-=
r
|

1
1 1 1 3+4/1+— 3 1-3
=\/y/1+= + - x4+ -tan! z —Ztanht | ——
T T 4 1 1‘ 4
2 1+

Z Z

Mathematica [A]
time = 0.36, size = 89, normalized size = 0.93

1 1 1 1 1 1 1 1 1
(21/,/1+ + = z+tan™" (1+\/1+ —\/\/1+7 +)+3tanh‘1 (1—\/1+ + \/1+7 +>)
2 x T T x T x x T

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Sqrt[1 + x~(-1)] + x~(-1)],x]

[Out] (2*Sqrt([Sqrt[1l + x~(-1)] + x~(-1)]*x + ArcTan[1 + Sqrt[1 + x~(-1)] - Sqrt[S
qrt[1 + x~(-1)] + x~(-1)]] + 3*ArcTanh[1 - Sqrt[1 + x~(-1)] + Sqrt([Sqrt[1 +
x~(-1)] + x~(-1)11)/2

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[1/x + Sqrt[1 + 1/x]1]1,x]’)

= 4 - 24/ 1/1+
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[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [F]
time = 0.01, size = 0, normalized size = 0.00

|
/\/l—l-wl—i-1 dx
x T

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/x+(1+1/x)7(1/2))"(1/2),x)
[Out] int((1/x+(1+1/x)~(1/2))~(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(sqrt(1/x + 1) + 1/x), x)

Fricas [A]
time = 1.90, size = 122, normalized size = 1.27

jz+1
s 1 T +1
z+1 2z /2= 32 vz z+1
T +1 T T T +1
T 1 3 r+1 T z+1
r\| ——— + - arctan +-log|2|xy/— +=z — 42z —— +2z+3
4 8z —1 4 T T T

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),x, algorithm="fricas")

[Out] x*sqrt((x*sqrt((x + 1)/x) + 1)/x) + 1/4*arctan(2*(x*sqrt((x + 1)/x) - 3*x)*
sqrt ((x*xsqrt((x + 1)/x) + 1)/x)/(8*x - 1)) + 3/4*log(2*(x*sqrt((x + 1)/x) +
x)*sqrt ((x*sqrt((x + 1)/x) + 1)/x) + 2xxxsqrt((x + 1)/x) + 2*x + 3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

|
/\/\/1+1 +1 dx
r

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/x+(1+1/x)**(1/2))**(1/2),x)
[Out] Integral(sqrt(sqrt(l + 1/x) + 1/x), x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),%)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

|
/\/\/l-l-l +1 dx
x x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/x + 1)7(1/2) + 1/x)7(1/2),%)
[Out] int(((1/x + 1)7(1/2) + 1/x)°(1/2), x)
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319 [Mite? g

Optimal. Leaf size=25

V2

[Out] -arctanh(1/2*(1+exp(-x))~(1/2)*2~(1/2))*2~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules _ 94
’ integrand size ’

—+/2 tanh™! <—W>

steps used = 6, number of rules used = 6, integrand size = 25
Rules used = {2320, 1460, 1483, 641, 65, 212}

1 [ VeT+1
—+/2 tanh (T)

Antiderivative was successfully verified.

[In] Int([Sqrt[1l + E~(-x)]/(-E~(-x) + E"x),x]

[Out] -(Sqrt[2]*ArcTanh[Sqrt[1 + E~(-x)]1/Sqrt[2]])
Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 641

Int[((d) + (e_.)*(x_)) " (m_.)*x((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int
[(d + exx)"(m + p)*(a/d + (c/e)*x)"p, x] /; FreeQl{a, c, d, e, m, p}, x] &&
EqQ[c*d™2 + a*e”™2, 0] && (IntegerQ[p]l || (GtQ[a, 0] && GtQ[d, 0] && Intege
rQ[m + pl))

Rule 1460

Int[((a_.) + (c_)*(x_)"(@mn2_.))"(p_.)*x((d_) + (e_.)*(x_)"(n_.))"(q_.), x_S
ymbol]l :> Int[((d + e*x"n) qx(c + a*x~(2*n))~p)/x"(2*n*p), x] /; FreeQ[{a,
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c, d, e, n, qF, x] & EqQ[mn2, -2*n] && IntegerQ[p]

Rule 1483

Int[(x_)"(m_.)*x((a_) + (c_)*(x_)"(@2_.))"(p_.)*((d) + (e_.)*x(x_)"(n_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)~g*(a + c*x72)7p, x], x, x"n
1, x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[Simplify
[m-n+ 1], 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rubi steps

1
emp— 14—
1 x
/Ldﬂv:Subst /—xdx,m,e””

—e % +e” —14 22

1

1+ -

= Subst L dx,x,e”
[a-5=

1
= —Subst dr,z,e®
Hos (/(1_@@ T € )
:—<QSUbSt (/ﬁdw,x,vl+e—x))

_ [ Vi+e™®
= —+/2 tanh (T)

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 65 vs. 2(25) =
50.
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time = 0.11, size = 65, normalized size = 2.60

VEVTF e it (et L)
2
vV14e®

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1l + E~(-x)]/(-E~(-x) + E7x),x]

[Out] -((Sqrt[2]*E~(x/2)*Sqrt[1 + E~(-x)]*ArcTanh[(1 - E°x + E"(x/2)*Sqrt[1 + E7x
1)/Sqrt[2]]1)/Sqrt[1 + E™x])

Mathics [C] Result contains higher order function than in optimal. Order 9 vs. order 3 in
optimal.
time = 4.68, size = 61, normalized size = 2.44

{\/T\/1+Ez
2

Piecewise H {—\/fArcCoth W} JETT < 1} ,{O,True}H

,E™% > 1} , {—\/EArcTanh

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[1 + Exp[-x]]/(Exp[x] - Exp[-x]),x]’)

[Out] Piecewise[{{-Sqrt[2] ArcCoth[Sqrt[2] Sqrt[l1 + E = (-x)] / 2], E = (-x) > 1}
, {-Sqrt[2] ArcTanh[Sqrt[2] Sqrt[1 + E =~ (-x)] / 2], E = (-x) < 1}, {0, Tru

e}}]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 48 vs.

2(19) = 38.

time = 0.04, size = 49, normalized size = 1.96

method | result size
\/ 1 + ex e z \/? arctanh( 143¢%) v 2 >
\/eT 2
default € + © 49
2¢/(1 +e%)e?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x,method=_RETURNVERBOSE)

[Out] -1/2%((1+exp(x))/exp(x))~(1/2)*exp(x)/((1+exp(x))*exp(x))~(1/2)*2~(1/2)*arc
tanh (1/4*(1+3*exp(x))*27(1/2) / (exp(x) "2+exp(x))~(1/2))

Maxima [A]

time = 0.34, size = 36, normalized size = 1.44
1\/Elog —f — Ve +1
2 V2 + Vel +1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="maxima")
[Out] 1/2*sqrt(2)*log(-(sqrt(2) - sqrt(e”(-x) + 1))/(sqrt(2) + sqrt(e~(-x) + 1)))

Fricas [A]
time = 0.34, size = 34, normalized size = 1.36

@ (32) — 3% —1
%ﬁlog<2\/§\/e+e1xe_l 3e )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="fricas")
[Out] 1/2*sqrt(2)*log((2*sqrt(2)*sqrt(e™x + 1)*e~(1/2*x) - 3*xe"x - 1)/(e"x - 1))

Sympy [A]
time = 2.02, size = 61, normalized size = 2.44

\/Eacoth(ﬁ Y 12+e—x >

5 — 5 fore™* >1
\/Tata,nh<\/7 Y 12_|_e—x >

- 5 fore* <1

\

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))**(1/2)/(-exp(-x)+exp(x)),x)

[Out] 2*Piecewise((-sqrt(2)*acoth(sqrt(2)*sqrt(1l + exp(-x))/2)/2, exp(-x) > 1), (
-sqrt(2) *atanh(sqrt(2)*sqrt(1 + exp(-x))/2)/2, exp(-x) < 1))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 75 vs. 2(19) = 38.

time = 0.02, size = 91, normalized size = 3.64

2(—e’+ (e2)” +e* )—2ﬁ+2

In (%) . 2(_ez+\/(ew)2+ew)+z\/§ 42
R vz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x)
[Out] -1/2%sqrt(2)*log((sqrt(2) - 1)/(sqrt(2) + 1)) + 1/2*sqrt(2)*log(abs(-2*sqrt
(2) + 2xsqrt(e”(2*x) + e"x) - 2%e"x + 2)/abs(2xsqrt(2) + 2*sqrt(e”(2*x) + e

“x) - 2%e"x + 2))



Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

Ve FT

—m_ez

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(exp(-x) + 1)°(1/2)/(exp(-x) - exp(x)),x)
[Out] -int((exp(-x) + 1)~(1/2)/(exp(-x) - exp(x)), x)

125
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3.20 [ V14 e* csch(z) dz

Optimal. Leaf size=25

—924/2 tanh™? <—W>

V2

[Out] -2xarctanh(1/2*(1+exp(-x))~(1/2)*2~(1/2))*2~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.500,

steps used = 7, number of rules used = 7, integrand size = 14
Rules used = {2320, 12, 1460, 1483, 641, 65, 212}

ve?+1 )

—24/2 tanh™ < )

Antiderivative was successfully verified.

[In] Int([Sqrt[1 + E~(-x)]*Csch([x],x]

[Out] -2#Sqrt[2]*ArcTanh([Sqrt[1 + E~(-x)]/Sqrt[2]]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 641

Int[((d)) + (e_.)*(x_)) " (m_.)*((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int
[(d + exx)"(m + p)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, c, d, e, m, p}, x] &&
EqQ[c*d™2 + axe”2, 0] && (IntegerQlp] || (GtQ[a, 0] &% GtQ[d, O] && Intege
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rQm + pl))

Rule 1460

Int[((a_.) + (c_)*(x_)"(@n2_.))"(p_.)*((d_) + (e_.)*(x_)"(n_.))"(q_.), x_S
ymbol] :> Int[((d + e*x"n) g*(c + a*x~(2%n))"p)/x~(2*n*p), x] /; FreeQ[{a,
c, d, e, n, qF, x] & EqQ[mn2, -2*n] && IntegerQ[p]

Rule 1483

Int[(x_ )" (m_.)*x((a_) + (c_)*(x_)"(m2_.))"(p_.)*((d) + (e_.)*x(x_)"(n_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)~g*(a + c*x72)7p, x], x, x"n
1, x] /; FreeQ[{a, c, d, e, m, n, p, g}, x] && EqQ[n2, 2*n] && EqQ[Simplify
[m -n+ 1], 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rubi steps
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2y/1+2
/\/1+e_“U csch(z) dz = Subst /Txxdx,x, e”
Ji+2
= 2Subst /—x

1+ —
= 2Subst /—xdw,x, e’
1 T

(
_ (QSubst E / = x)i/m d:v,z,e—m>)

/;dx,a:, Vi4+e™®
2 —x2

_ 1 Vi+e™®
= —24/2  tanh (T)

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 126 vs. 2(25) =
90.
time = 0.08, size = 126, normalized size = 5.04

V2 e 2\ /14 e <log (1—e™2/2) +log (1 +e7/?) —log (e’z/Z (—1+ez/2+ ﬁm)) —log (6’1/2 (1+ez/2+ ﬁm)))
Vite

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + E~(-x)]*Csch[x],x]

[Out] (Sqrt[2]*E~(x/2)*Sqrt[1 + E"(-x)]1*(Logl[l - E~(-1/2*x)] + Logl[l + E~(-1/2%x)
1 - Log[(-1 + E~(x/2) + Sqrt[2]*Sqrt[1 + E"x])/E~(x/2)] - Logl(1 + E~(x/2)
+ Sqrt[2]*Sqrt[1 + E"x])/E~(x/2)]1))/Sqrt[1 + E~x]

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object
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Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[1 + Exp[-x]]1/Sinh([x],x]’)
[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [A]
time = 0.07, size = 33, normalized size = 1.32

method | result size

default | —2/2 m \/tanh (£) +1 arctanh( tanh (£) + 1 > 33

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+exp(-x))~(1/2)/sinh(x),x,method=_RETURNVERBOSE)
[Out] -2%27(1/2)*(1/(tanh(1/2*x)+1))~(1/2)*(tanh(1/2*x)+1)~(1/2)*arctanh((tanh(1/
2xx)+1)~(1/2))

Maxima [A]
time = 0.39, size = 35, normalized size = 1.40

m)g(_w_m)
V2 + Vel +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/sinh(x),x, algorithm="maxima")
[Out] sqrt(2)*log(-(sqrt(2) - sqrt(e”(-x) + 1))/(sqrt(2) + sqrt(e”(-x) + 1)))
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 55 vs.

2(19) = 38.
time = 0.36, size = 55, normalized size = 2.20

2 (\/5 cosh () + v/2 sinh (x)) \/ Coi)ls(lfzx—; -Sl—lz?n(}fzx—i)_ L _ 3 cosh (z) — 3 sinh (z) — 1

V2 log cosh (z) + sinh (z) — 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/sinh(x),x, algorithm="fricas")

[Out] sqrt(2)*log((2*(sqrt(2)*cosh(x) + sqrt(2)*sinh(x))*sqrt((cosh(x) + sinh(x)
+ 1)/(cosh(x) + sinh(x))) - 3*cosh(x) - 3*sinh(x) - 1)/(cosh(x) + sinh(x) -

1))
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/m

sinh (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))**(1/2)/sinh(x),x)

[Out] Integral(sqrt(l + exp(-x))/sinh(x), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(19) = 38.
time = 0.02, size = 93, normalized size = 3.72

2<—ew+ (e2)” + €7 )—2\/§+2
E (

_1> o 2<—ew+\/(ex)2+ex>+2ﬁ+2
* NG)

S

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/sinh(x),x)

[Out] -sqrt(2)*log((sqrt(2) - 1)/(sqrt(2) + 1)) + sqrt(2)*log(abs(-2*sqrt(2) + 2%
sqrt(e”(2*x) + e7x) - 2%e”x + 2)/abs(2*sqrt(2) + 2*sqrt(e”(2*x) + e7x) - 2%

e"x + 2))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

/\/T

sinh (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exp(-x) + 1)~(1/2)/sinh(x),x)
[Out] int((exp(-x) + 1)~(1/2)/sinh(x), x)
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1
3.21 f (cos(z)+cos(3z))° dx
Optimal. Leaf size=108
523 tanh~ (sin(z))+ 1483 tanh™ <\/5 sin(x)) N sin(x) B 17sin(z) 203 sin(a
256 512v/2° 32(1 —2sin?(z))* 192 (1 — 2sin%(z))’ 768 (1 — 2sin

[Out] -523/256*arctanh(sin(x))+1/32*sin(x)/(1-2*sin(x)~2)"4-17/192*%sin(x)/(1-2*si

n(x)~2)~3+203/768*sin(x) /(1-2*%sin(x) ~2) ~2-437/512*sin(x) / (1-2*sin(x) ~2)+148
3/1024*arctanh(sin(x)*2~(1/2))*2~(1/2)-43/256*sec (x)*tan(x)-1/128*sec(x) ~3x*
tan(x)

Rubi [B] Leaf count is larger than twice the leaf count of optimal. 786 vs. 2(108) = 216.

time = 0.79, antiderivative size = 786, normalized size of antiderivative = 7.28, number of
number of rules _  77g
’ integrand size T

steps used = 45, number of rules used = 7, integrand size = 9
Rules used = {12, 2098, 213, 652, 628, 632, 212}

Antiderivative was successfully verified.

[In] Int[(Cos[x] + Cos[3*x])~(-5),x]

[Out] (-523*ArcTanh[Sin[x]])/256 - (1483xLog[2 + Sqrt[2] + Cos[x] + Sqrt[2]*Cos([x

1 - Sin[x] - Sqrt[2]*Sin[x]])/(2048*Sqrt[2]) - (1483*Log[2 - Sqrt[2] + Cosl[
x] - Sqrt[2]*Cos[x] + Sin[x] - Sqrt[2]*Sin[x]])/(2048*Sqrt[2]) + (1483*Logl
2 - Sqrt[2] + Cos[x] - Sqrt[2]*Cos[x] - Sin[x] + Sqrt[2]*Sin[x]])/(2048*Sqr
t[2]) + (1483xLog[2 + Sqrt[2] + Cos[x] + Sqrt[2]*Cos[x] + Sin[x] + Sqrt[2]=*
Sin([x]1)/(2048*Sqrt[2]) - 1/(128*(1 - Tan([x/2])"4) + 1/(64x(1 - Tan[x/2])"3
) - 47/(256%(1 - Tan[x/2])"2) + 45/(256%(1 - Tan[x/2])) + 1/(128+(1 + Tan[x
/21)74) - 1/(64x(1 + Tan[x/2])73) + 47/(256x(1 + Tan[x/2])72) - 45/(256%(1
+ Tan([x/2])) - (7 - 17*Tan[x/2])/(4*(1 - 2*Tan[x/2] - Tan[x/2]72)"4) + (119
*(1 + Tan([x/2]))/(48%(1 - 2*Tan[x/2] - Tan[x/2]172)"3) - (11*(1 + 3xTan[x/2]
))/(12x(1 - 2+Tan[x/2] - Tan[x/2]172)73) - (1 - 43xTan[x/2])/(32%(1 - 2*Tan[
x/2] - Tan[x/2]172)72) - (65%(1 + Tan[x/2]))/(384%(1 - 2xTan[x/2] - Tan[x/2]
~2)72) + (451%(1 + Tan[x/2]))/(512%(1 - 2xTan[x/2] - Tan[x/2]72)) - (89 + 1
5*Tan[x/2])/(64x(1 - 2*Tan[x/2] - Tan[x/2]172)) + (7 + 17*Tan[x/2])/(4*(1 +
2+Tan[x/2] - Tan([x/2]172)74) + (11x(1 - 3*Tan[x/2]))/(12%x(1 + 2*Tan[x/2] - T
an[x/2]172)73) - (119%(1 - Tan[x/2]))/(48%(1 + 2xTan[x/2] - Tan[x/2]72)73) +

(65%(1 - Tan[x/2]))/(384*(1 + 2xTan[x/2] - Tan[x/2]72)"2) + (1 + 43xTan[x/
2]1)/(32x(1 + 2*Tan[x/2] - Tan[x/2]172)"2) + (89 - 15xTan[x/2])/(64*(1 + 2%Ta
n[x/2] - Tan[x/2]72)) - (451%(1 - Tan[x/2]))/(512%(1 + 2xTan[x/2] - Tan[x/2
172))

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2]1)~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] |l GtQ[b, 01)

Rule 628

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2*c*x)
*((a + bxx + c*xx"2)"(p + 1D/((p + 1)*(b~2 - 4*axc))), x] - Dist[2*xcx((2xp +
3)/((p + 1)*(1"2 - 4%a*c))), Int[(a + bxx + c*xx"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4*axc, 0] & LtQlp, -1] && NeQ[p, -3/2] & Int
egerQ[4+*p]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 652

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[((bxd - 2*a*e + (2*cxd - b*e)*x)/((p + 1)*(b~2 - 4*axc)))*(a + bx
x + cxx™2)"(p + 1), x] - Dist[(2xp + 3)*((2*c*d - b*e)/((p + 1)*(b"2 - 4*ax
c))), Int[(a + b*x + c*x~2)~(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &&
NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4*a*xc, 0] && LtQlp, -1] && NeQ[p, -3/2]

Rule 2098

Int[(P_)~(p_)*(Q_)"(q_.), x_Symbol] :> With[{PP = Factor[P /. x -> Sqrt[x]]
}, Int[ExpandIntegrand[(PP /. x -> x72)"p*Q~q, x], x] /; !SumQ[NonfreeFact
ors[PP, x]]1] /; FreeQlq, x] && PolyQ[P, x~2] && PolyQ[Q, x] && ILtQ[p, 0]

Rubi steps
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/ 1 dx = 2Subst / (1+ x2)14 dx,z,tan (E)
(cos(z) + cos(3z))® 32(1— 722 4 7Tat — 26)° 7 2

1 (14 22)™ z
B ESUbSt (/ (1 — 722+ 7zt — 25)° dz,, tan <§>

—iSubst/ ! + 3 + l + e — 7
16 2(-1+z)  4(-1+4z)* 8(—-1+=z)® 16(-1+z)2 2(1

_ 1 + 1 B 47 N 45
128 (1 —tan (2))" 64 (1 —tan (%))’ 256 (1 —tan(Z))" 256 (1—ta
523 1 1 47

= —— tanh™'(sin(z)) — + —
256 (sin(z)) 128 (1 —tan (2))* 64 (1 —tan (2))® 256 (1 — te
523 N 9log (2 + V2 + cos(z) + V2 cos(x) — sin(z) — V2

= —— tanh™ " (sin(x)) —

_ tanh ™' (sin(z)) — 129108 (2 +V2 + cos(x) + V2 cos(z) — sin(z) — v
256 2561/2

_ 523 tanh~" (sin(z)) — 387 log (2 +2 + cos(z) + V2 cos(z) — sin(z) — v

256 5122

_ 52 tanh™ (sin(z)) — Hilog (2 + V2 + cos(z) + V2 cos(x) — sin(z) - v
256 256+/2

_ 923 tanh ™ (sin(z)) — 1433 log (2 + V2" + cos(x) + V2 cos(z) — sin(z) — -
256 2048+/2

Mathematica [C] Result contains complex when optimal does not.
time = 6.23, size = 478, normalized size = 4.43

Warning: Unable to verify antiderivative.

