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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 71 ]. This is test number [ 203 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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System solved Failed

Rubi % 100. (71) %0.(0)

Mathematica | % 100. ( 71) %0.(0)
Maple % 74.65 (53 ) | % 25.35 (18)
Maxima % 59.15 (42) | % 40.85 ( 29)
Fricas % 69.01 (49 ) | % 30.99 ( 22)
Sympy % 45.07 (32) | % 54.93 ( 39)
Giac % 32.39 (23 ) | % 67.61 (48)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 78.87 4.23 16.9 0.
Maple 32.39 35.21 7.04 25.35
Maxima 45.07 14.08 0. 40.85
Fricas 42.25 26.76 0. 30.99
Sympy 38.03 0. 7.04 54.93
Giac 23.94 8.45 0. 67.61




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.



System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.17 104.72 1.01 61. 1.
Mathematica 0.84 264.8 1.3 54. 1.02
Maple 0.19 114.09 1.99 109. 1.73
Maxima 1.07 93.31 1.77 80. 1.63
Fricas 2.68 247.73 4.38 159. 3.3
Sympy 5.09 54.91 1. 50. 1.06
Giac 1.16 92.39 2.03 93. 1.93

1.4 list of integrals that has no closed form an-

tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed

verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {31}

Mathematica {4}[7,8,9} 10,11} [12}[13}[18, 24} [28, 30} 31} 32} 33} 35,38, [39} |40} (4T} |42} (43} 44} [45),

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.




1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grades (UBBABANAOI 16} 17 05} 19} 20} 21} 22, 25, 24 25, 26,27
43| [44} [45] [46} [47] [48} [49] 50} 51} [52} [53} [54]
51,62, 63, 64} 63}, 56} 67 68} 69} 70, 71}

B grade: { }

C grade: { }

F grade: { }

2.1.2 Mathematica

A grade: {[1,[2[3,[6}[10}[14}[15}[16} 17} 18} 19} 20} 21} 22} 24} 26} 27]
[36,[37, 39} (41 [43} [45}, (47} 48, [49} (50} 51} 52} [53, 54} 55} 56} 57} 58} 59,
[68,[69, (704711}

B grade: {[5,[9}[25] }
C grade: | BB IE BB M)

F grade: { }

BB

B
BE
B
RE
EE
R
B
B
SE

2.1.3 Maple
A grade: { [} 2} 8,14 15|16} [[7,[19}, 20} 21} 22} [27, 28} 29, B4} 6} 47} 49}, 50, 51} 57 G} 7]}
B frede (116430331} B2 33} 35} B9 1} 3} 45}, 524 53} 54} 65, 56} 58} 60} (62 63} 64463}, 661 67

C grade: {[38}[40}[42}[44}[46| }
F grade: { [4}[7,[8} [0} 10} [11} 12} [13] 18} [23] [24} [25} [26] 37} [48} [59} [69} [71] }

21.4 Maxima

A grade: { [14[15[16][17,[19} 00} 21} 22} [27) [28) 26} 30} 31} 32} B4} 36} |89} 43} |47} [4} [50} 51} 52}
53,65, [57, 6T} 63} 66468, 70} [71]

B grade: ([53,37) 15} 57 7, 56 60, G2 6

C grade: { }

13



14

Ilgjfde (DR BB 78 P IO LT} 121318, [23}[24}[25}[26} 37} [38} 40} [42} 14 [46, [48, 5%}, 69

21.5 FriCAS

A grade: { [14[15[16}[17,[19}[20}[21} 22} 27} 28} [29} 30} 32, B4} 36} BY} 47} 49} 50} 1} 53} 57,58,
(60361462} 63} 644 66} 68}

B grade: { [1}[21[3} 5}[6} BT} 33} 85} 41} 43} 45} 52} >4} [65} [5G, (65} 67, (70} 7]}

C grade: { }

F grade: { )7 B 00} 1) 2 3 ) 23 2 25 26, 7 55 0 12 0 16,60 )

2.1.6 Sympy

A grade: { 29,06, [27,98, 29,50, T} 52,33 85} 56 57} 5% T} 3} 45, 48} 9} 50, F T} 52, 3 5,
56,57 8168}

B grade: { }
C grade: {.}

F grade: {@@L , 14 [15 [16}[17) [18} 19} [20} 21} 23} 24} 25} 34, {7} [55)
[69,160}61} 62463} [64} 65,66} 67

21.7 Giac

A grade: { 27,28} [29,[30} 1} 35} [39} [41} [43} [47} [60} [61}, [62}[6 3} [64} [66} [68) }
B grade: {[33}[34}[36} [45}[65}[67] }

C grade: { }

F grade: {[1[2}[3} 4 5}[6} (7,8} 0 L0} (11} [12)[13} [1 4} [L5} 1, 17, 18} 19
(37,38} 20} 42344, 16, 148} 9, 50} 5} 52} 53} 54, 55, 56, 574 58, B9, 69, T, 71

O

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — .
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 147 147 149 227 0 729 0 0
normalized size | 1 1. 1.01 1.54 0. 4.96 0. 0.
time (sec) N/A 0.152 0.281 0.249 0. 3.166 0. 0.
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Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 129 170 0 686 0 0
normalized size | 1 1. 1.17 1.55 0. 6.24 0. 0.
time (sec) N/A 0.095 0.176 0.219 0. 3.319 0. 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 110 97 0 643 0 0
normalized size | 1 1. 1.47 1.29 0. 8.57 0. 0.
time (sec) N/A 0.061 0.085 0.234 0. 3.16 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 162 162 427 0 0 0 0 0
normalized size | 1 1. 2.64 0. 0. 0. 0. 0.
time (sec) N/A 0.287 0.379 0.25 0. 0. 0. 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 141 154 0 792 0 0
normalized size | 1 1. 2.24 2.44 0. 12.57 0. 0.
time (sec) N/A 0.102 0.163 0.233 0. 2.798 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 114 114 220 453 0 1045 0 0
normalized size | 1 1. 1.93 3.97 0. 9.17 0. 0.
time (sec) N/A 0.21 0.456 0.231 0. 2.972 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 501 501 1429 0 0 0 0 0
normalized size | 1 1. 2.85 0. 0. 0. 0. 0.
time (sec) N/A 0.887 12.661 0.425 0. 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 351 351 864 0 0 0 0 0
normalized size | 1 1. 2.46 0. 0. 0. 0. 0.
time (sec) N/A 0.506 9.142 0.403 0. 0. 0. 0.
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 194 194 401 0 0 0 0 0
normalized size | 1 1. 2.07 0. 0. 0. 0. 0.
time (sec) N/A 0.273 1.388 0.222 0. 0. 0. 0.
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 85 85 160 0 0 0 0 0
normalized size | 1 1. 1.88 0. 0. 0. 0. 0.
time (sec) N/A 0.083 0.249 0.218 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 475 475 1008 0 0 0 0 0
normalized size | 1 1. 212 0. 0. 0. 0. 0.
time (sec) N/A 1.073 2.783 0.611 0. 0. 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 448 448 2061 0 0 0 0 0
normalized size | 1 1. 4.6 0. 0. 0. 0. 0.
time (sec) N/A 111 12.864 0.543 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1024 1024 8348 0 0 0 0 0
normalized size | 1 1. 8.15 0. 0. 0. 0. 0.
time (sec) N/A 2.296 14.164 0.53 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 114 114 47 43 78 142 0 0
normalized size | 1 1. 0.41 0.38 0.68 1.25 0. 0.
time (sec) N/A 0.032 0.033 0.128 1.025  2.583 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 42 38 62 128 0 0
normalized size | 1 1. 0.47 0.43 0.7 1.44 0. 0.
time (sec) N/A 0.025 0.03 0118  0.996  2.632 0. 0.
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Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 35 31 46 113 0 0
normalized size | 1 1. 0.55 0.48 0.72 1.77 0. 0.
time (sec) N/A 0.017 0.024 0.119 1.001  2.563 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 24 24 24 89 0 0
normalized size | 1 1. 0.77 0.77 0.77 2.87 0. 0.
time (sec) N/A 0.008 0.009 0.113 1.004  2.574 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 46 46 45 0 0 0 0 0
normalized size | 1 1. 0.98 0. 0. 0. 0. 0.
time (sec) N/A 0.097 0.035 0.17 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 42 46 88 109 0 0
normalized size | 1 1. 0.67 0.73 1.4 1.73 0. 0.
time (sec) N/A 0.024 0.023 0112 0998  2.692 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 47 57 124 132 0 0
normalized size | 1 1. 0.52 0.63 1.38 1.47 0. 0.
time (sec) N/A 0.028 0.034 0.112 1.019  2.506 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 115 115 52 67 157 150 0 0
normalized size | 1 1. 0.45 0.58 1.37 1.3 0. 0.
time (sec) N/A 0.034 0.045 0117 0991  2.589 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 18 29 22 57 14 0
normalized size | 1 1. 1.12 1.81 1.38 3.56 0.88 0.
time (sec) N/A 0.006 0.003 0.099 1. 2.585  0.147 0.




18

Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 64 0 0 0 0 0
normalized size | 1 1. 1.05 0. 0. 0. 0. 0.
time (sec) N/A 0.108 0.086 0.378 0. 0. 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 54 54 49 0 0 0 0 0
normalized size | 1 1. 0.91 0. 0. 0. 0. 0.
time (sec) N/A 0.101 0.04 0.279 0. 0. 0. 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 77 77 236 0 0 0 0 0
normalized size | 1 1. 3.06 0. 0. 0. 0. 0.
time (sec) N/A 0.088 0.569 0.434 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 52 52 54 0 0 0 51 0
normalized size | 1 1. 1.04 0. 0. 0. 0.98 0.
time (sec) N/A 0.04 0.045 0.255 0. 0. 8.634 0.
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 49 53 68 115 63 108
normalized size | 1 1. 0.91 0.98 1.26 213 1.17 2.
time (sec) N/A 0.029 0.049 0.21 1.008 2565 3.266 1.153
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 75 75 76 109 144 171 73 93
normalized size | 1 1. 1.01 1.45 1.92 2.28 097 1.24
time (sec) N/A 0.044 0.055 0177 0973  2.642 5507 1.164
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 38 43 34 90 41 61
normalized size | 1 1. 1.23 1.39 11 2.9 1.32 1.97
time (sec) N/A 0.022 0.038 0.171 1.021 2535 2457 1.148
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 47 47 47 85 105 140 29 70
normalized size | 1 1. 1. 1.81 2.23 2.98 062 149
time (sec) N/A 0.026 0.03 0.194  0.967 257 3453 1171
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A A
verified N/A NO NO TBD TBD TBD TBD TBD
size 24 31 35 113 86 203 48 82
normalized size | 1 1.29 1.46 4.71 3.58 8.46 2. 3.42
time (sec) N/A 0.015 0.015 0169  1.002 2776 2.018 1.161
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 38 38 42 107 73 142 41 0
normalized size | 1 1. 1.11 2.82 1.92 3.74 1.08 0.
time (sec) N/A 0.035 0.028 0.18 1.001  3.016 4.265 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 40 40 43 145 116 232 36 111
normalized size | 1 1. 1.08 3.62 2.9 5.8 0.9 2.78
time (sec) N/A 0.029 0.027 0.188  1.008 2949 4.075 1.135
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 37 42 34 103 0 93
normalized size | 1 1. 1.19 1.35 1.1 3.32 0. 3.
time (sec) N/A 0.022 0.034 0179  1.033 2.41 0. 1.193
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 65 65 53 173 174 250 83 139
normalized size | 1 1. 0.82 2.66 2.68 3.85 1.28 214
time (sec) N/A 0.043 0.049 0.183 1.022 2586 5326 1.152
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 46 52 55 124 65 167
normalized size | 1 1. 0.9 1.02 1.08 2.43 1.27  3.27
time (sec) N/A 0.038 0.042 0197 0989 2439 3.043 1.255
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Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 59 59 55 0 0 0 66 0
normalized size | 1 1. 0.93 0. 0. 0. 1.12 0.
time (sec) N/A 0.042 0.061 0.199 0. 0. 19.537 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 202 202 112 150 0 0 48 0
normalized size | 1 1. 0.55 0.74 0. 0. 0.24 0.
time (sec) N/A 0.125 0.249 0.211 0. 0. 3.352 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 52 52 53 94 109 149 36 74
normalized size | 1 1. 1.02 1.81 21 2.87 0.69  1.42
time (sec) N/A 0.038 0.054 0.29 1.032 2595 4.294 1.133
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 86 86 113 104 0 0 41 0
normalized size | 1 1. 1.31 1.21 0. 0. 0.48 0.
time (sec) N/A 0.053 0.215 0.187 0. 0. 3.279 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 40 40 42 116 96 205 58 82
normalized size | 1 1. 1.05 2.9 24 512 145  2.05
time (sec) N/A 0.036 0.031 0.285 0989 2548 524 1.132
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 165 165 96 146 0 0 42 0
normalized size | 1 1. 0.58 0.88 0. 0. 0.25 0.
time (sec) N/A 0.08 0.141 0.18 0. 0. 0.908 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 46 46 22 86 73 163 54 80
normalized size | 1 1. 0.48 1.87 1.59 3.54 117  1.74
time (sec) N/A 0.033 0.045 0.272  1.008 256 7134 1.229
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Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 91 91 96 111 0 0 42 0
normalized size | 1 1. 1.05 1.22 0. 0. 0.46 0.
time (sec) N/A 0.047 0.16 0.18 0. 0. 2.604 0.
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 42 42 24 114 124 227 39 103
normalized size | 1 1. 0.57 2.71 2.95 5.4 093 245
time (sec) N/A 0.039 0.044 0.287  1.072 252 4863 1.125
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 181 181 114 171 0 0 44 0
normalized size | 1 1. 0.63 0.94 0. 0. 0.24 0.
time (sec) N/A 0.095 0.193 0.215 0. 0. 3.465 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-2) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 39 42 34 105 0 34
normalized size | 1 1. 1.26 1.35 1.1 3.39 0. 1.1
time (sec) N/A 0.022 0.053 0.273 1.037  2.519 0. 1.209
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 57 0 0 0 71 0
normalized size | 1 1. 0.89 0. 0. 0. 1.11 0.
time (sec) N/A 0.322 0.065 0.185 0. 0. 14121 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 85 85 84 117 158 193 82 0
normalized size | 1 1. 0.99 1.38 1.86 2.27 0.96 0.
time (sec) N/A 0.254 0.063 0.174 1.035  2.562 6.686 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 44 61 43 109 51 0
normalized size | 1 1. 1.16 1.61 1.13 2.87 1.34 0.
time (sec) N/A 0.225 0.047 0.183 0.992  2.536 3.489 0.
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Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 52 52 57 90 120 159 36 0
normalized size | 1 1. 1.1 1.73 2.31 3.06 0.69 0.
time (sec) N/A 0.24 0.038 0171 0989  2.525 4371 0.
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 43 43 44 120 101 235 63 0
normalized size | 1 1. 1.02 2.79 2.35 547 1.47 0.
time (sec) N/A 0.158 0.047 0179 0964 2498 4.363 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 47 47 52 112 80 165 49 0
normalized size | 1 1. 1.11 2.38 1.7 3.51 1.04 0.
time (sec) N/A 0.072 0.035 0128 0965  2.532  4.22 0.
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 38 38 39 150 126 252 34 0
normalized size | 1 1. 1.03 3.95 3.32 6.63 0.89 0.
time (sec) N/A 0.214 0.057 0177  1.016 2595 4.739 0.
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F(-2) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 34 54 46 63 38 127 0 0
normalized size | 1 1.59 1.35 1.85 1.12 3.74 0. 0.
time (sec) N/A 0.204 0.042 0.19 1. 2.479 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 73 73 73 176 188 269 92 0
normalized size | 1 1. 1. 241 2.58 3.68 1.26 0.
time (sec) N/A 0.234 0.049 0.21 1.01 2.529  6.106 0.
Problem 57, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 54 73 70 146 76 0
normalized size | 1 1. 0.93 1.26 1.21 2.52 1.31 0.
time (sec) N/A 0.233 0.054 0184  1.001  2.681 3.767 0.
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Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A A F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 96 96 74 209 243 296 114 0
normalized size | 1 1. 0.77 2.18 2.53 3.08 1.19 0.
time (sec) N/A 0.253 0.072 0187  1.002  2.788 8.605 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 85 85 88 0 0 0 0 0
normalized size | 1 1. 1.04 0. 0. 0 0 0.
time (sec) N/A 0.104 0.243 0.382 0. 0 0 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 92 92 85 165 216 209 0 120
normalized size | 1 1. 0.92 1.79 2.35 2.27 0. 1.3
time (sec) N/A 0.108 0.208 0.201 1.537  3.023 0. 1.204
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 64 120 66 127 0 101
normalized size | 1 1. 0.89 1.67 0.92 1.76 0. 1.4
time (sec) N/A 0.098 0.127 0.143 1.027 2981 0. 1.148
Problem 62, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 59 59 54 133 142 162 0 82
normalized size | 1 1. 0.92 2.25 241 2.75 0. 1.39
time (sec) N/A 0.09 0.131 0.15 1.498  2.612 0. 1.138
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 35 89 42 89 0 61
normalized size | 1 1. 0.97 247 1.17 2.47 0. 1.69
time (sec) N/A 0.07 0.067 0.151 1.031  2.607 0. 1.131
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 27 27 38 85 80 89 0 46
normalized size | 1 1. 1.41 3.15 2.96 3.3 0. 1.7
time (sec) N/A 0.059 0.049 0.14 1.556  2.552 0. 1.158
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Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 33 33 37 172 0 194 0 95
normalized size | 1 1. 1.12 5.21 0. 5.88 0. 2.88
time (sec) N/A 0.043 0.033 0.15 0. 2.677 0. 1.159
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F(-2) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 30 30 30 154 46 97 0 58
normalized size | 1 1. 1. 513 1.53 3.23 0. 1.93
time (sec) N/A 0.071 0.101 0.24 1.528  2.587 0. 1.154
Problem 67, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 60 60 58 210 0 293 0 154
normalized size | 1 1. 0.97 3.5 0. 4.88 0. 2.57
time (sec) N/A 0.097 0.109 0.195 0. 2.613 0. 1.144
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 54 193 76 155 75 111
normalized size | 1 1. 0.89 3.16 1.25 2.54 123  1.82
time (sec) N/A 0.095 0.147 0196  1.589 2528 5.461 1.166
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 61 61 52 0 0 0 0 0
normalized size | 1 1. 0.85 0. 0 0 0. 0.
time (sec) N/A 0.098 0.058 0.509 0 0 0. 0.
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 74 63 77 570 0 0
normalized size | 1 1. 1.61 1.37 1.67 12.39 0. 0.
time (sec) N/A 0.058 0.136 0.25 1.011  2.814 0. 0.
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F A B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 74 0 81 969 0 0
normalized size | 1 1. 1.61 0. 1.76 21.07 0. 0.
time (sec) N/A 0.07 0.174 0.349  1.031  3.012 0. 0.
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder

integrand size

the integral was to solve. In this test, problem number [42] had the largest ratio of [ 0.875 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ——
# grade steps unique antideri\./ative leaf size intogrand leaf size
used rules leaf size
1 A 8 7 1. 10 0.7
2 A 7 6 1. 10 0.6
3 A 6 6 1. 8 0.75
4 A 14 8 1. 10 0.8
5 A 6 6 1. 10 0.6
6 A 8 8 1. 10 0.8
7 A 20 9 1. 20 0.45
8 A 17 9 1. 20 0.45
9 A 11 8 1. 18 0.444
10 A 8 6 1. 12 0.5
11 A 17 9 1. 20 0.45
12 A 12 8 1. 20 0.4
13 A 23 11 1. 20 0.55
14 A 4 3 1. 10 0.3
15 A 4 3 1. 10 0.3
16 A 4 3 1. 0.375
17 A 3 3 1. 6 0.5
18 A 7 6 1. 10 0.6
19 A 5 5 1. 10 0.5
20 A 6 5 1. 10 0.5
21 A 7 5 1. 10 0.5
22 A 3 3 1. 4 0.75
23 A 7 6 1. 10 0.6
24 A 7 6 1. 10 0.6
25 A 7 7 1. 10 0.7
26 A 4 4 1. 10 0.4
27 A 4 4 1. 10 0.4
28 A 7 7 1. 10 0.7
29 A 3 3 1. 10 0.3
30 A 6 6 1. 8 0.75
31 A 5 5 1.29 6 0.833
32 A 6 6 1. 10 0.6
33 A 5 5 1. 10 0.5
34 A 3 3 1. 10 0.3
35 A 6 6 1. 10 0.6
Continued on next page




Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand T
# | grade steps unique antldem./atlve leaf size togrand leaf size
used rules leaf size

36 A 5 4 1. 10 0.4
37 A 4 4 1. 12 0.333
38 A 8 8 1. 12 0.667
39 A 6 6 1. 12 0.5
40 A 5 5 1. 12 0.417
41 A 6 6 1. 10 0.6
42 A 7 7 1. 8 0.875
43 A 6 6 1. 12 0.5
44 A 5 5 1. 12 0.417
45 A 6 6 1. 12 0.5
46 A 7 7 1. 12 0.583
47 A 3 3 1. 12 0.25
48 A 5 4 1. 12 0.333
49 A 8 7 1. 12 0.583
50 A 4 3 1. 12 0.25
51 A 7 6 1. 12 0.5
52 A 6 5 1. 10 0.5
53 A 7 6 1. 8 0.75
54 A 6 5 1. 12 0.417
55 A 4 3 1.59 12 0.25
56 A 7 6 1. 12 0.5
57 A 6 4 1. 12 0.333
58 A 8 6 1. 12 0.5
59 A 4 3 1. 23 0.13
60 A 9 7 1. 21 0.333
61 A 6 5 1. 21 0.238
62 A 7 7 1. 21 0.333
63 A 3 3 1. 21 0.143
64 A 5 5 1. 19 0.263
65 A 7 7 1. 18 0.389
66 A 4 4 1. 21 0.19
67 A 7 6 1. 21 0.286
68 A 7 5 1. 21 0.238
69 A 8 8 1. 19 0.421
70 A 6 6 1. 12 0.5
71 A 6 6 1. 14 0.429
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Chapter 3

Listing of integrals

3.1 f 3csch™ (g + bx) dx

Optimal. Leaf size=147

) T a2 -1 1 _ 2 [ 1
(2—17a )(a+bx),/m +1 . (1 2a )atanh ( oy +1) ) desch 1(a+bx) x“(a + bx) Y +1 |

1204 20 0 * 120

[Out] -((2 - 17*a"2)*(a + b*x)*Sqrt[l + (a + b*xx)~(-2)])/(12%b74) + (x72x(a + b*x
)*¥Sqrt[1 + (a + b*x)~(-2)])/(12%b72) - (a*x(a + b*x)~2*xSqrt[l + (a + b*xx)~(-
2)]1)/(3*b~4) - (a"4xArcCschla + bxx])/(4xb~4) + (x"4*ArcCschla + bxx])/4 +

(ax(1 - 2%a”2)*ArcTanh[Sqrt[1 + (a + b*x)~(-2)1]1)/(2*%b~4)

Rubi [A] time = 0.152366, antiderivative size = 147, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 10, e -

0.7, Rules used = {6322, 5469, 3782, 4048, 3770, 3767, 8}

) T h2 -1 1 _ 2 |1
(2—17a)(a+bx),/m+l+(l Za)atanh ( (a+bx)z+1)_a4csch 1(a+bx)+x(a+bx) W_'_l_

12p* 2b* 4p* 1202

integrand size

Antiderivative was successfully verified.

[In] Int[x"3%ArcCschla + b*x],x]

[Out] -((2 - 17*a"2)*(a + bxx)*Sqrt[1 + (a + b*x)~(-2)]1)/(12%xb~4) + (x72*(a + b*x
)*Sqrt[1 + (a + b*x)~(-2)]1)/(12%¥b"2) - (ax(a + b*x)"2*3qrt[1 + (a + b*x)~ (-
2)]1)/(3*b~4) - (a"4xArcCschl[a + bxx])/(4xb~4) + (x"4*ArcCschla + bxx])/4 +

(ax(1 - 2%a”2)*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]1]1)/(2%b"4)

Rule 6322

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)]1*x(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)I*(Cschl[(c_.) + (d_.)x*(
x )I*x(_.) + (@) " (@m_D*((e_.) + (£f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*x) "m*x(a + b*Cschlc + d*x])"(n + 1))/(b*d*(n + 1)), x] + Dist[(f*m)/(bx
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])~(n + 1), x], x] /;

27
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FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3782

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
t[c + d*x]*(a + b*Cscl[c + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b™2%(n - 2) + 3*a~2
*(n - 1)))*Csc[c + d*x] + (a*xb™2%(3*n - 4))*Csc[c + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] &% GtQ[n, 2] &% IntegerQ[2+n]

Rule 4048

Int[((A_.) + cscl[(e_.) + (f_)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M *(cscl(e_.) + (£_)*(xD)I*(b_.) + (a_)), x_Symbol] :> -Simp[(b*C*Csc[e +
fxx]*xCot[e + fxx])/(2xf), x] + Dist[1/2, Int[Simp[2*Axa + (2xB*a + b*x(2*xA +
C))*Cscle + fxx] + 2x(axC + Bxb)*Cscl[e + f*xx]~2, x], x], x] /; FreeQ[{a, b
, e, £, A, B, C}, x]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps

Subst (fx coth(x)csch(x)(-a + csch(x))? dx, x, csch_l(u + bx))
bA
Subst ( [(=a + csch(x))*dx, x, csch ™' (a + bx))
4p*

fx3csch_1(a +bx)dx = -

1 _
= Zx‘lcsch Ya+bx) -

5 1
x%(a + bx),/1 + P

Subst (f(—a + csch(x)) (—3a3 —~ (2 - 9a2) csc

1 _
= + Zx‘*csch Ya+bx)-

o 12b%
T T
— Cla+ by i+ (a+bx)? aa + bx)zm + lx4csch_l (a+bx) - Subst (f (6[14 i
- 1252 3p* 4
T T
i x2(a + bx)[1 + e a(a + bx)Z\/l-i-(Tx)2 a*csch™ (a + bx) N —x deseh™l(a 4 b) + |
= 1202 3p4 4p* 4
1
) X2(a + bx)[1 + e a(a + bx)z\/l-i-(Tx)2 a*csch™ (a + bx) N x Seseh (ﬂ b+ .
= 1202 3p4 4p* 4

— 2 1 2 1 2 1
(2 17a )(a + bx), /1 + i (a+ bx),[1 + @R a(a + bx)* 1 + e dtesch

= - +

12p* 1202 3b*
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Mathematica [A] time = 0.281149, size = 149, normalized size = 1.01

a2 +2abx+b%x2+1 a2 +2abx+b%x2+1 A
N e (9a2bx +13a> — 3ab?x? — 2a + b3x3 - 2bx) +6 (1 - 2a2) alog ((u + bx) (1 /W + 1)) —3a

1204

Antiderivative was successfully verified.

[In] Integrate[x”~3*ArcCschla + bxx],x]

[Out] (Sqrt[(1 + a”2 + 2*xaxb*xx + b™2%x72)/(a + b*x)"2]*(-2%a + 13*%a”3 - 2xb*x + 9
*a”"2%bxx — 3*%axb"2*x"2 + b73*x"3) + 3*b~4xx"4xArcCschla + b*x] - 3*a~4*ArcS
inh[(a + b*x)~(-1)] + 6*%ax(1 - 2xa~2)*Logl[(a + b*x)*(1 + Sqrt[(1 + a”2 + 2%

axbxx + b~"2*x"2)/(a + bxx)~2])]1)/(12xb~4)

Maple [A] time = 0.249, size = 227, normalized size = 1.5

l arccsch (bx + a) (bx + zz)4 _ arcesch (bx + ) (bx + a)3 - 3arccsch (bx + a) (bx + u)2 a?

= 1 > —arccsch (bx + a) (b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*arccsch(b*x+a),x)

[Out] 1/b~4x(1/4*arccsch(b*x+a)* (b*x+a) “4-arccsch(b*x+a)* (b*x+a) ~3*a+3/2*arccsch(
bxx+a) * (b*xx+a) “2*a~2-arccsch(b*x+a) * (b*x+a)*a~3+1/4*arccsch(b*x+a)*a~4-1/12
*(1+(b*x+a) "2) " (1/2)*(3*a~4*arctanh (1/ (1+(b*x+a) ~2) ~(1/2) )+12*a~3*arcsinh(b

*xx+a) - (b*x+a) “2x (1+(b*x+a) ~2) " (1/2) +6*xa* (b*xx+a) * (1+(b*x+a) ~2) ~(1/2) -18*a”~2x*
(1+(b*x+a)~2) " (1/2) -6*a*arcsinh (b*x+a)+2* (1+ (bxx+a) ~2) ~(1/2) )/ ((1+(b*x+a) "2

)/ (b*xx+a) ~2) ~(1/2) / (b*x+a) )

Maxima [F] time = 0., size = 0, normalized size = 0.

P i (b?x-+ab) i (PPx-+ab)
(—lﬂ +1ﬂ) log — t1]-log|-————+1 2b4x410g(\/bzx2+2abx+az+1+1)+b2 2—6abx—(
+
2b4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x+a),x, algorithm="maxima"

[Out] -1/2x(-Ixa~3 + Ixa)*(log(Ix(b~2*x + a*b)/b + 1) - log(-I*(b~2%x + axb)/b +
1))/b74 + 1/8%(2%b~4*x"4x1log(sqrt(b™2*x"2 + 2*a*b*x + a”2 + 1) + 1) + b7™2*x

T2 - 6xa*xbxx - (a”4 - 6%a”2 + 1)*log(b”2*x"2 + 2*axb*xx + a”2 + 1) - 2x(b74x

Xx"4 - a"4)*log(b*x + a))/b”4 + integrate(1/4x(b~2*x"5 + axb*x"4)/(b~2*x"2 +
2%a*xb*x + a”2 + (b72%x72 + 2%a*b*x + a”2 + 1)7(3/2) + 1), x)
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Fricas [B] time = 3.16608, size = 729, normalized size = 4.96

(bx+a) b2x2+2 abx+a2+1 1
4.4 N 23242 abx+a? a4 B b2x2+2 abx+a?+1 4 B b2x2+2.
3b*x*log 3a*log|—bx + (bx + a)4/ Faogaz ~4t1)+3a log [-bx + (bx + a) Ew

bx+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x+a),x, algorithm="fricas")

[Out] 1/12%(3*b~4*x"4*log(((b*x + a)*sqrt((b~2*x"2 + 2*a*xb*x + a2 + 1)/(b™2*x72
+ 2%axb*x + a”2)) + 1)/(bxx + a)) - 3xa"4x*xlog(-b*x + (b*x + a)*sqrt((b™2*x~

2 + 2%axb*xx + a”2 + 1)/(b72*%x"2 + 2%axb*x + a”2)) - a + 1) + 3*xa"4xlog(-b*x

+ (b*x + a)*sqrt((b7™2%x"2 + 2*axb*x + a”2 + 1)/(b72*x"2 + 2*axb*x + a~2))

- a - 1) + 6x(2*%a”3 - a)*log(-b*x + (b*x + a)*sqrt((b™2%x"2 + 2*axb*x + a~2

+ 1)/ (b72%x72 + 2%a*xb*xx + a”2)) - a) + (b™3*%x"3 - 3*kaxb™2xx"2 + 13*a”3 + (
9%a”2 - 2)xb*x - 2*a)*sqrt((b72*x"2 + 2%a*xbxx + a”2 + 1)/(b72*x72 + 2xa*xb*x
+a”2)))/b"4

Sympy [F] time = 0., size = 0, normalized size = 0.

f x3 acsch (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsch(b*x+a),x)

[Out] Integral(x**3*acsch(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arcsch (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(bxx+a),x, algorithm="giac")

[Out] integrate(x~3*arccsch(b*x + a), x)
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3.2  [x%csch™(a+bx)dx

Optimal. Leaf size=110

2 -1 1 T T
_(1 —6a )tanh ( Y +1) N u3csch_1(a+bx) ) 5a(a+bx)1/W +1 . x(a+bx)1/m +1 4

+ =x3csch
60 303 b 612 3t ese

[Out] (-5*ax(a + b*x)*Sqrt[l + (a + b*x)~(-2)])/(6%xb~3) + (x*x(a + b*x)*Sqrt[l + (
a + bxx)~(-2)])/(6%b~2) + (a~3*ArcCschl[a + b*x])/(3*%b~"3) + (x"3*ArcCschl[a +
b*x])/3 - ((1 - 6%a~2)*ArcTanh([Sqrt[1 + (a + b*x)~(-2)]11)/(6%b"3)

Rubi [A] time = 0.0952465, antiderivative size = 110, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 6, integrand size = 10, e o e

= 0.6, Rules used = {6322, 5469, 3782, 3770, 3767, 8}

integrand size

2 -1 1 i i
_(1 - 6a )tanh ( =y + 1) N a3csch_1(a + bx) ) 5a(a + bx),/—(ﬂbx)2 +1 . x(a + bx), /—(be)z +1 . lx%sch'
6b3 33 6b3 6b? 3

Antiderivative was successfully verified.

[In] Int[x"2%ArcCschl[a + b*x],x]

[Out] (-B*ax(a + b*x)*Sqrt[l + (a + bxx)7(-2)])/(6%b~3) + (x*x(a + b*x)*Sqrt[1 + (
a + bxx)~(-2)])/(6%b~2) + (a~3*ArcCschl[a + b*x])/(3*%b~3) + (x"3*ArcCschl[a +
b*xx])/3 - ((1 - 6*a"2)*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]1]1)/(6%b"3)

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*x(x_)]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) pxCsch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469

Int[Coth[(c_.) + (d_.)*(x_)I*Csch[(c_.) + (d_.)*(x_)I*(Cschl[(c_.) + (d_.)x*(
x )I*xM_.) + (@) " (@_D*((e_.) + (£_)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ fxx)"m*(a + bxCschl[c + d*x])"(n + 1))/(bxd*(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + fxx)"(m - 1)*x(a + b*Cschlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3782

Int[(cscl(c_.) + (d_)*(x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
tlc + dxx]*(a + b*Csclc + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a”3*(n - 1) + (b*(b™2x(n - 2) + 3*a”2
*(n - 1)))*Csclc + d*x] + (a*b™2*(3*n - 4))*Csclc + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Rule 3770
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]

/; FreeQ[{c, d}, x]

Rule 3767
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Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
Subst ( [ x coth(x)csch(x)(—a + csch(x))? dx, x, csch ™ (a + bx
fxzcsch_l(a + bx)dx = - (f (mesehix) 73 &) ( ))
1 _ Subst ( [ (—a + csch(x))? dx, x, csch™(a + bx
= §x3csch Ya+bx) - (f( (3)1)73 ( ))

T
x(a + bx),f1 + Subst (f (—2{13 - (1 —~ 6112) csch(x) — 5acsch’(
@b 1 4 -1
= - h -
e + 3x csch “(a + bx) P
1
x(a +bx)|/1 + 3csch™? b 1 (5a) Subst ( [ csch®(x) dx,
= 5 mww+ucm3gﬂ_w+§ﬁmm4@+MH- (f s
1 2 -1
x(a + bx){[1 + o . a3csch_1(g + by) . 1, h_l( by (1 —6a )tanh (,/1 + o
= —x’csch " (a + bx) —
6b2 3p3 3 6b3
T T
5a(a + bx),/1 + x(a+bx) 1+ —— 3¢csch™!
B V' T b2 V' @2 | a’csch (a+bx) 1 o
=- e + P + e + gx csch “(a + bx) -

Mathematica [A] time = 0.176214, size = 129, normalized size = 1.17

a2+2abx+b2x2+1 a2+2abx+b2x2+1 R |
(—5112 — 4abx + bzxz) A /W + (6112 - 1) log ((a + bx) (1 /W + 1)) + 243 sinh (m) + 2bh3x3csch

6b3

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcCschla + bxx],x]

[Out] ((-5%a”2 - 4xaxbxx + b™2xx"2)*Sqrt[(1 + a”2 + 2%axb*x + b™2%x72)/(a + b*x)~
2] + 2xb~3xx7"3*ArcCschl[a + b*x] + 2%a”3*ArcSinh[(a + b*x)~(-1)] + (-1 + 6%*a
“2)xLogl[(a + b*x)*(1 + Sqrt[(1 + a2 + 2*xaxb*x + b™2xx72)/(a + b*x)~2])])/(
6xb~3)

Maple [A] time = 0.219, size = 170, normalized size = 1.6

1 sch (b bx + a)® h (b 3
" areese (x;a)( x+a) —arccsch(bx+a)(bx+a)za+aurccs.ch(bx+a)(bx+a)az—arcCSC (3x+a)a +@

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsch(b*x+a),x)

[Out] 1/b"3*%(1/3*arccsch(b*x+a)* (b*x+a) 3-arccsch(b*x+a)*(b*x+a) “2*a+arccsch (b*x+
a)*(b*x+a)*a~2-1/3*%arccsch(b*xx+a)*a~3+1/6* (1+(b*xx+a) ~2) ~(1/2)*(2*a~3*arctan



33

h(1/(1+(b*xx+a)~2) " (1/2))+6*arcsinh(b*x+a) *a~ 2+ (b*xx+a) * (1+(b*x+a) ~2) ~(1/2)-6
*ax* (1+(b*x+a) ~2) ~(1/2)-arcsinh (b*x+a) )/ ((1+(b*xx+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*x
+a))

Maxima [F] time = 0., size = 0, normalized size = 0.

sid i1 i (b?x-+ab) -1 i (VPaab) 1 5 s 5
(lﬂ 1) 0g P 0g T 2b%x log(\/b2x2+2abx+a2+1+1)+2bx+(a —3a)1‘

60 * 60

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="maxima")

[Out] -1/6%(3*I*a”2 - I)*(log(I*(b"2*x + a*b)/b + 1) - log(-I*(b"2xx + axb)/b + 1
))/b73 + 1/6%(2%b~3xx"3*Llog(sqrt(b™2*x"2 + 2%axb*x + a2 + 1) + 1) + 2¥b*x