[In] Integrate[(Cos[x] + Cos[3*x])~(-5),x]

[Out] (((-1483%I)/1024)*ArcTan[(Cos[x/2] - Sin[x/2] - Sqrt[2]*Sin[x/2])/(-Cos[x/2
1 + Sqrt[2]*Cos[x/2] - Sin[x/2])])/Sqrt[2] + ((1483/2048 + (1483*I)/2048)*(
(-1 - I) + Sqrt[2])*ArcTan[(Cos([x/2] + Sin[x/2] - Sqrt[2]*Sin[x/2])/(Cos[x/
2] + Sqrt[2]*Cos[x/2] - Sin[x/2])1)/((-1 + I) + Sqrt[2]) + (523*Log[Cos([x/2
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] - Sin[x/2]11)/256 - (523*Logl[Cos[x/2] + Sin[x/2]11)/256 + (1483*Log[Sqrt[2]
+ 2xSin[x]])/(1024xSqrt[2]) - (1483xLog[2 - Sqrt[2]*Cos[x] - Sqrt[2]*Sin[x
11)/(2048%Sqrt [2]) + ((1483/4096 - (1483I)/4096)*((-1 - I) + Sqrt[2])*Logl
2 + Sqrt[2]*Cos[x] - Sqrt[2]*Sin[x]11)/((-1 + I) + Sqrt[2]) - 1/(512%(Cos[x/
2] - Sin[x/2]1)"4) - 43/(512%(Cos[x/2] - Sin[x/2])~2) + 1/(512%(Cos[x/2] + S
in[x/2])"4) + 43/(512%(Cos[x/2] + Sin[x/2]1)"2) - 17/(768%(Cos[x] - Sin[x])~
3) - 437/(1024%(Cos[x] - Sin[x]1)) + Sin[x]1/(128*(Cos[x] - Sin[x])"4) + (83*
Sin[x])/(512*(Cos[x] - Sin[x])~2) + Sin[x]/(128*%(Cos[x] + Sin[x])~4) + 17/(
768 (Cos[x] + Sin[x]1)73) + (83*Sin[x])/(512%(Cos[x] + Sin[x]1)"2) + 437/(102
4x(Cos[x] + Sin[x]))

Mathics [F(-1)]
time = 0.00, size = 0, normalized size = 0.00

Timed out

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[1/(Cos[x] + Cos[3*x])~5,x]’)
[Out] Timed out

Maple [A]
time = 0.13, size = 95, normalized size = 0.88

method | result

437(sin”(z)) 3527(sin®(z)) 3257(sin3(z) in
4<— (5256 : )+ gf,,%. 2) _ gfm - )+3312§48(w)> 1483arctanh<sin(m)\/§ ) V2
+

1 4
default (2(sin2 (x))—1)4 1024 512(sin(z)—1)2 + 512(sir
risch (18272321 3733 6211¢ 16115 €191 49109 €172 + 5746 €152+ 2382 131¢ —2382 €111 —5746 £9® —9109 7** —6115 €52 —3733 31 — 182

1536(e6iz+e4iz +e2iz +1)4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x)+cos(3*x))~5,x,method=_RETURNVERBOSE)

[Out] -4*(-437/256*sin(x) " 7+3527/1536*sin(x) ~5-3257/3072*sin(x) ~3+331/2048*sin(x)
)/ (2*%sin(x)~2-1)"4+1483/1024*arctanh(sin(x)*2~(1/2))*2~(1/2)-1/512/(sin(x) -
1)"2+43/512/(sin(x)-1)+523/512*1n(sin(x)-1)+1/512/(sin(x)+1) ~2+43/512/ (sin(
x)+1)-523/512*1n(sin(x)+1)

Maxima [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(cos(x)+cos(3*x))~5,x, algorithm="maxima")
[Out] Timed out

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 219 vs.
2(88) = 176.
time = 0.39, size = 219, normalized size = 2.03

4449 (16 VE cos (2™ - 32 VI cos (0] + 24 VE con (" = 8 VI con ()" + V oon (1))l  ~ 22T 812 _ g7 (16 co 1) — 32 cos o)+ 24

@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3%*x))~5,x, algorithm="fricas")

[Out] 1/6144%(4449*(16*sqrt(2)*cos(x)~12 - 32xsqrt(2)*cos(x)~10 + 24*sqrt(2)*cos(

Xx) 78 - 8xsqrt(2)*cos(x)"6 + sqrt(2)*cos(x)~4)*log(-(2*xcos(x)~2 - 2*sqrt(2)*

sin(x) - 3)/(2*cos(x)"2 - 1)) - 6276%(16*cos(x)~12 - 32xcos(x)~10 + 24*cos(

x)"8 - 8*cos(x)"6 + cos(x) 4)*log(sin(x) + 1) + 6276x(16%cos(x)~12 - 32*cos
(x)710 + 24*cos(x)”8 - 8xcos(x)"6 + cos(x)~4)*log(-sin(x) + 1) - 4x(14616%c

0s(x)~10 - 25420*cos(x)~8 + 15570%cos(x)~6 - 3677*xcos(x)~4 + 162xcos(x)"2 +
12)*sin(x))/(16*cos(x)"12 - 32*cos(x)~10 + 24*cos(x)~8 - 8*cos(x)”"6 + cos(

x)"4)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ = dr
(cos (z) + cos (3z))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3*x))**5,x)
[Out] Integral((cos(x) + cos(3#*x))*x*(-5), x)

Giac [A]
time = 0.00, size = 128, normalized size = 1.19

4sinz—2\/§

1483 In o)

_ —43sin’z 4 45sine | 10488sin’ & — 14108sin® z + 6514 sin® z — 993 sinz + 523 (—sinz+1)— 523 (sing+1) — 4sina+2V 2
512 (sin2z — 1)° 3072 (2sin?z — 1)* 1024 1024 2-1024v2’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3%*x))~5,x)

[Out] -1483/2048*sqrt(2)*log(abs(-2*sqrt(2) + 4*sin(x))/abs(2*sqrt(2) + 4*sin(x))
) + 1/256%(43*sin(x)~3 - 45*sin(x))/(sin(x)"2 - 1)72 + 1/1536*(10488*sin(x)

~7 - 14108*sin(x)~5 + 6514*sin(x)~3 - 993*sin(x))/(2*sin(x)"2 - 1)"4 - 523/
512xlog(sin(x) + 1) + 523/512%log(-sin(x) + 1)
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Mupad [B]
time = 1.25, size = 307, normalized size = 2.84

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(3*x) + cos(x))"5,x)

[Out] -(11492%sin(3*x) + 18218*sin(5*x) + 12230*sin(7*x) + 7466*sin(9%x) + 3654x*s
in(11*x) + 276144*atanh(sin(x/2)/cos(x/2)) + 4764*sin(x) + 502080*cos (2*x)*
atanh(sin(x/2)/cos(x/2)) + 389112*cos(4*x)*atanh(sin(x/2)/cos(x/2)) + 25104
0O*cos (6*x) *atanh(sin(x/2)/cos(x/2)) + 125520*cos(8*x)*atanh(sin(x/2)/cos(x/
2)) + 50208*cos(10*x)*atanh(sin(x/2)/cos(x/2)) + 12552*cos(12#*x)*atanh(sin(
x/2)/cos(x/2)) - 97878*2~(1/2)*atanh(2”(1/2)*sin(x)) - 177960%2~(1/2)*atanh
(27(1/2)*sin(x) ) *cos(2*x) - 137919%2~(1/2)*atanh(2”(1/2)*sin(x))*cos(4*x) -
88980*2~ (1/2)*atanh (2~ (1/2) *sin(x))*cos(6*x) - 44490%2~(1/2)*atanh(2°(1/2)
*3in(x))*cos(8*x) - 17796%27(1/2)*atanh(27(1/2)*sin(x))*cos(10*x) - 4449%2~
(1/2)*atanh (27 (1/2) *sin(x))*cos (12*x))/(122880*cos (2*x) + 95232*cos(4*x) +
61440*cos (6*x) + 30720*cos(8*x) + 12288*cos(10*x) + 3072*cos(12*x) + 67584)
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1
J (1-Fcos(z) +sin(z))? dx

Optimal. Leaf size=29

3.22

—tog 1+t () - o S

[Out] -1n(1+tan(1/2*x))+(-cos(x)+sin(x))/(1+cos(x)+sin(x))

Rubi [A]
time = 0.01, antiderivative size = 29, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.375,

steps used = 3, number of rules used = 3, integrand size = 8
Rules used = {3208, 3203, 31}

~log <ta’n @) + 1> B suf?;)(? ;o:?;gxl 1

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x] + Sin[x])~(-2),x]

[Out] -Logl[l + Tan[x/2]] - (Cos[x] - Sin[x])/(1 + Cos[x] + Sin[x])
Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 3203

Int[(cos[(d_.) + (e_.)*(x_)]*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)]1)"
(-1), x_Symbol] :> Module[{f = FreeFactors[Tan[(d + ex*x)/2], x]}, Dist[2*(f
/e), Subst[Int[1/(a + b + 2*c*f*x + (a - b)*f~2*xx~2), x], x, Tan[(d + exx)/
21/£], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[a~2 - b2 - ¢~2, 0]

Rule 3208

Int[(cos[(d_.) + (e_.)*(x_)]*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)]1)"
(n_), x_Symbol] :> Simp[((-c)*Cos[d + exx] + bxSin[d + exx])*((a + bxCos[d
+ exx] + c*Sin[d + exx])"(n + 1)/(ex(n + 1)*(a"2 - b™2 - ¢~2))), x] + Dist[
1/((n + 1)*(a”2 - b2 - ¢2)), Intl[(ax(n + 1) - bx(n + 2)*Cos[d + e*xx] - cx*
(n + 2)*Sin[d + e*x])*(a + b*Cos[d + exx] + c*Sin[d + e*x])~(n + 1), x], x]
/; FreeQ[{a, b, c, d, e}, x] && NeQ[a"2 - b"2 - ¢~2, 0] && LtQ[n, -1] && N
eQ[n, -3/2]

Rubi steps
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1 _ cos(z) — sin(x) 1
/ (14 cos(x) + sin(z))? dz = 1+ cc()sgx) + s1(n()a:) Bl / 1 + cos(x) + sin(z) dz
cos(z) — sin(z 1 x
" 1+ cos(z) + sin(z) ~ 2Subst (/ 2+ 2z dz, e, tan (5))

Mathematica [A]
time = 0.02, size = 56, normalized size = 1.93

o o (2)) 1 o () 9 (2)

—log (1 + tan (g )

cos(x) — sin(x)

1 + cos(x) + sin(z)

sin (5)

+

+

2

1
—tan(

cos (£) +sin (%)

T
2

2)

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x] + Sin[x])~(-2),x]

[Out] Logl[Cos[x/2]] - LoglCos[x/2] + Sin[x/2]] + Sin[x/2]/(Cos[x/2] + Sin[x/2]) +
Tan([x/2]/2

Mathics [A]

time = 2.70, size = 33, normalized size = 1.14

—3+ Tan [%}2 — 2Log [1 4 Tan [£]] (1 + Tan [%])
24 2Tan [£]

Antiderivative was successfully verified.

[In] mathics(’Integrate[1/(Cos[x] + Sin[x] + 1)72,x]’)
[Out] (-3 + Tan[x / 2] = 2 - 2 Log[1l + Tan[x / 2]] (1 + Tan[x / 2])) / (2 (1 + Ta
nlx / 2]))

Maple [A]

time = 0.09, size = 27, normalized size = 0.93

method | result size
tan(g) T

default 5 — 1+ta1n(%) —1In (1 + tan (5)) 27
(w(3) .

norman | — 2 — In (1+ tan (%)) 30

risch | GEEHE) L n (14 ¢) —In (¢ +4) | 57
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)+sin(x))~2,x,method=_RETURNVERBOSE)
[Out] 1/2*tan(1/2*x)-1/(1+tan(1/2*x))-1n(1+tan(1/2%*x))

Maxima [A]
time = 0.27, size = 40, normalized size = 1.38

sin (z) 1 Io ( sin (z) N 1)
2(cos(z) +1) Cossl?gg’}rl +1 &\ cos (z) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))~2,x, algorithm="maxima")

[Out] 1/2*sin(x)/(cos(x) + 1) - 1/(sin(x)/(cos(x) + 1) + 1) - log(sin(x)/(cos(x)
+1) +1)
Fricas [A]
time = 0.35, size = 46, normalized size = 1.59
(cos (z) +sin (z) + 1) log (3 cos (z) + 1) — (cos (z) + sin (z) + 1) log (sin (z) + 1) — 2 cos (z) + 2 sin (z)
2 (cos (z) +sin (z) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))~2,x, algorithm="fricas")
[Out] 1/2%((cos(x) + sin(x) + 1)*log(1/2xcos(x) + 1/2) - (cos(x) + sin(x) + 1)*lo
g(sin(x) + 1) - 2*cos(x) + 2xsin(x))/(cos(x) + sin(x) + 1)
Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 66 vs.
2(22) = 44
time = 0.37, size = 66, normalized size = 2.28

2log (tan (2) + 1) tan (£)  2log (tan (%) + 1) tan? (£)

2tan(%)+2 2tan(§)+2 2tan(%)+2 2tan(§)—|—2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))**2,x)

[Out] -2xlog(tan(x/2) + 1)*tan(x/2)/(2*tan(x/2) + 2) - 2*log(tan(x/2) + 1)/(2*tan
(x/2) + 2) + tan(x/2)**2/(2*tan(x/2) + 2) - 3/(2*tan(x/2) + 2)

Giac [A]

time = 0.00, size = 40, normalized size = 1.38

) <tan(g) N tan ()  Inltan () +1\)

4 2 (tan (%) +1) 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))~2,x)
[Out] tan(1/2x*x)/(tan(1/2*x) + 1) - log(abs(tan(1/2*x) + 1)) + 1/2*tan(1/2+*x)

Mupad [B]
time = 0.28, size = 26, normalized size = 0.90

t z 1
0 (8) oy (san (2) 41) - — L
2 2 tan (%) + 1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x) + sin(x) + 1)°2,x)
[Out] tan(x/2)/2 - log(tan(x/2) + 1) - 1/(tan(x/2) + 1)
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3.23 [ /1 + tanh(4z) dzx

Optimal. Leaf size=26

22

[Out] 1/4*arctanh(1/2*(1+tanh(4*x))~(1/2)*27(1/2))*2~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 26, normalized size of antiderivative = 1.00, number of

number of rules _ (90
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3561, 212}

tanh-! ( tan%x) +1 )

2v/2

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + Tanh[4*x]],x]

[Out] ArcTanh([Sqrt[1 + Tanh([4x*x]]/Sqrt[2]]/(2xSqrt[2])
Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 3561

Int[Sqrt[(a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[-2x(b/d),
Subst [Int[1/(2*%a - x~2), x], x, Sqrt[a + bxTan[c + d*x]]], x] /; FreeQ[{a,
b, ¢, d}, x] && EqQ[a"2 + b2, 0]

Rubi steps

/ 1+ tanh(4z) dz = %Subst (/ ﬁ dz,z,/1+ tanh(4z) )

tanh-! ( 1 +ta\/§h(4x) )

2v2
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Mathematica [A]
time = 0.01, size = 26, normalized size = 1.00

V2

22

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Tanh[4*x]],x]
[Out] ArcTanh[Sqrt[1 + Tanh[4*x]]/Sqrt[2]]/(2%Sqrt([2])

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[1 + Tanh[4x*x]],x]’)
[Out] cought exception: maximum recursion depth exceeded while calling a Python o

bject
Maple [A]
time = 0.06, size = 20, normalized size = 0.77
method result size
N ( V1+ tan121 (4z) V2 ) o)
derivativedivides 7 20
arctanh( v 1+ tan}; (41:) ﬁ) \/5
default 7 20

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+tanh(4*x))~(1/2),x,method=_RETURNVERBOSE)
[Out] 1/4*arctanh(1/2*(1+tanh(4*x))~(1/2)*27(1/2))*27(1/2)
Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 43 vs.

2(19) = 38.
time = 0.36, size = 43, normalized size = 1.65

V22
Vel=82) +1

V22
Vel=82) + 1

1
—gﬁlog -
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))~(1/2),x, algorithm="maxima")

[Out] -1/8*sqrt(2)*log(-(sqrt(2) - sqrt(2)/sqrt(e”~(-8*x) + 1))/(sqrt(2) + sqrt(2)
/sqrt (e~ (-8%x) + 1)))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 68 vs.

2(19) = 38.

time = 0.34, size = 68, normalized size = 2.62

é V2 log <—2 V2 \/cosh (:(;sjh_(tﬁl)h ) (cosh (4x) + sinh (4z)) — 2 cosh (42)® — 4 cosh (4 z) sinh (4z) — 2 sinh (4z)® — 1>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))~(1/2),x, algorithm="fricas")

[Out] 1/8*sqrt(2)*log(-2*sqrt(2)*sqrt(cosh(4*x)/(cosh(4*x) - sinh(4%x)))*(cosh(4x*
x) + sinh(4*x)) - 2*cosh(4*x)~2 - 4xcosh(4#*x)*sinh(4*x) - 2*sinh(4*x)"2 - 1
)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/tanh (4z) +1 dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))**(1/2),x)
[Out] Integral(sqrt(tanh(4*x) + 1), x)

Giac [A]
time = 0.01, size = 26, normalized size = 1.00

—iﬁln(y/(ex)8+1 —(e”")4>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))~(1/2),x)
[Out] -1/4*sqrt(2)*log(sqrt(e”(8*x) + 1) - e~ (4%*x))
Mupad [B]

time = 0.16, size = 19, normalized size = 0.73

VZ atanh <\/5 ¢tang(4z)+1)

4
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((tanh(4#*x) + 1)~(1/2),x)
[Out] (27(1/2)*atanh((27(1/2)*(tanh(4*x) + 1)°(1/2))/2))/4
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tanh(z)
324 [ AR

Optimal. Leaf size=110

tan-1 ( i—(1-2i)e” | tan-1 i+ (142i)e |
_ V1+i Vet + e 2v/1 — i Ve® + 2=
2e™Vew + e — - +
vV1+14 vV1—1

[Out] arctan(1/2*%(I+(1+2*I)*exp(x))/(1-I1)~(1/2)/(exp(x)+exp(2*x))~(1/2))/(1-I)~(1

/2)-arctan(1/2* (I+(-1+2*xI) *exp(x))/(1+I)~(1/2) / (exp (x) +exp(2*x))~(1/2)) / (1+
1)~ (1/2)+2% (exp(x)+exp (2*x)) ~(1/2) /exp(x)

Rubi [A]

time = 0.39, antiderivative size = 147, normalized size of antiderivative = 1.34, number of
steps used = 11, number of rules used = 7, integrand size — 16, Bumber of rules _ 0.438,

' integrand size
Rules used = {2320, 6856, 1600, 6857, 96, 95, 214}

(1—14)*2vem v/e* +1 tanh™ (m) (1+4)32/e & T tanh™ (%F)

2(e"+1) ver+1 _
Jer 1 o N N

Antiderivative was successfully verified.
[In] Int[Tanh([x]/Sqrt[E~x + E~(2*x)],x]

[Out] (2%(1 + E"x))/Sqrt[E"x + E~(2*x)] - ((1 - I)~(3/2)*Sqrt[E"x]*Sqrt[1 +
ArcTanh[(Sqrt[1 - I1*Sqrt[E~x])/Sqrt[1 + E"x]]1)/Sqrt[E"x + E~(2*x)] - ((1 +
I)~(3/2)*Sqrt [E"x]*Sqrt [1 + E~x]*ArcTanh[(Sqrt[1 + I]*Sqrt[E"x])/Sqrt[1 +

E~x]]1)/Sqrt[E"x + E~(2%x)]

Rule 95

Int[(((a_.) + (b_)*(x_))"(m )*((c_.) + (d_D)*(x_))"(m_))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator([m]}, Dist([q, Subst[Int[x~(g*(m + 1)
- 1)/(bxe - axf - (dxe - c*f)*x7q), x], x, (a + b*x)"(1/q)/(c + d*x)~(1/q)
1, x11 /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[m + n + 1, 0] &% RationalQ[n]
&& LtQ[-1, m, O] && SimplerQ[a + b*x, c + d*x]

Rule 96

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f_.)*(x_
))"(p_.), x_Symbol] :> Simp[(a + b*x)"(m + 1)*(c + d*x) " n*((e + f*x)~(p + 1
)/((m + 1)*(bxe - axf))), x] - Dist[n*((d*e - c*f)/((m + 1)*(b*e - axf))),
Int[(a + b*x)"(m + 1)*(c + d*x)~(n - 1)*(e + £*x)"p, x], x] /; FreeQl[{a, b,
c, d, e, £, m, p}, x] & EqQ[m + n + p + 2, 0] && GtQ[n, 0] && (SumSimpler
Qlm, 1] || !'SumSimplerQ[p, 1]) && NeQ[m, -1]

E~x] *
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Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 1600

Int[(u_.)*(Px_)~(p_.)*(Qx_)"(q_.), x_Symbol] :> Int[u*PolynomialQuotient [Px
, Qx, x]17pxQx~(p + q), x] /; FreeQlq, x] &% PolyQ[Px, x] && PolyQ[Qx, x] &%
EqQ[PolynomialRemainder [Px, Qx, x], 0] && IntegerQ[p] && LtQ[p*q, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) (m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6856

Int[(u_.)*((a_.)*(x_)"(r_.) + (b_)*(x_)"(s_.))"(m_), x_Symbol] :> With[{v
= (a*x"r + b*x"s) FracPart[m]/(x" (r*FracPart[m])*(a + b*xx~(s - r)) FracPart
[m])}, Dist[v, Int[u*x~(m*r)*(a + b*x~(s - r))°m, x], x] /; NeQ[Simplify[v]
, 111 /; FreeQ[{a, b, m, r, s}, x] && !'IntegerQ[m] && PosQ[s - r]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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/de—Subst / “lte dz,z,e”
Ver + e t(1+2) Ve +a22
<\/e$ V1+e® ) Subst (f = dz, z, e””)

x3/2 \/]. + T (1+22)

1/ea:_‘_e2a:
<\/ V14e® )Subst <f( 1:3?2(1#;';3” dz, , e””>
- ex+e2z
<° e’ v 1 +ex )SUbSt (f <_ (%+(%)_x)z]-3/—l_x + (%_53)/2(7,1-1—:;_1: ) dm,.’I}, ez)
- ‘/€w+€2x
((2+34) ver vIFe ) subst ( [ AL dozer)  ((1-34) Ver vIter ).
(i—z)z N
o Ver 4 e \/e_x
Ver v/1+e* ) Subst 1 -d @ Ver /1
_ 2(1+e) _( € te ) Hbs (f(i_x)\/a?\/l—i—x x,x,e)+< € te
ew+62w ez+62z
X xr ex X
_2(+e) <2\/e Vite )Subst (fz T 4%, T, \/1—v+e”” . <2\/€ V1+
\/€m+€2z 1/ez_i_e2z
_N3/2./ox z -1 V1—1+e* N3/2. [om
C2(1ter) _(1 i)%/%v/e* v/1+ e® tanh (—m >_(1+z) ver 1+
ex+e2x ‘/6x+62x v

Mathematica [A]
time = 0.08, size = 121, normalized size = 1.10

2+ 2¢% — (1 —14)32e%/24/1 + e* tanh™! (”1_“9”/2> — (1 +14)32e%/24/1 + e tanh™! ("1+“z/2>
-9 Vize ) 0FY Vite

e* (14 e?)

Antiderivative was successfully verified.

[In] Integrate[Tanh[x]/Sqrt[E~x + E~(2*x)],x]

[Out] (2 + 2#E"x - (1 - I)"(3/2)*#E~(x/2)*Sqrt[1 + E"x]*ArcTanh[(Sqrt[1 - I]*E~(x/
2))/Sqrt[1 + E"x]] - (1 + I)"(3/2)*E~(x/2)*Sqrt[1 + E~x]*ArcTanh[(Sqrt[1 +
I1#E~(x/2))/Sqrt[1 + E"x]])/Sqrt[E"x*(1 + E"x)]

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object
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Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Tanh[x]/Sqrt[Exp[2*x] + Exp[x]],x]’)

[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 363 vs.