+ (a3 - 3xa)*xlog(b™2*x”"2 + 2%a*xb*x + a2 + 1) - 2x(b73*x"3 + a~3)*log(b*x

+ a))/b"3 + integrate(1/3*(b"2*x"4 + axb*x~3)/(b"2*x"2 + 2*a*b*x + a”2 + (b
T2%x72 + 2%axb*xx + a”2 + 1)7(3/2) + 1), x)

Fricas [B] time = 3.31905, size = 686, normalized size = 6.24

(bx-+a) b2x2+2 abx+a2+1 +1
V 12242 abx+a2 b2x242 abx+a?+1 b2y
2b%x3 log e +2a3log(—bx+(bx+a)\/m—u+1 —-2a%log|=bx + (bx + a)\/ —

bx+a b2

6 b3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="fricas")

[Out] 1/6*(2xb~3xx"3xLlog(((b*x + a)*sqrt((b~2+x72 + 2%axb*x + a”2 + 1)/(b™2xx"2 +
2xaxb*xx + a”2)) + 1)/(b*x + a)) + 2*a"3*log(-b*x + (b*xx + a)*sqrt((b™2*x"2
+ 2%axb*xx + a”2 + 1)/(b72*x72 + 2%axb*xx + a”2)) - a + 1) - 2*a”3xlog(-b*x
+ (bxx + a)*sqrt((b™2*x"2 + 2%axb*xx + a2 + 1)/(b72*x"2 + 2%a*xbxx + a~2)) -
a - 1) - (6xa”2 - 1)xlog(-bxx + (b*x + a)*sqrt((b™2%x"2 + 2%axb*x + a”2 +
1)/ (072%x72 + 2xaxb*x + a”2)) - a) + (b72xx72 - 4d*axb*x - 5*a~2)*sqrt((b™2x%
X2 + 2xaxb*x + a”2 + 1)/(b72*x"2 + 2%axb*x + a~2)))/b”3

Sympy [F] time = 0., size = 0, normalized size = 0.

f x% acsch (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsch(b*x+a),x)

[Out] Integral(x**2*acsch(a + b*x), x)




Giac [F] time = 0., size = 0, normalized size = 0.

f x? arcsch (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="giac")

[Out] integrate(x~2*arccsch(b*x + a), x)

34
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3.3 f xcsch_l(a + bx) dx

Optimal. Leaf size=75

1 -1 1
_azcsch_l(a +by) @b\t ! tanh (\/ @b © 1)

202 * 202 b2

1 _
+ §x2csch Ya +bx)

[Out] ((a + bxx)*Sqrt[l + (a + b*x)~(-2)]1)/(2%b~2) - (a"2xArcCschla + bx*x])/(2*b~
2) + (x72%ArcCschl[a + b*x])/2 - (a*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]]1)/b"2

Rubi [A] time = 0.0605459, antiderivative size = 75, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 8, e e =

0.75, Rules used = {6322, 5469, 3773, 3770, 3767, 8}

1 1 1
_azcsch_l(a +bx) (@+bx) arbE T 1 atanh (\/ @ T 1)

1
- —x2csch™!
T + T 7 + % csch “(a + bx)

integrand size

Antiderivative was successfully verified.

[In] Int[x*ArcCschl[a + b*x],x]

[Out] ((a + bxx)*Sqrt[l + (a + b*x)~(-2)]1)/(2%b~2) - (a"2xArcCschla + bx*x])/(2*b~
2) + (x"2%ArcCschla + b*x])/2 - (a*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]1])/b~2

Rule 6322

Int[((a_.) + ArcCsch[(c_ ) + (d_.)*x(x )]1*x(b_.))"(p_.)*x((e_.) + (£_)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)J*(Csch[(c_.) + (d_.)x*(
x )I*x(M_.) + (@ )) " (m_D)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*xx) m*x(a + b*Cschlc + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(bx*
dx(n + 1)), Intl[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3773

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))~2, x_Symbol] :> Simp[a™2*x, x] +
(Dist[2*a*b, Int[Cscl[c + d*x], x], x] + Dist[b"2, Int[Csclc + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]
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Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

Subst ( f x coth(x)csch(x)(-a + csch(x)) dx, x, csch_l(a + bx))

fxcsch_l(a + bx)dx = -

B2

B lxzcsch_l(a ‘) Subst (f(—a + csch(x))? dx, x, csch™ (a + bx))
2 b2

2¢sch! b 1 Subst ( [ csch?(x dx, x, csch™(a + bx aSubs
- ree 2b§a o) + Exzcsch_l(a + bx) — (f ( )sz ( )) +

-1 T . .
~ azcsch_l(a b)) 1, . ) atanh (1 1+ (a+bx)2) iSubst (fl dx, x, —i(a 4
=- T + 5% csc (a +bx) - 2 + 7
/ 1 -1 T
(ﬂ + b.X) 1+ (@+hx)2 HZCSCh_l(ﬂ + bx) 1 ) . atanh ( 1+ m)
= - + —x“csch “(a + bx) -
2b? 2b2 2 12

Mathematica [A] time = 0.085407, size = 110, normalized size = 1.47

2+2abx+b2x2+1 24+ 2abx+b2x2+1 -1 1 -1
(a + bx), /% —2alog ((u + bx) (1 /% + 1)) + a? (— sinh (m)) + b?x?csch™ (a + bx)

2b?

Antiderivative was successfully verified.

[In] Integrate[x*ArcCschla + b*x],x]

[Out] ((a + b*x)*Sqrt[(1 + a2 + 2*%axb*x + b™2%x72)/(a + b*x)~2] + b~2xx"2*xArcCsc
hla + b*x] - a”2*%ArcSinh[(a + b*x)~(-1)] - 2xaxLog[(a + bxx)*(1 + Sqrt[(1 +
a”2 + 2kaxb*x + b72*x72)/(a + b*x)72])]1)/(2%b”2)

Maple [A] time = 0.234, size = 97, normalized size = 1.3

1 | arccsch (bx + a) (bx + u)2

1 S - |
7 > —arccsch (bx + a) a (bx + a) — Y 1+ (bx +a) (2 aArcsinh (bx + a) — /1 + (b.

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsch(b*x+a),x)

[Out] 1/b"2*%(1/2*arccsch(bxx+a)*(b*x+a) " 2-arccsch(b*x+a)*a*(b*xx+a)-1/2*(1+(b*x+a)
~2)7(1/2) *(2*%a*arcsinh (bxx+a) - (1+ (b*x+a) ~2) ~(1/2))/ ((1+(bxx+a) ~2) / (b*x+a) "2
)~ (1/2)/ (b*xx+a))

Maxima [F] time = 0., size = 0, normalized size = 0.

. i (b2x+ab) i (b2x+ab)
ialog| =—— +1) - log|-——F—+1 2b2x210g(\/b2x2+2abx+a2+1+1)—(az—l)log(b2x2+2abx+a2

212 * 112
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(b*x+a),x, algorithm="maxima"

[Out] 1/2*I*ax(log(Ix(b~2xx + a*b)/b + 1) - log(-I*(b"2*x + a*b)/b + 1))/b"2 + 1/
4% (2%b72xx"2x1log(sqrt (b™2*x"2 + 2%axb*x + a”2 + 1) + 1) - (2”2 - 1)*log(b~2

*x"2 + 2%axb*x + a”2 + 1) - 2x(b"2*x"2 - a"2)*log(b*x + a))/b”2 + integrate
(1/2%(b72%x73 + axbxx"2)/(b72%x"2 + 2*kaxbxx + a”2 + (b72%x"2 + 2*axbxx + a”

2+ 1)7(3/2) + 1), x)

Fricas [B] time = 3.15985, size = 643, normalized size = 8.57

(bx+a) b2x2+2 abx+a2+1 +1
V' 522242 abx+a2 b2x2+2 abx+a?+1 b2x2+2 ab:
b?x? log 2 - a’log (—bx + (bx + a)\/% —a+1]|+a?log|-bx + (bx + a)]

bx+a b2x2424

202
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(b*x+a),x, algorithm="fricas")

[Out] 1/2*%(b~2xx"2x1log(((b*x + a)*sqrt((b72*x72 + 2%a*b*x + a~2 + 1)/(b™2xx"2 + 2
xaxbxx + a”2)) + 1)/(b*x + a)) - a"2xlog(-b*xx + (b*x + a)*sqrt((b~2*x"2 + 2
xaxbxx + a”2 + 1)/(b72%x72 + 2*%axb*x + a”2)) - a + 1) + a"2xlog(-b*x + (b*x

+ a)*sqrt ((b™2xx72 + 2*axb*x + a2 + 1)/(b72%x"2 + 2*axb*x + a"2)) - a - 1

) + 2xaxlog(-bxx + (b*x + a)*sqrt((b~2+x72 + 2xaxb*x + a”2 + 1)/(b72xx"2 +
2*%axbxx + a”2)) - a) + (b*x + a)*sqrt((b72*x"2 + 2*a*xb*x + a~2 + 1)/(b~2*x"

2 + 2%axb*x + a~2)))/b"2

Sympy [F] time = 0., size = 0, normalized size = 0.

fx acsch (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsch(b*x+a),x)

[Out] Integral(x*acsch(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f xarcsch (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(b*x+a),x, algorithm="giac")

[Out] integrate(x*arccsch(b*x + a), x)
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-1
3 4 fCSCh (a+bx) dx

X

Optimal. Leaf size=162

ecschfl(a+bx) csch

——— |+ PolyLog|2, ———
1—\/a2+1J Y g( Va2 +1+1

ecschfl(u+bx)

PolyLog [2, } - EPolyLog (2, eZCSCh_l(“bx)) +csch™(a + bx) log |1 -

1-y

[Out] ArcCschl[a + b*x]*Logl[l - (a*E~ArcCschla + b*x])/(1 - Sqrt[1l + a~2])] + ArcC
schla + b*x]*Log[l - (a*E"ArcCschla + bxx])/(1 + Sqrt[1 + a”2])] - ArcCschl[

a + b*x]*Log[l - E7(2*%ArcCschla + b*x])] + PolyLog[2, (a*E~ArcCschl[a + b*x]

)/(1 - Sqrt[1 + a"2])] + PolyLog[2, (a*E"ArcCschla + b*x])/(1 + Sqrt[1l + a~

2])] - PolyLogl[2, E~(2%ArcCschl[a + bxx])]/2

Rubi [A] time = 0.286667, antiderivative size = 162, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 8, integrand size = 10, e e =

= 0.8, Rules used = {6322, 5596, 5569, 3716, 2190, 2279, 2391, 5561}

integrand size

aecsch_l(u+bx) aecsch_l(a+bx) csch

——— |+ PolyLog|2, ———
1—\/a2+1) Y g( Va? +1+1

PolyLog [2, ] - EPolyLog (2, eZCSCh_l(“b")) + csch_l(a + bx) log [1 -

Antiderivative was successfully verified.

[In] Int[ArcCschl[a + b*x]/x,x]

[Out] ArcCschla + b*x]*Log[l - (a*E"ArcCschla + b*x])/(1 - Sqrt[l + a~2])] + ArcC
schla + b*x]#*Log[1l - (a*E~"ArcCschl[a + bxx])/(1 + Sqrt[1 + a”2])] - ArcCschl[

a + b*x]*Log[l - E~(2%ArcCsch[a + b*x])] + PolyLog[2, (a*E~ArcCschl[a + bxx]

)/(1 - Sqrt[1 + a”2])] + PolyLogl[2, (a*E~ArcCschla + b*x])/(1 + Sqrt[l + a~

2])] - PolyLogl[2, E~(2xArcCschla + b*x])]/2

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - c*f + fxCsch[x])™m, x], x, ArcCschl[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5596

Int[((Ce_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.)*(G_) [(c_.) +

(d_.)*(x_)1"(p_.))/(Cschl(c_.) + (d_)*(x_)1*(b_.) + (a_)), x_Symbol] :> I
nt[((e + f*x) m*Sinh[c + d*x]*F[c + d*x] n*G[c + d*x]"p)/(b + a*Sinh[c + dx
x]), x] /; FreeQ[{a, b, c, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, p]

Rule 5569

Int[(Coth[(c_.) + (d_)*(x_)]I"(n_.)*x((e_.) + (£_.)*(x_)) " (m_.))/((a_) + (b_
O*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cothl[c
+ d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Cosh[c + d*x]*Coth[c + d*x]~
(n - 1))/(a + bxSinh[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && I
GtQ[m, 0] && IGtQ[n, O]

Rule 3716
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Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*E~ (2% (-(I*e) + f*fz*x)))/(E~(2xIxk*Pi)*(1 + E~(2*(-(I*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(C(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)

))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
Rule 2279
Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]

:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))

)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*xx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 5561
Int[(Cosh[(c_.) + (d_.)*(x_)Ix((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin
hi(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(e + f*x)"(m + 1)/(b*fx(m + 1)),

x] + (Int[((e + f*x) " m*E~(c + d*x))/(a - Rt[a"™2 + b~2, 2] + b*E~(c + d*x))
, x] + Int[((e + £*x) " m*E"(c + d*x))/(a + Rt[a”2 + b2, 2] + b*E"(c + d*x))
, x1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rubi steps

h—l b th h -
[ D = st [T o esch o + k)
X —a + csch(x)
x coth(x)

_ -1
= — Subst (f 1= asinh() dx,x,csch “(a+ bx))

—(aSubst (fl

— asinh(x)

x cosh(x)

i y .

= 2 Subst (f o dx,x,csch “(a + bx)) —aSubst ( SV
= csch™'(a + bx) log |1 - M +csch™(a + bx) log|1 - M
1-V1+a2 l+Vis
= csch™'(a + bx) log |1 - M +csch ™! (a + bx) log|1 - M
1-V1+a2 Ve
= csch™'(a + bx) log|1- M + csch™ (a + bx) log|1 - M

dx, x, csch_l(a + bx))) — Subst (fx coth(x) dx, x, csch_l(a +

-1
dx,x,csch (a +

—csch™ (a+

—csch™ (a+

—csch™! (a+
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Mathematica [C] time = 0.378753, size = 427, normalized size = 2.64

(\/g +1- 1) eCSCh_l('be) (w/az +1+ 1) ecsch_l(a+bx)
+ 8PolyLog|2, -

a a

1 -
3 8PolyLog |2, + 4PolyLog (2, p-2csch™ (a+bx

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCschla + b*x]/x,x]

[Out] (Pi~2 - (4*I)*PixArcCschl[a + b*x] - 8*ArcCschla + b*x]~2 - 32*xArcSin[Sqrt[(
-I + a)/al/Sqrt[2]]*ArcTan[((1 - Ixa)*Cot[(Pi + (2*I)*ArcCschla + b*x])/4])
/Sqrt[1 + a”2]] - 8%ArcCschl[a + bxx]*Log[l - E~(-2xArcCschla + b*x])] + (4%
I)*#Pi*Log[1 - ((-1 + Sqrt[1l + a”2])*E~ArcCsch[a + bx*x])/a] + 8*ArcCschla +
b*x]*Log[1 - ((-1 + Sqrt[1 + a~2])*E~ArcCschla + b*x])/a] + (16*I)*ArcSin[S
qrt[(-I + a)/al/Sqrt[2]]1*Logl[l - ((-1 + Sqrt[1l + a~2])*E~ArcCschl[a + b*x])/
al] + (4xI)*PixLog[l + ((1 + Sqrt[1l + a~2])*E~ArcCschla + bx*x])/a] + 8*ArcCs
chla + b*x]*Log[1l + ((1 + Sqrt[1 + a~2])*E"ArcCschla + b*x])/a] - (16%I)*Ar
cSin[Sqrt[(-I + a)/al/Sqrt[2]]*Logl[l + ((1 + Sqrt[1 + a”2])*E~ArcCschl[a + b
xx])/al - (4xI)*PixLog[(b*x)/(a + b*x)] + 4xPolyLog[2, E~(-2xArcCsch[a + bx
x])] + 8xPolyLog[2, ((-1 + Sqrt[l + a~2])*E~ArcCsch[a + bx*x])/a] + 8*PolyLo
g2, -(((1 + Sqrt[1 + a~2])*E"ArcCschla + b*x])/a)])/8

Maple [F] time = 0.25, size = 0, normalized size = 0.

arccsch (bx + a)
f " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(b*x+a)/x,x)

[Out] int(arccsch(b*x+a)/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

arcsch (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x,x, algorithm="maxima"

[Out] integrate(arccsch(b*x + a)/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arcsch (bx + a) x)

int 1
integra ( .

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsch(b*x+a)/x,x, algorithm="fricas")

[Out] integral(arccsch(b*x + a)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsch (a + bx) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(b*x+a)/x,x)

[Out] Integral(acsch(a + b*x)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arcsch (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x,x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/x, x)
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-1
35 fCSCh (a+bx) dx

x2

Optimal. Leaf size=63

h 1 tanh(%csch_l(a+bx))+a
2btanh™
VaZ+1 besch ™ (a+bx)  csch™'(a + bx)

ava® +1 a x

[Out] -((bxArcCschl[a + b*x])/a) - ArcCschl[a + b*x]/x + (2xb*ArcTanh[(a + Tanh[Arc
Cschla + bxx]/2])/Sqrt[1 + a~2]])/(a*xSqrt[1 + a~2])

Rubi [A] time = 0.101801, antiderivative size = 63, normalized size of antiderivative =
number of rules

1., number of steps used = 6, number of rules used = 6, integrand size = 10,
0.6, Rules used = {6322, 5469, 3783, 2660, 618, 206}

integrand size

b 1 tanh(%csch_l(a+bx))+a
2btanh™
VaZ+1 besch M (a+bx)  csch™'(a + bx)

ava® +1 a x

Antiderivative was successfully verified.

[In] Int[ArcCschla + b*x]/x"2,x]

[Out] -((bxArcCschl[a + b*x])/a) - ArcCschl[a + b*x]/x + (2*b¥ArcTanh[(a + Tanh[Arc
Cschla + b*x]/2])/Sqrt[1 + a~2]])/(a*xSqrt[1 + a~2])

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*x(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)I*(Cschl[(c_.) + (d_.)x*(
x )I*x(_.) + (@) " (m_)*((e_.) + (£_)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*x) mx(a + b*Cschlc + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*
d¥(n + 1)), Int[(e + f*x)"(m - 1)*(a + bxCsch[c + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3783

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sin[c + d*x])/b), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2*b*exx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]/el, x11 /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]
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Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Substl[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b"2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps

-1
f M dx = — (b Subst ( x coth(x)esch(x) dx, x, csch_l(a + bx)))

2 (—a + csch(x))?
h™(a+b 1 -
— _w + bSubst f— dx, x, csch 1(a + bx)
X —a + csch(x)
1 -1
bcsch_l(u + bx) csch_l(a + by) . b Subst (f Tosmh® dx,x,csch ~(a + bx))
= . » p
1 1 -1 )
bcsch_l(a + by) csch_l(a + by) . (2b) Subst (f T2 dx, x, tanh (Ecsch (a+ bx)))
a X a

(4b) Subst (f 4(1+:2)_x2 dx,x,—2a — 2tanh (%csch_1

besch ™ (a+bx)  csch™'(a + bx)

a X a
o tanh_l a+tanh(%csch_1(u+bx))
besch '(a +bx)  csch™(a + bx) . Vi+a?

a x av1 + a?