2(81) = 162.

time = 0.10, size = 364, normalized size = 3.31

method | result

V2 V2 V2422 4 /tanh (%)-l—l ln<tanh(“2”)+1— tanh (%)-l—l V2422 +\/§>\/3

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(exp(x)+exp(2*x))~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/4%27(1/2)*(27(1/2)*(2+2x27(1/2))~(1/2)*(tanh(1/2*x)+1)~(1/2)*1n(tanh(1/2
*xx)+1-(tanh (1/2%x)+1) ~(1/2) *(2+2%27(1/2))~(1/2)+27(1/2) ) *(-2+2%2~(1/2) )~ (1/
2)-27(1/2)*(2+2*%27(1/2) )~ (1/2) *(tanh (1/2*x)+1) ~(1/2) *1n(tanh (1/2*x) +1+(tanh
(1/2xx)+1) = (1/2) % (2+2%27(1/2) )~ (1/2)+27(1/2) ) % (-2+2%27 (1/2) )~ (1/2) - (2+2%27 (
1/2))~(1/2)*(tanh(1/2*x)+1)~(1/2)*1n(tanh(1/2*x)+1-(tanh(1/2*x)+1) " (1/2)*(2
+2%27(1/2))7(1/2)+27(1/2) ) * (-2+2%27(1/2) )~ (1/2) +(2+2%27(1/2) )~ (1/2) * (tanh (1
/2%x)+1)~(1/2)*1n(tanh (1/2*x)+1+(tanh (1/2*x)+1) ~(1/2) % (2+2*2~(1/2) )~ (1/2)+2
~(1/2))*(-2+2%27(1/2) )~ (1/2) -4* (tanh (1/2*x)+1) ~(1/2) *arctan ((-2* (tanh (1/2*x
Y+1) " (1/2)+(2+2%27(1/2))~(1/2)) / (-2+2%2~(1/2) )~ (1/2) ) +4* (tanh (1/2*x) +1) ~(1/
2)*arctan((2*(tanh(1/2*x)+1) " (1/2)+(2+2%27(1/2))~(1/2))/ (-2+2%2~(1/2) )~ (1/2
))+8% (-2+2%27(1/2))~(1/2)) / (-2+2%27(1/2))~(1/2) / (tanh(1/2*x)-1) / ((tanh (1/2*
x)+1)/(tanh(1/2%x)-1)"2)~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="maxima")
[Out] integrate(tanh(x)/sqrt(e~(2*x) + e7x), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 859 vs.
2(67) = 134.
time = 0.36, size = 859, normalized size = 7.81
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result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="fricas")

[Out] -1/8%(87(1/4)*sqrt(2*sqrt(2) + 4)*(sqrt(2) - 2)*e x*log(2*(8~(1/4)*(sqrt(2)
- 1)*e"x - 87(1/4))*sqrt(2*sqrt(2) + 4) - 2*%(87(1/4)*sqrt(2*sqrt(2) + 4)*(
sqrt(2) - 1) + 4*xe"x)*sqrt(e”(2*x) + e7x) + 4*xsqrt(2) + 8xe~(2*x) + 4xe"x +
4) - 87(1/4)*sqrt(2*sqrt(2) + 4)*(sqrt(2) - 2)*e x*xlog(-2x(87(1/4)*(sqrt(2
) - 1)*xe"x - 87(1/4))*sqrt(2*sqrt(2) + 4) + 2%(87(1/4)*sqrt(2*sqrt(2) + 4)*
(sqrt(2) - 1) - 4xe"x)*sqrt(e”(2*x) + e"x) + 4xsqrt(2) + 8xe~(2xx) + 4*e"x
+ 4) + 4x87(1/4)*sqrt(2)*sqrt(2*sqrt(2) + 4)*arctan(1/7*(sqrt(2)*(5*xsqrt(2)
+ 6) + 8xsqrt(2) + 4)*e”x + 1/112%(8*sqrt(2)*(5xsqrt(2) + 6) + (87(3/4)*(5
*xsqrt(2) + 6) + 8x87(1/4)*(2*sqrt(2) + 1))*sqrt(2*sqrt(2) + 4) + 64*sqrt(2)
+ 32)*sqrt (2*%(87(1/4)*(sqrt(2) - 1)*e"x - 87(1/4))*sqrt(2xsqrt(2) + 4) - 2
*(87(1/4) *sqrt (2*sqrt(2) + 4)*(sqrt(2) - 1) + 4xe"x)*sqrt(e”(2*x) + e"x) +
4xsqrt(2) + 8*%e”(2xx) + 4*e”x + 4) + 1/56%((87(3/4)*(5xsqrt(2) + 6) + 8%87(
1/4)*(2xsqrt(2) + 1))*e"x + 87(3/4)*(sqrt(2) + 4) - 8%x87(1/4)*(sqrt(2) - 3)
)*sqrt (2%sqrt(2) + 4) + 1/7*xsqrt(2)*(sqrt(2) + 4) - 1/56%(8*sqrt(2)*(5*sqrt
(2) + 6) + (87(3/4)*(5xsqrt(2) + 6) + 8*8~(1/4)*(2*sqrt(2) + 1))*sqrt(2*sqr
t(2) + 4) + 64*sqrt(2) + 32)*sqrt(e”(2*x) + e"x) + 3/T*sqrt(2) + 5/7)*e"x +
4x8~(1/4)*sqrt (2) *sqrt (2*sqrt(2) + 4)*arctan(-1/7*(sqrt(2)*(5*sqrt(2) + 6)
+ 8xsqrt(2) + 4)*e"x - 1/112x(8*sqrt(2)*(5*sqrt(2) + 6) - (87(3/4)*(5*sqrt
(2) + 6) + 8+%87(1/4)*(2xsqrt(2) + 1))*sqrt(2*sqrt(2) + 4) + 64xsqrt(2) + 32
)*sqrt (-2*x(87(1/4) *(sqrt(2) - 1)*e"x - 87(1/4))*sqrt(2*sqrt(2) + 4) + 2*x(8~
(1/4)*sqrt (2xsqrt(2) + 4)*(sqrt(2) - 1) - 4*e"x)*sqrt(e”(2*x) + e7x) + 4*sq
rt(2) + 8xe~(2%x) + 4%e”x + 4) + 1/56%((87(3/4)*(5xsqrt(2) + 6) + 8*87(1/4)
*x(2xsqrt(2) + 1))*e"x + 87(3/4)*(sqrt(2) + 4) - 8x87(1/4)*(sqrt(2) - 3))*sq
rt(2*sqrt(2) + 4) - 1/7*sqrt(2)*(sqrt(2) + 4) + 1/56%(8*sqrt(2)*(5xsqrt(2)
+ 6) - (87(3/4)*(5xsqrt(2) + 6) + 8%x87(1/4)*(2*sqrt(2) + 1))*sqrt(2*sqrt(2)
+ 4) + 64*xsqrt(2) + 32)*sqrt(e”(2*x) + e"x) - 3/T*sqrt(2) - 5/7)*e"x - 16%
sqrt(e”(2*x) + e7x) - 16%e”x)*e”(-x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
h
tanh (z) .
(ez+1)e”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))**(1/2),x)
[Out] Integral(tanh(x)/sqrt((exp(x) + 1)*exp(x)), x)

Giac [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 379 vs. 2(67) = 134.
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time = 0.09, size = 489, normalized size = 4.45

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x)

[Out] -(1/4*I + 1/4)*sqrt(2*sqrt(2) + 2)*(I/(sqrt(2) + 1) + 1)xlog(4*sqrt(2)*(sqr
t(e”(2xx) + e7x) - e7x) + 2*sqrt(2)*sqrt(2*sqrt(2) - 2) - 4xI*sqrt(2) - (2x
I + 2)xsqrt(2*sqrt(2) - 2) - 4*xsqrt(e”™(2*x) + e7x) + 4*e”"x + 4xI) + (1/4xI
+ 1/4)*sqrt(2xsqrt(2) + 2)*(I/(sqrt(2) + 1) + 1)*log(4*sqrt(2)*(sqrt(e”(2*x
) + e7x) - e7x) - 2xsqrt(2)*sqrt(2*sqrt(2) - 2) - 4xIxsqrt(2) + (2%I + 2)*s
qrt (2*sqrt(2) - 2) - 4xsqrt(e”(2*x) + e7x) + 4*e”x + 4xI) - (1/4xI + 1/4)*s
qrt(2*sqrt(2) - 2)*(I/(sqrt(2) - 1) + 1)*log(-20*sqrt(2)*(-(I + 2)*sqrt(e~(
2xx) + e7x) + (I + 2)*e"x) + 10*sqrt(2)*sqrt(10*sqrt(2) - 14) + (40*I - 20)
*xsqrt (2) - (2+I + 14)*sqrt(10*sqrt(2) - 14) - (28I + 56)*sqrt(e”(2*x) + e~
x) + (28I + 56)*e"x - 56xI + 28) + (1/4*I + 1/4)*sqrt(2*sqrt(2) - 2)*(I/(s
qrt(2) - 1) + 1)*log(-20*sqrt(2)*(-(I + 2)*sqrt(e~(2*x) + e7x) + (I + 2)*e”
x) - 10*sqrt(2)*sqrt(10*sqrt(2) - 14) + (40*I - 20)*sqrt(2) + (2*I + 14)*sq
rt(10*sqrt(2) - 14) - (28I + 56)*sqrt(e”(2*x) + e"x) + (28*I + 56)*e"x - 5
6*%I + 28) + 2/(sqrt(e”(2*x) + e7x) - e7x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

tanh (z) i
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(exp(2*x) + exp(x))~(1/2),x)
[Out] int(tanh(x)/(exp(2*x) + exp(x))~(1/2), x)
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3.25 [ /sech(z)sinh(2z) dz

Optimal. Leaf size=40
2ivV2 E (Z - %’ 2) /sinh(z)

isinh(x)

[Out] 2*I*(sin(1/4*Pi+1/2%I%x)~2)~(1/2)/sin(1/4%Pi+1/2%I*x)*EllipticE(cos(1/4*Pi+
1/2xIxx),27(1/2))*27(1/2)*sinh(x) " (1/2)/(I*sinh(x) )~ (1/2)

Rubi [A]

time = 0.05, antiderivative size = 40, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.454,

steps used = 5, number of rules used = 5, integrand size = 11,
Rules used = {4483, 4485, 4306, 4394, 2719}

2iE (% — 2| 2) \/sinh(2z)sech(z)

2
i sinh(z)

Antiderivative was successfully verified.
[In] Int[Sqrt[Sech[x]*Sinh[2%x]],x]

[Out] ((2*I)*EllipticE[Pi/4 - (I/2)*x, 2]*Sqrt[Sech[x]#*Sinh[2*x]])/Sqrt[I*Sinh[x]
]

Rule 2719

Int [Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)x*
(c = Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 4306

Int[(u_)*((c_.)*sec[(a_.) + (b_.)*(x_)]1)"(m_.), x_Symbol] :> Dist[(c*Sec[a
+ bx*x]) “m*(c*Cos[a + b*x])"m, Int[ActivateTrigl[ul/(c*Cos[a + b*x])"m, x], x
1 /; FreeQ[{a, b, c, m}, x] && !'IntegerQ[m] && KnownSineIntegrandQ[u, x]

Rule 4394

Int[(cos[(a_.) + (b_.)*(x_)]*(e_.)) " (m_.)*((g_.)*sin[(c_.) + (d_.)*(x_)1)"(
p_), x_Symbol] :> Dist[(g*Sin[c + d*x]) p/((exCos[a + b*x]) p*Sin[a + b*x]~
p), Int[(exCos[a + b*x])~(m + p)*Sin[a + b*x]"p, x], x] /; FreeQ[{a, b, c,
d, e, g, m, p}, x] && EqQ[b*c - a*xd, 0] && EqQ[d/b, 2] && !IntegerQl[p]

Rule 4483

Int[(u_.)*((a_)*(v_))~(p_), x_Symbol] :> With[{uu = ActivateTrigl[ul, vv = A
ctivateTrig[v]}, Dist[a~IntPart[p]*((a*vv) FracPart[p]/vv FracPart[p]), Int
[uwuxvv~p, x], x]] /; FreeQ[{a, p}, x] && !IntegerQ[p] &% !InertTrigFreeQ[
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v]

Rule 4485

Int[(u_.)*((v_ )" (m_.)*(w_)"(n_.))"(p_), x_Symbol] :> With[{uu = ActivateTri

glul, vv = ActivateTrigl[v], ww = ActivateTrigl[w]}, Dist[(vv m*ww™n) “FracPar

t [p]/ (vv~ (m*FracPart [p]) *ww™ (nxFracPart [p])), Int[uuxvv~ (m*p)*ww™(n*p), x],
x]] /; FreeQ[{m, n, p}, x] & !IntegerQ[p] && ( !'InertTrigFreeQ[v] || !'I

nertTrigFreeQ[w])

Rubi steps

dp — \/sech(z) sinh(2z) [ \/isech(z)sinh(2z) dx
\/isech(z) sinh(2z)
B v/sech(z) sinh(2z) [ \/sech(z) \/ isinh(2z) dz
B \/sech(z) +/isinh(2z)

‘ : ‘ /4 sinh(2x
( v/cosh(z) \/sech(z)sinh(2z) > Ik Wix)) dz

/ \/sech(z) sinh(2z)

isinh(2x)
_ \/sech(z) sinh(2z) [ \/isinh(z) d
zsmh( )
_ 2%E (% — 2| 2) \/sech(z) sinh(2z)
isinh(z)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 32.14, size = 54, normalized size = 1.35

_g (_3+ R <1 3.7 ta h2( )> sech2(2> > /sech(z) sinh(2z) tanh< )

244

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Sech[x]*Sinh[2*x]],x]

[Out] (-2*%(-3 + Hypergeometric2F1[1/2, 3/4, 7/4, Tanh[x/2]~2]*Sqrt[Sech[x/2]~2])x*
Sqrt [Sech[x]*Sinh [2*x]]*Tanh[x/2])/3

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded
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Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Sqrt[Sinh[2*x]/Cosh[x]],x]’)
[Out] cought exception: maximum recursion depth exceeded

Maple [A]
time = 0.15, size = 75, normalized size = 1.88

method | result
2¢/—1 (sinh (z) +4) /—i (—sinh (z) + 1) \/isinh(z) (2 EllipticE< 1 —4sinh (), \/25 ) —Elliptic
default - :
cosh(z) \/SlIlh (.’L‘)
(e2-1) 2\/1+ez‘\/2—2e“”‘\/—ez‘ (—21~:11ipq;ic1~:(\/1—|—ez 32@)4-1«:
4(e*T—1
_ . |
Ver (e —1) Jesr — v
sch | 2,07 (@ 1) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((sinh(2*x)/cosh(x))~(1/2),x,method=_RETURNVERBOSE)

[Out] 2% (-I*(sinh(x)+I))~(1/2)*(-I*(-sinh(x)+I))~(1/2)*(I*sinh(x))~(1/2)*(2*Ellip
ticE((1-I*sinh(x))~(1/2),1/2%27(1/2))-E1lipticF((1-I*sinh(x))~(1/2),1/2*2~(
1/2)))/cosh(x)/sinh(x)~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2+*x)/cosh(x))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(sinh(2+*x)/cosh(x)), x)

Fricas [F|
time = 0.37, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2*x)/cosh(x))~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(sinh(2#*x)/cosh(x)), x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2*x)/cosh(x))**(1/2),x)
[Out] Integral(sqrt(sinh(2*x)/cosh(x)), x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2*x)/cosh(x))~(1/2),x)

[Out] Could not integrate

Mupad [F]

time = 0.00, size = -1, normalized size = -0.02
sinh (2 z)
cosh ()

Verification of antiderivative is not currently implemented for this CAS.

[In] int((sinh(2*x)/cosh(x))~(1/2),x%)
[Out] int((sinh(2*x)/cosh(x))~(1/2), x)
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3.26 [log (z*+ V1—12?) dz

Optimal. Leaf size=185

1
L5
—2x—sin~!(x)+ % (1 + ﬁ) tan™* ( ; +2\/§ x>+ % (1 + ﬁ) tan™* 2\(/11t—$25 ) +

[Out] -2*x-arcsin(x)+x*1n(x~2+(-x"2+1)~(1/2))+1/2*arctanh(x*2~(1/2)/(57(1/2)-1)"(
1/2))*(-2+2x5~(1/2))~(1/2)-1/2*arctanh (1/2*x* (-2+2%5~(1/2) )~ (1/2) / (-x"2+1) "
(1/2))*(-2+2x5~(1/2))~(1/2)+1/2*arctan(x*2~(1/2) /(67 (1/2)+1) ~(1/2) ) * (2+2*5~
(1/2))~(1/2)+1/2*%arctan(1/2*x*(2+2%57(1/2))~(1/2) / (-x~2+1) " (1/2) ) * (2+2%5~ (1
/2))~(1/2)

Rubi [A]

time = 0.70, antiderivative size = 349, normalized size of antiderivative = 1.89, number of

steps used = 31, number of rules used = 12, integrand size = 16, number of rules _ 0.750,
integrand size

Rules used = {2628, 6874, 1307, 222, 1706, 385, 213, 209, 1180, 1144, 1188, 399}

Ty Ty

5 1, 7)) 5 \ 5 \
o (B T (0E)s) = GBFE)S e HEEE . T 3 T ([T T a2 Ny 7\
o (24 Vi) + 2/ T (25 V5 v [ S A ]Tmmw; n ( 2| B ) v | V2| T ) s | M ey o vB) () = ) (o) S O ) v () w2 F ) ()

Antiderivative was successfully verified.
[In] Int[Log[x~2 + Sqrt[1 - x~2]],x]

[Out] -2*x - ArcSin[x] - Sqrt[(1 + Sqrt([5])/10]*ArcTan[Sqrt[2/(1 + Sqrt[5])]1*x] +
2xSqrt [(2 + Sqrt[5])/5]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*x] - Sqrt[(1 + Sqrt[5
1)/10]1*ArcTan[(Sqrt [(1 + Sqrt([5])/2]1*x)/Sqrt[1 - x~2]] + 2*Sqrt[(2 + Sqrt[5
1)/5]1*ArcTan[(Sqrt [(1 + Sqrt[5])/2]*x)/Sqrt[1l - x~2]] + 2xSqrt[(-2 + Sqrt[5
1) /5] *ArcTanh [Sqrt [2/(-1 + Sqrt[5])]1*x] + Sqrt[(-1 + Sqrt[5])/10]*ArcTanh[S
qrt[2/(-1 + Sqrt[5])]1*x] - 2*Sqrt[(-2 + Sqrt[5])/5]*ArcTanh[(Sqrt[(-1 + Sqr
t[51)/2]1*x)/Sqrt[1 - x~2]] - Sqrt[(-1 + Sqrt[5])/10]*ArcTanh[(Sqrt[(-1 + Sq
rt[6])/2]1*x) /Sqrt[1 - x2]] + x*Log[x~2 + Sqrt[1 - x~2]]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] || GtQ[b, 0])
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Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)~2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rule 385

Int[((a)) + (b_D)*(x_)"(m))"(p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 399

Int[((a_) + (b_.)*(x_)"(m_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Di
st[b/d, Int[(a + b*x™n)~(p - 1), x], x] - Dist[(b*xc - axd)/d, Int[(a + b*x~
n)~(p - 1)/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[bxc - ax
d, 0] && EqQ[n*(p - 1) + 1, 0] && IntegerQ[n]

Rule 1144

Int[((d_)*(x_)) " (m_ )/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Wi
th[{q = Rt[b"2 - 4xaxc, 2]}, Dist[(d"2/2)*(b/q + 1), Int[(d*x)~(m - 2)/(b/2
+ q/2 + c*x”2), x], x] - Dist[(d"2/2)*(b/q - 1), Int[(d*x)"(m - 2)/(b/2 -
q/2 + c*x72), x1, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[b~2 - 4*a*xc, 0] && G

eQ[m, 2]

Rule 1180

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~"2 - 4xa*c, 2]}, Dist[e/2 + (2%c*d - bxe)/(2*%q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*%c*d - bxe)/(2xq), Int[1/(b/2 + q/2
+ c*xx~2), x], x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Ne

Qlcxd™2 - axe”2, 0] && PosQ[b~2 - 4xaxc]

Rule 1188

Int[((d)) + (e_)*(x_)"2)"(q )/((a_ ) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symb
0l] :> With[{r = Rt[b~™2 - 4xa*c, 2]}, Dist[2*(c/r), Int[(d + exx"2)"q/(b -
r + 2%c*x”2), x], x] - Dist[2*(c/r), Int[(d + e*x"2)"q/(b + r + 2%c*xx~2), x
1, x11 /; FreeQl{a, b, c, d, e, q}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2
- bxdxe + a*e”2, 0] & !IntegerQ[ql

Rule 1307

Int [CCCE_)*(x_ )" (m_.)*((d_.) + (e_.)*(x_)"2)"(q_))/((a)) + (b_.)*(x_)"2 +
(c_.)*(x_)"4), x_Symbol] :> Dist[ex(£72/c), Int[(f*x)"(m - 2)*(d + exx"2)~
(g - 1, x], x] - Dist[£f72/c, Int[(f*x)"(m - 2)*(d + exx~2)"(q - 1)*(Simp[a
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xe — (c*d - bxe)*x~2, x]/(a + b*xx"2 + c*x~4)), x], x] /; FreeQ[{a, b, c, d,
e, £}, x] &% NeQ[b"2 - 4xa*c, 0] && !'IntegerQlql && GtQlq, 0] && GtQ[m, 1
] & LeQ[m, 3]

Rule 1706

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"
(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + e*x~2)7"g*(a + b*x"2 + c*x"4
)°p, x1, x] /; FreeQ[{a, b, c, d, e, q}, x] & PolyQ[Px, x~2] && NeQ[b~2 -
4xaxc, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && IntegerQ[p]

Rule 2628

Int[Loglu_], x_Symbol] :> Simp[x*Log[ul, x] - Int[SimplifyIntegrand [x*(D[u,
x]/u), x], x] /; InverseFunctionFreeQ[u, x]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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lo (a:2+\/1—x2>dx=xlo z2 4+ V1 — 2 —/
/g 8 2+ V1 — 22
/< 2x2 x? )d
— T
2 4+ V1 — 22 1—22422v1 — 22
2 22

dz

T
dx-l-/
2?2+ V1 — z? 1—22+22V1 —2?
2 /1_ 2 1— 2
:xlog<x2+\/l—x2 _2/<1_z T4 v )dw-l—/[

—l+z2+zt —1+22+2!

2 2 2
B ) z’V1—1z l1—-2z
=—2otalog (s VI=a )42 [ RS [

1 ]
= -2z +sin"Yz) + zlog (z? + V1 — 22 —2/—dz—2/—
(@) g( ) V1-—g? V1—g?

:—2x—sin_1(x)—\/%<1+ﬁ>tan_1< 1+2\/§ x)+2 %(24_\/5
=—2x—sin_1(x)—\/%(1+ﬁ>tan_1< +2\/g x)+2\/%<2+\/g
=—2m—sin_1(x)—\/;—0<1+ﬁ>tan_1< 1+2\/§ 9:)+2 %(24—\/5
=—2x—sin_1(x)—\/%(1+\/g>tan_1< 1+2\/§ x)—l—Z %(24—\/57

Mathematica [C] Result contains complex when optimal does not.
time = 0.34, size = 910, normalized size = 4.92

Warning: Unable to verify antiderivative.