Mathematica [B] time = 0.162538, size = 141, normalized size = 2.24

2 2,2 2 2,2

b (— log (\/az +1a w + Va? + 1bx, /M +a?% + abx + 1) + Va2 + 1sinh™ (L) + log(x))
(a+bx) (a+bx) a+bx

ava? +1

Antiderivative was successfully verified.

[In] Integrate[ArcCschla + b*x]/x"2,x]

[Out] -(ArcCsch[a + b*x]/x) - (b*(Sqrt[1 + a~2]*ArcSinh[(a + b*x)~(-1)] + Logl[x]
- Logl[l + a”2 + axb*x + a*Sqrt[1 + a”2]*Sqrt[(1 + a2 + 2*axb*x + b™2*xx"2)/

(a + b*x)"2] + Sqrt[l + a~2]*b*x*Sqrt[(1 + a2 + 2*a*b*x + b™2*x72)/(a + b*
x)7211))/(a*xSqrt[1 + a~2])

Maple [B] time = 0.233, size = 154, normalized size = 2.4

h 1 1
_arcesch (bx+a) b \J1 + (bx + a)*Artanh + b \1+ (bx +a)’In|:
X a(bx +a) \/1 + (bx + a)Z \/1+(bx+a)2 a(bx + a)

(bx+a)?

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arccsch(b*x+a)/x"2,x)

[Out] -arccsch(b*x+a)/x-b* (1+(b*x+a) ~2) " (1/2)/((1+(b*x+a)~2)/(b*x+a) ~2) ~(1/2) / (b*
x+a)/a*xarctanh (1/(1+(b*x+a) "2) ~(1/2) ) +b*x (1+(b*x+a) ~2) ~(1/2) / ((1+(b*x+a)~2)/
(bxx+a)~2)~(1/2)/(b*x+a)/a/(a"2+1) "~ (1/2) *1n(2* ((a~2+1) " (1/2) * (1+(b*x+a) ~2) "
(1/2)+a* (bxx+a)+1) /b/x)

Maxima [F] time = 0., size = 0, normalized size = 0.

) i (b2x+ab i (b2x+ab
zb(log(¥+1)—log(—( ; )+1)) blog (x) aszlog(b2x2+2abx+a2+1)—2(a3+(a2b+b)x+a)l(

2(a2+1) a+a 2(a3+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="maxima"

[Out] -1/2%Ixbx(log(I*(b~2*x + axb)/b + 1) - log(-I*(b"2*x + a*b)/b + 1))/(a"2 +
1) - bxlog(x)/(a"3 + a) - 1/2x(a"2xb*x*log(b~2*x~2 + 2xa*b*x + a”2 + 1) - 2
x(a”3 + (a”2%b + b)*x + a)*log(b*x + a) + 2x(a”3 + a)*xlog(sqrt(b™2*xx"2 + 2%
axbxx + a”2 + 1) + 1))/((a”3 + a)*x) - integrate((b~2*x + axb)/(b~2*x"3 + 2
xaxb*x"2 + (@72 + D)*x + (b72%x73 + 2*kaxb*x”2 + (2”2 + 1)*x)*sqrt(b™2xx"2 +
2%a*bxx + a”2 + 1)), x)

Fricas [B] time = 2.79782, size = 792, normalized size = 12.57

/b2x2+2 abx+a2+1 [b2x2+2 abx+a%+1
(Elz +1)bx10g(—bx+ (bx+a) m —-a +1) - (ﬂz +1)bxlog(—bx+ (bx+a) m —ﬂ—l) - \/E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="fricas")

[Out] -((a”2 + 1)xb*x*xlog(-b*x + (b*x + a)*sqrt((b™2*x72 + 2xa*xb*xx + a”2 + 1)/(b~
2%x72 + 2%axbxx + a”2)) - a + 1) - (272 + 1)*bxx*log(-b*x + (b*x + a)*sqrt(
(b™2*%x72 + 2%a*xbxx + a”2 + 1)/(b72*x"2 + 2xa*xb*x + a”2)) - a - 1) - sqrt(a”

2 + 1)*b*xx*xlog(-(a"2%bxx + a3 + (axb*x + a2 + (a*xb*x + a”2)*sqrt((b™2*x"2

+ 2%axbxx + a”2 + 1)/(b72%x72 + 2*%a*xbxx + a”2)) + L)xsqrt(a™2 + 1) + (a”3

+ (@72 + 1)*b*xx + a)*sqrt((b™2xx"2 + 2*axb*x + a”2 + 1)/(b72%x"2 + 2*axbx*x
+a”2)) + a)/x) + (@73 + a)xlog(((b*x + a)*sqrt((b~2%x"2 + 2*xaxb*x + a”2 +
1)/(072%x72 + 2%axbxx + a”2)) + 1)/(bxx + a)))/((a"3 + a)*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

acsch (a + bx)
[rehlabo
b%

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(acsch(b*x+a)/x**2,x)

[Out] Integral(acsch(a + bx*x)/x**2, x)

45

Giac [F] time = 0., size = 0, normalized size = 0.

arcsch (bx + a)
[edrsa),

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/x"2, x)
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-1
36 fCSCh (a+bx) dx

x3

Optimal. Leaf size=114

csch_l(a+bx))+a
1
P2csch™ (a + bx) VaZ+1 N b(a + bx) (a+bx)2 +1 Csch_l(a + bx)

242 22 (az " 1)3/2 2a (az + 1) x 222

1
(Zaz + 1) P tanh ™ (tanh(i

[Out] (bx(a + bxx)*Sqrt[l + (a + b*x)~(-2)])/(2%a*x(1 + a~2)*x) + (b~2*ArcCschl[a +
b*x])/(2%¥a”2) - ArcCschla + bxx]/(2*xx"2) - ((1 + 2*xa”2)*b"2*ArcTanh[(a + T
anh[ArcCschla + b*x]/2])/Sqrt[1 + a~2]1])/(a"2+x(1 + a~2)"(3/2))

Rubi [A] time = 0.209962, antiderivative size = 114, normalized size of antiderivative

. . b f rul
1., number of steps used = 8, number of rules used = 8, integrand size = 10, e e e

0.8, Rules used = {6322, 5469, 3785, 3919, 3831, 2660, 618, 206}

integrand size

cschfl(a+bx))+a
1

b2csch™(a + bx) Va?+1 ] s b(a + bx) oz T esch(a +bx)

2a? 22 (a2 n 1)3/2 2a (u2 + 1) x 22

1
(22 +1) b2 tanh™ (tanh(z

Antiderivative was successfully verified.

[In] Int[ArcCschla + b*x]/x"3,x]

[Out] (bx(a + b*x)*Sqrt[l + (a + b*x)~(-2)])/(2*xa*x(1 + a~2)*x) + (b~2*ArcCschla +
b*x])/(2%¥a"2) - ArcCschla + bxx]/(2*x"2) - ((1 + 2*xa~2)*b~2xArcTanh[(a + T
anh[ArcCschla + b*x]/2])/Sqrt[1 + a~2]])/(a"2*x(1 + a~2)~(3/2))

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*x(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)I*(Cschl[(c_.) + (d_.)x*(
x )I*x(_.) + (@ ))"(m_D*((e_.) + (£_)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*xx)“mx(a + b*Cschlc + d*x])~(n + 1))/(b*d*x(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])~(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3785

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2*Cot
[c + d*xx]*(a + bxCsclc + d*x])"(n + 1))/(axd*(n + 1)*x(a"2 - b~2)), x] + Dis
t[1/(ax(n + 1)*(a”2 - b72)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)x(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2x(n + 2)*Csclc + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2x*n]

Rule 3919



47

Int[(cscl(e_.) + (f_)*(x_)]*(@d_.) + (c_))/(cscl(e_.) + (f_)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0]

Rule 3831

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sinle + f*x]1)/b), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2*b*e*xx + ax
e"2xx72), x], x, Tan[(c + d*x)/2]1/el, x1] /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps

f csch_l(a + bx) = — (bz Subst ( x coth(x)csch(x)

-1
3 (Ca + csch(@)? dx,x,csch “(a + bx)))
_ csch (a + bx) 1 b2 Subst (

72 dx, x, csch_l(a + bx))

1
f (—a + csch(x))?

2 1-a*—acsch(x)
b(a +bx),[1 + T +bx)2 csch_l(a + by) . b= Subst (fmdx x,csch™ (a + bx))

2a (1 + az) 2x2 2a (1 + az)

[ 2
b(a +bx), 1+ @ +bx)z N bzcsch_l(a + bx) ~ csch_l(a + bx) B ((1 +2a )b )SUbSt (f A+Cs

cscl

2a (1 + az) 242 2x2

2\ 12 L
b+ b1+ o (M)z | Posch™(a+b9) _esch™(a+bx) (1 +24%) 1?) Subst (f st

242 (1 -

2a (1 + az) 242 2x2

242 (1 -
1

2a (1 + az) 242 2x2

[ 2
b(a + O+ o (a+bx)2 N bzcsch_l(a + bx) ~ csch_l(a + bx) B ((1 +2a )b )Subst( 1-2ax

a2

2\ 2 —
b(a +bx)\[1 + — " +bx)2 . Besch™ (a + bx) . csch™(a + bx) . (2 (1 +2a )b )Subst (f m

2a (1 + az) 242 2x2

u+tanh(
1+2a2) PP tanh ! | —2
b(a + 001+ —— (M 7 . b2csch_1(a + bx) csch_l(a + bx) ( ) [

) N =

2a (1 + az) 242 2x2

a2 (1 + a2

)3/2
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Mathematica [A] time = 0.456366, size = 220, normalized size = 1.93

2 212 2 212 2 2,2
1 b(a + bx) /—a +2(”bj;b)2x 1 (2612 + 1) b? log (\/ma R +2(u:$;2x 1y \/zmbxw [ /T +2:::;2x L r @ +abx + 1)
a+ox

- 3/2

2 a(a2+1)x az(a2+1)

Antiderivative was successfully verified.

[In] Integrate[ArcCschla + b*x]/x"3,x]

[Out] ((b*(a + b*x)*Sqrt[(1 + a”2 + 2xa*xb*x + b~2*x72)/(a + b*x)~2])/(ax(1 + a~2)
xx) - ArcCschla + b*x]/x"2 + (b"2*ArcSinh[(a + b*x)~(-1)])/a"2 + ((1 + 2xa”
2)*b~2*Log[x])/(a”2%x(1 + a~2)7(3/2)) - ((1 + 2%a~2)*b"2*Log[l + a2 + axbx*x

+ a*xSqrt[1 + a”2]*Sqrt[(1 + a™2 + 2*axb*x + b™2*x"2)/(a + b*x)~2] + Sqrt[1

+ a”2]¥bxx*xSqrt [(1 + a”2 + 2*%axb*x + b72xx72)/(a + b*x)~2]])/(a”2*%(1 + a~2
)7(3/2)))/2

Maple [B] time = 0.231, size = 453, normalized size = 4.

h (b B2 1 1 242
_arcesch(bx+a) | 1+ (bx + a)*Artanh T 1+ (ox+ a)?
2x? ) 1txta? DX+ 4

2
(2bx+2a)(a +1 1+ (bx + a)? \/
(bx+a)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(b*x+a)/x"3,x)

[Out] -1/2*arccsch(b*x+a)/x"2+1/2xb" 2% (1+(b*xx+a) ~2) ~(1/2)/((1+(b*x+a) ~2)/(b*x+a)”
2)"(1/2) / (bxx+a) /(a~2+1)*arctanh (1/ (1+(b*x+a) ~2) " (1/2))-b~ 2% (1+(b*x+a) ~2) ~(

1/2)/ ((1+(b*x+a)~2) /(bxx+a) ~2)~(1/2) /(b*x+a)*a~2/(a"2+1) " (5/2)*1n(2*x ((a~2+1

)7 (1/2) % (1+(b*x+a) ~2) " (1/2) +a* (b*x+a)+1) /b/x)+1/2%b~2* (1+(b*x+a) "2) ~(1/2) /(
(1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) / (b*x+a) /a~2/(a"2+1) *arctanh (1/ (1+ (b*x+a) ~2) "~
(1/2))+1/2%b* (1+(b*xx+a) ~2) / ((1+(bxx+a) ~2) / (b*x+a) "2) " (1/2) / (b*x+a) /a/ (a"2+1

) /x=3/2xb~ 2% (1+(b*xx+a) ~2) " (1/2) / ((1+(b*x+a) ~2) / (b*xx+a) "2) " (1/2) / (bxx+a) / (a”~

2+1) 7 (5/2) *1n(2*x((a~2+1) ~(1/2) * (1+ (b*x+a) ~2) " (1/2) +a*x (b*x+a)+1) /b/x)-1/2%b"

2% (1+(b*xx+a) ~2) ~(1/2) / ((1+(b*x+a) ~2) / (bxx+a) "2) " (1/2) / (bxx+a) /a~2/(a"2+1) " (
5/2)*1n(2*x((a~2+1) ~(1/2) *(1+(b*x+a) ~2) ~(1/2) +a* (b*x+a)+1) /b/x)

Maxima [F] time = 0., size = 0, normalized size = 0.

- i(b2x+ab) i(b2x+ab)
iab*{log| —— +1|-log|(-——F—+1 (3 2b? + bz) log (x) (a4h2 -~ azbz)xZ log (b2x2 +2abx + a® + 1) + 2
+ +

2(a4+2a2+1) 2(a6+2a4+a2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"3,x, algorithm="maxima")

[Out] 1/2*I*xaxb~2*(log(I*(b~2*x + axb)/b + 1) - log(-Ix(b~2xx + a*b)/b + 1))/(a"4
+ 2%a”2 + 1) + 1/2%x(3*%a”2%b"2 + b"2)*log(x)/(a"6 + 2%¥a"4 + a”2) + 1/4x((a”
4xb~2 - a"2xb72)*x"2%log(b"2*x"2 + 2kaxbxx + a”2 + 1) + 2x(a”3%b + axb)*x +
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2x(a”6 + 2xa”4 - (a”4*%b72 + 2%a”2xb72 + bT2)*x"2 + a”2)*log(b*x + a) - 2x(
a”6 + 2xa”4 + a”2)*log(sqrt(b™2*x"2 + 2%a*xbxx + a2 + 1) + 1))/((a”6 + 2xa”
4 + a”2)*x"2) - integrate(1/2*%(b72xx + axb)/(b"2*x"4 + 2%a*xb*xx~3 + (a2 + 1
)*¥x72 + (b72%x74 + 2*kaxb*x”3 + (272 + 1)*x"2)*sqrt(b"2*x72 + 2*%axb*x + a”2
+ 1)), %)

Fricas [B] time = 2.9718, size = 1045, normalized size = 9.17

2,2 P 2,2 2
a2bx+a3— ubx+a2+(abx+u2), / %+1 \/a2+1+(a3+(a2+1)bx+a)1 / b;;zﬂ%+a
Elz n 1b2x2 log bex4+2 abx+a bex“+2 abx+a

X

(2a2+1) +(a4+2a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"3,x, algorithm="fricas")

[Out] 1/2*%((2%a”2 + 1)*sqrt(a”2 + 1)*b"2xx"2xlog(-(a"2*b*x + a3 - (a*xb*x + a”2 +

(axb*x + a”2)*sqrt((b7™2*x"2 + 2*axb*xx + a2 + 1)/(b"2*x"2 + 2%axb*xx + a~2)
) + D*sqrt(a”™2 + 1) + (@73 + (272 + 1)*bxx + a)*sqrt((b72*x"2 + 2*axb*x +
a”2 + 1)/(b72%x72 + 2%axb*x + a”2)) + a)/x) + (274 + 2*%a”2 + 1)*b"2*xx"2x*log
(-bkx + (bkx + a)*sqrt((b™2%x"2 + 2%axbkx + a~2 + 1)/(b"2%x"2 + 2%axb*x + a
T2)) —a+ 1) - (274 + 2*¥a”2 + 1)xb"2xx"2*xlog(-b*x + (b*x + a)*sqrt((b™2*x"
2 + 2xaxb*x + a”2 + 1)/(b72%x72 + 2*axbxx + a”2)) - a - 1) + (2”3 + a)*b”2x
x72 - (276 + 2*a"4 + a”2)xlog(((b*x + a)*sqrt((b™2*x"2 + 2*axbxx + a~2 + 1)
/(D72%x72 + 2%axbxx + a”2)) + 1)/(b*x + a)) + ((a”3 + a)*b™2*x"2 + (a™4 + a
72)*%bxx)*sqrt ((b7™2*x72 + 2*a*xb*xx + a2 + 1)/(b72%x72 + 2xaxb*x + a”2)))/((a
76 + 2*%a"4 + a”2)*x72)

Sympy [F] time = 0., size = 0, normalized size = 0.

acsch (a + bx)
f ——dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(b*x+a)/x**3,x)

[Out] Integral(acsch(a + b*x)/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arcsch (bx + a)
Jrtiera,,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"3,x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/x"3, x)
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3.7 f(e + fx)? (a + besch™ (¢ + dx))2 dx
Optimal. Leaf size=501

12 f2(de - cf)PolyLog (2, —ecsch’1<c+dx>) 12 f2(de - cf)PolyLog (2, ecsch’1<c+dx>) 20%(de ¢ f?PolyLog (2, _gesch

7 * 7 * 7

[Out] (b™2*f72x(d*e - c*f)*x)/d™3 + (b™2*xf73*%(c + d*x)72)/(12%d"4) - (bxf"3x(c +
d*xx)*xSqrt[1 + (c + d*x)~(-2)]*(a + bxArcCschlc + d*x]))/(3*d"4) + (3*bxfx(d
xe — c*xf)"2*(c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch[c + d*x]))/d~
4 + (b*xf~2*x(dxe - cxf)*x(c + d*xx) 2xSqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCschl[
c + d*x]))/d"4 + (bxf~3x(c + d*x)~3xSqrt[1l + (c + d*x)~(-2)]*(a + b*ArcCsch
[c + d*x]))/(6%xd"4) - ((d*e - cxf)~4x(a + bxArcCschlc + d*x])~2)/(4xd~4x*f)
+ ((e + f*x)74x(a + b*ArcCschlc + d*x])72)/(4+f) - (2%bxf~2x(d*e - c*f)*(a
+ b*ArcCsch[c + dxx])*ArcTanh[E"ArcCschlc + d*x]])/d"4 + (4xb*x(d*e - c*xf)~3
*(a + bxArcCsch[c + d*x])*ArcTanh[E"ArcCschlc + d*x]])/d"4 - (b~2%f~3*Loglc
+ d*x])/(3*d74) + (3*b~2xf*(d*e - c*f) 2*xLoglc + d*x])/d"4 - (b~ 2*xf~2x(d*e
- cxf)*PolyLog[2, -E"ArcCschlc + d*x]])/d"4 + (2*%b~2*(d*e - c*f) 3xPolyLog
[2, -E"ArcCschlc + d*x]])/d"4 + (b~2+f~2x(d*e - c*f)*PolyLog[2, E"ArcCschlc
+ dxx]]1)/d"4 - (2%b~2x(d*e - cxf)~3xPolyLog[2, E"ArcCschlc + dx*x]])/d"4

Rubi [A] time = 0.886769, antiderivative size = 501, normalized size of antiderivative =

. . f rul
1., number of steps used = 20, number of rules used = 9, integrand size = 20, number of rules

= 0.45, Rules used = {6322, 5469, 4190, 4182, 2279, 2391, 4184, 3475, 4185}

integrand size

12 f2(de - cf)PolyLog (2, -ecsch’1<ﬂ+dx>) 12 f2(de - cf)PolyLog (2, ecsch’1<f+dx>) 20%(de  cfPPolyLog (2, _gesch

7 * 7 * 7

Antiderivative was successfully verified.

[In] Int[(e + f*x)~3*(a + b*ArcCschlc + d*xx])~2,x]

[Out] (b~2*f~2*(d*xe - c*f)*x)/d~3 + (b™2*f73*x(c + d*x)~2)/(12%d"4) - (b*f~3*(c +
dxx)*xSqrt[1 + (c + d*x)~(-2)]*(a + bxArcCschlc + d*x]))/(3*d"4) + (3*bxfx(d
xe — c*f)"2*(c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch[c + d*x]))/d~
4 + (bxf~2%(d*e - cxf)*x(c + d*xx)"2xSqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCschl[
c + d*x]))/d"4 + (bxf~3*(c + d*x) " 3*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch
[c + d*x]))/(6%xd"4) - ((d*e - cxf)~4x(a + bxArcCschlc + dxx])~2)/(4xd~4x*f)
+ ((e + f*x)74x(a + b*ArcCschlc + d*x])~2)/(4%f) - (2%bxf~2x(d*e - c*f)*(a
+ b¥ArcCsch[c + dxx])*ArcTanh[E"ArcCschlc + d*x]])/d~4 + (4xb*x(d*e - c*xf)~3
*(a + bxArcCsch[c + d*x])*ArcTanh[E"ArcCschlc + d*x]])/d"4 - (b~2%f"3*Loglc
+ d*x])/(3*d74) + (3*b"2xf*(d*e - c*f) 2*xLoglc + d*x])/d"4 - (b~ 2*xf"2x(d*e
- cxf)*PolyLog[2, -E"ArcCschlc + d*x]])/d"4 + (2*%b~2*(d*e - c*f) 3xPolyLog
[2, -E"ArcCschlc + d*x]])/d"4 + (b~2+f~2x(d*e - c*f)*PolyLog[2, E"ArcCschlc
+ dxx]]1)/d"4 - (2%b”2x(d*e - cxf)~3xPolyLog[2, E"ArcCschlc + dx*x]])/d"4

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*x(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) pxCsch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469
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Int[Coth[(c_.) + (d_.)*(x_)J*Csch[(c_.) + (d_.)*(x_)J*(Csch[(c_.) + (d_.)x*(
x )]*x(_.) + (@)~ (m_)*((e_.) + (£_)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*xx) m*x(a + b*Cschlc + d*x])~(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(bx*
dx(n + 1)), Intl[(e + f*xx)"(m - 1)*(a + b*Cschlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*x(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + fx*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4182

Int[csc[(e_.) + (Complex[0, fz ])*(f_.)*(x )]*x((c_.) + (d_)*(x))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*e) + f*xfz*x)])/(fxfz*I), x]
+ (-Dist[(d*m)/(£*fz*I), Int[(c + d*x)"(m - 1)*Logl[l - E~(-(Ixe) + f*xfzxx)
1, x], x] + Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l + E~(-(Ixe) +
fxfzxx)], x1, x1) /; FreeQl{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*xx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 4184

Int[csc[(e_.) + (f£_)*(x_)]172%x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
xx], x11/d, x] /; FreeQ[{c, 4}, xI

Rule 4185

Int[(cscl(e_.) + (f£_)*x_)I*(M_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b™2x(c + d*x)*Cot[e + fxx]x(bxCscle + fxx])"(n - 2))/(fx(n - 1)), x
] + (Dist[(b™2x(n - 2))/( - 1), Int[(c + d*x)*(b*Cscle + f*xx])~(n - 2), x]
, x] - Simp[(b~2*d*(b*Cscle + f*x])"(n - 2))/(f"2x(n - D*(n - 2)), x]) /;

FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rubi steps
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Subst ( f (a + bx)? coth(x)csch(x)(de — cf + fesch(x))® dx, x, csch™ (¢ + dx)

f(e + fx)? (a +besch (e + dx))2 dx =

74
2 2
(e + fx)* (a +besch™ (c + dx)) b Subst (f(a + bx)(de — cf + fesch(x))* d:
B 4f - 2d*f
4 4 Cf(—4d3€3+6cd2€2f—4C2dEj
(e + fx)* (a +besch ™ (c + dx))2 bSubst (f (d ¢ (1 + it
= 7 _
2 2
(de — cf)* (a +besch (e + dx)) (e+ fx)* (u +besch (e + dx)) (bf3j
= adif " af )
1
_ beZ(de —cf)x . b2f3(c + dx)? N 3bf(de - Cf)z(C +dx)[1 + R (a + besc
B FE 1244 d4
[ 1 -1
_ beZ(de _ cf)x N beB(C + dx)z B bf3(C + dx) 1+ (02 (ll + besch (c+ dx
B PE 1244 3d*
1 -1
~ P2f2(de—cf)x  D2f3(c + dx)? bf3(c+dx)|[1 + R (a + besch “(c + dx
ST # T a 3t

1 -1
 Pf2(de - cf)x . 2 3(c + dx)? ) bf3(c+dx){/1 + T (a + besch™ (¢ + da
B PE 1244 3d*

Mathematica [C] time = 12.6609, size = 1429, normalized size = 2.85

result too large to display

Warning: Unable to verify antiderivative.

[In] Integratel[(e + f*x)73*(a + b¥ArcCschlc + d*x])~2,x]

[Out] a~”2*e”3*x + (3*a”2*%e”2xf*x72)/2 + a™2xe*xf~2*x"3 + (a”2*f73*x74)/4 + (axbx(3
xx*k (4xe”3 + 6*xe”2xf*x + 4dxexf "2xx”2 + f~3xx73)*ArcCschl[c + d*x] + (fx(c + d
*xx)*Sqrt [(1 + ¢c72 + 2kckd*kx + d72*x72)/(c + d*x)"2]*((-2 + 13*xc™2)*f72 - 2%
cxdxf* (15%xe + 2*xf*x) + d72*x(18%e”2 + 6kxe*xf*x + f72*x72)) - 3*xcx(-4*d"3xe”3
+ Bxc*xd"2%e"2xf - 4*xcT2xd*exf”"2 + c”"3xf73)*ArcSinh[(c + d*x)7(-1)] + 6*%(2xd
“3%e73 - 6xc*kd"2xe”2xf + (-1 + 6xcT2)*d*xe*f"2 + cx(1 - 2xc”2)*f73)*Logl[(c +
dxx)*(1 + Sqrt[(1 + c™2 + 2*c*xd*x + d72*x72)/(c + d*x)~2])]1)/d"4))/6 - (b~
2%e”3* (- (ArcCschlc + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2*Log[l - E~(-ArcCs
chlc + d*x])] + 2*Log[l + E~(-ArcCsch[c + d*x])])) + 2*PolyLog[2, -E~(-ArcC
schlc + d*x])] - 2*PolyLog[2, E~(-ArcCschlc + d*x])]))/d - (3*b"2xd*e”2*f*x
*(((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*ArcCschlc + d*x])/d"2 + ((c + dx*x)~2%
ArcCschlc + d*x]72)/(2%d"2) - (c*ArcCschl[c + d*x] 2*Coth[ArcCschl[c + d*xx]/2
1)/(2%d"2) - Logl(c + d*x)~(-1)1/d"2 - ((2*%I)*c*(I*ArcCschlc + d*x]*(Logl[1
- E"(-ArcCschlc + d*x])] - Logl[l + E"(-ArcCsch[c + d*x])]) + I*(PolyLogl[2,
-E~(-ArcCschlc + d*x])] - PolyLog[2, E~(-ArcCschlc + d*x])])))/d"2 + (c*Arc
Cschlc + d*xx]~2*Tanh[ArcCschlc + d*x]/2])/(2*xd"2)))/((c + d*x)*(-1 + ¢/(c +
d*x))) - (b™2xexf~2% (2% (-2 + 12*c*ArcCschl[c + d*x] + ArcCschl[c + d*x]~2 -
6*xc”2*%ArcCschlc + d*x]~2)*Coth[ArcCschlc + d*x]/2] + 2*ArcCschlc + d*x]*(-1
+ 3*c*ArcCsch[c + d*x])*Csch[ArcCschlc + d*x]/2]172 - (ArcCschlc + d*x] 2x*C
sch[ArcCschlc + d*xx]/2]74)/(2%(c + d*x)) - 48*c*xLogl(c + d*x)~(-1)] + 8%(-1
+ 6*%c”2)*(ArcCschc + d*x]*(Log[l - E~(-ArcCsch[c + d*x])] - Logl[l + E~(-A
rcCschlc + d*x])]) + PolyLog[2, -E~(-ArcCsch[c + d*x])] - PolyLog[2, E~(-Ar
cCschlc + d*x])]) - 2*ArcCschl[c + d*x]*(1 + 3*c*ArcCschlc + d*x])*Sech[ArcC
schlc + d*x]/2]72 - 8*(c + d*x)~3*ArcCschlc + d*x] 2*Sinh[ArcCsch[c + d*x]/
2174 + 2%(2 + 12*xc*ArcCschl[c + d*x] - ArcCschlc + d*x]~2 + 6xc~2xArcCschlc
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+ dxx]~2)*Tanh [ArcCsch[c + dxx]/2]))/(8%d"3) - (b~2xf~3*x~3*(-16%(2*ArcCsch
[c + d*x] - 18*c™2xArcCschlc + d*x] + 6*c”3*ArcCschlc + d*x]~2 - 3*c*x(-2 +
ArcCschlc + d*x]~2))*Coth[ArcCschlc + d*x]/2] + 2%(2 - 24*c*ArcCschlc + d*x
] - 3*ArcCschlc + d*x]~2 + 36*c”2*ArcCschlc + d*x]~2)*Csch[ArcCschlc + dx*x]
/2172 + 3*ArcCschlc + d*x]~2*Csch[ArcCschlc + d*x]/2]"4 - (2*xArcCschlc + d*
x]* (-1 + 6*cxArcCschlc + d*x])*Csch[ArcCschlc + d*x]/2]174)/(c + d*x) - 64x*(
-1 + 9xc™2)*Log[(c + d*x)~(-1)] + 192%c*(-1 + 2*xc~2)*(ArcCsch[c + d*xx]*(Log
[1 - E"(-ArcCsch[c + d*x])] - Logl[l + E"(-ArcCsch[c + d*x])]) + PolyLogl[2,
-E~(-ArcCschlc + d*x])] - PolyLog[2, E~(-ArcCschlc + d*x])]) - 2*%(2 + 24xcx
ArcCschl[c + d*x] - 3*ArcCschlc + d*x]~2 + 36*c”2*ArcCschlc + d*x]~2)*Sech[A
rcCschlc + d*x]/2]°2 + 3*ArcCschlc + d*x] 2*Sech[ArcCschlc + d*x]/2]"°4 - 32
*(c + d*x) " 3*ArcCschl[c + dxx]*(1 + 6*c*ArcCschl[c + d*x])*Sinh[ArcCsch[c + d
*x]/2]74 + 16*%(-2*xArcCschlc + d#*x] + 18*c”2*ArcCschlc + d*x] + 6*c~3*ArcCsc
hlc + d*x]~2 - 3*c*(-2 + ArcCschlc + d*x]~2))*Tanh[ArcCschlc + d*x]/2]))/(1
92xd* (c + d*x)”~3*(-1 + c/(c + d*x))~3)

Maple [F] time = 0.425, size = 0, normalized size = 0.

f (fx+¢) (@ + barcesch (dx + 0))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*xx+e) 3% (atb*arccsch(d*xx+c))~2,x)

[Out] int((f*x+e) 3% (at+b*arccsch(d*x+c))~2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3% (atb*arccsch(d*x+c))”2,x, algorithm="maxima")

[Out] 1/4*a”2*f"3*x74 + a~2%e*xf~2+%x"3 + 3/2*%a " 2%xe"2xf*x"2 + a~2%e"3*x + (2x(d*x +
c)*arccsch(d*x + c) + log(sqrt(1/(d*x + c)”2 + 1) + 1) - log(sqrt(1/(d*x +
c)”"2 + 1) - 1))*axbxe”3/d + 1/4*x(b"2*f"3%x"4 + 4*b " 2xe*xf"2*xx"3 + 6%b " 2*e”2
xf*x72 + 4xb"2%e”3*x)*log(sqrt(d™2*x"2 + 2%ckd*x + ¢”2 + 1) + 1)72 - integr
ate(-1/2*% (2% (b~2xd"2*f"3*x"5 + b~ 2%c"2%e”3 + b™2*e”3 + (3*b"2*%d"2%e*xf"2 + 2
*b72%ckd*f73) *x"4 + (6*b"2xckd*xexf”2 + bT2xcT2xf73 + (3*xd"2xe”2xf + £73)*b”
2)*%x73 + (6*b"2*kckd*xe”2xf + 3*xb"2%c"2%e*xf"2 + (d72*%e”3 + 3kexf"2)*b72) *x"2
+ (2*%b72xcxd*e”3 + 3xb72%c2%e"2xf + 3%b72xe”2%f)*x)*log(d*x + c)72 - 4x(ax
bxd"2*xf"3%x"5 + (3*a*xb*d”"2*e*f”~2 + 2xaxbxcxd*f~3)*x"4 + (6*xaxbkxcxdxexf~2 +
axb*xc”2*xf73 + (3xd"2xe"2xf + £73)*axb)*x"3 + 3k (2xaxbkxckxdxe”2+xf + axb*c " 2*e
x£72 + axbxe*xf"2)*x72 + 3k (a*bxc”2xe”2*f + axbxe”2xf)*x)xlog(d*x + c) + (4x
axb*d"2*%f"3*x"5 + 4*x(3*axbxd"2%xe*xf"2 + 2kaxbkckd*f"3)*x"4 + 4x (6xaxbrckdkex
£72 + axbkxc”2*xf"3 + (3*%d"2%e”2*f + f£73)*axb)*x"3 + 12%(2kaxbkckdke”2xf + ax
bxcT2xexf"2 + axbkxexf 2)*x”2 + 12*%(axbxc™2xe”2+f + axb*e”2*xf)*x — 4x(b~2xd”
2%f73%x75 + bT2*cT2%e”3 + bT2*%e"3 + (3*%b72xd"2%exf"2 + 2xb " 2kckxdxf"3)*x"4 +
(6xb~2%c*d*e*xf™2 + b™2xc™2*f"3 + (3*%d"2%xe”2+f + £73)*b"2)*x"3 + (6*xb"2xcxd
*e 2+f 4+ 3*kb72xcT2%exf"2 + (d72%e”3 + 3*e*xfT2)*b72)*x72 + (2%b"2%c*d*e”3 +
3xb72xc"2*%e”2xf + 3*b”"2xe”2xf)*x)*log(d*x + c) + ((4xaxb*xd~2*xf73 - b~2*xd"2x
£f73)*x75 + (12*%axb*d™2xexf~2 — 4*b”2*xd"2*exf~2 + (8*axbxd*f~3 — b~ 2xd*f~3)*
C)*x"4 - 2% (3*b72*xd"2*%e”2xf — 2xaxbxcT2*%f73 - 2% (3*d"2*xe”2xf + f~3)*axb - 2
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* (6*xaxb*xd*e*xf~2 — b72xdxexf~2)*c)*x"3 - 2% (2*b~2*d"2*%e”3 - 6xaxbxc”2xexf "2

- 6xaxb*e*xf”~2 - 3*x(4dxaxbxdxe”2%f - b "2*xd*e " 2*f)*c)*x"2 - 4x(b"2*c*d*e”3 - 3
*axb*c”2%e 2% - 3kaxbxe"2xf)*x - 4*x(b72*d72*f73*x”5 + bT2*%c"2%e”3 + b 2%e”
3 + (3*b72xd"2xexf"2 + 2%b"2*c*kd*f"3)*x"4 + (6*b"2xckd*xexf”2 + bT2xcT2xf73

+ (Bxd"2*xe”2xf + f73)*b"2)*x"3 + (6*b"2*kckd*xe"2xf + 3*¥b"2*xc " 2*e*xf"2 + (d72%
e”3 + 3*exf72)*b72)*x"2 + (2*bT2%ckd*e”3 + 3*b"2*kcT2%xe”2xf + 3*b"2%e”2%xf) *x
)*log(d*x + c))*sqrt(d™2*x72 + 2xckd*x + ¢c”2 + 1))*log(sqrt(d™2*x"2 + 2*c*d
*x + c72 + 1) + 1) + 2%sqrt(d™2*x72 + 2%ckd*x + ¢”2 + 1)*x((b72%d"2%xf"3*x"5

+ b72*cT2*%e”3 + bT2xe”3 + (3*¥b72*xd"2*%e*xf"2 + 2xb"2xckxd*f73)*x"4 + (B6xbT2*cx*
dxexf"2 + b72xc"2xf"3 + (3%d"2%e”2*xf + £73)*b"2)*x"3 + (6%b"2*ckdke"2xf + 3
*b72xc T 2*%exf72 + (d72%e”3 + 3*kexfT2)*bT2)*x72 + (2%bT2*ckd*e”3 + 3*%bT2*xcT2%
e"2xf + 3*b72xe”2xf)*x)*xlog(d*x + )72 - 2% (a*xbxd"2*f73*x”5 + (3*kaxb*xd 2xex
£72 + 2%axbxcxd*f~3)*x74 + (6*axbkckdrexf™2 + axbxc™2+%f~3 + (3*d"2*e”2*xf +

£73)*axb)*x"3 + 3*x(2xaxbkckd*e”2*f + axbkxc 2xexf~2 + axbkexf”2)*x"2 + 3*x(ax
bxc™2xe”2*xf + axbxe”2xf)*x)*log(d*x + c)))/(d72%x"2 + 2kcxd*x + c”2 + (d72x%
X"2 + 2kckdxx + c”2 + 1)7(3/2) + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a2f3x3 +3a%ef2x® + 3a% fx + a%e® + (b2f3x3 +3b%ef?x* + 3b%e* fx + bze3) arcsch (dx + ¢)* +2 (ubf3x3 4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*(atb*arccsch(d*x+c))”2,x, algorithm="fricas")

[Out] integral(a™2*f~3*x"3 + 3*a 2xe*xf~2xx"2 + 3*%a~2*e”2*f*x + a"2%e”3 + (b™2%f"3
*xX73 + 3*bT2kexfT2%xx72 + 3*xb"2%e”2%f*x + b 2*e”3)*arccsch(dxx + ¢)72 + 2*(a
*b*f"3%x"3 + 3kakbkexf 2xx"2 + 3kaxbke " 2xf*x + akbxe~3)*arccsch(d*x + c), x

)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**3%(atb*acsch(d*x+c))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (fx + 3)3(17 arcsch (dx +¢) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) ~3*(atb*arccsch(d*x+c))”~2,x, algorithm="giac")

[Out] integrate((f*x + e) 3*(b*xarccsch(d*x + c) + a)~2, x)
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2
38  [(e+ fx)?(a+besch™ (c+dx)) dx
Optimal. Leaf size=351

2b%(de — cf)zPolyLog (2, _ecsch’1(6+dx)) 2b2(de — cf)zPolyLog (2’ ecsch’1(6+dx)) bezPOIyLOg (2’ _ecsch’l(c+dx))
& B I B 3d3

[Out] (b~2%f72%x)/(3*%d"2) + (2xbxf*x(d*e - c*xf)*(c + d*xx)*Sqrt[1 + (c + d*x)~(-2)]
x(a + bxArcCschlc + d*x]))/d”3 + (b*f~2x(c + d*x)~2xSqrt[1 + (c + d*x)~(-2)

I1x(a + b*ArcCschlc + d*x]))/(3*d"3) - ((d*e - c*f)~3*(a + b*ArcCschlc + d*x
1)72)/(3%d"3*xf) + ((e + f*x)"3x(a + bxArcCschlc + d*x])~2)/(3*%f) - (2%b*xf~2

x(a + bxArcCsch[c + d*x])*ArcTanh[E~ArcCsch[c + d*x]])/(3*d"3) + (4*xbx(dxe

- cxf)"2*%(a + b*ArcCsch[c + d*x])*ArcTanh[E~ArcCschlc + d*x]])/d~3 + (2%b~2
*xfx(d*e - cxf)*Loglc + d*x])/d™3 - (b~2xf~2xPolyLog[2, -E"ArcCschlc + d*x]]
)/(3%¥d"3) + (2%b~2x(dxe - c*f) 2+PolyLog[2, -E"ArcCsch[c + d*x]])/d"3 + (b~
2xf~2*PolyLog[2, E"ArcCschlc + d*x]])/(3*d~3) - (2xb~2*(d*e - c*f) 2xPolyLo

gl[2, E"ArcCschlc + d*x]1)/d"3

Rubi [A] time = 0.50625, antiderivative size = 351, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 17, number of rules used = 9, integrand size = 20, e e e

= 0.45, Rules used = {6322, 5469, 4190, 4182, 2279, 2391, 4184, 3475, 4185}

integrand size

2b2(de _ cf)zPolyLog (2, _ecschfl(c+dx)) 2b2(de _ cf)zPolyLog (2’ ecschfl(c+dx)) bzszolyLog (2, _ecschfl(c+dx))
I B 4 - 383

Antiderivative was successfully verified.