[In] Integrate[Log[x~2 + Sqrt[1 - x~2]],x]

[Out] (-8*Sqrt[5]*x - 4xSqrt[5]*ArcSin[x] + 5xSqrt[2*(-1 + Sqrt[5])]*ArcTan[Sqrt[
2/(1 + Sqrt[56]1)]1*x] + Sqrt[10%(-1 + Sqrt[5])]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*
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x] - (-5 + Sqrt([5])*Sqrt[2*(1 + Sqrt[5])]*ArcTanh[Sqrt[2/(-1 + Sqrt[5])]*x]
- 5xSqrt[2 + Sqrt[5]]1*Log[-Sqrt[(-1 + Sqrt[5])/2] + x] + 3*Sqrt[5*%(2 + Sqr
t[6]1)]*Log[-Sqrt[(-1 + Sqrt[5]1)/2] + x] + 5%Sqrt[2 + Sqrt[5]]1*Log[Sqrt[(-1
+ Sqrt[51)/2] + x] - 3xSqrt[6*(2 + Sqrt[5])]*Logl[Sqrt[(-1 + Sqrt[5])/2] + x
1 - (6%xI)*Sqrt[-2 + Sqrt[5]]*Log[(-I)*Sqrt[(1 + Sqrt[5])/2] + x] - (3*I)*Sq
rt[6%(-2 + Sqrt[5])]*Log[(-I)*Sqrt[(1 + Sqrt[5])/2] + x] + (5*%I)*Sqrt[-2 +
Sqrt [6]]1*Log[I*Sqrt[(1 + Sqrt[5])/2] + x] + (3*%I)*Sqrt[5*%(-2 + Sqrt[5])]*Lo
g[IxSqrt[(1 + Sqrt[5]1)/2] + x] + 4xSqrt[5]*x*Log[x~2 + Sqrt[l - x72]] + (5%
I)*Sqrt[-2 + Sqrt[5]]*Log[2 - IxSqrt[2*(1 + Sqrt[5])]*x + Sqrt[2*(3 + Sqrt[
5])1xSqrt[1 - x72]] + (3*I)*Sqrt[5*(-2 + Sqrt([5])]1*Log[2 - I*Sqrt[2*x(1 + Sq
rt[5])]1*x + Sqrt[2*(3 + Sqrt[5])]*Sqrt[1l - x~2]] - (5*I)*Sqrt[-2 + Sqrt([5]]
xLog[2 + I*Sqrt[2x(1 + Sqrt[5])]*x + Sqrt[2*(3 + Sqrt[5])]1*Sqrtl[1l - x~2]] -
(3*xI)*Sqrt [6%x(-2 + Sqrt[5])]*Logl[2 + I*Sqrt[2+(1 + Sqrt[5])]*x + Sqrt[2*(3
+ Sqrt[56])]1*Sqrt[1 - x72]] + 5xSqrt[2 + Sqrt[5]]1*Log[2 - Sqrt[2*(-1 + Sqrt
[61)1*x + Sqrt[2]*Sqrt[(-3 + Sqrt[5]1)*(-1 + x72)]1] - 3*Sqrt[5*(2 + Sqrt([5])
1*Log[2 - Sqrt[2*(-1 + Sqrt([5])]*x + Sqrt[2]*Sqrt[(-3 + Sqrt[5])*(-1 + x~2)
1] - 5%Sqrt[2 + Sqrt[5]]*Logl[2 + Sqrt[2*(-1 + Sqrt[5])]*x + Sqrt[2]*Sqrt[(-
3 + Sqrt[56])*(-1 + x~2)]1] + 3*Sqrt[5*%(2 + Sqrt[5])]*Log[2 + Sqrt[2*(-1 + Sq
rt[56]1)]1*x + Sqrt[2]1*Sqrt[(-3 + Sqrt[5])*(-1 + x~2)1]1)/(4*Sqrt[5])

Mathics [F(-1)]
time = 0.00, size = 0, normalized size = 0.00

Timed out

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Log[x~2 + Sqrt[1 - x~21]1,x]°)
[Out] Timed out

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 391 vs.
2(138) = 276.
time = 0.10, size = 392, normalized size = 2.12

method | result
arctan (2:”\/_) \/g arctan(zz\/_) arctanh( 2z
default | zln (22 +V/—22+1) + V2+2V5 n V2+2v5 ) _ V=24
( ) V2425 V2+ 25 V=2 +2v/

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(x~2+(-x"2+1)~(1/2)),x,method=_RETURNVERBOSE)

[Out] x*1n(x"2+(-x"2+1)~(1/2))+1/(2+2%57(1/2))~(1/2)*arctan(2*x/(2+2*5~(1/2))~(1/

2))+57(1/2)/(2+2x57(1/2) )~ (1/2) *arctan (2*x/ (2+2%57 (1/2) ) ~(1/2) ) -1/ (-2+2*5~(
1/2))~(1/2)*arctanh(2*x/(-2+2x57(1/2))~(1/2))+57(1/2) / (-2+2x57(1/2) )~ (1/2) *
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arctanh (2*x/(-2+2*57(1/2))~(1/2) )-2*x-1/2%5"(1/2) / (2+5~(1/2) ) ~(1/2) *arctanh
(((=x"2+1)7(1/2)-1) /x/(2+57(1/2))~(1/2))-1/2/(2+57(1/2) )~ (1/2) *arctanh (((-x
~2+1)7(1/2)-1) /x/(2+57(1/2))~(1/2))-1/2%5"(1/2) / (-2+5~(1/2) )~ (1/2) *arctan((
(-x72+1)7(1/2)-1) /x/ (-2+57(1/2))~(1/2))+1/2/ (-2+57(1/2) )~ (1/2) *arctan (((-x~
2+1)7(1/2)-1) /x/(-2+57(1/2))~(1/2))-3/2/(2+57(1/2) )~ (1/2) *arctan (((-x"2+1)~
(1/2)-1)/x/(2+57(1/2))~(1/2))-1/2%5"(1/2) / (2+57(1/2) )~ (1/2) *arctan (((-x"2+1
)7(1/2)-1) /x/(2+57(1/2))~(1/2))+3/2/ (-2+57(1/2) )~ (1/2) *arctanh (((-x"2+1)~(1
/2)-1)/x/(-2+567(1/2))~(1/2))-1/2*%57(1/2) / (-2+57(1/2) )~ (1/2) *arctanh (((-x"2+
1)°(1/2)-1)/x/(-2+567(1/2))~(1/2) ) -arcsin(x)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x™2+(-x"2+1)~(1/2)),x, algorithm="maxima")

[Out] x*log(x~2 + sqrt(x + 1)*sqrt(-x + 1)) - x - integrate((x~4 - 2*x~2)/(x"4 -
x"2 + (x72 - 1)*e~(1/2xlog(x + 1) + 1/2%log(-x + 1))), x) + 1/2*log(x + 1)
- 1/2xlog(-x + 1)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 452 vs.
2(138) = 276.
time = 0.36, size = 452, normalized size = 2.44

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x~2+(-x"2+1)~(1/2)),x, algorithm="fricas")

[Out] -sqrt(2)*sqrt(sqrt(5) + 1)*arctan(1l/8*sqrt(4*x~2 + 2xsqrt(5) + 2)*(sqrt(5)*
sqrt(2) - sqrt(2))*sqrt(sqrt(5) + 1) - 1/4*(sqrt(5)*sqrt(2)*x - sqrt(2)*x)x*
sqrt(sqrt(5) + 1)) - sqrt(2)*sqrt(sqrt(5) + 1)*arctan(1/8*(sqrt(2)*(sqrt(-x
~2 + 1)*(sqrt(5)*sqrt(2) - sqrt(2)) + sqrt(5)*sqrt(2) - sqrt(2))*sqrt(sqrt(
5) + 1) xsqrt((x"4 - 4*x72 - sqrt(5)*(x"4 - 2*x72) - 2x(sqrt(B)*x"2 - x72 +
2)*sqrt(-x~2 + 1) + 4)/x74) + 2*sqrt(-x~2 + 1)*(sqrt(5)*sqrt(2) - sqrt(2))=*
sqrt(sqrt(5) + 1))/x) + x*log(x~2 + sqrt(-x"2 + 1)) + 1/4*sqrt(2)*sqrt(sqrt
(6) - 1)*log(2*x + sqrt(2)*sqrt(sqrt(5) - 1)) - 1/4xsqrt(2)*sqrt(sqrt(5) -
1)*log(2*x - sqrt(2)*sqrt(sqrt(5) - 1)) + 1/4xsqrt(2)*sqrt(sqrt(5) - 1)x*log
(-(2*x72 + (sqrt(2)*sqrt(-x"2 + 1)*x - sqrt(2)*x)*sqrt(sqrt(5) - 1) + 2*sqr
t(-x"2 + 1) - 2)/x72) - 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log(-(2*x"2 - (sqrt(2
)*sqrt(-x72 + 1)*x - sqrt(2)*x)*sqrt(sqrt(5) - 1) + 2xsqrt(-x"2 + 1) - 2)/x
~2) - 2xx + 2*arctan((sqrt(-x~2 + 1) - 1)/x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/log<x2+m)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x**2+(-x**2+1)**(1/2)),x)
[Out] Integral(log(x**2 + sqrt(1l - x**2)), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 301 vs. 2(138) =
276.
time = 0.03, size = 404, normalized size = 2.18

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x~2+(-x"2+1)"(1/2)),x)

[Out] x*log(x~2 + sqrt(-x~2 + 1)) - 1/2*pi*sgn(x) + 1/2xsqrt(2*sqrt(5) + 2)*arcta
n(x/sqrt(1/2*sqrt(5) + 1/2)) - 1/2*sqrt(2*sqrt(5) + 2)*arctan(-(x/(sqrt(-x~

2+ 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)/sqrt(2*sqrt(5) + 2)) + 1/4xsqrt(2x*sqr

t(5) - 2)*log(abs(x + sqrt(1/2xsqrt(5) - 1/2))) - 1/4*sqrt(2*sqrt(5) - 2)*1
og(abs(x - sqrt(1/2*sqrt(5) - 1/2))) - 1/4xsqrt(2*sqrt(5) - 2)*log(abs(sqrt
(2%sqrt(5) - 2) - x/(sqrt(-x"2 + 1) - 1) + (sqrt(-x"2 + 1) - 1)/x)) + 1/4x*s

qrt (2*sqrt(5) - 2)*log(abs(-sqrt(2*sqrt(5) - 2) - x/(sqrt(-x"2 + 1) - 1) +
(sqrt(-x"2 + 1) - 1)/x)) - 2#x - arctan(-1/2*x*x((sqrt(-x"2 + 1) - 1)72/x72

- 1)/(sqrt(-x"2 + 1) - 1))

Mupad [B]
time = 2.18, size = 608, normalized size = 3.29

(74 VITF) ~asin ) - 22+ —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x™2 + (1 - x~2)~(1/2)),%)

[Out] x*log(x~2 + (1 - x72)7(1/2)) - asin(x) - 2*x + (log(x - (27(1/2)*(57(1/2) -
1)°(1/2))/2)*(57(1/2)/2 - 5/2))/(2x(67(1/2)/2 - 1/2)~(1/2) + 4x(57(1/2)/2

- 1/2)7(3/2)) - (Log(x + (27(1/2)*(57(1/2) - 1)7(1/2))/2)*(57(1/2)/2 - 5/2)

)/ (2%(87(1/2)/2 - 1/2)7(1/2) + 4x%(67(1/2)/2 - 1/2)7(3/2)) - (log(x - (27(1/

2)*x(- 57(1/2) - 1)7(1/2))/2)*(57(1/2)/2 + 5/2))/(2x(- 57(1/2)/2 - 1/2)~(1/2

) + 4x(- 57(1/2)/2 - 1/2)7(3/2)) + (log(x + (27(1/2)*(- 57(1/2) - 1)~(1/2))
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/2)%(57(1/2)/2 + 5/2))/(2%(- 57(1/2)/2 - 1/2)"(1/2) + 4x(- 57(1/2)/2 - 1/2)
~(3/2)) + (Qog((((xx(57(1/2)/2 - 1/2)7(1/2) + 1)*1i)/(3/2 - 57(1/2)/2)"(1/2
) + (1 - x72)7(1/2)*1i)/(x + (67(1/2)/2 - 1/2)7(1/2)))*((3*57(1/2))/2 - 5/2
))/((2%(57(1/2)/2 - 1/2)7(1/2) + 4x(57(1/2)/2 - 1/2)~(3/2))*(3/2 - 57(1/2)/
2)7(1/2)) - (QLog((((x*x(- 57(1/2)/2 - 1/2)~(1/2) + 1)*1i)/(67(1/2)/2 + 3/2)~
(1/72) + (1 - x72)"(1/2)*%1i)/(x + (- 57(1/2)/2 - 1/2)7(1/2)))*((3*%57(1/2)) /2
+5/2))/((2%(- 57(1/2)/2 - 1/2)~(1/2) + 4x(- 57(1/2)/2 - 1/2)7(3/2))*(6~(1
/2)/2 + 3/2)7(1/2)) - (Qog((((x*(57(1/2)/2 - 1/2)~(1/2) - 1)*1i)/(3/2 - 57(
1/2)/2)"(1/2) - (1 - x72)7(1/2)*11)/(x - (67(1/2)/2 - 1/2)7(1/2)))*((3*5~(1
/2))/2 - 8/2))/((2x(57(1/2)/2 - 1/2)~(1/2) + 4%x(57(1/2)/2 - 1/2)7(3/2))*(3/
2 - 57(1/2)/2)7(1/2)) + (QLog((((xx(- 57(1/2)/2 - 1/2)7(1/2) - 1)*1i)/(5~(1/
2)/2 + 3/2)"(1/2) - (1 - x”2)~(1/2)*1i)/(x - (- 57(1/2)/2 - 1/2)~(1/2)))*((
3%67(1/2))/2 + 5/2))/((2%(- 57(1/2)/2 - 1/2)~(1/2) + 4%(- 5°(1/2)/2 - 1/2)~
(3/2))*(57(1/2)/2 + 3/2)~(1/2))



163

3.27 [y

Optimal. Leaf size=102

—% log ((% _ %) (i — em)) log (1 + e“)—% log ((—% - %) (i + e””)) log (1 + ) —Lis (—em)—%Lb ((%

[Out] -1/2%1n((1/2-1/2*I)*(I-exp(x)))*1n(1+exp(x))-1/2%1n((-1/2-1/2*I)*(I+exp(x))
)*1n(1+exp(x))-polylog(2,-exp(x))-1/2*polylog(2, (1/2-1/2*I)*(1+exp(x)))-1/2
*polylog(2, (1/2+1/2*I)*(1+exp(x)))

Rubi [A]

time = 0.10, antiderivative size = 102, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules
steps used = 12, number of rules used = 10, integrand size = 16, integrand size 0.625,

Rules used = {2320, 272, 36, 29, 31, 2463, 2438, 266, 2441, 2440}

~Lip (~¢) ~ 1Ly (G - %) 1+ ez)) ~ 3l ((% + %) 1+ ew)) - 5log (G - é) (= + i)) log (¢" +1) — 5 log ((—% - %) @+ i)) log (¢* + 1)

Antiderivative was successfully verified.
[In] Int[Log[1l + E~x]1/(1 + E~(2*x)),x]

[Out] -1/2*%(Logl[(1/2 - I/2)*(I - E~x)]1*Logl[l + E"x]) - (Log[(-1/2 - I/2)*(I + E"x
)1xLog[1 + E"x1)/2 - PolyLog[2, -E"x] - PolyLogl[2, (1/2 - I/2)*(1 + E"x)1/2
- PolyLog[2, (1/2 + I/2)*x(1 + E"x)]/2

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 36

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0]

Rule 266
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 272
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Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQl{a, b
, m, n, p}, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + b*Log[l + c*e*x(x/g)])/x, x], x, f + g*x
1, x]1 /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[exf - d*g, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - dxg))]*((a + b*Loglc*(d + ex*x
)°nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + e*xx)
, x]1, x]1 /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)I*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£f) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLog[cx(d + exx)"n])"p, (h*x) m*(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢
,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[ql

Rubi steps
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1+ e z(1+22)
= Subst / log(1 + z) — zlog(l + 7) dx,x,e”
x 1+ 22
= Subst /M dz,z,e” | — Subst / M dx,x,e’
x 1+ 2

— _Liy (—e®) — Subst (/ (_log(l + 1) N log<1 + x)) iz, e’”)

2(i — x) 20 +x)

= —Liy (—€”) + %Subst (/ 108;.(1——'_x)dx,x, e"”> - %Sub t (/ log(i——i—x)d x e””)

1— T

%— %) (i—ez)) log (1 + €%) — %log ((—

- %) (i — ez)) log (1 + €%) — %log ((—

1
2
%— %) (i—ez)> log (1+¢€%) — %log ((—

) i+e” >10g 14 €%) -

l\DII—l
MI@

i+e” )log 14 €%) -

)
) i+e” >log 14 €%) -

l\:JIb—l [\Dll—l
NJI@ l\:>ls

Mathematica [A]
time = 0.01, size = 102, normalized size = 1.00

log((; 2)( “)>log(1+ez)—%log<(; 2)(1+8z))log(1+e) Lip (—€®) — L12<(; 2)(1+e)>— Lu((é-‘r%)(l-&—ez))

Antiderivative was successfully verified.

[In] Integrate[Log[1l + E"x]/(1 + E~(2%x)),x]

[Out] -1/2%(Logl(1/2 - I/2)*(I - E"x)]*Log[1l + E"x]) - (Logl[(-1/2 - I/2)*(I + E7x
)1*Logl[l + E"x])/2 - PolyLog[2, -E"x] - PolyLogl[2, (1/2 - I/2)*(1 + E"x)]/2
- PolyLog[2, (1/2 + I/2)*(1 + E"x)]1/2

Mathics [F(-1)]
time = 0.00, size = 0, normalized size = 0.00

Timed out

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Log[l + Exp[x]]/(1 + Exp[2*x]),x]’)
[Out] Timed out
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Maple [A]
time = 0.02, size = 83, normalized size = 0.81

method | result

risch _ dllog (1 n ew) _ In(1+4e%) ln(é;f—ki(l;e“’)) _ In(1+4e”) ln(é;e;_i(lzez)) _ dilog(é_e;;_f_i(l-;e’”)) dilog(%—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(1l+exp(x))/(1+exp(2%*x)),x,method=_RETURNVERBOSE)

[Out] -dilog(l+exp(x))-1/2*1n(1+exp(x))*1n(1/2-1/2*exp(x)+1/2*%I*(1+exp(x)))-1/2%1
n(1+exp(x))*1n(1/2-1/2%exp(x)-1/2*I*(1+exp(x)))-1/2*dilog(1/2-1/2*exp(x)+1/
2xIx(1+exp(x)))-1/2*%dilog(1/2-1/2*%exp(x)-1/2*I*(1+exp(x)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+exp(x))/(1+exp(2*x)),x, algorithm="maxima")
[Out] integrate(log(e™x + 1)/(e~(2*x) + 1), x)
Fricas [F]

time = 0.33, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(log(l+exp(x))/(1+exp(2#x)),x, algorithm="fricas")
[Out] integral(log(e”x + 1)/(e”~(2*x) + 1), x)

Sympy [F(-1)]
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(l+exp(x))/(1+exp(2*x)),x)
[Out] Timed out

Giac [F] N/A

time = 0.00, size = 0, normalized size = 0.00

Could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+exp(x))/(1+exp(2*x)),x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

In(e” +1)
/—e“—l—l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(exp(x) + 1)/(exp(2*x) + 1),x)
[Out] int(log(exp(x) + 1)/(exp(2*x) + 1), x)
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3.28 [ cosh(z) log? (1 + cosh®(z)) dz

Optimal. Leaf size=159

—8v/2 tan™? (Sirj;ﬁx)>+4i\/§ tan~! (Si%x)>2+8x/5 tan~! <Sirjl2£x)) log ( 7 -|2—\z'/s2:nh(x)>+4\/§ -

[Out] 8*sinh(x)-4*1n(2+sinh(x)~2)*sinh(x)+1n(2+sinh(x)~2) "2*sinh(x)-8*arctan(1/2*
sinh(x)*27(1/2))*27(1/2)+4xI*arctan(1/2*sinh(x)*2~(1/2)) "2%2~(1/2)+4*arctan
(1/2*sinh(x)*27(1/2))*1n(2+sinh(x) ~2)*2~ (1/2)+8*arctan(1/2*sinh (x) *2~(1/2))
*1n(2%27(1/2)/(I*sinh(x)+27(1/2)))*2~(1/2) +4xI*polylog(2,1-2%27(1/2) /(I*sin
h(x)+27(1/2)))*27(1/2)

Rubi [A]

time = 0.13, antiderivative size = 159, normalized size of antiderivative = 1.00, number of

steps used = 13, number of rules used = 12, integrand size = 12, number of rules _ 1.000,
integrand size

Rules used = {4443, 2500, 2526, 2498, 327, 209, 2520, 12, 5040, 4964, 2449, 2352}

2v2'

4ivV2'Lig (1
‘ '2( isinh(z) + v2'

) +8sinh(z) + sinh(z) log? (sinh?(z) +2) — 4sinh(z)log (sinh?(z) +2) + 4iv2 tan~" (5“\‘}“;))2 ~8v2 tan”! (5“\‘}“;”) +4v/2 log (sinh?(z) + 2) tan™* (%) +8v2 log (%) tan~! (5‘"1“(’))

Antiderivative was successfully verified.
[In] Int[Cosh[x]*Logl[l + Cosh[x]~2]~2,x]

[Out] -8xSqrt[2]*ArcTan[Sinh[x]/Sqrt[2]] + (4*I)*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]1]~
2 + 8xSqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]*Log[(2*Sqrt[2])/(Sqrt[2] + I*Sinh([x])

] + 4xSqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]*Log[2 + Sinh[x]~2] + (4*I)*Sqrt[2]*Po
lyLogl[2, 1 - (2*Sqrt[2])/(Sqrt[2] + I*Sinh[x])] + 8*Sinh[x] - 4*Log[2 + Sin
h[x]~2]*Sinh[x] + Log[2 + Sinh[x]~2]"2#Sinh[x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 21*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 327

Int [((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + bxx™n) " (p + 1)/(bx(m + n*xp + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
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+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 2498

Int[Logl(c_.)*((d.) + (e_)*x(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Log[c*(d
+ exx™n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, 4,
e, n, p}, xJ

Rule 2500

Int[((a_.) + Logl(c_.)*((d)) + (e_.)*(x_)"(n_))"(p_.)]*(b_.))"(q_ ), x_Symbo
1] :> Simp[x*(a + b*Loglc*(d + e*x"n)"pl)~q, x] - Dist[bxexn*p*q, Int[x"n*(
(a + bxLoglc*(d + exx™n)"pl)~(q - 1)/(d + exx"n)), x], x] /; FreeQ[{a, b, c
, d, e, n, p}, x] && IGtQ[q, O] && (EqQ[q, 1] || IntegerQ[nl)

Rule 2520

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))/((£_) + (g_.)
*(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[ux(a + b*
Loglc*(d + e*x"n)"pl), x] - Dist[b*e*n*p, Int[u*x(x"(n - 1)/(d + exx"n)), x]
, x11 /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] & IntegerQ[n]

Rule 2526

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)"(@)) " (p_.)1*(_.))"(q_.)*(x_)"(m
_Ox((£)) + (g_)*(x_)"(s_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Log[cx(d + exx™n)"pl)~q, x"m*(f + g*x~s)°r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQ[q, O] &% IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 4443

Int[Cosh[(c_.)*((a_.) + (b_.)*(x_))]1*(u_), x_Symbol] :> With[{d = FreeFacto
rs[Sinh[cx(a + b*x)], x]}, Dist[d/(b*c), Subst[Int[SubstFor[1, Sinh[cx(a +
b*x)]1/d, u, x], x], x, Sinh[c*(a + b*x)]/d], x] /; FunctionOfQ[Sinh[c*(a +
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bxx)]/d, u, x]] /; FreeQ[{a, b, c}, x]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*cx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]1/(1 + c~2%x72)),
x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b¥ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x]) p/(I - c*x), x], x] /; FreeQl[{a, b, c,
d, e}, x] &% EqQle, c"2*d] && IGtQ[p, O]

Rubi steps
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/ cosh(z) log” (1 + cosh®(z)) dz = Subst ( / log” (2 + z%) dz,z,sinh(z

z?log (2 |
= log” (2 + sinh*(z)) sinh(z) — 4Subst o2g " ;2— z) dz,,sinh(z )
2log (2 + 2

24z

@)
(/*

= log? (2 + sinh?(z)) sinh(z) — 4Subst( (log (2+2%) —
(

= log? (2 + sinh®*(z)) sinh(z) — 4Subst log (2 + 2°) dz, smh(m)) :

= 4+/2 tan™! (SH:;L%) log (2 + sinh®*(z)) — 4log (2 + sinh®(z)) sinh(a

=4+v/2 tan™! (sm (x)) log (2 + sinh*(z)) + 8sinh(z) — 4log (2 + sint

5=

~—

. . 2
= —8\/5 tan~! (smh(w ) +4i\/§ tan~! <smh(a:)) +4\/§ tan~! <§

o)

S

~—

. . 2
= —8\/5 tan ™ (smh(m ) +4i\/§ tan™! <s1nh(x)) +8\/5 tan™! (§

S
S

~—
~—

. . 2
= —8\/5 tan~! (smh(z ) +4i\/§ tan~! (smh(a: ) +8\/5 tan~! (§

S
S

~—
~—

. h . h 2
— —8v2 tan™! (sm (@ > +4i/2 tan™? <sm (@ ) +84/2 tan! (§

S
S

Mathematica [A]
time = 0.06, size = 122, normalized size = 0.77

42 tan™! (%2(2)) <—2 +itan™! (sirj;iz)) +2log (m) +1log (2+ sinhz(z))> +4iv/2 L, (%) + (8 — 4log (2 + sinh’(z)) + log® (2 + sinh*(z))) sinh(z)

Antiderivative was successfully verified.