[In] Int[(e + f*x)"2*(a + b*ArcCschlc + d*xx])~2,x]

[Out] (b™2%f72%x)/(3%d"2) + (2%b*fx(dxe - c*xf)*(c + d*x)*Sqrt[l + (c + d*x)~(-2)]
x(a + bxArcCschlc + d*x]))/d"3 + (b*f~2x(c + d*x)~2*Sqrt[1 + (c + d*x)~(-2)

1*x(a + b*ArcCschlc + d*x]1))/(3xd"3) - ((d*e - c*f)"3*(a + bxArcCschlc + dxx
1)72)/(3%d"3*f) + ((e + f*x)"3*(a + bxArcCschlc + d*x])72)/(3*f) - (2%bxf"2

*(a + bxArcCschlc + d*x])*ArcTanh[E~ArcCschlc + dxx]])/(3xd"3) + (4xbx(d*e

- cxf)"2*%(a + b*ArcCsch[c + d*x])*ArcTanh[E~ArcCschlc + d*x]])/d"3 + (2%b~2
xf*x(d*e - cxf)*Loglc + d*x])/d"3 - (b"2xf~2xPolyLog[2, -E"ArcCschlc + dx*x]]
)/(3%d"3) + (2%b~2*x(dxe - c*f) 2+PolyLog[2, -E"ArcCschlc + d*x]])/d"3 + (b~
2+%f72xPolyLog[2, ETArcCschlc + d*x]])/(3*d"3) - (2%b~2*(d*e - cxf) 2xPolyLo

g[2, E"ArcCschlc + d*x]])/d"3

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£f_.)*x(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + bxx) p*Csch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x]) ™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469

Int[Coth[(c_.) + (d_.)*(x_)I*Csch[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)x*(
x )I*x(_.) + (@) " (m_)*((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*x)“m*(a + b*Cschlc + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]
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Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4182

Int[csc[(e_.) + (Complex[0, fz ])*(f_.)*x(x_ )]*((c_.) + (d_)*(x))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*xe) + f*xfz*xx)])/(fxfz*I), x]
+ (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*e) + f*xfz*x)
1, x], x] + Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l + E~(-(Ixe) +
fxfzxx)], x], x]1) /; FreeQl{c, 4, e, f, fz}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQ[{c, d}, xI]

Rule 4185

Int[(cscl(e_.) + (£_)*(x)I*(_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b™2x(c + d*x)*Cot[e + fxx]*(b*Cscle + fxx])"(n - 2))/(f*x(n - 1)), x
] + (Dist[(b™2x(n - 2))/( - 1), Int[(c + d*x)*(b*Cscle + f*x])~(n - 2), x]
, x] = Simp[(b~2*d*(b*Cscle + f*x])"(n - 2))/(f"2x(n - D*(n - 2)), x]) /;

FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2]

Rubi steps
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Subst ( [ (a + bx)? coth(x)esch(x)(de - cf + fesch(x))? dx, x, csch™!(c +

d3
_@ﬁﬂﬁ@+mmﬁhm¢nf (2b) Subst ( [(a + bx)(de - cf + fesch(
B 3f - 3d3f
cf (3d262 ~3cdef+c?
(e + fx (a+besch™\(c + dw)) (2)Subst (f (d363 (1 — s
= 3 —
d 1 2 1 2
(de—cf)? (a+besch ' (c+dx))  (e+ fx)*(a+besch™ (c+dx)) (2
= - + - =
3d3f 3f
2¢2,  2bf(de—cf)(c+dx),/1+ % a+ bcsch_l(c +dx))  bf3*c+
_ b3£2x + f f ;c3+dx) ( ) + f
202, 2bf(de—cf)(c+ dx) 1+;2 a+b h_l(c+dx) bf3(c +
f DD eyl )
22, 2bf(de—cf)(c+dx),Jl + —— (a+besch (¢ +dx))  bf2(c+
:b3];2x+ f(de —cf)(c+dx ;;dx) (u csch (c x)+ f<(c
202, 2bf(de—cf)(c+dx),Jl + —— (a+besch (¢ +dx))  bf2(c+
:b3£2x+ f(de —cf)(c +dx ((;rdx) (a csch™ (c x)+ 2(c

Mathematica [C] time = 9.14219, size = 864, normalized size = 2.46

(c+dx)2csch_1 (c+dx)? _

2b%def

c coth( % csch™? (c+dx))csch_1(c+dx)2 c tanh( % csch™ (c+dx))csch_1 (c+d

+
242 242

1
—a?f2x3 + a’efx? + a%e?x —

3

Warning: Unable to verify antiderivative.

[In] Integratel[(e + f*x)"2x(a + bxArcCschlc + d*x])~2,x]

[Out] a~2*%e™2xx + a " 2%exf*x"2 + (a72*%f"2%x"3)/3 + (a*xb*(2*x*(3*e”2 + 3xe*xfxx + £~

2xx"2)*ArcCschlc + dxx] + (-=(fx(c + d*x)*Sqrt[(1 + c72 + 2*cxd*x + d"2%x72)
/(c + d¥x)72]*(5kcxf - dx(6%e + fxx))) + 2%kc*k(3xd"2%e”2 - 3*xckdxexf + c72%f
~2)*ArcSinh[(c + d*x)~(-1)] + (6%d™2%e”2 - 12xcxdxexf + (-1 + 6%c™2)*f"2)*L
ogl(c + d*x)*(1 + Sqrt[(1 + c72 + 2%ckxd*xx + d"2*x"2)/(c + d*x)~2])]1)/d"3))/
3 - (b™2xe"2*(-(ArcCschlc + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2xLogl[l - E~
(-ArcCschlc + d*x])] + 2xLog[l + E~(-ArcCsch[c + d*x])])) + 2*PolyLogl[2, -E
“(-ArcCsch[c + d*x])] - 2#PolyLog[2, E"(-ArcCschlc + d*x])]))/d - (2*b~2x*d*
exfxxx(((c + dxx)*Sqrt[1 + (c + d*x)~(-2)]*ArcCschl[c + dx*x])/d"2 + ((c + dx
x)"2%ArcCschlc + d*x]~2)/(2%d"2) - (c*ArcCschl[c + d*x]~2*Coth[ArcCsch[c + d
*xx]/2]1)/(2%xd"2) - Logl(c + d*x)~(-1)]1/d"2 - ((2*I)*cx(I*ArcCschlc + d*x]*(L
ogll - E7(-ArcCschlc + d*x])] - Logl[l + E~(-ArcCschlc + d*x])]) + I*(PolyLo
gl2, -E”(-ArcCsch[c + d*x])] - PolyLog[2, E~(-ArcCschlc + d*x])]1)))/d"2 + (
ckArcCsch[c + d*x]~2*Tanh[ArcCsch[c + d*x]/2])/(2%xd"2)))/((c + d*x)*(-1 + ¢
/(c + d*x))) - (b72%f72x (2% (-2 + 12*c*ArcCsch[c + d*x] + ArcCschlc + d*x]~2
- 6%c”2xArcCschlc + d*x]~2)*Coth[ArcCsch[c + d*x]/2] + 2xArcCschlc + d*x]x*
(-1 + 3*cxArcCsch[c + d*x])*Csch[ArcCsch[c + d*x]/2]72 - (ArcCschl[c + d*x]~
2%Csch[ArcCschlc + d*xx]/2]74)/(2x(c + d*x)) - 48*c*Logl[(c + d*x)~(-1)] + 8%
(-1 + 6*%c”2)*(ArcCsch[c + d*x]*(Log[l - E~(-ArcCsch[c + d*x])] - Logl[l + E~
(-ArcCschlc + d*x])]) + PolyLog[2, -E~(-ArcCsch[c + d*x])] - PolyLog[2, E(
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-ArcCschlc + d*x])]) - 2xArcCschlc + d*x]*(1 + 3*xcxArcCsch[c + d*x])*Sech[A
rcCschlc + d*x]/2]72 - 8%(c + d*x) " 3*ArcCschl[c + dxx]~2*Sinh[ArcCschlc + dx*
x]/2]174 + 2x(2 + 12*c*ArcCschlc + d*x] - ArcCschlc + d*x]~2 + 6*xc”2xArcCsch
[c + d*x]~2)*Tanh[ArcCschlc + d*x]/2]))/(24%d"3)

Maple [F] time = 0.403, size = 0, normalized size = 0.
2
f (fx +e)’ (a + barcesch (dx +¢))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*xx+e) 2% (atb*arccsch(d*x+c))~2,x)

[Out] int((f*x+e) 2% (a+b*arccsch(d*x+c))~2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) "2x(a+b*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] 1/3*%a~2*%f"2%x"3 + a~2*exfxx"2 + a~2*%e"2%x + (2*%(d*x + c)*arccsch(d*x + c) +
log(sqrt(1/(d*x + c)72 + 1) + 1) - log(sqrt(1/(d*x + c)~2 + 1) - 1))*axbxe
72/d + 1/3%x(b72%xf£72+x73 + 3xb"2kexf*x"2 + 3*%b72%e"2*x)*log(sqrt(dT2*x"2 + 2
xckd*x + ¢72 + 1) + 1)72 - integrate(-1/3*(3*%(b™2xd"2*xf"2*%x"4 + b~2*c"2%e”2
+ b72%e”2 + 2% (b72xd"2xexf + bT2*ckd*fT2)*x”"3 + (4*xb72xckd*exf + bT2kcT2*f
T2 + (d72%e72 + £72)*b7T2)*xx72 + 2% (b72*ckd*e”2 + bT2xcT2xexf + bT2kxexf)*x)*
log(d*x + c)72 - 6*(a*xbxd~2*xf~2*x"4 + 2x(axb*d™2*exf + axb*ckxd*f~2)*x~3 + (
dxaxbkxckdrxexf + axb*xc2*%f72 + axb*xf"2)*x"2 + 2% (axbkxc " 2*kexf + akbkexf)xx)*1
og(dxx + c) + 2%(3*kaxb*d™2+f"2%xx"4 + 6% (axbxd"2xexf + axbkckxd*f~2)*x"3 + 3x
(Axaxb*ckxd*e*xf + axbkxc™2xf72 + axbxf~2)*x"2 + 6*(axbkc™2xexf + axbxexf)*x -
3k (b72%d"2*xf"2%x"4 + bT2%c"2*%e”2 + b7 2%e”2 + 2% (b72xd"2*xexf + b 2*cxdxf"2)
*x73 + (4*b"2*kckdkexf + b72xc72+%f72 + (d72*%e”2 + £T2)*b72)*x72 + 2% (b"2*c*d
*xe”2 + b72xc"2xexf + b7 2xexf)x*x)*log(d*x + c) + ((3*xa*xbxd™2xf72 - b~2xd"2xf
“2)*x74 + (6*xaxbxd"2xexf - 3%b72+%d"2%exf + (6xaxbxd*f"2 - bT2*d*f72)*c)*x"3
- 3% (b72xd"2*%e”2 — axbxcT2xf72 - axb*f”2 - (4dxaxbkxdxexf - b7 2xd*exf)*c)*x”
2 - 3x(b"2*ckd*e”2 — 2xaxbxc 2xexf - 2xaxbkexf)*x — 3*x(b"2*%d"2*xf"2%x"4 + b~
2%Cc72%e72 + bT2*%e”2 + 2% (b72xd"2%exf + bT2kckd*fT2)*x"3 + (4*xb"2%ckd*xexf +
b72xc"2*xf"2 + (d72%e”2 + £72)*b72)*x"2 + 2% (b7 2*c*d*e”2 + b 2*xc " 2*xexf + b2
xexf)*x)*log(d*x + c))*sqrt(d™2*x"2 + 2%c*kd*x + ¢c”2 + 1))*log(sqrt(d~2*x"2
+ 2kckdxx + ¢72 + 1) + 1) + 3*xsqrt(d™2*x72 + 2%cxd*x + c”2 + 1)*x((b72xd"2xf
T2%x74 4+ bT2xCT2*%e”2 + bT2xe”2 + 2% (b72*xd72*exf + bT2xckxd*xfT2)*x"3 + (4*b72
xckd*exf + b72xcT2xf72 + (d72%e”2 + £72)*b72)*x72 + 2% (b"2xcxd*e”2 + b7 2%c”
2xexf + b~ 2*exf)*x)*log(d*x + c)72 - 2% (a*xbxd"2*xf"2*x"4 + 2x(axb*d"2*exf +
axbxcxd*f~2)*x"3 + (4*axbxckxdxexf + axb*xc™2xf72 + axb*f~2)*x"2 + 2% (axbxc™2
xexf + axbkxexf)*x)*log(d*x + c¢)))/(d"2*x72 + 2%ckd*x + c™2 + (d"2*x72 + 2%c
xd*x + ¢72 + 1)7(3/2) + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (azfzxz +2a%efx + a%e® + (bzfzx2 +2b%efx + bzez) arcsch (dx +¢)* +2 (ubf2x2 +2abefx + abez) arcsch (d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2x(atb*arccsch(d*x+c))”2,x, algorithm="fricas")

[Out] integral(a™2*f724x72 + 2xa~2*e*xf*xx + a~2*%e”™2 + (b72xf72*x72 + 24b~2*exf*x +
b~ 2xe"2)*arccsch(d*x + c)72 + 2*x(axbxf~2%x"2 + 2*axbkexf*xx + axb*xe”2)*arcc

sch(d*x + ¢), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a +bacsch (c + dx))? (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**2%(atb*acsch(d*x+c))**2,x)

[Out] Integral((a + b*acsch(c + d*x))**2x(e + f*xx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (fx + e)z(b arcsch (dx + ¢) + a)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e) 2x(atb*arccsch(d*x+c))”2,x, algorithm="giac")

[Out] integrate((f*x + e) 2x(b*arccsch(d*x + c) + a)”2, x)
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39  [(e+fx)(a+besch™(c +dx)) dx

Optimal. Leaf size=194

-1 -1
20%(de - ¢ f)PolyLog (2, _eesch <C+dx>) 202(de - ¢ f)PolyLog (z,ecsch <c+dx>) (de— cf ) (a + besch ™ (c + d)’

iz iz 202f

[Out] (b*xfx(c + d*x)*Sqrt[1l + (c + d*x)~(-2)]*(a + b*ArcCsch[c + dx*x]))/d"2 - ((d
*xe — cxf)72x(a + bxArcCschlc + d*x])~2)/(2xd"2*xf) + ((e + fxx)~2%(a + bxArc
Cschlc + d*x])~2)/(2xf) + (4*xbx(d*e - c*f)*(a + bxArcCschl[c + d*x])*ArcTanh
[E"ArcCschc + d*x]])/d"2 + (b~ 2xf*xLoglc + d*x])/d"2 + (2xb~2*(d*e - c*f)*P
olyLog[2, -E"ArcCschlc + d*x]])/d"2 - (2*%b~2%(d*e - cxf)*PolyLog[2, E~ArcCs

chlc + d*x]])/d"2

Rubi [A] time = 0.273336, antiderivative size = 194, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 8, integrand size = 18, e e e

= 0.444, Rules used = {6322, 5469, 4190, 4182, 2279, 2391, 4184, 3475}

integrand size

2b?(de - cf)PolyLog (2, —eCSCh_l(”d")) 2b?(de - cf)PolyLog (2, eCSCh_l(”dx)) (de - cf)? ( o+ besch™ (e + dx))z
2 - iz - 242 f

Antiderivative was successfully verified.