[In] Integrate[Cosh[x]*Log[1l + Cosh[x]~2]"2,x]
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[Out] 4*Sqrt[2]*ArcTan[Sinh([x]/Sqrt[2]]1*(-2 + I*ArcTan[Sinh[x]/Sqrt[2]] + 2*Logl[(
4x1)/(2*I - Sqrt[2]*Sinh[x])] + Log[2 + Sinh[x]~2]) + (4*I)*Sqrt[2]*PolyLog

[2, (2%I + Sqrt[2]*Sinh[x])/(-2*I + Sqrt[2]*Sinh[x])] + (8 - 4xLog[2 + Sinh
[x]72] + Logl[2 + Sinh[x]~2]72)*Sinh[x]

Mathics [F(-1)]

time = 0.00, size = 0, normalized size = 0.00

Timed out

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Logl[l + Cosh[x]~2]~2*Cosh[x],x]’)
[Out] Timed out

Maple [F]
time = 0.10, size = 0, normalized size = 0.00

/cosh (z) In (1 + cosh® (z))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)*1n(1+cosh(x)~2)"2,x%)
[Out] int(cosh(x)*1n(1+cosh(x)~2)"2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(l+cosh(x)~2)"2,x, algorithm="maxima")

[Out] 1/2*%(e”(2%x) - 1)*e~(-x)*log(e”(4*x) + 6*%e~(2*x) + 1)72 - 2x(e”(-x) + integ
rate((e”(2%x) + 6)xe"x/(e~(4xx) + 6xe~(2xx) + 1), x))*Llog(2)"2 + 2*(e”x - i
ntegrate ((6xe~(2xx) + 1)*e"x/(e”(4*x) + 6%e~(2*x) + 1), x))*log(2)72 + 14x*i
ntegrate(e”(3*x)/(e~(4*x) + 6%e”(2*x) + 1), x)*log(2)~2 + 14*integrate(e”x/
(e~ (4xx) + 6xe~(2xx) + 1), x)*1og(2)~2 + 4*xintegrate(x*e”(6*x)/(e”~(5%x) + 6
xe~(3*x) + e"x), x)*log(2) + 28*integrate(x*e” (4*x)/(e~(5*x) + 6xe~(3*x) +
e"x), x)*log(2) + 28xintegrate(xxe”(2xx)/(e”(5*x) + 6*%e~(3*x) + e7x), x)*lo
g(2) - 2xintegrate(e”(6*x)*log(e”(4*x) + 6%e~(2*x) + 1)/(e”(b*x) + 6%e” (3*x
) + e7x), x)*log(2) - l4xintegrate(e” (4xx)*log(e”(4*x) + 6*%e”(2*x) + 1)/(e”
(6xx) + 6%e~(3*x) + e7x), x)*log(2) - 1l4xintegrate(e”(2*x)*log(e” (4*x) + 6%
e~ (2*%x) + 1)/(e”(5*x) + 6%xe~(3*x) + e"x), x)*1log(2) + 4*xintegrate(x/(e”(5*x
) + 6*%e”(3*%x) + e"x), x)*log(2) - 2+integrate(log(e”(4*x) + 6*e~(2*x) + 1)/
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(e~ (5*x) + 6%xe~(3*x) + e"x), x)*1log(2) + 2*integrate(x~2xe~(6%x)/(e”(5*x) +
6*e”(3*%x) + e"x), x) + 1l4xintegrate(x~2xe”(4xx)/(e”(5*x) + 6*%e”(3*x) + e7x
), x) + 1l4xintegrate(x~2*e”(2xx)/(e”(5*x) + 6%e~(3%x) + e"x), x) - 2%integr
ate(xxe” (6xx)*log(e”(4*x) + 6%e~(2*x) + 1)/(e”(5*x) + 6*%e~(3*%x) + e7x), x)
- l4xintegrate(x*e”(4*x)*log(e” (4*x) + 6xe”~(2xx) + 1)/(e”(5*x) + 6%e”(3%*x)
+ e7x), x) - l4xintegrate(x*e”(2*x)*log(e” (4*x) + 6*%e~(2*x) + 1)/(e~(5*x) +
6*e”(3*%x) + e"x), x) + 2xintegrate(x”2/(e”(5%x) + 6%e”(3*x) + e7x), x) - 2
*xintegrate(x*log(e” (4*x) + 6%e”~(2*x) + 1)/(e”(5%x) + 6%e”(3*x) + e7x), x) -
4xintegrate(e” (6*x)*log(e”(4*x) + 6%e~(2xx) + 1)/(e”(5*x) + 6%e~(3*x) + e~
x), Xx) - 8+integrate(e” (4*xx)*log(e”(4*x) + 6*%e~(2%x) + 1)/(e”(5*x) + 6%e~(3
*x) + e"x), x) + 12xintegrate(e”(2xx)*log(e”(4*x) + 6%e”(2*x) + 1)/(e”(5*x)
+ 6%e”(3*x) + e7x), X)

Fricas [F]
time = 0.32, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(x)*log(l+cosh(x)~2)"2,x, algorithm="fricas")
[Out] integral(cosh(x)*log(cosh(x)~2 + 1)72, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/log (cosh® (z) + 1)2 cosh (z) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*1n(1+cosh(x)**2)**2,x)
[Out] Integral(log(cosh(x)**2 + 1)**2*cosh(x), x)
Giac [F] N/A

time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(1l+cosh(x)~2)"2,x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ln (cosh () + 1)2 cosh (z) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(cosh(x)~2 + 1)~2*cosh(x),x)
[Out] int(log(cosh(x)~2 + 1)~ 2xcosh(x), x)
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3.29 [ cosh(z) log? (cosh?(z) + sinh(z)) dz
Optimal. Leaf size=395

—4V§twl1(li%%?&ﬁ)—%(1—¢¢§)b£(1—iv§V+2amm@)—<1+i¢§)bg(igtlﬁég

[Out] -2*1n(1+sinh(x)+sinh(x)~2)+8*sinh(x)-4*1n(1+sinh(x)+sinh(x)~2)*sinh(x)+1n(1
+sinh(x)+sinh(x) ~2) “2*sinh(x)+1n(1+sinh(x)+sinh(x) "2)*1n(1+2*sinh(x)-I*3~ (1
/2))*(1-I1*37(1/2))-1/2*%1n(1+2*xsinh (x)-I*37(1/2)) "2* (1-I*3"(1/2) )-1n(1+2*sin
h(x)-I*37(1/2))*1n(-1/6*I*(1+2*sinh(x)+I*37(1/2))*37(1/2))*(1-I*x3~(1/2))-po
lylog(2,1/6%(I+2*I*sinh(x)+37(1/2))*37(1/2))*(1-I*3~(1/2))+1n(1+sinh(x)+sin
h(x)~2) *1n(1+2*sinh (x)+I*3~(1/2) ) *(1+I*37(1/2))-1/2*1n(1+2*sinh (x)+I*3~(1/2

)) "2x (1+Ix37(1/2) ) -1n(1+2*sinh (x)+I*3~(1/2) ) *1n(1/6*I* (1+2*sinh (x)-I*3~(1/2
))*37(1/2))*(1+I%*37(1/2) ) -polylog(2,1/6*%(-I-2*I*sinh(x)+37(1/2))*37(1/2))*(
1+Ix37(1/2))-4*arctan(1/3*(1+2*sinh(x))*37(1/2))*37(1/2)

Rubi [A]
time = 0.35, antiderivative size = 395, normalized size of antiderivative = 1.00, number of

steps used = 28, number of rules used = 15, integrand size = 13, number of rules _ 1.154,
integrand size

Rules used = {4443, 2603, 2608, 787, 648, 632, 210, 642, 2604, 2465, 2437, 2338, 2441, 2440,
2438}

Antiderivative was successfully verified.
[In] Int([Cosh[x]*Log[Cosh[x]~2 + Sinh[x]]~2,x]

[Out] -4%Sqrt[3]*ArcTan[(1 + 2%Sinh[x])/Sqrt[3]] - ((1 - I*Sqrt[3])*Logl[l - I*Sqr
t[3] + 2#Sinh([x]1]172)/2 - (1 + I*Sqrt[3])*Log[((I/2)*(1 - I*Sqrt[3] + 2*Sinh
[x]1))/Sqrt[3]]1*Log[1 + I*Sqrt[3] + 2*Sinh[x]] - ((1 + I*Sqrt[3])*Logl[l + Ix
Sqrt[3] + 2*Sinh[x]1]172)/2 - (1 - I*Sqrt[3])*Log[l - I*Sqrt[3] + 2*Sinh[x]]=*
Log[((-1/2%I)*(1 + IxSqrt[3] + 2xSinh[x]))/Sqrt[3]] - 2#Log[l + Sinh[x] + S
inh[x]72] + (1 - I*Sqrt[3])*Logll - I*Sqrt[3] + 2*Sinh[x]]*Log[1 + Sinh[x]
+ Sinh[x]~2] + (1 + I*Sqrt[3])*Logl[l + IxSqrt[3] + 2*Sinh[x]]*Log[1l + Sinh[
x] + Sinh[x]~2] - (1 + I*Sqrt[3])*PolyLogl[2, -1/2%(I - Sqrt[3] + (2*I)*Sinh
[x])/Sqrt[3]] - (1 - IxSqrt[3])*PolyLogl[2, (I + Sqrt[3] + (2*I)*Sinh[x])/(2
*Sqrt[3])] + 8+Sinh([x] - 4xLog[l + Sinh[x] + Sinh[x]"2]*Sinh[x] + Log[1l + S
inh[x] + Sinh[x]~2]~2*Sinh[x]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]1*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)
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Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2*xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 787

Int[(((d_.) + (e_)*x(x))*((£f) + (g_.)*(x_)))/((a_.) + (b_.)*x(x_) + (c_.)*
(x_)"2), x_Symbol] :> Simpl[e*g*(x/c), x] + Dist[1/c, Int[(cxd*f - akxexg + (
cxexf + cxdxg - bxexg)*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e
, T, g}, x] & NeQ[b~2 - 4x*a*c, 0]

Rule 2338

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))/(x_), x_Symbol] :> Simp[(a + bx*Lo
glcxx™n])~2/(2%b*n), x] /; FreeQ[{a, b, c, n}, x]

Rule 2437

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)I*x(b_.))"(p_)*((£f)) + (g_.
)*¥(x_))~(q_.), x_Symbol] :> Dist[1/e, Subst[Int[(f*(x/d)) gq*(a + b*Logl[c*x"
n])7p, x], x, d + exx], x] /; FreeQ[{a, b, c, d, e, £, g, n, p, q}, x] & E
qQlexf - dxg, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))]*x(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
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1, x]1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)1*(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*g))]l*((a + b*xLoglcx(d + e*xx
)"nl)/g), x] - Dist[bxex(n/g), Int[Logl[(ex(f + g*x))/(exf - d*g)]l/(d + exx)
, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] & NeQ[exf - dxg, 0]

Rule 2465

Int[((a_.) + Logl(c_.)*((d_)) + (e_.)*x(x_))"(n_.)1*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + e*x)"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2603

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a +
bxLog[c*RFx~p]) "n, x] - Dist[b*n*p, Int[SimplifyIntegrand[x*(a + b*Log[c*R
Fx"p])~(n - 1)*(D[RFx, x]/RFx), x], x], x] /; FreeQ[{a, b, c, p}, x] && Rat
ionalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2604

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[Logl[d + exx]*((a + bxLog[c*RFx~pl)~n/e), x] - Dist[b*n*(p/e)
, Int[Logld + exx]*(a + b*Log[c*RFx"pl)~(n - 1)*(D[RFx, x]/RFx), x], x] /;

FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2608

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + bxLog[c*RFx~pl) n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 4443

Int[Cosh[(c_.)*x((a_.) + (b_.)*(x_))I*(u_), x_Symbol] :> With[{d = FreeFacto
rs[Sinh[cx(a + b*x)], x]}, Dist[d/(b*c), Subst[Int[SubstFor[1, Sinh[cx(a +
b*x)]/d, u, x], x], x, Sinh[c*(a + b*x)]/d], x] /; FunctionOfQ[Sinh[c*x(a +
b*x)]/d, u, x]] /; FreeQ[{a, b, c}, x]

Rubi steps
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/cosh(x) log” (cosh?(z) + sinh(z)) dz = Subst (/ log” (1+z + 2°) dz,z, sinh(x))

z(1+ 2z) log

= log” (1 + sinh(z) + sinh®(z)) sinh(z) — 2Subst </ 2

= log” (1 + sinh(z) + sinh®(z)) sinh(z) — 2Subst </ (2 log (14 =z

= log? (1 + sinh(z) + sinhQ(x)) sinh(z) 4+ 2Subst ( / %

= —4log (1 + sinh(z) + sinh*(z)) sinh(z) + log” (1 + sinh(z) + sin
= 8sinh(z) — 4log (1 + sinh(z) + sinh®(z)) sinh(z) + log” (1 + sint

= (1 - Z\/§> log (1 —iV3 + QSinh(x)) log (1 + sinh(z) + sinh?(a
= —2log (1 + sinh(z) + sinh?(z)) + (1 - z\/?T) log (1 — V3 +2

= —4+/3 tan™! <%§1h(ay)) — 2log (1 + sinh(z) + sinh®(z)) +

= —44/3 tan~! <%§1h(x)) — % (1 — z\/§> log? <1 —iV3 +

— —4v/3 tan™! (—1 ha 2;;111(‘”)) = % (1-1v3 ) log? (1- V3 +

Mathematica [A]
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time = 0.15, size = 347, normalized size = 0.88

Antiderivative was successfully verified.

[In] Integrate[Cosh[x]*Logl[Cosh[x]~2 + Sinh[x]]"~2,x]

[Out] -4%Sqrt[3]*ArcTan[(1 + 2%Sinh[x])/Sqrt[3]] - 2*Logl[1l + Sinh[x] + Sinh[x]~2]
+ (1 - IxSqrt[3])#*Logl[l - I*Sqrt[3] + 2#Sinh[x]]*Log[1 + Sinh[x] + Sinh[x]

~2] + (1 + IxSqrt[3])#*Logl[l + I*Sqrt[3] + 2#Sinh[x]]*Log[1 + Sinh[x] + Sinh
[x]172] - (I/2)*(-I + Sqrt[3])*(Logll + IxSqrt[3] + 2xSinh[x]]*(2*Log[(I + S
qrt[3] + (2*I)*Sinh([x])/(2*Sqrt[3])] + Log[l + I*Sqrt[3] + 2*Sinh[x]]) + 2x
PolyLog[2, (-I + Sqrt[3] - (2*I)*Sinh[x])/(2*Sqrt[3]1)]) + (I/2)*(I + Sqrt([3
1)*(Log[1 - I*Sqrt[3] + 2xSinh[x]]*(2*Log[(-I + Sqrt[3] - (2*I)*Sinh([x])/(2
*xSqrt[3])] + Logl[l - IxSqrt[3] + 2xSinh[x]]) + 2*PolyLog[2, (I + Sqrt[3] +
(2xI)*Sinh[x])/(2%Sqrt[3])]) + 8*Sinh[x] - 4xLog[l + Sinh[x] + Sinh[x]~2]*S
inh[x] + Log[1 + Sinh[x] + Sinh[x]~2]~2*Sinh[x]

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Log[Sinh[x] + Cosh[x]~2]~2*Cosh[x],x]’)
[Out] cought exception: maximum recursion depth exceeded

Maple [F]
time = 0.08, size = 0, normalized size = 0.00

/ cosh (z) In (cosh? (z) + sinh (:c))2 dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)*1n(cosh(x) "2+sinh(x))~2,x)
[Out] int(cosh(x)*1n(cosh(x) "2+sinh(x))~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x) 2+sinh(x))~2,x, algorithm="maxima")
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[Out] 1/2%(e”(2%x) - 1)*e~(-x)*log(e”(4*x) + 2%e~(3*x) + 2%e~(2*x) - 2*e"x + 1)72
+ 2x(2xx - e~ (-x) - integrate((2*e~(3*x) + b*e”(2*x) + 6*%e"x - 2)*e"x/(e”(
4xx) + 2%e~(3*x) + 2xe”(2*x) - 2xe"x + 1), x))*log(2)"2 - 4*(x - integrate(
(e7(3*x) + 2%e™(2%x) + 2%e"x - 2)*e"x/(e”(4*xx) + 2%e”(3*x) + 2%e”(2*x) - 2%
e"x + 1), x))*log(2)"2 + 2+(e”x - integrate((2*e~(3*x) + 2xe”~(2xx) - 2*e"x
+ 1)*e"x/(e”(4*x) + 2%xe~(3*x) + 2xe~(2%x) - 2xe"x + 1), x))*log(2)~2 + 4xin
tegrate(e” (4*x)/ (e~ (4*xx) + 2xe~(3*x) + 2xe~(2xx) - 2¥e"x + 1), x)*log(2)~2
+ 6xintegrate(e”(3*x)/ (e~ (4*x) + 2xe~(3*x) + 2xe~(2*x) - 2*e"x + 1), x)*log
(2)72 + 6xintegrate(e”x/ (e~ (4*x) + 2%e~(3*x) + 2%e”(2%x) - 2%e"x + 1), x)*1
0g(2)~2 + 4xintegrate(x*e” (6xx)/(e”(5*x) + 2%e~(4*x) + 2¥e~(3%x) - 2xe” (2*x
) + e7x), x)*log(2) + 8xintegrate(x*e” (5*x)/(e”(5*x) + 2xe~(4*x) + 2xe~(3*x
) - 2%e~(2*x) + e7x), x)*log(2) + 12xintegrate(xxe”(4xx)/(e”(5*x) + 2%e” (4%
X) + 2xe~(3*x) - 2xe~(2xx) + e"x), x)*log(2) + 12+integrate(x*e”(2*x)/(e~(5
*x) + 2xe”(4xx) + 2%e”(3*x) - 2%e”(2%x) + e7x), x)*log(2) - 8xintegrate(x*e
“x/(e”(5*x) + 2xe~(4*x) + 2xe~(3*x) - 2xe~(2*x) + e"x), x)*log(2) - 2*integ
rate(e”(6%x)*log(e~(4*x) + 2xe~(3*x) + 2xe~(2xx) - 2%e"x + 1)/(e”(5*x) + 2%
e~ (4*x) + 2%e~(3*x) - 2*xe~(2*x) + e7"x), x)*1log(2) - 4xintegrate(e” (5*x)*log
(e”(4*x) + 2%e~(3%x) + 2%e~(2%x) - 2xe"x + 1)/(e”(5xx) + 2*%e~(4*x) + 2%e~(3
*xx) - 2%xe”(2xx) + e7x), x)*log(2) - 6*xintegrate(e”(4*x)*log(e~(4*x) + 2xe”(
3%x) + 2%e”(2xx) - 2xe”x + 1)/(e”(5*x) + 2%e”(4*x) + 2%e”(3*x) - 2%e”(2%x)
+ e7x), x)*log(2) - 6*xintegrate(e”(2*x)*log(e~(4*x) + 2*e~(3*x) + 2xe~(2%x)
- 2xe"x + 1)/(e”(5*x) + 2xe~(4*x) + 2xe~(3*x) - 2xe”(2xx) + e7x), x)*log(2
) + 4xintegrate(e“x*xlog(e”(4*x) + 2%e”(3%x) + 2%e”(2*x) - 2*e"x + 1)/(e” (5%
X) + 2%e~(4*x) + 2xe~(3*x) - 2xe~(2*x) + e"x), x)*log(2) + 4xintegrate(x/(e
~(5*x) + 2%e”(4%x) + 2*%e”(3%x) - 2%e”(2%x) + e7x), x)*log(2) - 2*integrate(
log(e~(4*xx) + 2%e~(3*x) + 2xe~(2*x) - 2xe"x + 1)/(e”(5*x) + 2xe~(4*x) + 2xe
~(8*%x) - 2xe~(2*x) + e"x), x)*log(2) + 2*integrate(x~2xe~(6%x)/(e”(5%x) + 2
xe” (4*xx) + 2xe~(3xx) - 2xe”(2xx) + e7x), x) + 4xintegrate(x~2xe~(5xx)/(e” (5
*x) + 2%e”(4xx) + 2%e~(3*x) - 2xe”(2*x) + e"x), x) + 6*integrate(x~2*e” (4*x
)/ (e™(5%x) + 2%e”(4*x) + 2%e”(3*x) - 2*e”(2*x) + e7x), x) + 6*integrate(x”2
xe” (2%x) / (e~ (5*x) + 2xe~(4*x) + 2xe~(3*x) - 2xe~(2*x) + e7"x), x) - 4xintegr
ate(x"2%e"x/ (e~ (5xx) + 2xe~(4xx) + 2%~ (3*x) - 2%e~(2%x) + e7x), X) - 2*int
egrate(xxe” (6*x)*log(e~(4*x) + 2xe~(3*x) + 2xe~(2xx) - 2xe"x + 1)/(e”(5x*x)
+ 2xe”(4xx) + 2%e”(3*x) - 2%e”(2#x) + e7x), x) - 4xintegrate(x*e”(5*x)*1log(
e~ (4*x) + 2%e~(3%x) + 2xe”(2xx) - 2xe"x + 1)/(e”(5*x) + 2%e”(4*x) + 2%e” (3%
Xx) - 2%e”(2*%x) + e7x), x) - 6*xintegrate(x*e”(4*x)*log(e~(4*x) + 2xe”(3*x) +
2%e”(2xx) - 2%e"x + 1)/(e”(5*x) + 2%e~(4*x) + 2%e~(3*x) - 2%e~(2*x) + e"x)
, X) — 6*xintegrate(x*e” (2*x)*log(e”(4*x) + 2*e~(3*x) + 2xe~(2*x) - 2xe"x +
1)/(e”(5%x) + 2%e~(4*x) + 2%e”(3*x) - 2*e~(2*x) + e7"x), x) + 4*integrate(x*
e"xxlog(e” (4*x) + 2%e”(3*x) + 2%e”(2*x) - 2*%e"x + 1)/(e”(5*x) + 2%e™ (4*x) +
2%e”~ (3%x) - 2*e~(2*x) + e7x), x) + 2xintegrate(x”2/(e”(5%x) + 2%e”(4*x) +
2%e” (3xx) - 2*%e”(2xx) + e7x), x) - 2*xintegrate(x*log(e” (4xx) + 2*%e”(3xx) +
2%e~(2%x) - 2%e"x + 1)/(e”(5*x) + 2*%e~(4%x) + 2%e”~(3*x) - 2*%e~(2*x) + e7x),
x) - 4xintegrate(e”(6*x)*log(e~(4*x) + 2xe~(3*x) + 2xe~(2xx) - 2xe"x + 1)/
(e”(5*x) + 2*%e”(4xx) + 2%e”(3xx) - 2*e~(2xx) + e7x), x) - 6xintegrate(e” (5%
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x)*log(e~(4*x) + 2xe~(3*x) + 2xe~(2xx) - 2%e"x + 1)/(e”(5%x) + 2%e”(4*x) +
2xe”~ (3*x) - 2xe~(2*x) + e"x), x) + 8+integrate(e”(3*x)*log(e” (4*x) + 2*e~ (3
*x) + 2%e”(2%x) - 2%e"x + 1)/(e”(5xx) + 2%e”(4*x) + 2%e~(3%x) - 2%e”(2*x) +
e"x), x) + 4xintegrate(e”(2*x)*log(e” (4*x) + 2%e™(3*x) + 2%e™(2%x) - 2%e"x
+ 1)/(e”(5%x) + 2xe”(4xx) + 2*e”(3*x) - 2*%e~(2*x) + e7x), x) - 2*integrate
(e"xxlog(e” (4*x) + 2%e~(3*x) + 2%e~(2*x) - 2xe"x + 1)/(e”(5*x) + 2%e”(4*x)
+ 2%xe~(3%x) - 2%~ (2%x) + e7x), X)

Fricas [F|
time = 0.34, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x) 2+sinh(x))~2,x, algorithm="fricas")
[Out] integral(cosh(x)*log(cosh(x)~2 + sinh(x))~2, x)

Sympy [F(-1)]
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*1n(cosh(x)**2+sinh(x))**2,x)
[Out] Timed out

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x) ~2+sinh(x))"~2,x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/cosh (z) In (cosh (z)? + sinh (av))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)*log(sinh(x) + cosh(x)~2)"2,x)
[Out] int(cosh(x)*log(sinh(x) + cosh(x)~2)72, x)
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log (x-l— Vi+z )

1422

3.30 | dz

Optimal. Leaf size=981

%ilog (x/l—i‘ — \/1+x‘> log <x+ \/H——x)—%ilog <\/1—|—i‘ — \/1+x‘> log (a:—i— \/H—w>+%ilog (v

[Out] 1/2*I*1n((1+I)~(1/2)+(1+x)~(1/2))*1n((1-5"(1/2)+2*x (1+x)~(1/2))/ (1-2%(1+I) ~(
1/2)-57(1/2)))+1/2*I*polylog(2,2+ ((1+I)~(1/2)-(1+x)~(1/2))/ (1+2*(1+I)~(1/2)
+57(1/2)))-1/2*I*polylog(2,-2*%((1-I)~(1/2)+(1+x)~(1/2))/(1-2x(1-I)~(1/2)+5~
(1/2)))-1/2*I*polylog(2,2*((1-I)~(1/2)-(1+x)~(1/2)) /(1+2%x(1-I)~(1/2)-5"(1/2
IN)+1/2%Ix1n((1-1)~(1/2)-(1+x) ~(1/2)) *1n(x+(1+x) "~ (1/2))-1/2*xI*1n((1+I)~(1/2
)-(1+x)~(1/2) ) *1n(x+(1+x) ~(1/2) ) -1/2*I*1n(x+(1+x) ~(1/2) ) *1n((1+I) " (1/2)+(1+
x)~(1/2))+1/2xI*xpolylog(2,-2* ((1+I)~(1/2)+(1+x)~(1/2))/(1-2%(1+I)~(1/2)-5"(
1/2)))+1/2*I*polylog(2,2*x ((1+I)~(1/2)-(1+x)~(1/2)) /(1+2*x(1+I)~(1/2)-5"(1/2)
))-1/2%I*1n((1-I)~(1/2)+(1+x)~(1/2))*1n((1-5~(1/2)+2% (1+x) ~(1/2)) / (1-2% (1-1
)= (1/2)-5"(1/2)))+1/2*xI*1n((1+I)~(1/2)+(1+x)~(1/2) ) *1n((1+5~(1/2) +2* (1+x) ~(
1/2))/(1-2%(1+I)~(1/2)+57(1/2)))-1/2*I*polylog(2,2* ((1-I)~(1/2)-(1+x)~(1/2)
)/ (1+2%(1-1)~(1/2)+57(1/2)))-1/2*I*1n((1-I)~(1/2)-(1+x)~(1/2) ) *1n((1-5"(1/2
Y+2x (1+x)~(1/2))/ (1+2%(1-I)~(1/2)-5"(1/2)) ) +1/2*I*1n((1+I)~(1/2)-(1+x)~(1/2
) *In( (1457 (1/2)+2* (1+x) ~(1/2)) / (1+2x (1+I)~(1/2)+57(1/2) ) ) +1/2*I*1n (x+(1+x)
~(1/2))*1n((1-I)~(1/2)+(1+x) " (1/2) ) +1/2*xI*1n((1+I)~(1/2)-(1+x)~(1/2) ) *1n((1
-57(1/2)+2x(1+x)~(1/2) )/ (1+2%x (1+I)~(1/2)-5"(1/2)))-1/2*I*1n((1-I)~(1/2)+(1+
x)~(1/2))*1n((1+57 (1/2)+2% (1+x)~(1/2)) / (1-2*%(1-I)~(1/2)+57(1/2)) ) -1/2*I*pol
ylog(2,-2x((1-I)~(1/2)+(1+x)~(1/2))/(1-2x(1-I)~(1/2)-5"(1/2)))+1/2xI*polylo
g(2,-2x((1+I)~(1/2)+(1+x)~(1/2)) / (1-2x (1+I)~(1/2)+57(1/2) ) )-1/2+I*1n((1-1I)"
(1/2)-(1+x)~(1/2) ) *1n ((1+5~(1/2) +2*x (1+x) ~(1/2) ) / (1+2% (1-I)~(1/2)+5(1/2)))

Rubi [A]
time = 0.86, antiderivative size = 981, normalized size of antiderivative = 1.00, number of

steps used = 44, number of rules used = 10, integrand size = 18, number of rules _ 0.556,
integrand size

Rules used = {2610, 1605, 209, 6873, 2608, 2604, 2465, 2441, 2440, 2438}

Antiderivative was successfully verified.