[In] Int[(e + f*xx)*(a + b*ArcCschlc + dx*x])~2,x]

[Out] (bxfx(c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCschlc + d*x]))/d"2 - ((d
xe — c*f)72%(a + b*ArcCschlc + d*x])~2)/(2xd"2%f) + ((e + f*xx)7"2x(a + bxArc
Cschlc + d*x])~2)/(2%f) + (4xb*x(d*xe - c*f)*x(a + bxArcCsch[c + dxx])*ArcTanh
[E"ArcCschlc + d*x]])/d"2 + (b~ 2*f*Loglc + d*x])/d"2 + (2*xb~2*x(d*e - c*xf)*P
olyLog[2, -E~ArcCschlc + d*x]])/d"2 - (2*¥b~2x(d*e - c*f)*PolyLog[2, E~ArcCs

chlc + d*x]])/d"2

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + bxx) p*Csch[x]*Co
th[x]*(d*xe - c*f + fxCsch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469

Int[Coth[(c_.) + (d_.)*(x_)I*Csch[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)x*(
x )I*x(_.) + (@) " (m_D)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*x)"m*x(a + bxCschlc + d*x])"(n + 1))/(bxd*(n + 1)), x] + Dist[(f*m)/(bx*
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])~(n + 1), x], x] /;
FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (f_)*x(x_)I*x(b_.) + (@)~ (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4182
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Int[csc[(e_.) + (Complex[0, fz ])*(f_.)*(x )I*x((c_.) + (d_)*(x))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*xe) + fxfz*xx)])/(fxfz*I), x]
+ (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*xe) + f*xfz*x)
1, x], x] + Dist[(d*m)/(f*xfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(Ixe) +
fxfzxx)], x], x]) /; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 4184

Int[csc[(e_.) + (f_)*(x_ )17 2x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simpl[Log[RemoveContent[Cos[c + d

*x], x11/d, x] /; FreeQl[{c, d}, x]

Rubi steps

Subst ( f (a + bx)? coth(x)csch(x)(de — cf + fesch(x))dx, x, csch_l(c + d>

f(e + fx) (a + bcsch_l(c + dx))2 dx =

72

G fx)? (a +besch (e + dx))2 b Subst (f(a + bx)(de — cf + fcsch(x))?
= 2f — d2f

e+ fx)? (a + besch™ (c + dx))2 b Subst (f (dzez (1 + Cf(_;i?Cf)) (a + bx
(e~ cf)? (a +besch ™ (c + dx))2 (e + fx)? (a +besch (e + dx))2 (bf
= 2A2f " 2f T
B bf(c+dx)\1+ m (a +besch™ (¢ + dX)) (de — cf)? (a +besch™ (¢ +
= 2 - 2d4%f

_ bf(c+dx)y1+ (Cﬂlix)z (‘1 +besch™ (¢ + dx)) (de — cf)? (a +besch™ (c +
= 42 - 242 f

_ bf(c+dx)\J1+ (CJ;X)Z (ﬂ +besch™ (c + dx)) (de — cf)? (a +besch ™ (c +.
= 42 - 2d4°f

Mathematica [B] time = 1.38779, size = 401, normalized size = 2.07

2b%de (—2PolyLog (2, —e‘CSChfl(”d")) + 2PolyLog (2, e‘CSChfl(”dx)) +csch™ (¢ + dx) ((c +dx)csch™ (¢ + dx) - 2o

Warning: Unable to verify antiderivative.
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[In] Integrate[(e + f*x)*(a + b*ArcCschlc + d*x])~2,x]

[Out] (2*a~2*x(d*e - cxf)*x(c + d*x) + a~2xf*x(c + d*x)"2 + 2*kaxb*fx(c + d*xx)*(Sqrt[
1+ (c + d*x)~(-2)] + (c + d*x)*ArcCschlc + d*x]) + 2%b7"2xf*((c + dxx)*Sqrt
[1 + (c + d*x)~(-2)]*ArcCschlc + d*x] + ((c + dx*x)~2xArcCschlc + d*x]~2)/2
- Log[(c + d*x)7(-1)]) + 2%a*bkxd*ex(2x(c + d*x)*ArcCschl[c + d*x] - 2xLog[2x
(c + d*x)*Sinh[ArcCschlc + d*x]/2]172]) + 2%axbxckxf*x(-2%(c + d*x)=*ArcCschlc
+ d*x] + 2xLog[2*(c + d*x)*Sinh[ArcCschlc + d*x]/2]72]) + 2%b~2xd*e*x(ArcCsc
hlc + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2*Log[l - E~(-ArcCsch[c + d*x])] +
2xLog[1 + E~(-ArcCschlc + dx*x])]) - 2xPolyLogl[2, -E~(-ArcCschlc + d*x])] +
2xPolyLog[2, E~(-ArcCschlc + d*x])]) - 2xb™2xc*f*(ArcCschlc + d*x]*((c + d
xx)*ArcCschc + d*x] - 2*xLog[l - E7(-ArcCsch[c + d*x])] + 2xLog[1l + E~(-Arc
Cschlc + d*x])]) - 2xPolyLog[2, -E~(-ArcCschl[c + d*x])] + 2%PolyLogl[2, E~(-
ArcCschlc + d*x])]1))/(2%d~2)

Maple [F] time = 0.222, size = 0, normalized size = 0.

f(fx + e) (a + barccsch (dx + c))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)*(atb*arccsch(d*x+c))”~2,x)

[Out] int((f*x+e)*(at+b*arccsch(d*x+c)) 2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*xarccsch(d*x+c))~2,x, algorithm="maxima")

[Out] 1/2*a”2*f*x"2 + a"2*exx + (2x(d*xx + c)*arccsch(d*x + c) + log(sqrt(1l/(d*x +
c)”2 + 1) + 1) - log(sqrt(1/(d*x + c)~2 + 1) - 1))*axb*xe/d + 1/2%(b~2*xf*x"
2 + 2xb"2%exx)*log(sqrt(d™2*%x"2 + 2*kckd*x + ¢”2 + 1) + 1)72 - integrate(-((
b72*%d"2%f*x"3 + bT2%c"2%e + b72xe + (b72%d"2xe + 2*b7T2xckd*f)*x"2 + (2%b72x%
ckdxe + b72*c72+f + bT2xf)*x)*xlog(d*x + c)72 - 2% (axbxd"2*f*x"3 + 2*axbxc*d
xf*xx72 + (axbxc™2xf + axb*f)*x)*log(d*x + c) + (2%a*xbxd~2xf*x"3 + 4*axb*cxd
*fxx72 + 2x(axbxc”2+f + axbxf)*x - 2% (b72xd"2*f*x"3 + bT2*c"2%e + b"2*xe + (
b72*%d"2%e + 2%b72kckd*xf)*x”2 + (2%b72xckd*e + bT2*cT2xf + bT2%f)*x)*log(d*x
+ ¢c) + sqrt(d™2*x72 + 2kckdxx + c¢72 + 1)*((2*%axbxd"2xf - b72*xd"2*xf)*xx"3 -
(2xb~2%d"2%e - (4xaxb*xd*f - b7 2xd*f)*c)*x"2 - 2%(b~2%ckdxe - axbxc™2xf - ax
bxf)*x — 2% (b72%d"2*%f*x"3 + b72%c"2%e + b"2*xe + (b72%d"2%e + 2%b~2kckd*f)*x
T2 + (2%b"2*cxd*e + bT2xc”2xf + b72*f)*x)*log(d*x + c)))*log(sqrt(d™2*xx"2 +
2xckd*x + ¢c72 + 1) + 1) + sqrt(d™2*x72 + 2xckd*x + ¢72 + 1)*((b72*%d"2*xf*x~
3 + b72%c"2%e + b72%e + (b72%d"2%e + 2%b72xckd*f)*x"2 + (2*%b72xcxd*e + bT2x
c™2xf + b72*f)*x)*log(d*x + c)72 - 2x(axb*d™2xf*x"3 + 2xa*xbxckxdxf*xx"2 + (ax
bxc”2xf + axb*f)*x)*log(d*x + ¢)))/(d72*%x"2 + 2%c*kd*x + ¢c”2 + (d72*x72 + 2%
cxdxx + c72 + 1)7(3/2) + 1), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.
integral (uz fx + a%e + (b2 fx+ bze) arcsch (dx + ¢)* + 2 (ab fx + abe) arcsch (dx + ¢), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2xfxx + a~"2*xe + (b~2xf*x + b~2xe)*arccsch(d*x + c)72 + 2*(axb*fx*
x + axb*e)x*arccsch(d*x + c), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsch (c + dx))2 (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*acsch(d*x+c))**2,x)

[Out] Integral((a + bxacsch(c + dx*x))**2x(e + f*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

x +e)(barcsch (dx +c¢) + a)2 dx
J (r+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)x*(atb*arccsch(d*x+c))”~2,x, algorithm="giac")
g g g

[Out] integrate((f*x + e)*(b*arccsch(d*x + c) + a)”~2, x)
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310 [ (a+bosch™(c+dx)) dx

Optimal. Leaf size=85

szPolyLog (2’ _ecschfl(c+dx)) 2b2PolyL0g (2’ ecschfl(c+dx)) (C + dx) (a + bcsch_l (C N dx))Z 4 tanh_l (ecschfl(m

_ + n
d d d

[Out] ((c + d*x)*(a + b*ArcCschlc + d*x])~2)/d + (4%bx(a + b*ArcCschl[c + d*x])=*Ar

cTanh[E~ArcCsch[c + d*x]])/d + (2*xb~2*PolyLog[2, -E"ArcCschlc + d*x]])/d -

(2%b~2xPolyLog[2, E~ArcCsch[c + d*x]])/d

Rubi [A] time = 0.0831275, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 12, e .

integrand size
0.5, Rules used = {6316, 6280, 5452, 4182, 2279, 2391}

ZbZPolyLog (2’ _ecsch’l(c+dx)) 2b2PolyL0g (2, ecsch’l(c+dx)) (c+ dx) (tl + bcsch_l (C + dx))Z 4 tanh_l (ecschfl(m
d B d + d +

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCschlc + d*xx])~2,x]

[Out] ((c + d*x)*(a + bxArcCschl[c + d*x])~2)/d + (4xb*(a + b*ArcCschlc + d*x])*Ar
cTanh[E"ArcCschlc + d*x]])/d + (2%b~2*PolyLog[2, -E~ArcCschlc + d*x]]1)/d -
(2%b~2xPolyLog[2, E~ArcCschl[c + d*x]])/d

Rule 6316

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + bxArcCsch[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d}
, x] && IGtQ[p, 0]

Rule 6280

Int[((a_.) + ArcCsch[(c_.)*(x_)1*(b_.))"(n_), x_Symbol] :> -Dist[c~(-1), Su
bst[Int[(a + b*x) n*Csch[x]*Coth[x], x], x, ArcCschlc*x]], x] /; FreeQ[{a,
b, ¢, n}, x] && IGtQ[n, O]

Rule 5452

Int[Coth[(a_.) + (b_.)*(x_)]"(p_.)*Cschl(a_.) + (b_.)*(x_ )] (m_.)*x((c_.) +
(d_)*(x_))"(m_.), x_Symbol] :> -Simp[((c + d*x) m*Csch[a + b*x] n)/(b*n),
x] + Dist[(d*m)/(b*n), Int[(c + d*x)"(m - 1)*Csch[a + b*x]"n, x], x] /; Fre
eQ[{a, b, c, d, n}, x] & EqQ[p, 1] && GtQ[m, 0]

Rule 4182

Int[csc[(e_.) + (Complex[0, fz ])*(f_.)*(x )I*x((c_.) + (d_)*(x))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*xe) + f*xfz*xx)])/(fxfz*I), x]
+ (-Dist[(d*m)/(£*fz*I), Int[(c + d*x)"(m - 1)*Logl[l - E~(-(Ixe) + f*xfzxx)
1, x], x] + Dist[(d*m)/(f*xfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(Ixe) +
fxfzxx)], x], x]1) /; FreeQl{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2279
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Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

Subst (f (a + bcsch_l(x))2 dx,x,c + dx)

f (a +besch™ (c + dx) dx =

d
Subst ( f (a + bx)? coth(x)csch(x) dx, x, csch™ (c+ dx))
d
(c +dx) (a + bcsch_l(c + dx))2 (2b) Subst (f(a + bx)csch(x) dx, x, csch_l(c + dx
d d
(c+dx) (a +besch ™ (c + dx))z . 4b (a +besch ™ (c + dx)) tanh ™" (eCSCh_l(”d")) . |
d d
(c+dx) (a +besch ™ (c + dx))z . 4b (a +besch ™ (c + dx)) tanh™" (eCSCh_l(”dx)) . |
d d
(c + dx) (a +besch (e + dx))z . 4b (a +besch™ (¢ + dx)) tanh ™" (eCSCh_l(”d")) .
d d

Mathematica [A] time = 0.248536, size = 160, normalized size = 1.88

—2b?PolyLog (2, —e‘CSChfl(”d")) + 2b?PolyLog (2, e‘CSChfl(”dx)) + a2c + a’dx + 2ab(c + dx)csch™ (¢ + dx) — 2ablo

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCschlc + d*x])~2,x]

[Out] (a™2%c + a”2*d*x + 2%a*bx(c + d*x)*ArcCsch[c + d*x] + b~"2%cxArcCschlc + d*x
172 + b72*d*x*ArcCschc + d*x]~2 - 2%b~2xArcCsch[c + d*x]*Log[l - E~(-ArcCs

chlc + d*x])] + 2*b~2*ArcCsch[c + d*x]*Log[l + E~(-ArcCschlc + d*x])] - 2*a
xb*Log [Tanh[ArcCsch[c + d*x]/2]] - 2xb~2*PolyLog[2, -E~(-ArcCschlc + d*x])]

+ 2xb~2*PolyLog[2, E~(-ArcCsch[c + d*x])])/d

Maple [F] time = 0.218, size = 0, normalized size = 0.

f (a + barccsch (dx + c))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(d*x+c))~2,x)

[Out] int((at+b*arccsch(d*x+c))~2,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

3
d?x% + 2cdx + % + 1)2 log (dx + ¢)* + (d2x2 +2cdx +c* + 1) log (dx + ¢)*

2 o
xlog(\/d2x2+2cdx+c2+1+1) —f—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] (x*log(sqrt(d™2*x"2 + 2%c*xd*x + c”2 + 1) + 1)72 - integrate(-((d™2*x72 + 2%
cxd*x + c72 + 1)7(3/2)*log(d*x + c)”2 + (d72*x"2 + 2%cxd*x + c¢”2 + 1)*log(d

*x + ¢)72 - 2x((d72%x72 + 2%ckd*x + c¢72 + 1)*log(d*x + c) + sqrt(d™2*x"2 +
2kckd*x + 72 + 1)*(d72%x72 + ckdkx + (d72%x72 + 2kcxdxx + ¢72 + 1)*log(d*x

+ ¢)))*log(sqrt(d™2*x™2 + 2%ckd*x + ¢c”2 + 1) + 1))/(d"2*%x"2 + 2%c*xd*x + ¢~

2 + (d72%x72 + 2%cxd*x + ¢c”2 + 1)7(3/2) + 1), x))*b"2 + a"2%x + (2x(d*x + ¢
)*arccsch(d*x + c) + log(sqrt(1/(d*x + c)”2 + 1) + 1) - log(sqrt(1/(d*x + ¢

)72 + 1) - 1))*axb/d

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b2 arcsch (dx + ¢)* + 2 abarcsch (dx + ¢) + a2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(b~2*arccsch(d*x + c)~2 + 2*axb*arccsch(d*x + c) + a”2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + bacsch (c + dx))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(d*x+c))**2,x)

[Out] Integral((a + b*acsch(c + d*x))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcsch (dx +c) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c))~2,x, algorithm="giac")

[Out] integrate((b*arccsch(d*x + c) + a)~2, x)
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2
311 f (a+bcsch_1 (c+dx)) i

e+fx

Optimal. Leaf size=475

(de_cf)ecschfl(cﬂix)
f(c2+1) f2-2cdef +a2e?
+
f f

(de—cf)ecsCk

2b (a + besch™ (¢ + dx)) PolyLog [2, - ) 2b (a + besch™ (¢ + dx)) PolyLog | 2, -

(c2+1)f2—2cc

[Out] -(((a + b*ArcCsch[c + d*x])~2*Log[l - E~(2*ArcCschlc + d*x])])/f) + ((a + b
*ArcCsch[c + d*xx])~2xLog[l + (E"ArcCschlc + d*x]*(d*e - cxf))/(f - Sqrt[d~2
xe”2 - 2kcxdkxexf + (1 + c™2)*£72])])/f + ((a + b*ArcCschl[c + dxx]) " 2xLogl[1
+ (E7ArcCschlc + d*xx]*x(dxe - cxf))/(f + Sqrt[d~2*e”2 - 2xckdxexf + (1 + c72
)¥£72]1)1)/f - (bx(a + bxArcCschlc + d*x])*PolyLog[2, E~(2*%ArcCschlc + dx*x])
1)/f + (2*%bx(a + b*ArcCschlc + d*x])*PolyLog[2, -((E"ArcCschlc + d*x]*(dx*e
- cxf))/(f - Sqrt[d~2*e”2 - 2xckxd*exf + (1 + c”2)*£72]))])/f + (24b*(a + Dbx
ArcCsch[c + d*x])*PolyLog[2, -((E"ArcCschlc + d*x]*(d*¥e - c*f))/(f + Sqrt[d
"2%e”2 - 2xckdkxexf + (1 + ¢72)*£72]))])/f + (b"2+PolyLog[3, E~(2*ArcCschlc
+ d*x])])/(2*%f) - (2%b~2xPolyLog[3, -((E"ArcCschlc + d*x]*(dxe - cxf))/(f -
Sqrt[d~2*e”2 - 2%ckdxexf + (1 + c”2)*x£72]))]1)/f - (2%b~2xPolyLog[3, -((E"A
rcCschlc + d*x]*(dxe - c*f))/(f + Sqrt[d™2xe”2 - 2kcxdxexf + (1 + c™2)*f"2]
N/f

Rubi [A] time = 1.07282, antiderivative size = 475, normalized size of antiderivative =

1., number of steps used = 17, number of rules used = 9, integrand size = 20, number of rules

= 0.45, Rules used = {6322, 5596, 5569, 3716, 2190, 2531, 2282, 6589, 5561}

integrand size

Lctdn)

(de—cf)ecsch
(241 f2-2cdef +d2e2
+
f f

(de_cf)ecsc}

2b (a +besch™ (¢ + dx)) PolyLog|2, -
(cz+1)f2—2cc

2b (a +besch™ (¢ + dx)) PolyLog|2, -

Antiderivative was successfully verified.