[In] Int([Loglx + Sqrt[1 + x]1/(1 + x72),x]

[Out] (I/2)*LoglSqrtl[1 - I] - Sqrt[1 + x]]*Logl[x + Sqrt[1 + x]] - (I/2)*Logl[Sqrtl[
1 + I] - Sqrt[1l + x]]*Loglx + Sqrt[1 + x]] + (I/2)*Logl[Sqrt[1 - I] + Sqrt[1

+ x]]*Logl[x + Sqrt[1 + x]] - (I/2)*Logl[Sqrt[1 + I] + Sqrt[1l + x]]*Loglx +
Sqrt[1 + x]] - (I/2)*Logl[Sqrt[1 - I] + Sqrt[1l + x]]*Log[(1 - Sqrt[5] + 2%Sq
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rt[1 + x])/(1 - 2+Sqrt[1 - I] - Sqrt[5])] - (I/2)*Logl[Sqrt[1 - I] - Sqrt[1
+ x]]*Log[(1 - Sqrt[5] + 2*Sqrt[1 + x])/(1 + 2*Sqrt[1 - I] - Sqrt[5])] + (I
/2)*Log[Sqrt[1 + I] + Sqrt[1 + x]]*Log[(1 - Sqrt[5] + 2xSqrt[1 + x])/(1 - 2
*Sqrt[1 + I] - Sqrt[51)] + (I/2)*LoglSqrt[1 + I] - Sqrt[l + x]]*Logl[(1 - Sq
rt[5] + 2xSqrt[1 + x])/(1 + 2#Sqrt[1 + I] - Sqrt[5]1)] - (I/2)*LoglSqrt[1 -
I] + Sqrt[1 + x]]*Logl[(1 + Sqrt[5] + 2*Sqrt[1l + x])/(1 - 2xSqrt[1 - I] + Sq
rt[5]1)] - (I/2)*Log[Sqrt[1 - I] - Sqrt[1 + x]]*Log[(1 + Sqrt[5] + 2*Sqrt[1
+ x])/(1 + 2xSqrt[1 - I] + Sqrt[56])] + (I/2)*LoglSqrt[1 + I] + Sqrt[1 + x]]
*Log[(1 + Sqrt[5] + 2xSqrt[1 + x])/(1 - 2xSqrt[1 + I] + Sqrt[6])] + (I/2)*L
oglSqrt[1 + I] - Sqrt[1 + x]1*Logl[(1 + Sqrt[5] + 2xSqrt[1 + x])/(1 + 2xSqrt
[1 + I] + Sqrt[5])] - (I/2)*PolyLogl[2, (2%(Sqrt[1 - I] - Sqrt[1l + x]))/(1 +
2xSqrt[1 - I] - Sqrt[5])] - (I/2)*PolyLogl[2, (2x(Sqrt[1 - I] - Sqrt[1 + x]
))/(1 + 2+Sqrt[1 - I] + Sqrt[5]1)] + (I/2)*PolyLogl[2, (2%(Sqrt[1 + I] - Sqrt
[1 +x]))/( + 2+Sqrt[1 + I] - Sqrt[5])] + (I/2)*PolyLogl[2, (2*(Sqrt[1 + II]
- Sqrt[1 + x]1))/(1 + 2*Sqrt[1 + I] + Sqrt[5])] - (I/2)*PolyLogl[2, (-2*(Sqr
t[1 - I] + Sqrtll + x]))/(1 - 2*Sqrt[1 - I] - Sqrt[5]1)] - (I/2)*PolyLogl2,
(-2%(Sqrt[1 - I] + Sqrtll + x1))/(1 - 2%Sqrt[1 - I] + Sqrt[5])] + (I/2)*Pol
yLog[2, (-2%(Sqrt[1 + I] + Sqrt[1l + x]))/(1 - 2*Sqrt[1 + I] - Sqrt[5])] + (
I/2)*PolyLog[2, (-2x(Sqrt[1 + I] + Sqrt[1 + x]))/(1 - 2+Sqrt[1 + I] + Sqrtl[
51)1

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 1605

Int[((a_.) + (b_.)*(Pq )" (n_.))"(p_.)*(Qr_), x_Symbol] :> With[{q = Expon[P
q, x], r = Expon[Qr, x]}, Dist[Coeff[Qr, x, r]l/(gq*Coeff[Pq, x, q]), Subst[I

nt[(a + b*x"n)"p, x], x, Pql, x] /; EqQ[r, q - 1] && EqQ[Coeff[Qr, x, r]*D[
Pq, x], g*Coeff[Pq, x, ql*Qr]l] /; FreeQ[{a, b, n, p}, x] && PolyQ[Pq, x] &&
PolyQ[Qr, x]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*x"nl/n, x] /; FreeQl{c, d, e, n}, x] &% EqQlc*d, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + c*
(exf - dxg), 0]
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Rule 2441

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_)) " (n_.)I*(b_.0)/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*g))]1*((a + b*xLoglcx(d + exx
)°nl)/g), x] - Dist[b*ex(n/g), Int[Logl(e*x(f + g*x))/(exf - d*g)]/(d + exx)
, x]1, x]1 /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2465

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)1*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + e*x)~n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2604

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I1*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[Logl[d + e*x]*((a + bxLogl[c*RFx~p]l) n/e), x] - Dist[b*nx(p/e)
, Int[Log[d + exx]*(a + b*Log[c*RFx“pl)~(n - 1)*(D[RFx, x]/RFx), x], x] /;

FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2608

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + bxLog[c*RFx~pl)~n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQl{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 2610

Int[((a_.) + Loglu_l*(b_.))*(RFx_), x_Symbol] :> With[{lst = SubstForFracti
onalPowerOfLinear [RFx*(a + b*Log[ul), x]}, Dist[1st[[2]]*1st[[4]], Subst[In
tllst[[1]1], x], x, 1st[[3]1]1°(1/1st[[2]1)], x] /; !'FalseQ[lst]] /; FreeQ[{a
, b}, x] && RationalFunctionQ[RFx, x]

Rule 6873
Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!

=u]

Rubi steps
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/log(:p-l-\/m

log (—1
T2 x—ZSubst( wa +x+m)dm,x,m>
x

2)2

l 1
—2Subst( wlog ( +x+x)dx,x,\/1+x>

2 —2x% 4 24
= 2Subst ( (zw 102g+ 21 —|—_x2—ai:-2a:2) + m(lig;_:;—;i ;;32)) dz,z, \/H—w)
= 2;Subst (/ xlcg:_ ;Z;f;f ) dz,z, \/l—l——x) + 2iSubst (/ %
= 2iSubst (/ (_log(—l +242) + log(-1+o+ x2)) de,x,vV/1+z ) +
4 <m — x) 4 (\/m + x)

—_ 2 — ] -
——(%iSubst( log ( 1+_x+x)d£8,-'l', /1+x)>+%i8ubst( M

1—7 —x V1+
:%ilog <\/1—i‘ —\/1+w‘>log <w+\/1+—x) —%z’log (x/l—i—z" — \/l-l—x‘)

= %ilog (x/l—i‘ - \/1+x‘> log (x-l— \/1+—$> - %ilog <\/1+i‘ - \/1"‘%‘)

_ %z’log (VI=7 - Vita )log(o+Vits) - %z‘log (Vi+7 - vita)

=%ilog<\/1—’i —Vi+a )log(z+Vita) —%“0%(‘/1“ - Vita)

:%ilog<\/1—z' —\/1+x‘>log<x+\/1+—z) —%ilog(x/l—l-z' —\/1+x‘>

=%ilog<\/1—z' —\/1+x‘>log<x+\/l+—x) —%ilog(x/l-l—z’ —\/1+x‘>

Mathematica [A]
time = 0.32, size = 868, normalized size = 0.88
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Antiderivative was successfully verified.

[In] Integrate[Log[x + Sqrt[l + x]1]1/(1 + x72),x]

[Out] (I/2)*((2*I)*ArcTan[x]*Logl[1/2 - Sqrt[5]/2 + Sqrt[1 + x]] + Logl[(2*(Sqrt[1

- I] - Sqrtl[1 + x1))/(1 + 2*Sqrt[1 - I] - Sqrt[5])]*Logl[1/2 - Sqrt[5]1/2 + S
qrt[1 + x]] - Log[(2x(Sqrt[1 + I] - Sqrt[1l + x]))/(1 + 2+Sqrt[1 + I] - Sqrt
[5]1)1*Logl[1/2 - Sqrt([5]1/2 + Sqrt[1l + x]] + Log[(2*(Sqrt[1 - I] + Sqrt[l + x
1))/(-1 + 2+Sqrt[1 - I] + Sqrt[5])]1*Logl[1/2 - Sqrt[5]1/2 + Sqrt[1 + x]] - Lo
gl(2x(Sqrt[1 + I] + Sqrt[l + x]))/(-1 + 2*Sqrt[1 + I] + Sqrt[5])]1*Logl[1/2 -
Sqrt[61/2 + Sqrt[1 + x]] + (2*I)*ArcTan[x]*Log[(1 + Sqrt[5])/2 + Sqrt[1 +
x]] + Log[(2%(Sqrt[1 - I] - Sqrt[1l + x]))/(1 + 2xSqrt[1 - I] + Sqrt[5])]I*Lo
gl(1 + Sqrt[5])/2 + Sqrt[1l + x]] - Logl[(2*(Sqrt[1 + I] - Saqrtl[1l + x1))/(1 +
2xSqrt[1 + I] + Sqrt[5])]1*Logl(1 + Sqrt([5])/2 + Sqrt[1 + x]] + Log[(2*(Sqr
t[1 - I] + Sqrt[1 + x1))/(-1 + 2xSqrt[1 - I] - Sqrt[5])]1*Logl(1 + Sqrt[5])/
2 + Sqrt[1 + x]] - Logl[(2*(Sqrt[1 + I] + Sqrt[1l + x]))/(-1 + 2*Sqrt[1 + I]
- Sqrt[6]1)]1*Logl[(1 + Sqrt[5])/2 + Sqrt[1 + x]] - (2+I)*ArcTan[x]*Log[x + Sq
rt[1 + x]] + PolyLog[2, (-1 + Sqrt[5] - 2*Sqrt[1 + x])/(-1 + 2xSqrt[1 - I]
+ Sqrt[5])] - PolyLogl[2, (-1 + Sqrt[5] - 2*Sqrt[1l + x])/(-1 + 2*Sqrt[1 + I]
+ Sqrt[5])] + PolyLogl[2, (1 - Sqrt[5] + 2*Sqrt[1 + x])/(1 + 2*Sqrt[1 - I]
- 8qrt[5]1)] - PolyLogl[2, (1 - Sqrt([5] + 2%Sqrt[1 + x])/(1 + 2*%Sqrt[1 + I] -
Sqrt[5])] + PolyLog[2, (1 + Sqrt[5] + 2xSqrt[1 + x])/(1 - 2xSqrt[1 - I] +
Sqrt[5])] + PolyLogl[2, (1 + Sqrt[56] + 2*Sqrt[1 + x])/(1 + 2*Sqrt[1 - I] + S
qrt[5])] - PolyLog[2, (1 + Sqrt[5] + 2*Sqrt[1 + x])/(1 - 2*Sqrt[1 + I] + Sq
rt[5])] - PolyLogl[2, (1 + Sqrt([5] + 2#Sqrt[1l + x])/(1 + 2xSqrt[1 + I] + Sqr
t[51)D)
Mathics [F(-1)]
time = 0.00, size = 0, normalized size = 0.00

Timed out

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Log[x + Sqrt[1 + x]1/(1 + x~2),x]’)
[Out] Timed out

Maple [A]
time = 0.05, size = 722, normalized size = 0.74

method result
i(ln(\/l +z-v/1-— z) ln(z+\/m>—ln<\/1 Tz -1I— 2) ln(z;:/g‘]_+2_\/i1_+§

o

derivativedivides
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i(m(vl F& VI (et VIF 7 )on(VIF T -V _z-)m@/?l Tz )(

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(x+(1+x)~(1/2))/(x"2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/2*I*(In((1+x)~(1/2)-(1-I)"(1/2))*1n(x+(1+x)~(1/2))-1n((1+x)~(1/2)-(1-I)~(
1/2))*1n((1-5"(1/2)+2x(1+x)~(1/2)) / (1+2x(1-I)~(1/2)-57(1/2)))-1n((1+x) ~(1/2
)-(1-1)7(1/2))*1n((1+57(1/2) +2x (1+x) ~(1/2) ) / (1+2x(1-1) ~(1/2)+57(1/2)) ) -dilo
g((1-57(1/2)+2x(1+x)~(1/2)) / (1+2x(1-I) ~(1/2)-57(1/2) ) ) -~dilog ((1+57 (1/2) +2x(
1+x)7(1/2)) / (1+2%(1-1) ~(1/2)+57(1/2) ) ) ) +1/2*I* (In((1-I1) " (1/2) + (1+x) " (1/2) ) *
In(x+(1+x)~(1/2))-1n((1-I)~(1/2)+(1+x) ~(1/2) ) *1n((1-57(1/2) +2*x (1+x) ~(1/2)) /
(1-2%(1-I)"(1/2)-5"(1/2)))-1n((1-I) " (1/2)+(1+x) " (1/2) ) *1n ((1+57 (1/2) +2* (1+x
)~(1/2))/(1-2%(1-1)~(1/2)+57(1/2) ) ) -dilog ((1-5~(1/2)+2* (1+x) ~(1/2)) / (1-2x (1
-I)~(1/2)-57(1/2)))-dilog((1+5~(1/2)+2x (1+x)~(1/2)) / (1-2% (1-I)~(1/2)+5~ (1/2
))))-1/2%Ix(In((1+x) 7 (1/2)-(1+I)~(1/2) ) *1n(x+(1+x) " (1/2))-1n((1+x) " (1/2)-(1
+I)7(1/2))*1n((1-57(1/2) +2% (1+x) ~(1/2) ) / (1+2%x (1+I)~(1/2)-57(1/2)) ) -1n((1+x)
~(1/2)-(1+I)7(1/2) ) *1n((1+57 (1/2) +2x (1+x) ~(1/2) ) / (1+2% (1+I) " (1/2)+57(1/2)))
-dilog((1-5"(1/2)+2*(1+x)~(1/2))/(1+2%(1+I)~(1/2)-57(1/2)))-dilog((1+5~(1/2
)+2x (1+x) 7 (1/2) ) / (1+2x (1+I)~(1/2)+57(1/2))))-1/2*I*x (In((1+I)~(1/2)+(1+x)~ (1
/2))*1n(x+(1+x) 7 (1/2))-1n((1+I) " (1/2)+(1+x) " (1/2) ) *1n((1-57(1/2) +2* (1+x) ~ (1
/2))/(1-2%(1+1)~(1/2)-57(1/2)))-1n((1+I) " (1/2)+(1+x) " (1/2) ) *1n ((1+57(1/2) +2
*(1+x)7(1/2)) /(1-2x(1+I) " (1/2)+57(1/2) ) ) -dilog ((1-57 (1/2) +2* (1+x)~(1/2) ) /(1
-2+ (1+I)~(1/2)-57(1/2)))-dilog((1+5~(1/2)+2x (1+x) ~(1/2) ) / (1-2% (1+I)~(1/2)+5
~(1/2))))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x"2+1),x, algorithm="maxima")
[Out] integrate(log(x + sqrt(x + 1))/(x"2 + 1), x)

Fricas [F]
time = 0.34, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x72+1),x, algorithm="fricas")



[Out] integral(log(x + sqrt(x + 1))/(x"2 + 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

log<z+\/m)

/ 21 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(1+x)**(1/2))/(x**2+1),x)
[Out] Integral(log(x + sqrt(x + 1))/(x**2 + 1), x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x~2+1),x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

x—i-\/m)

In
/ ( 241 dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x + 1)°(1/2))/(x"2 + 1),x)
[Out] int(log(x + (x + 1)°(1/2))/(x"2 + 1), x)

188
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log? (a:+ Vit >

3.31 | e dz
Optimal. Leaf size=555
log(l-l—ac)—1-2log (\x/;__:—i_ ’ > —6log <m> log (a: + m>—log2 <x1—|—+ xl te ) _<1 + \/§> lo

[Out] In(1+x)-3*1n(1+x)*1n(x+(1+x)~(1/2))-1n(x+(1+x)~(1/2)) "2/ (1+x)+6x1n(1/2*x5~ (1
/2)-1/2)*1n(1-5"(1/2)+2%x(1+x) ~(1/2) ) +3*1n(1+x) *1n(1+2*x (1+x) ~(1/2) / (5~ (1/2) +
1))+6%polylog(2,-2*(1+x)~(1/2) /(57 (1/2)+1))-6*polylog(2, 1+2* (1+x)~(1/2) /(-5
~(1/2)+1))-1n(1+57(1/2)+2*x (1+x) ~(1/2) ) * (-5 (1/2) +1) +1n(x+(1+x) ~(1/2) ) *1n(1+
57(1/2)+2*%(1+x) " (1/2))*(3-5"(1/2) )-1n(1/10*% (-1+5"(1/2) -2+ (1+x) ~(1/2))*5~(1/
2))*1n(1+5~(1/2)+2x (1+x) ~(1/2) ) *(3-57(1/2) )-1/2*1n(1+5~(1/2) +2x (1+x) ~(1/2))
~2x%(3-57(1/2))-polylog(2,1/10*(1+57 (1/2)+2* (1+x)~(1/2))*5~(1/2) ) *(3-5"(1/2)
)-1In(1-5"(1/2)+2%(1+x)~(1/2))* (5~ (1/2)+1)+1n(x+(1+x) ~(1/2) ) *1n(1-5"(1/2) +2%
(1+x)~(1/2))*(3+57(1/2))-1/2%1n(1-5"(1/2) +2x (1+x) ~(1/2) ) "2*(3+57(1/2))-1n(1
=57 (1/2)+2x (1+x) " (1/2) ) *1n(1/10% (1+5~ (1/2) +2x (1+x) ~(1/2) ) *5~(1/2) ) * (3+5~(1/
2))-polylog(2,1/10%(-1+5"(1/2)-2*(1+x)~(1/2))*5~(1/2) ) *(3+5~(1/2) ) +2*1n (x+(
1+x)~(1/2))/(1+x)~(1/2)

Rubi [A]
time = 0.44, antiderivative size = 555, normalized size of antiderivative = 1.00, number of

steps used = 35, number of rules used = 16, integrand size = 18, Zumber of rules _ ) ggq
integrand size

Rules used = {2605, 2608, 814, 646, 31, 2604, 2404, 2353, 2352, 2354, 2438, 2465, 2437,
2338, 2441, 2440}

Antiderivative was successfully verified.
[In] Int([Loglx + Sqrt[1 + x]]1°2/(1 + x)~2,x]

[Out] Logl[1l + x] + (2xLoglx + Sqrt[1 + x]])/Sqrt[1 + x] - 6*Logl[Sqrt[1 + x]]*Logl
x + Sqrt[1 + x]] - Loglx + Sqrt[1 + x]1°2/(1 + x) - (1 + Sqrt[5])*Log[l - S
qrt[5] + 2xSqrt[1 + x]] + 6*xLogl[(-1 + Sqrt[5])/2]*Log[1 - Sqrt[5] + 2*Sqrt[
1 + x]] + (3 + Sqrt[5])*Loglx + Sqrt[1 + x]]*Log[l - Sqrt[5] + 2*Sqrt[l + x
11 - ((8 + Sqrt[5])*Log[1 - Sqrt[5] + 2%Sqrt[1 + x]11°2)/2 - (1 - Sqrt[5]1)*L
ogll + Sqrt[6] + 2xSqrt[1 + x]] + (3 - Sqrt[5])*Loglx + Sqrt[1 + x]]*Logl1
+ Sqrt[5] + 2xSqrt[1 + x]] - (3 - Sqrt[5])*Logl[-1/2*(1 - Sqrt[5] + 2*Sqrt[1
+ x])/Sqrt[6]1*Log[1 + Sqrt[5] + 2*Sqrt[1 + x]] - ((3 - Sqrt[5])*Logl[l + S
qrt[5] + 2xSqrt[1 + x]172)/2 - (3 + Sqrt[5])*Log[l - Sqrt[5] + 2*Sqrt[1 + x
11*Log[(1 + Sqrt[56] + 2+Sqrt[1 + x])/(2*Sqrt[5]1)] + 6xLogl[Sqrt[1 + x]]*Logl
1 + (2xSqrt[1 + x])/(1 + Sqrt[5])] + 6%PolyLogl[2, (-2*Sqrt[1 + x])/(1 + Sqr
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t[5])] - (3 + Sqrt[5])*PolyLogl[2, -1/2%(1 - Sqrt[5] + 2xSqrt[1 + x])/Sqrt[5
11 - (8 - Sqrt[5])*PolyLogl[2, (1 + Sqrt[5] + 2*Sqrt[1 + x])/(2%Sqrt[5])] -
6*PolyLog[2, 1 + (2#Sqrt[1 + x])/(1 - Sqrt[5])]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 646

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b"2 - 4*axc, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(c*d - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), x
1, x1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[2%c*d - bxe, 0] && NeQ[b~2 - 4xa
*xc, 0] &% NiceSqrtQ[b~2 - 4x*axc]

Rule 814

Int[(((d_.) + (e_)*(x_))"(m )*((f_.) + (g_)*x(x_)))/((a_.) + (b_.)*x(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx((f + g*x)/(a +
b*x + c*x72)), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xax
c, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] && IntegerQ[m]

Rule 2338

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))/(x_), x_Symbol] :> Simp[(a + bx*Lo
glcxx™n])~2/(2%b*n), x] /; FreeQ[{a, b, c, n}, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2353

Int[((a_.) + Logl(c_.)*(x_)]1*(b_.))/((d)) + (e_.)*(x_)), x_Symbol] :> Simp[
(a + bxLogl[(-c)*(d/e)])*(Logld + exx]/e), x] + Dist[b, Int([Logl(-e)*(x/d)]/
(d + exx), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[(-c)*(d/e), 0]

Rule 2354

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symb
ol] :> Simp[Log[l + e*(x/d)]*((a + b*Logl[c*x"n]) p/e), x] - Dist[b*n*(p/e),
Int[Log[l + ex(x/d)I*((a + bxLoglc*x™n])~(p - 1)/x), x], x] /; FreeQ[{a, b
» ¢, d, e, n}, x] & IGtQ[p, O]
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Rule 2404

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(RFx_), x_Symbol] :> With[{
u = ExpandIntegrand[(a + b*Logl[c*x"n])~p, RFx, x]}, Int[u, x] /; SumQ[ul] /
; FreeQ[{a, b, c, n}, x] && RationalFunctionQ[RFx, x] && IGtQ[p, O]

Rule 2437

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)]I*(b_.))"(p_.)*((f_) + (g_.
)*(x_))~(q_.), x_Symbol] :> Dist[1/e, Subst[Int[(f*(x/d)) gq*(a + b*Logl[c*x~
nl)°p, x1, x, d + e*x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p, a}, x] & E
qQlexf - dxg, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2440

Int[((a_.) + Logl(c_.D*((d ) + (e_.)*x(x_))1*(b_.0)/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + b*Logl[l + c*ex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x D))" (n_)1*(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*g))]l*((a + bxLoglcx(d + e*xx
)"n])/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + gxx))/(exf - dxg)]l/(d + e*x)
, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] & NeQ[exf - dxg, 0]

Rule 2465

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x))"(n_.)1*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + e*x)"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2604

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[Logl[d + e*x]*((a + bxLogl[c*RFx~p]l)~n/e), x] - Dist[b*nx(p/e)
, Int[Log[d + exx]*(a + b*Log[c*RFx~pl)~(n - 1)*(D[RFx, x]/RFx), x], x] /;

FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]
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Rule 2605

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.
), x_Symbol] :> Simp[(d + e*x)~(m + 1)*((a + bxLog[c*RFx"p]l) "n/(ex(m + 1)))
, x] - Dist[b*n*(p/(ex(m + 1))), Int[SimplifyIntegrand[(d + exx)"(m + 1)*(a
+ bxLog[c*RFx~p])~(n - 1)*(D[RFx, x]/RFx), x], x], x] /; FreeQ[{a, b, c, d
, €, m, p}, x] & RationalFunctionQ[RFx, x] && IGtQ[n, 0] &% (EqQ[n, 1] ||

IntegerQ[m]) && NeQ[m, -1]

Rule 2608

Int[((a_.) + Logl(c_.)*(RFx_ )~ (p_.)I*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + bxLog[c*RFx~p]l)~n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQl[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] &% RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rubi steps



/

log” (x + m)
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2( 2
2Subst (/log ( 1xtx+x)dﬂc,w,\/1+a:)

2 .
—log <$+ 1—HT;>—|-ZSubt (1 +2)log (= 1+w+$2)dwx 142
1+ 22 (=14 2z + x?) Y
2 .
log <m+ 1—|—x> _log(=1+z+2*) 3log(-1+z+
- + 2Subst
14z 72 -
log? (z+V1+z
_ <1+m >—28ubst( log ( 1+x+m)dz,x,\/1+x>+281
2log(:v+\/1—|—:v) log? <.’L'+\/].—+
= Ve —Glog(\/l-l-:c)1og<a:+\/1+x>— Tz
210g<x—|—\/1+x> log? <z+\/1+
= Nirr —610g<\/1+:c>10g<x+\/1+x>— T2

2log<x+m) lo

= log(1 + ) + — —6log(m)1og(x+m)——
st ) (g (o4 v -
= log(1+ ) + 2log <f/:T\/:W> —6log (VI+7 ) log (z+vT+7 ) - e
g1 ) 4 @%ﬂlﬂ) 6log (VITF ) tog (& + VITF) - -
= log(1+ ) + 2log <f/:T\/:W> —6log (VI+7 ) log (z+vT+7 ) - e
g1 ) 4 @%ﬂlﬂ) 6log (VITF ) tog (& + VITF) - -
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Mathematica [A]
time = 0.89, size = 1076, normalized size = 1.94

Warning: Unable to verify antiderivative.

[In] Integrate[Loglx + Sqrt[1 + x]1]172/(1 + x)~2,x]

[Out] (2#Logl1l + x] - 6*Logl[(1 + Sqrt[5])/2]*Logll + x] - 12xLog[(2*Sqrt[1 + x])/
(-1 + Sqrt[5])]*Logl[1/2 - Sqrt[5]/2 + Sqrt[1 + x]] + 6%Logll + x]*Logl[1/2 -
Sqrt[5]1/2 + Sqrt[1 + x]] - 6*Log[-1 + Sqrt[5] - 2xSqrt[1 + x]]*Logl1/2 - S
qrt[5]1/2 + Sqrt[1 + x]] - 2xSqrt[5]*Logl[-1 + Sqrt[5] - 2#Sqrt[1 + x]]*Logl[1
/2 - Sqrt[5]1/2 + Sqrt[1 + x]] + 3*Log[1/2 - Sqrt[5]1/2 + Sqrt[1 + x]]1°2 + Sq
rt[5]*Log[1/2 - Sqrt([5]/2 + Sqrt[l + x]]72 + 6*Logl[l + x]*Logl[(1 + Sqrt([5])
/2 + Sqrt[1 + x]] - 6+Log[-1 + Sqrt[5] - 2*Sqrt[1 + x]I*Logl[(1 + Sqrt([5])/2
+ Sqrt[1 + x]] - 2xSqrt[5]*Log[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Logl[(1 + Sqrt
[6]1)/2 + Sqrt[1 + x]] + 3xLogl[(1 + Sqrt[5])/2 + Sqrt[1 + x]]1°2 - Sqrt[5]*Lo
gl(1 + Sqrt[5])/2 + Sqrt[1 + x]]172 + (4*Logl[x + Sqrt[1 + x]])/Sqrt[l + x] -
6*Log[1 + x]*Logl[x + Sqrt[1 + x]] + 6xLog[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Lo
glx + Sqrt[1 + x]] + 2xSqrt[5]*Log[-1 + Sqrt[5] - 2*Sqrt[1 + x]]1*Loglx + Sq
rt[1 + x]] - (2%Loglx + Sqrt[1l + x]]1°2)/(1 + x) - 2*Logl[l - Sqrt[5] + 2*Sqr
t[1 + x]] - 2xSqrt[5]*Log[l - Sqrt[5] + 2*Sqrt[1 + x]] + 3*Log[5]*Log[l - S
qrt[6] + 2xSqrt[1 + x]] + Sqrt[5]*Log[5]*Logl[l - Sqrt[5] + 2*Sqrt[1 + x]] -
2xLog[1 + Sqrt[5] + 2*Sqrt[1 + x]] + 2*Sqrt[5]*Logl[l + Sqrt[5] + 2x*Sqrt[1
+ x]] - 6xLog[1/2 - Sqrt[5]1/2 + Sqrt[1 + x]]1*Logl[l + Sqrt[5] + 2*Sqrt[1 + x
1] + 2xSqrt[5]*Log[1/2 - Sqrt[5]/2 + Sqrt[1 + x]]xLogl[l + Sqrt[5] + 2xSqrtl[
1 + x]] - 6xLogl[(1 + Sqrt[5])/2 + Sqrt[1 + x]]*Log[l + Sqrt[5] + 2*Sqrt[1 +
x]] + 2*Sqrt[5]*Logl[(1 + Sqrt[5])/2 + Sqrt[1l + x]]*Logl[l + Sqrt[5] + 2*Sqr
t[1 + x]] + 6*%Logl[x + Sqrt[1 + x]]*Logl[1l + Sqrt[5] + 2*Sqrt[1 + x]] - 2xSqr
t[6]*Log[x + Sqrt[1 + x]]*Logl[l + Sqrt[5] + 2xSqrt[1 + x]] + 6*Log[1/2 - Sq
rt[5]/2 + Sqrt[1 + x]]1*Log[(1 + Sqrt[5] + 2xSqrt[1 + x])/(2%Sqrt[5])] - 2*S
qrt [6]*Log[1/2 - Sqrt[5]/2 + Sqrt[1 + x]]1*Logl[(1 + Sqrt[5] + 2xSqrt[1 + x])
/(2%Sqrt[6]1)] + 12*PolyLog[2, (-2xSqrt[1 + x])/(1 + Sqrt[5])] - 4xSqrt[5]*P
olyLog[2, (-1 + Sqrt[5] - 2*Sqrt[1 + x])/(2%Sqrt[5])] - 12%PolyLogl[2, (-1 +
Sqrt[5] - 2#Sqrt[1 + x])/(-1 + Sqrt[5]1)1)/2

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integratel[Loglx + Sqrt[1 + x]1°2/(1 + x)~2,x]’)

[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject
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Maple [F]
time = 0.01, size = 0, normalized size = 0.00
2
/ln (x+\/1+x )

5 dz
(1+2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(An(x+(1+x)~(1/2))"2/(1+x)"2,x%)
[Out] int(An(x+(1+x)~(1/2))"2/(1+x)"2,%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))~2/(1+x)"2,x, algorithm="maxima")

[Out] -log(x + sqrt(x + 1))72/(x + 1) + integrate((2*x + sqrt(x + 1) + 2)*log(x +
sqrt(x + 1))/(x"3 + 2%x72 + (x72 + 2%x + 1)*sqrt(x + 1) + x), x)

Fricas [F]
time = 0.34, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(log(x+(1+x)~(1/2))~2/(1+x)"2,x, algorithm="fricas")
[Out] integral(log(x + sqrt(x + 1))72/(x72 + 2*x + 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/log(z+\/m>2d

(z+1)° ’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(1+x)**(1/2))**2/(1+x)**2,x)
[Out] Integral(log(x + sqrt(x + 1))**2/(x + 1)**2, x)
Giac [F] N/A

time = 0.00, size = 0, normalized size = 0.00

Could not integrate



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))"2/(1+x)"2,x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

ln<x+\/m>2d

/ @+1?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x + 1)7(1/2))"2/(x + 1)72,%)
[Out] int(log(x + (x + 1)7(1/2))"2/(x + 1)72, x)

196



197

log (x-l— Vi+z )

X

3.32 | dx

Optimal. Leaf size=313
log (—1+m>log <x+m)+log <1+m)log (x+\/m)—log (—1+m>log l

[Out] In(-1+(1+x)~(1/2))*1n(x+(1+x)~(1/2))+1n(1+(1+x)~(1/2) ) *1n(x+(1+x) " (1/2))-1n
(-1+(1+x)~(1/2))*1n((1-57(1/2)+2*% (1+x) ~(1/2)) /(3-57(1/2)) ) -1n(1+(1+x) " (1/2)
)*¥1n((-1+57(1/2)-2*%(1+x)~(1/2)) /(67 (1/2)+1) ) -1n(1+(1+x) " (1/2) ) *1n((-1-57(1/
2)-2%(1+x)~(1/2)) /(-5 (1/2)+1) ) -1In(-1+(1+x) ~(1/2) ) *1n ((1+5~ (1/2) +2* (1+x) " (1
/2))/(3+57(1/2)))-polylog(2,2*(1-(1+x)~(1/2))/(3-57(1/2)))-polylog(2,2*(1-(
1+x)~(1/2))/(3+57(1/2)) ) -polylog(2,2* (1+(1+x)~(1/2))/(-57(1/2)+1) ) -polylog(
2,2%(1+(1+x)~(1/2)) /(67 (1/2)+1))

Rubi [A]

time = 0.23, antiderivative size = 313, normalized size of antiderivative = 1.00, number of

number of rules _ 50
' integrand size ’

steps used = 21, number of rules used = 7, integrand size = 14
Rules used = {2610, 2608, 2604, 2465, 2441, 2440, 2438}

2(1-vET)\  (2(1-vEET) 2(VEFT +1) W)y, . T a1\ R E 1 WET 4 VE 41 (2T + VB 1
—Liz | — 2| -Liz 2| - Lis ~Lip L) +1og (VEFT — 1) log (w+ V7 og (V7 ) log (x+ VZFT ) —log (VEFT 1) log | 25 = —log (v ne v - —log (Vz log = s —log (VETT —1)log (XL VD T
L ( = J L,( ) () e (R log (VETT 1) o (i + VAT +log (VAT +1) o (i + V& T) —log (Va7 T 1,]u( ) (v +l+1,lz(‘ s ) Tog +1+mz( Ty ) o (VT 1) (ML

Antiderivative was successfully verified.
[In] Int([Loglx + Sqrt[1 + x]]1/x,x]

[Out] Log[-1 + Sqrt[1 + x]]*Logl[x + Sqrt[1 + x]] + Logl[l + Sqrt[1 + x]]*Logl[x + S
qrt[1 + x]] - Logl[-1 + Sqrt[1 + x]]*Logl[(1 - Sqrt[5] + 2*Sqrt[1 + x]1)/(3 -
Sqrt[5]1)] - Logl[1l + Sqrt[1 + x]]*Log[-((1 - Sqrt[5] + 2xSqrt[1 + x])/(1 + S
qrt[5]1))] - Logl[1l + Sqrt[1 + x]1*Log[-((1 + Sqrt[5] + 2*Sqrt[1 + x])/(1 - S
qrt[51))] - Logl-1 + Sqrt[1 + x]]*Log[(1 + Sqrt[5] + 2#Sqrt[1 + x])/(3 + Sq
rt[5]1)] - PolyLogl[2, (2x(1 - Sqrt[1 + x]))/(3 - Sqrt[5])] - PolyLog[2, (2%(

1 - Sqrt[1 + x]1))/(3 + Sqrt[5]1)] - PolyLogl2, (2*(1 + Sqrt[l + x]1))/(1 - Sq
rt[5]1)] - PolyLogl[2, (2%(1 + Sqrt[1 + x]))/(1 + Sqrt([5])]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]l/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_))I*(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x]1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && EqQlg + c*
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(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d.) + (e_)*x(x D))" (n_)1*(b_.))/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*g))]l*((a + b*xLoglcx(d + e*xx
)"nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + g*x))/(exf - d*g)l/(d + exx)
, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] & NeQ[exf - d*g, 0]

Rule 2465

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x))"(n_.)1*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + e*x)"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2604

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I*(0_.))"(n_.)/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[Logl[d + e*x]*((a + b*xLogl[c*RFx~p])~n/e), x] - Dist[b*nx*(p/e)
, Int[Log[d + exx]*(a + b*Log[c*RFx~"pl)~(n - 1)*(D[RFx, x]/RFx), x], x] /;

FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2608

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + bxLog[c*RFx~pl) n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQl[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 2610

Int[((a_.) + Loglu_l*(b_.))*(RFx_), x_Symbol] :> With[{lst = SubstForFracti
onalPowerOfLinear [RFx*(a + b*Log[ul), x]}, Dist[1st[[2]]*1st[[4]], Subst[In
t[1st[[1]1], x]1, x, 1st[[3]11°(1/1st[[2]11)]1, x] /; !FalseQ[lstl] /; FreeQ[{a
, b}, x] && RationalFunctionQ[RFx, x]

Rubi steps
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loglz+V1+z _ 2
/ ( )dx:ZSubst(/zIOg( 1+x+m)dw,w,\/1+x>

T —14+z2

= 2Subst ( / (log gtff:;; =) + log (;(1112; xQ)) dz,z,v/1+ 2 )

— 2 _ 2
— Subst (/log( ltete )dx,:v,\/1+x)+8ubst (/log( l+z+27)

=log(—1+\/m)log<x+m)+10g<1+\/m>log<x+\/H——x
:log(—1+\/1+—x>log<x+\/1+—x)+10g<1+\/1+—x>log<x+\/1+—x
:log<—1+\/1+—a:>log<x+\/1+—:v)+log<1+\/1+—x>log<x+\/1+—w

:log(—1+\/1+—x>log<x+\/1+—x)+10g<1+m>log<x+\/1—l——x

=log(—1+m)log<x+m>+log<1+\/m)log<x+\/H—x

:log(—1+m>log<x+m>+log<1+m>log<x+\/H—x

Mathematica [A]
time = 0.06, size = 303, normalized size = 0.97

Antiderivative was successfully verified.

[In] Integrate[Log[x + Sqrt[1 + x]1]/x,x]

[Out] Logl[1l - Sqrt[1 + x]]*Loglx + Sqrt[1 + x]] + Logl[l + Sqrt[1 + x]]*Logl[x + Sq
rt[1 + x]] - Log[(3 - Sqrt[5])/2]*Logl[1 - Sqrt[5] + 2xSqrt[1 + x]] - Logl[(1

+ Sqrt[5])/2]*Log[1 - Sqrt[5] + 2+Sqrt[1 + x]] - Logl[(3 + Sqrt[5])/2]*Logl

1 + Sqrt([5] + 2#Sqrt[1 + x]] - Logl[l + Sqrt[1 + x]]*Log[-((1 + Sqrt[5] + 2%
Sqrt[1 + x1)/(1 - Sart[5]1))] - PolyLogl[2, (2*(1 + Sgrt[1 + x]))/(1 - Sqrt[5

1)1 + PolyLogl[2, (1 - Sqrt[5] + 2xSqrt[1 + x])/(3 - Sqrt[5])] + PolyLogl2,
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-((1 - Sqrt[5] + 2*Sqrt[1 + x])/(1 + Sqrt[5]))] + PolyLogl[2, (1 + Sqrt[5] +
2xSqrt[1 + x])/(3 + Sqrt[5]1)]

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded while calling a Python object

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[Logl[x + Sqrt[1 + x]]1/x,x]’)
[Out] cought exception: maximum recursion depth exceeded while calling a Python o
bject

Maple [A]
time = 0.01, size = 252, normalized size = 0.81

method result

derivativedivides | In (-1 ++v1+z )In(z++v14+z ) —In(-1++v1+z )In <_1+\/§/_53” l+z ) — I
_3

default In(-1+vI+z)ln(z+vI+z)-In(-1+vI+z)ln (‘”\/5?/‘52V_31 T ) ~Ir

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(x+(1+x)~(1/2))/x,x,method=_RETURNVERBOSE)

[Out] 1In(-1+(1+x)~(1/2))*1n(x+(1+x)~(1/2))-1n(-1+(1+x)~(1/2))*1n((-1+5"(1/2)-2%(1
+x)7(1/2))/(57(1/2)-3))-1n(-1+(1+x) ~(1/2)) *1n((1+5~ (1/2) +2x (1+x) ~(1/2) ) / (3+
57(1/2)))-dilog((-1+5~(1/2)-2*% (1+x)~(1/2)) /(567 (1/2)-3))-dilog ((1+5~(1/2)+2*
(1+x)~(1/2))/(3+57(1/2)))+In(1+(1+x) " (1/2) ) *1n(x+(1+x) " (1/2)) -1In(1+(1+x) ~ (1
/2))*1n((-1+5~(1/2)-2x(1+x)~(1/2)) /(5" (1/2)+1))-1n(1+(1+x) ~(1/2) ) *1n ((1+57(
1/2)+2x(1+x)~(1/2)) /(57 (1/2)-1))-dilog((-1+57(1/2)-2x (1+x) ~(1/2)) / (5~ (1/2)+
1))-dilog((1+57(1/2)+2*(1+x)~(1/2)) /(67 (1/2)-1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x, algorithm="maxima")
[Out] integrate(log(x + sqrt(x + 1))/x, x)



Fricas [F]
time = 0.34, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x, algorithm="fricas")
[Out] integral(log(x + sqrt(x + 1))/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/log<x+\/m)

X

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(1+x)**(1/2))/x,%x)
[Out] Integral(log(x + sqrt(x + 1))/x, x)
Giac [F] N/A

time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x)
[Out] Could not integrate

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/m(ﬁm)

T

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x + 1)~(1/2))/x,x)
[Out] int(log(x + (x + 1)~(1/2))/x, x)
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3.33 [ tan~!(2tan(z)) dz

Optimal. Leaf size=80

— 1 . T 1 . 1 T ]' : ]' T 1 : T
rtan~'(2tan(z)) + 5 log (1 — 3¢**) — 54 log (1 - gez ) - ZL12 (562 ) + Zng (3e**)

[Out] x*arctan(2*tan(x))+1/2*I*x*1n(1-3%exp(2*I*x))-1/2*xI*x*1n(1-1/3*%exp(2*I*x))-
1/4*polylog(2,1/3%exp(2*I*x))+1/4*polylog(2,3*exp(2*I*x))

Rubi [A]

time = 0.05, antiderivative size = 80, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.800,

steps used = 7, number of rules used = 4, integrand size = 5
Rules used = {5275, 2221, 2317, 2438}

_é_lLl2 <§e2 > + ZL12 (3¢*) + ileog (1—3e*) — 3% log <1 - 362 ) + ztan"(2tan(z))
Antiderivative was successfully verified.
[In] Int[ArcTan[2*Tan[x]],x]

[Out] x*ArcTan[2*Tan([x]] + (I/2)#*x*Logl[l - 3*E~((2xI)*x)] - (I/2)*x*xLogl[l - E~((2
*xI)*x)/3] - PolyLog[2, E~((2*I)*x)/3]/4 + PolyLogl[2, 3*E~((2*I)*x)]/4

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*g*n*xLog[F])), Int[(c + d*x)"(m - 1)*Log[l + b*((F~(gx(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 5275

Int[ArcTan[(c_.) + (d_.)*Tan[(a_.) + (b_.)*(x_)]], x_Symbol] :> Simp[x*ArcT
an[c + d*Tan[a + b*x]], x] + (Dist[b*(1 - I*c - d), Int[x*(E~(2*xI*a + 2*I*Db
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*x)/(1 - Ixc + d + (1 - Ikc - d)*E~(2xI*a + 2%I*bx*x))), x], x] - Dist[bx(1
+ Ixc + d), Int[x*x(E"(2+I%a + 2%I*b*x)/(1 + I*c - d + (1 + I*c + d)*E~(2*xIx*
a + 2xI%b*x))), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[(c + I*d)~2, -1]

Rubi steps

2ix 2ix
-1 1 [ e
/tan (2 tan(m)) dr = rtan (2 tan(m)) - 3/ m dx — / 3_

1 1
= ztan~*(2tan(z)) + sz log (1 — 3e**) 2w: log

)——z/log 1—3e
log|(:
219:
)
1 1.
2w> _ ZLl2 (§e2zw) +

Mathematica [B] Both result and optimal contain complex but leaf count is larger than
twice the leaf count of optimal. 262 vs. 2(80) = 160.
time = 0.16, size = 262, normalized size = 3.28

€
€

1 1
= ztan"!(2tan(z)) + 52:3 log (1 — 3e**) 2z:c log (

OOll—' oolr—l oo —

1 1
= ztan"!(2tan(z)) + sz log (1 — 3e**) — 223: log

rnte) - i ( () st () ottt + (o (5) w20 (242 2 \,( ;?“)\ (2) -2 (242) 20 \,,(%]( 1(8) ot o (A0 _ (cat (3) s ) s (A D) (s (S Sy (Bl
Antiderivative was successfully verified.

[In] Integrate[ArcTan[2*Tan([x]],x]

[Out] x*ArcTan[2*Tan[x]] - (I/4)*((4*I)*x*ArcTan[Cot[x]/2] + (2*I)*ArcCos[5/3]*Ar
cTan[2*Tan[x]] + (ArcCos[5/3] + 2*ArcTan[Cot[x]/2] + 2*ArcTan[2+Tan[x]])*Lo
g[((2*I)*Sqrt[2/3])/(E~ (I*x)*Sqrt[-5 + 3*Cos[2*x]]1)] + (ArcCos[5/3] - 2#*Arc
Tan[Cot[x]/2] - 2xArcTan[2*Tan[x]])*Log[((2*I)*Sqrt[2/3]1*E~(I*x))/Sqrt[-5 +

3*Cos [2*x]]] - (ArcCos[5/3] - 2*ArcTan[2*Tan[x]])*Log[(4*I - 4xTan([x])/(I
+ 2xTan[x])] - (ArcCos[5/3] + 2*xArcTan[2*Tan[x]])*Log[(4*(I + Tan[x]))/(3*I

+ 6xTan[x])] + I*(-PolyLog[2, (-3*I + 6%Tan[x])/(I + 2%Tan[x])] + PolyLogl

2, (-I + 2xTan[x])/(3*I + 6*Tan[x])]))

Mathics [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[ArcTan[2*Tan[x]],x]’)
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[Out] cought exception: maximum recursion depth exceeded

Maple [A]
time = 0.25, size = 113, normalized size = 1.41

method result

i tan 2 i tan 2
iarctan(tan(z)) In (1— %) N polylog (2,%>
4

derivativedivides | arctan (2tan (z)) arctan (tan (z)) +

N

. ; 2 3(144 2
tarctan(tan(z)) In (1—%) polylog (27%)
2 + 4

default arctan (2 tan (z)) arctan (tan (z)) +

) i(eziz_%) 2 _ i(eQiz_%) 2 _ i(e%z_
T csgn(ezi;Jrl)csgn(m) g CSgn(i(ezm—é))csgn< T > xﬂcsgn(i(ezm—3))csgn<ezi“

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(2*tan(x)),x,method=_RETURNVERBOSE)

[Out] arctan(2+*tan(x))*arctan(tan(x))+1/2xI*arctan(tan(x))*1n(1-3*(1+I*tan(x))~2/
(1+tan(x)~2))+1/4*polylog(2,3*(1+I*tan(x)) "2/ (1+tan(x)~2))-1/2*I*arctan(tan
(x))*1n(1-1/3*%(1+I*tan(x)) "2/ (1+tan(x) ~2))-1/4*polylog(2,1/3*(1+I*tan(x)) "2
/(1+tan(x)~2))

Maxima [A]

time = 0.38, size = 84, normalized size = 1.05

1 1 5 4 . 4 1 1 2 1 1 2 1 1
warctan (2 tan (z)) — ¢ log (4 tan (2)* +4) log (4 tan (z)* + 1) + 3 log (4 tan (z)* +1) log (5 tan (z)* + §> - L2 (2 tan (@) = 1) + 7 Lip (gi tan (z) + §> +7Li (—gi tan (z) + §> — 4 Li (=2i tan (2) ~ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x, algorithm="maxima")

[Out] x*arctan(2*tan(x)) - 1/8%log(4*tan(x)~2 + 4)*log(4*tan(x)~2 + 1) + 1/8*log(
4xtan(x) "2 + 1)*log(4/9*tan(x)~2 + 4/9) - 1/4xdilog(2*Ixtan(x) - 1) + 1/4*d
ilog(2/3*Ixtan(x) + 1/3) + 1/4*dilog(-2/3*Ixtan(x) + 1/3) - 1/4*dilog(-2*Ix
tan(x) - 1)

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than

twice the leaf count of optimal. 220 vs. 2(50) = 100.
time = 0.35, size = 220, normalized size = 2.75

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x, algorithm="fricas")

[Out] x*arctan(2*tan(x)) - 1/4*I*x*log(2*(2*tan(x)”~2 + 3*Ixtan(x) - 1)/(tan(x)"2
+ 1)) + 1/4xIxx*log(2/3*x(2*tan(x)~2 + Ixtan(x) + 1)/(tan(x)"2 + 1)) - 1/4xI
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*xx*x1og(2/3*(2*tan(x) "2 - Ixtan(x) + 1)/(tan(x)"2 + 1)) + 1/4*I*xx*xlog(2*(2*t
an(x)~2 - 3*Ixtan(x) - 1)/(tan(x)"2 + 1)) + 1/8xdilog(-2*(2*tan(x)~2 + 3*Ix
tan(x) - 1)/(tan(x)"2 + 1) + 1) - 1/8*%dilog(-2/3*(2*tan(x)~2 + I*tan(x) + 1
)/(tan(x)"2 + 1) + 1) - 1/8xdilog(-2/3*(2*tan(x)"2 - Istan(x) + 1)/(tan(x)”
2+ 1) + 1) + 1/8*dilog(-2*(2*tan(x)"2 - 3*I*tan(x) - 1)/(tan(x)"2 + 1) + 1
)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ atan (2tan (z)) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(2*tan(x)),x)
[Out] Integral(atan(2*tan(x)), x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ atan (2tan (z)) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(2*tan(x)),x)

[Out] int(atan(2*tan(x)), x)
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3.34 f tan~1(x) log(x) dx

X

Optimal. Leaf size=57

1 1 1 1
52’ log(z)Lig(—ix) — 52 log(z)Liz(iz) — §iLi3(—ix) + EiLi,?,(?:.’l?)

[Out] 1/2*%I*1n(x)*polylog(2,-I*x)-1/2*I*1n(x)*polylog(2,I*x)-1/2*I*polylog(3,-I*x
)+1/2*I*polylog(3,I*x)

Rubi [A]
time = 0.05, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

number of rules _ ( go5
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 8,
Rules used = {4940, 2438, 5125, 2421, 6724}

1 1 1 1
—EiLig(—iw) + Ez'Lig,(ix) + EiLiQ(_’im) log(z) — éiLiz(z’z) log(z)

Antiderivative was successfully verified.
[In] Int[(ArcTan[x]*Logl[x])/x,x]

[Out] (I/2)*Loglx]*PolyLog[2, (-I)*x] - (I/2)*Logl[x]*PolyLogl[2, I*x] - (I/2)*Poly
Log[3, (-I)*x] + (I/2)*PolyLogl[3, I*x]

Rule 2421

Int [(Logl(d_.)*((e_) + (f£_.)*(x_)"(m_.))]1*((a_.) + Logl(c_.)*(x_)"(n_.)]*(b
_))"(p_))/(x_), x_Symbol] :> Simp[(-PolyLog[2, (-d)*f*x"m])*((a + bxLoglc
*x"n]) "p/m), x] + Dist[b*n*(p/m), Int[PolyLogl[2, (-d)*f*x"m]*((a + b*Logl[c*
x"n])~(p - 1)/x), x1, x] /; FreeQ[{a, b, ¢, d, e, £, m, n}, x] && IGtQ[p, O
1 && EqQ[dxe, 1]

Rule 2438

Int[Logl(c_.)*((d ) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 4940

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> Simp[a*Logl[x], x]
+ (Dist[I*(b/2), Int[Logll - Ixc*x]/x, x], x] - Dist[I*(b/2), Int[Logl[l +
Ixcxx]/x, x], x]1) /; FreeQ[{a, b, c}, x]

Rule 5125

Int [(ArcTan([(c_.)*(x_)~(n_.)]*Logl(d_.)*(x_)~"(m_.)]1)/(x_), x_Symbol] :> Dis
t[I/2, Int[Logl[d*x~m]*(Log[l - I*c*x"nl/x), x], x] - Dist[I/2, Int[Logl[d*x~
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m]*(Log[1 + I*c*x"nl/x), x], x] /; FreeQ[{c, d, m, n}, x]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQl{a, b, c, d
, €, n, p}, x] && EqQ[bxd, axel

Rubi steps

/tan_l(x) log(z) dp — lz/ log(1 — iz) log(x) i — lz/ log(1 + iz) log(z) da

z 2 x 2 z
1, o1 1. [ Liy(—iz) 1. [ Lis(iz)
= 2zlog(ac)ng( ix) 2zlog(:c)L12(z:c) 2@/ - dx + 21/ . dz
1 1 1 1
= éilog(x)Liz(—ix) — iilog(x)Liz(z’x) — iiLig(—ia:) + §iLi3(’i.’IJ)

Mathematica [A]
time = 0.05, size = 44, normalized size = 0.77

%i(log(m)Lb(—z’x) —log(z)Liy(iz) — Liz(—iz) + Lis(ix))

Antiderivative was successfully verified.

[In] Integrate[(ArcTan[x]*Logl[x])/x,x]

[Out] (I/2)*(Loglx]*PolyLogl[2, (-I)*x] - Logl[x]*PolyLogl[2, I*x] - PolyLog[3, (-I)
*xx] + PolyLogl[3, I*x])

Mathics [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded in comparison

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[ArcTan[x]*Log[x]/x,x]’)
[Out] cought exception: maximum recursion depth exceeded in comparison

Maple [A]
time = 0.49, size = 71, normalized size = 1.25

] method \ result
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polylog(2,iz) + i polylog(3,iz) + iln(z) polylog(2,—4z) _ ipolylog(3,—ix
2 2 2

2

risch iln(2)* In(~iati) _ “n(x)le(—ix—H) _iln(z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x)*1n(x)/x,x,method=_RETURNVERBOSE)
[Out] 1/4*I*1n(x)~2*1ln(-I*(x+I))-1/4*I*x1n(x) "2*x1n(1-I*x)-1/2*I*1n(x)*polylog(2,Ix*
x)+1/2xIxpolylog(3,I*x)+1/2*I*1n(x)*polylog(2,-I*x)-1/2*xI*polylog(3,-I*x)

Maxima [A]
time = 0.39, size = 31, normalized size = 0.54

ity (12) og (2) + %iLb (—iz) log (z) + %iLig(i z) — %z’Lig(—iaz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x, algorithm="maxima")

[Out] -1/2%I*dilog(I*x)*log(x) + 1/2*Ixdilog(-I*x)*log(x) + 1/2*I*polylog(3, I*x)
- 1/2xIxpolylog(3, -I*x)

Fricas [F]
time = 0.34, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x, algorithm="fricas")

[Out] integral(arctan(x)x*log(x)/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ log (z) atan () d

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)*1n(x)/x,x)
[Out] Integral(log(x)*atan(x)/x, x)

Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

atan (z) In (z)
/ dz

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int((atan(x)*log(x))/x,x)
[Out] int((atan(x)*log(x))/x, x)
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3.35 [ V1+x2 tan(z)* dzx

Optimal. Leaf size=121
1 I .
sinh ™' (z)— V1 + z2 tan_l(m)+§mv 1+ 22 tan~'(z)?—itan™" (e’tan 1(””)) tan~'(z)?+i tan™' (z)Li, (—ie’ta

[Out] arcsinh(x)-I*arctan((1+I*x)/(x"2+1)~(1/2))*arctan(x) 2+I*arctan(x)*polylog(
2,-I*x(1+I*x)/(x"2+1)~(1/2))-I*arctan(x)*polylog(2,I*(1+I*x)/(x~2+1)~(1/2))-
polylog(3,-I*(1+I*x)/(x"2+1)~(1/2))+polylog(3,I*(1+I*x)/(x~2+1)~(1/2))-arct
an(x)*(x~2+1)~(1/2)+1/2*x*arctan(x) ~2*(x"2+1) ~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 121, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 10, number of rules used = 7, integrand size = 14,
Rules used = {5000, 5008, 4266, 2611, 2320, 6724, 221}

- - - - 1 5 -
itan™" (z)Li, (*ie’"’“ ‘(’)) —itan™" (z)Li; (ie”a" ](I)> — Lig (*ie”*‘" ‘(m)) + Lig (ie”a“ ](I)> + Ea:vz2 +1 tan'(z)? — V22 + 1 tan~'(z) — itan™" (em‘" ‘(”)) tan~'(z)? + sinh ™! (z)

Antiderivative was successfully verified.
[In] Int[Sqrt[1l + x~2]*ArcTan[x]~2,x]

[Out] ArcSinh[x] - Sqrt[1 + x"2]*ArcTan[x] + (x*Sqrt[l + x~2]*ArcTan[x]~2)/2 - Ix
ArcTan [E~(I*ArcTan[x])]*ArcTan[x] "2 + I*ArcTan[x]*PolyLog[2, (-I)*E~(I*ArcT
an[x])] - I*ArcTan[x]*PolyLog[2, I*E~(I*ArcTan[x])] - PolyLog[3, (-I)*E~(I*
ArcTan[x])] + PolyLogl[3, I*E~(I*ArcTan[x])]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~“n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
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f, g, n}, x] && GtQ[m, O]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[-2x(c + d*x) “m*(ArcTanh[E~ (I*xk*Pi)*E~(I*(e + f*x))1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l - E~(I*k*Pi)*E~(I*(e + £*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*Logl[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] &% IntegerQ[2+k] && IGtQ[m, O]

Rule 5000

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_)*((d)) + (e_.)*(x_)"2)"(q_.), x_
Symbol] :> Simp[(-b)*px(d + e*x~2)~g*((a + bxArcTan[c*x])~(p - 1)/(2xcxq*(2
*q + 1))), x] + (Dist[2*d*(q/(2*%q + 1)), Int[(d + e*x™2)"(q - 1)*(a + bxArc
Tan[c*x])~p, x], x] + Dist[b™2xd*p*((p - 1)/(2%q*(2%q + 1))), Int[(d + exx”
2)"(q - D*(a + bxArcTan[c*x])~(p - 2), x], x] + Simp[x*(d + exx~2)"gx((a +
bxArcTan[c*x]) “p/(2*xq + 1)), x]1) /; FreeQ[{a, b, c, d, e}, x] & EqQ[e, c~
2xd] && GtQlq, 0] && GtQlp, 1]

Rule 5008

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/Sqrt[(d_) + (e_.)*(x_)"2], x_S
ymbol] :> Dist[1/(c*Sqrt[d]), Subst[Int[(a + b*x) p*Sec[x], x], x, ArcTan[c
*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQle, c~2xd] && IGtQ[p, 0] && GtQ
[d, o]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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1

1 1 [ tan™
1+ 22 tan'(z)?dz = —v1 + 22 tan"'(z) + ~zv1 + 22 tan"'(z 2+
/> (@) de == @)+ 5o @ m e
1
= sinh™'(z) — V1 + 22 tan"'(z) + éxvl + 2 tan"*(z) + §Subst (/ x% sec(z
1
= sinh™'(z) — V1 + 22 tan"'(z) + —x\/l + 22 tan"'(z)? — itan™ (
=sinh™(z) — V1 + 22 tan"!(z) + z\/1+w2 tan™(z)? —itan~ 1( >
=sinh™!(z) — V1 + 22 tan'(z) + 1‘\/1+m2 tan~!(z)? — itan™! (e”an 1(””)> t

=sinh™'(z) — V14 ? tan"'(z) + 1'V1+:B2 tan~!(z)? —itan~! (€'t '@)) ¢

itan— 1(:1:)) |

itan—1(z)

e t

Mathematica [A]
time = 0.14, size = 131, normalized size = 1.08

—V1+ 22 tan™!(z) + zvl +22 tan~'(z)* —itan~! (e“““’“”) tan~!(z)? + tanh " ( z
V1+ 2

) + itan!(z)Liy (7ie“a“"“)) — itan"!(z)Li, (z‘e““’““) — Lig (7ie”a“"<1>) +Lis (z‘e““’“”)

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[1 + x~2]*ArcTan[x]~2,x]

[Out] -(Sqrt[1 + x~2]*ArcTan[x]) + (x*Sqrt[l + x~2]*ArcTan[x]~2)/2 - I*ArcTan[E~(
IxArcTan[x])]*ArcTan[x]~2 + ArcTanh[x/Sqrt[1 + x"2]] + I*ArcTan[x]*PolyLogl

2, (-I)*E~(I*ArcTan[x])] - I*ArcTan[x]*PolyLog[2, I*E~(I*ArcTan[x])] - Poly
Log[3, (-I)*E~(I*ArcTan[x])] + PolyLogl[3, I*E~(I*ArcTan[x])]

Mathics [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

cought exception: maximum recursion depth exceeded

Warning: Unable to verify antiderivative.

[In] mathics(’Integrate[ArcTan[x] 2*Sqrt[1 + x~2],x]’)
[Out] cought exception: maximum recursion depth exceeded

Maple [A]
time = 0.33, size = 171, normalized size = 1.41

] method \ result
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V241

arctan(z)? In <1— W) arctan(z)? In (1-{-

i(iz+1)

2 +1

)

default Vv 2 +1 arctar;(w)(z arctan(z)—2) + .

2

— ¢arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x)”~2*(x"2+1)~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/2*%(x"2+1)~(1/2)*arctan(x)*(x*arctan(x)-2)+1/2*arctan(x) " 2*x1n(1-I*(1+I*x)/
(x72+1)~(1/2))-1/2*%arctan(x) "2*1n(1+I* (1+I*x)/(x"2+1) ~(1/2))-I*arctan(x)*po
lylog(2,I*(1+I*x)/(x~2+1)~(1/2))+I*arctan(x)*polylog(2,-I*(1+I*x)/(x~2+1)~(
1/2))+polylog(3,I*(1+I*x)/(x72+1)~(1/2))-polylog(3,-I*(1+I*x)/(x"2+1)~(1/2)

)-2xIxarctan((1+I*x)/(x"2+1)~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x) ~2*(x"2+1)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(x~2 + 1)*arctan(x)~2, x)

Fricas [F|
time = 0.34, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x) ~2*(x~2+1)~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(x~2 + 1)*arctan(x)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Va2 + 1 atan’ (z) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)**2x*(x**2+1)**(1/2),x)
[Out] Integral(sqrt(x**2 + 1)*atan(x)**2, x)



Giac [F] N/A
time = 0.00, size = 0, normalized size = 0.00

Could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x) ~2*(x"2+1)~(1/2),x)
[Out] Could not integrate

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/atan (z)* Va2 +1 dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x)"2x(x"2 + 1)~(1/2),x)
[Out] int(atan(x)~2*(x"2 + 1)°(1/2), x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|
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/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)

(* match Maple’s logic. No change in functionality otherwisex*)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(* "F" 4if the result fails to integrate an exzpression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["exzpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

Result,leafC




» (*ELSE*)

finalresult={"B","Both result and optimal contain complex but

]
, (*ELSE*)
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finalresult={"C","Result contains complex when optimal does not."

]

, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

, (*ELSE*)

finalresult={"B","Leaf count is larger than twice the leaf count o

]
]

, (¥ELSE*) (*ezpnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

b

finalresult={"F","Contains unresolved integral."}

1;

finalresult

(* ::Text:: *)

(*¥The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1 = rational function*)

(#2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)
(*¥6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType [expn_] :=

If[AtomQ[expn],
1,

If[ListQ[expn],
Max [Map [ExpnType, expn]],

If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],

ExpnType[expn[[1]]],

If [Head [expn[[2]]]===Rational,

leaf count i:

f optimal. $"-

al. Order "<>




If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
If [HypergeometricFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],61],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],71],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=

MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]
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 AppellFunctionQ[func_] :=

L MemberQ [{AppellF1},func]

4.2.2

Maple grading function

# File:

#Nasser
#Nasser
#Nasser

IIFII

IICII

#
#
#
#
#
# "BII
#

#

IIAII

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

03/22/2017 Use Maple leaf count instead since buildin
03/23/2017 missing ’1n’ for ElementaryFunctionQ added
03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added ’dilog’ to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade
GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

rsion issues.

 optimal);




#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof(’int’)) then

if ExpnType_result<=ExpnType_optimal then
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return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn ;

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then

af count of

vert (2xleaf _

not as well"

print("leaf_count_result>2*leaf_count_optimal");
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fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",conver
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
1 = rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH H H H HEH R HHH
© 00 ~NO O WN
|

ExpnType := proc(expn)

if type(expn,’atomic’) then
1

elif type(expn,’list’) then
apply (max ,map (ExpnType, expn) )

elif type(expn,’sqrt’) then
if type(op(1,expn),’rational’) then

1

else

f count of op

t (2xleaf_coun

der ",
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max (2,ExpnType (op(1,expn)))
end if
elif type(expn,’‘~‘’) then
if type(op(2,expn),’integer’) then
ExpnType (op(1,expn))
elif type(op(2,expn),’rational’) then
if type(op(1l,expn),’rational’) then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,’‘+‘’) or type(expn,’‘*‘’) then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map (ExpnType, [op(expn)])))
elif op(0,expn)=’int’ then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])
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end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.2.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added ‘RootSum’ See problem 177, Timofeev file
# added ’exp_ polar’

from sympy import x*

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
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return False

def is_elementary_ function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f elliptic_ e,elliptic_ pi,exp_ polar

]

def is hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(EzpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,” ™)
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
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return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),’rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,EzpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’+*’) or type(expn,’
ml = expnType(expn.args|0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz (8, ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, 1ist(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExzpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

,ezpn)), Expn Ty
“)

ist,expn]], 7]/,




if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count o

else: #result contains complex but optimal is not
grade = "C"

grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =
else:
grade = "B"

nn

grade_ annotation ="Leaf count of result is larger than twice the leaf count of opt

else:
grade = "C"
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f result is larg

imal. "4+str(le

grade__annotation ="Result contains higher order function than in optimal. Order "+str(ExpnType_

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_ annotation

4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added ’exp_integral e’ and ’sng’, ’sin__integral’
# ‘arctan?’, ’floor’, ’abs’, ’log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;




def tree_ size(expr):
r nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
debug=False
m = func.name() in ['exp’,’log’,’In’,
’sin’,’cos’,’tan’,’cot’,’sec’,’csc’,
’arcsin’,’arccos’,’arctan’,’arccot’,’arcsec’,’arccsc’,
’sinh’,’cosh’,’tanh’,’coth’,’sech’,’csch’,
’arcsinh’,’arccosh’,’arctanh’,’arccoth’,’arcsech’,’arccsch’,’sgn’,
"arctan2’,’floor’,’abs’
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special_function(func):
debug=False
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if debug: print ("type(func)=", type(func))

m= func.name() in [erf’,’erfc’,’erfi’,’fresnel _sin’,’fresnel cos’,’Ei’,
"Ei’)’Li’’Si’,’sin__integral’,’Ci’,’cos__integral’,’Shi’,’sinh__integral’
"Chi’,’cosh__integral’,’gamma’,’log_ gamma’,’psi,zeta’,
‘polylog’,’lambert_ w’,’elliptic_ f’,’elliptic_ €’,
elliptic_ pi’,’exp__integral e’,’log_integral’]

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):
return func.name() in ["hypergeometric’,’hypergeometric_M’,’hypergeometric_ U’]

def is_appell_function(func):
return func.name() in [hypergeometric’] #[appellfl] can’t find this in sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()
return False

except AttributeError as error:
return False

def expnType(expn):
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if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elif is appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1s checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function

rpn Type(expn.o;
Add) or isinstar
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation ="none"
else:

grade = "B"

else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2x«leaf count_ optimal:

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_ annotation

#if debug: print ("leaf _count_result=", leaf count result, "leaf count_optimal=",leaf count_optimal)

if debug: print ("expnType_result=", expnType_ result, "expnType_optimal=",expnType_|optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

grade = "A"
grade_ annotation ="none'"
else:
grade = "B’
grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf
else:
grade = "C"

xpnType_ rest
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