[In] Int[(a + bxArcCschl[c + d*x])"2/(e + f*x),x]

[Out] -(((a + bxArcCsch[c + d*x]) 2xLog[l - E~(2%ArcCschlc + d*x])]1)/f) + ((a + b
xArcCschlc + d*x]) 2xLog[l + (E"ArcCschlc + d*x]*(d*e - c*f))/(f - Sqrt[d~2
xe”2 - 2kcxdxexf + (1 + c™2)*£72])])/f + ((a + b*ArcCsch[c + dxx]) " 2xLogl[1
+ (E"ArcCschlc + d*x]*(d*xe - cxf))/(f + Sqrt[d~2*e”2 - 2xckdxexf + (1 + c72
)¥£72])1)/f - (bx(a + b*ArcCschlc + d*x])*PolyLogl[2, E~(2*ArcCschlc + d*x])
1)/f + (2%bx(a + bxArcCschlc + d*x])*PolyLog[2, -((E"ArcCschlc + d*x]*(dx*e
- cxf))/(f - Sqrtl[d~2*e”2 - 2xckdxexf + (1 + c72)*£72]))])/f + (2%b*x(a + bx
ArcCsch[c + d*x])#*PolyLog[2, -((E"ArcCschl[c + d*x]*(d*e - c*f))/(f + Sqrtld
“2%e”2 - 2xckdxexf + (1 + c”2)*x£72]))])/f + (b~2+PolyLog[3, E~(2*ArcCschlc
+ dxx])]1)/(2%f) - (2xb~2+PolyLog[3, -((E"ArcCschlc + d*x]x(d*e - cxf))/(f -
Sqrt[d™2*xe”2 - 2%ckdxexf + (1 + c¢72)*£72]))])/f - (2%xb~2+PolyLogl[3, -((E”A
rcCschlc + dxx]*(dxe - c*f))/(f + Sqrt[d~2xe”2 - 2*cxd*xexf + (1 + c~2)*f"2]
ND/E

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*x(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
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b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5596

Int[((Ce_.) + (£_)*x_))"(m_)*F_)[(c_.) + (d_)*(x_D]1"(n_.)*(G_) [(c_.) +

(d_)*x )1 (_.))/(Cschl(c_.) + (A_.)*(x_)I*(_.) + (a_)), x_Symbol] :> I
nt[((e + f*x) m*Sinh[c + d*x]*F[c + d*x] n*G[c + d*x]"p)/(b + a*xSinh[c + dx
x]), x] /; FreeQ[{a, b, c, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, pl

Rule 5569

Int[(Coth[(c_.) + (d_)*(x_)]1"(n_.)*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_
O*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Coth[c
+ d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Cosh[c + d*x]*Coth[c + d*x]~
(n - 1))/(a + b*Sinh[c + d*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] & I
GtQ[m, 0] && IGtQ[n, O]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
Dx(x_)], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E~ (2% (-(Ixe) + fxfzxx)))/(E~(2xI*k*Pi)*(1 + E~(2*(-(Ix*
e) + fxfz*x))/E~(2%Ixk*Pi))), x1, x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4*k] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_)*(x_))))"(a_)I*x((£_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}t, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]1] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C(@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + bxx) pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 5561
Int[(Cosh[(c_.) + (d_D)*(x)DI*x((e_.) + (£_D)*(x D))" (m_.))/((a_) + (b_.)*Sin
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hl(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(e + f*x)"(m + 1)/(b*fx(m + 1)),
x] + (Int[((e + £*x)"m*E~(c + d*x))/(a - Rt[a"2 + b~2, 2] + b*E"(c + d*x))
, x] + Int[((e + fxx)"m*E"(c + d*x))/(a + Rt[a"2 + b~2, 2] + b*E"(c + d*x))
, x1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rubi steps

(a + bx)? coth(x)csch(x)
de —cf + fesch(x)

2
(a + bcsch_l(c + dx)) .
f dx = —Subst ( dx,x,csch ~(c+ dx))

e+ fx

(a + bx)? coth(x) 1
= h
Subst ( F+ (e cf)sinh( dx,x,csch " (c + dx)
_ (a+bx)? coshg
_Subst (f(a + bx)? coth(x) dx, x, csch™ (¢ + dx)) N (de — cf) Subst ( ff(;i—cfj(;?m
f f
€2 (a+bx)? -1 _ . ( e (a+bx)?
B 2 Subst ( f T dx,x,csch " (c + dx)) X (de —cf) Subst f e P
f f
4 2
(a +besch ™' (c+ dx))2 log (1 - EZCSCh_l(”dx)) (a +besch (e + dx)) log(1+ i
=- +
f f
4 2
(a N bcsch_l(c N dx))z log (1 _ 2osch e +dx)) (a + besch (e + dx)) log|1+ f_—
= - +
f f
4 2
(a N bcsch_l(c N dx))2 log (1 ~ ezcsch’l(c+dx)) (a + besch (e + dx)) log|1 + f_—
=- +
f f
i 2
(a N bcsch_l(c N dx))2 log (1 _ echch_l(C"'dx)) (a + besch (e + dx)) log |1+ f_—

= - +

f

Mathematica [C] time = 2.78343, size = 1008, normalized size = 2.12

f

2
6log(e + fx)a® + 6b 31 (71 —2icsch (c + dx)) — csch™(c + dx)? — 8sin™ ( 220

de—cf+z‘f) - [ (ide—icf+f) cot(}l(Zicsch'

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCschlc + dxx])~2/(e + f*x),x]

[Out] (6*%a~2*Logle + f*x] + 6*axbx((Pi - (2xI)*ArcCschl[c + d*x])~2/4 - ArcCschlc

+ d*x] "2 - 8*%ArcSin[Sqrt[(dxe + Ixf - cx*f)/(2*d*e - 2xc*f)]]*ArcTan[((I*xdxe
+ £ - Ixcxf)*Cot[(Pi + (2*xI)*ArcCschlc + d*x])/4]1)/Sqrt[f~2 + (dxe - cxf)~
2]] - 2xArcCschl[c + d*x]*Logl[l - E~(-2*%ArcCsch[c + d*x])] + (2xArcCschlc +

dxx] + Ix(Pi + 4*%ArcSin[Sqrt[(d*e + Ixf - c*xf)/(2%d*e - 2xc*f)]]))*Logl(d*e
- cxf - ETArcCschlc + d*x]*f + ETArcCschlc + d*x]*Sqrt[f~2 + (dxe - c*f)~2
1)/(d*e - cxf)] + (2%ArcCschl[c + d*x] + I*(Pi - 4*ArcSin[Sqrt[(d*e + Ixf -

c*xf)/(2xdxe - 2%c*xf)]]))*Log[-((-(d*e) + cxf + ETArcCsch[c + dxx]*f + E"Arc
Cschlc + d*x]*Sqrt[f~2 + (dxe - c*xf)~2])/(d*e - cxf))] + 2*ArcCschlc + dx*x]
*Log[(d*(e + f*xx))/(c + d*x)] - (I*Pi + 2xArcCsch[c + dxx])*Logl[(d*(e + fx*x
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))/(c + d*x)] + PolyLogl[2, E~(-2*ArcCsch[c + d*x])] + 2*PolyLog[2, (E~ArcCs
chlc + d*x]*(f - Sqrt[f~2 + (d*e - c*xf)~2]))/(d*e - c*xf)] + 2xPolyLogl[2, (E
“ArcCschlc + d*xx]*(f + Sqrt[f~2 + (dxe - cxf)~2]))/(d*xe - cxf)]) + b~2x((-I
)*Pi~3 - 2*%ArcCsch[c + d*x]~3 - 6*ArcCsch[c + d*x]~2*Log[l + E~(-ArcCschlc
+ d*x])] - 6xArcCsch[c + d*x] 2+Log[l - E"ArcCschlc + d*x]] + 6%ArcCschlc +
d*x] "2xLog[1 + (E"ArcCschlc + d*x]*(-(d*e) + c*xf))/(-f + Sqrt[d™2*e”2 - 2x
ckdxexf + (1 + c”2)*f72])] + 6*%ArcCschlc + d*x]~2*xLogl[1l + (E"ArcCschl[c + d*
x]*x(dxe - cxf))/(f + Sqrtl[d~2*e”2 - 2%ckdxexf + (1 + c”2)*f72])] + 12*ArcCs
chlc + d*x]*PolyLog[2, -E~(-ArcCsch[c + d*x])] - 12%ArcCsch[c + d*x]*PolyLo
g[2, ETArcCschlc + d*x]] + 12*%ArcCsch[c + d*x]*PolyLog[2, (E~ArcCschl[c + dx
x]*(d*e - cxf))/(-f + Sqrt[d~2%e”2 - 2xcxd*xexf + (1 + c”2)*£72])] + 12xArcC
schlc + d*x]*PolyLog[2, (E"ArcCschlc + d*x]*(-(dxe) + c*f))/(f + Sqrt[d~2*e
T2 - 2xckdxexf + (1 + c”2)*f72])] + 12+PolyLog[3, -E~(-ArcCschlc + d*x])] +
12xPolyLog[3, E"ArcCsch[c + d*x]] - 12xPolyLogl[3, (E"ArcCschlc + d*x]*(dx*e
- cxf))/(-f + Sqrt[d~2*e”2 - 2xc*d*xexf + (1 + c~2)*f72])] - 12xPolyLogl[3,
(ETArcCschlc + d*x]*(-(dxe) + cxf))/(f + Sqrt[d™2xe”2 - 2*ckxdxexf + (1 + ¢~
2)x£72])1))/ (6%£)

Maple [F] time = 0.611, size = 0, normalized size = 0.

dx

f (a + barccsch (dx + c))2
fx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(d*x+c)) "2/ (f*x+e) ,x)

[Out] int((at+b*arccsch(d*x+c)) 2/ (f*x+e),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

2
2 / 1 1 / 1 1
612 log (fx + 6) f b IOg ( (ﬂbc+c)2 1+ dx+c) 2 ab log ( (dx+c)2 +1+ dx+c) p
—+ x

f +

fx+e fx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c))~2/(f*x+e),x, algorithm="maxima")

[Out] a"2*log(f*x + e)/f + integrate(b™2xlog(sqrt(1/(d*x + c)”2 + 1) + 1/(d*x + ¢
))"2/(f*x + e) + 2%axbxlog(sqrt(l/(d*x + ¢c)72 + 1) + 1/(d*x + c))/(f*x + e)
» X)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 arcsch (dx + ¢)* + 2 abarcsch (dx + ¢) + a2 )
,X

integral( Frre

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c)) 2/ (f*x+e),x, algorithm="fricas")
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[Out] integral((b~2*arccsch(d*x + c)~2 + 2%axb*arccsch(d*x + c) + a”2)/(fxx + e),

X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(d*x+c))**2/(f*x+e) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barcsch (dx + ¢) + a)2
fx+e

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c)) 2/ (fxx+e),x, algorithm="giac")

[Out] integrate((b*arccsch(d*x + c) + a)~2/(f*x + e), x)
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2
(a+bcsch_1 (c+dx))
(e+fx)?

3.12 dx

Optimal. Leaf size=448

o—c ecschil(ﬁ—dx) o—c ecschil(ﬁ-dx) _
212dPolyLog |2, -— 2= 212dPolyLog |2, - 2= 2bd (a + besch™ (¢ + dx)) log
fJ(c+1) f2-20def +2e? (@+1)f2-20def +d2e2+
(de - c)yJ(c2 +1) f2 - 2cdef + d2e (de - cf)yJ(c2 +1) f2 - 2cdef + d2e (de - cf)y(c2 +1)

[Out] (d*(a + b*ArcCschlc + d*x])~2)/(f*(d*e - c*f)) - (a + b*ArcCschlc + d*x])~2
/(fx(e + fxx)) - (2%b*dx(a + bxArcCsch[c + d*x])*Log[l + (ETArcCschl[c + d*x
I1x(d*e - cxf))/(f - Sqrtl[d~2%e”2 - 2*cxdxexf + (1 + c”2)*£72])])/((dxe - c*
f)*Sqrt[d™2*e”2 - 2*cxd*exf + (1 + c”2)*f72]) + (2xb*xd*(a + b*ArcCschlc + d
xx])*Log[1 + (E"ArcCschl[c + d*x]*(d*e - c*f))/(f + Sqrt[d™2xe”2 - 2*cxd*exf
+ (1 + c™2)*£72])])/((d*xe - c*f)*Sqrt[d~2*e”2 - 2*ckd*xexf + (1 + c~2)*f72]
) - (2xb~2*d*PolyLog[2, -((E"ArcCschlc + d*x]*(d*e - c*f))/(f - Sqrt[d~2xe”
2 - 2kcxdkxexf + (1 + c”2)*£72]))])/((d*e - c*xf)*Sqrt[d™2xe”2 - 2kcxd*exf +
(1 + ¢c™2)*£72]) + (2xb~2*d*PolyLog[2, -((E"ArcCschl[c + d*x]x(d*e - cx*f))/(f
+ Sqrt[d™2%e”2 - 2xcxdxexf + (1 + c”2)*£72]))])/((d*xe - cxf)*Sqrt[d~2*e”2
- 2%ckd¥xexf + (1 + c72)*£72])

Rubi [A] time = 1.11005, antiderivative size = 448, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 8, integrand size = 20, number of rules

= 0.4, Rules used = {6322, 5469, 4191, 3322, 2264, 2190, 2279, 2391}

integrand size

_ csch_l(c+dx) _ csch_l(c+dx) _
2b?dPolyLog|2, - (ecf)e 2b%dPolyLog|2, - (ecf)e 2bd (a +besch ™ (c+ dx)) log
(241 P2-2cdef +d2e2 (2 +1)f2-2cdef +d2e+f
(de—cf)\/(cz+1)f2—2cdef+dze2 (de—cf)\/(cz+1)f2—2cdef+d232 (de — cf) (cz+1).

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCschlc + d*xx])"2/(e + f*xx)~2,x]

[Out] (d*(a + bxArcCschlc + d*x])~2)/(fx(d*e - c*f)) - (a + bxArcCschlc + dxx])~2
/(fx(e + fxx)) - (2%b*dx(a + b*ArcCsch[c + d*x])*Log[l + (ETArcCschl[c + d*x
Ix(d*xe - cxf))/(f - Sqrt[d~2*e”2 - 2%ckdxexf + (1 + c”2)*£72])])/((d*e - cx
f)*Sqrt[d~2*e”2 - 2*cxd*exf + (1 + c”2)*f72]) + (2xb*d*(a + b*ArcCschlc + d
*x])*Log[1 + (E"ArcCschlc + d*x]*(d*e - c*f))/(f + Sqrt[d™2xe”2 - 2kckxdxexf
+ (1 + c™2)*£72])])/((d*xe - c*f)*Sqrt[d~2*e”2 - 2*ckd*xexf + (1 + c~2)*f72]
) - (2xb~2*d*PolyLog[2, -((E"ArcCschlc + d*x]*(d*e - cxf))/(f - Sqrt[d~2xe”
2 - 2kcxd*xexf + (1 + c72)*£72]))])/((d*e - c*xf)*Sqrt[d™2xe”2 - 2kcxd*exf +
(1 + ¢c™2)*£72]) + (2xb~2*d*PolyLog[2, -((ETArcCschl[c + d*x]x(d*e - cx*f))/(f
+ Sqrt[d™2%e”2 - 2xcxdxexf + (1 + c”2)*£72]))]1)/((d*e - cxf)*Sqrt[d~2xe”2
- 2kcxdxexf + (1 + c72)*£72])

Rule 6322

Int[((a_.) + ArcCschl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x]) ™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469
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Int[Coth[(c_.) + (d_.)*(x_)J*Csch[(c_.) + (d_.)*(x_)J*(Csch[(c_.) + (d_.)x*(
x )]*x(_.) + (@)~ (m_)*((e_.) + (£_)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*xx) m*x(a + b*Cschlc + d*x])~(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(bx*
dx(n + 1)), Intl[(e + f*xx)"(m - 1)*(a + b*Cschlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_D*(x_)1x(b_.) + (a_)) " (n_.)*((c_.) + (d_)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + fxx]"n/(b + axSi
nle + £*x])7n), x1, x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 3322

Int[((c_.) + (@_)*x))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz ])=*
(f_.)*(x_)]1), x_Symbol] :> Dist[2, Int[((c + d*x) "m*E~(-(Ixe) + fxfzxx))/(-
(I*¥b) + 2*axE”~(-(Ixe) + fxfz¥x) + I*xbxE~(2*(-(Ixe) + fxfzxx))), x], x] /; F
reeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int [((F)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*xF~u)/(b - q + 2*%c*F~u), x], x] - Dist[(2*c)/q, Int[((f + g*xx)~
m*xF~u) /(b + q + 2*xcxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQlv,
2*u] && LinearQ[u, x] && NeQ[b~2 - 4x*xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d ) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps
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2
(a + bcsch‘l(c + dX)) (@ + bx)? coth(x)csch(x) B
) Y (d Subst ( Il o cF+ Fosshiy o eseh e x dx)))

2 b. -1
i (a + besch ™ (c + dx)) . (2bd) Subst (f m dx,x,csch “(c + dx))
fle+fx) f
2 (2bd) Subst arby + fla+b) dx, x, csc
(a + beseh™ (¢ + dx) (26d) [f (d‘f“"f (-devef)(f+de(1-2 ) sinho)|
= +
fle+ fx) f
2bd) Subst | [ ——2 4.
_ d (a + bcsch_l(c + dx))2 _ (a + bcsch_l(c + dx))2 B (2bd) ff+de(1—;i:)sinh(x)
f(de—cf) fe+ f) de—cf
4bd) Subst ot
_ d (u + bcsch_l(c + dx))2 _ (a + bcsch_l(c + alx))2 B (4b4) f zeXf—de(1—%)+deezx(i
flde—cf) fe+ f) de—cf
4bd) Subst !
d (a + bcsch_l(c + alx))2 (a + bcsch_l(c + alx))2 (&0d) f 2f+2deex(1—%)—2 2

fde~cf) fle+fx)

d(a+besch (e +dv)  (a+besch™ (¢ + dv))

AJd%e% — 2cd

2 2bd (a + bcsch_l(c + dx)) log (1 -

f(de—cf) B fle+ fx) ) (de — cf)|d?e® — 2cdef

d (a + bcsch_l(c + dx))2 (u + bcsch_l(c + dx))

2 2bd (a +besch ™ (c + dx)) log [1 .

F(de—cf) e+ ) (de — cf)<[d2¢? — 2cdef

d(a+besch ™ (c+dv)  (a+besch™ (¢ + dv))

2 2bd (a + bcsch_l(c + dx)) log (1 .

f(de —cf) fle+ fx) (de — cf)|d?e® — 2cdef

Mathematica [C] time = 12.8638, size = 2061, normalized size = 4.6

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*ArcCschlc + d*x])~2/(e + f*x)~2,x]

[Out] -(a"2/(fx(e + f*x))) - (2xaxbx(c + d*xx) " 2%(f + (d*xe - cxf)/(c + d*x)) " 2x(Ar

cCschlc + d*x]/(f + (dxe)/(c + dxx) - (c*xf)/(c + d*x)) - (2xArcTan[(d*e - ¢
*f - fxTanh[ArcCschlc + d*x]/2])/Sqrt[-(d"2*e"2) + 2*cxdxexf - (1 + c™2)*f"
2]11)/8qrt[-(d"2%e”2) + 2kckdkexf - (1 + c72)*f72]))/(d*(-(d*e) + c*f)*(e +

fxx)72) - (b™2x(c + d*xx)72%(f + (d*xe - cxf)/(c + d*x)) " 2*(ArcCschlc + d*x]~
2/((-(dxe) + cxf)*(f + (d*e)/(c + d*x) - (cxf)/(c + d*x))) + (2%x(((-I)*Pi*A
rcTanh[(-(d*e) + c*f + fxTanh[ArcCsch[c + d*x]/2])/Sqrt[f72 + (d*e - c*xf)~2
11)/Sqrt[£72 + (d*e - cxf)"2] - (2%(Pi/2 - I*ArcCschlc + d*x])*ArcTanh[((f

- Ix(d*e - cxf))*Cot[(Pi/2 - Ix*ArcCschlc + d*x])/2])/Sqrt[-(d"2%e”2) + 2*cx
dxexf - £72 - c72%f72]] - 2%ArcCos[((-I)*f)/(d*e - cxf)]*ArcTanh[((-f - Ix*(
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dxe - cxf))*Tan[(Pi/2 - Ix*ArcCschlc + d*x])/2])/Sqrt[-(d"2*e~2) + 2xc*d*exf
- £72 - c72+£72]] + (ArcCos[((-I)*f)/(d*e - c*f)] - (2*I)*(ArcTanh[((f - I
x(dxe - c*f))*Cot[(Pi/2 - Ix*ArcCschlc + d*x])/2])/Sqrt[-(d"2*e~2) + 2xcx*dx*e
xf - £72 - ¢c"2x£72]] - ArcTanh[((-f - Ix(d*e - c*f))*Tan[(Pi/2 - I*ArcCschl[
c + dx*x])/2]1)/Sqrt[-(d"2*e™2) + 2xcxdxexf - £72 - c¢”2x£72]]))*Log[Sqrt[-(d~
2%e72) + 2xcxdkexf - £72 - c¢72%x£72]/(Sqrt[2]*E”((I/2)*(Pi/2 - I*ArcCschl[c +
d*x]))*Sqrt [(-I)*(d*e - c*f)]*Sqrt[f + (d*e - c*f)/(c + d*x)])] + (ArcCos[
((-I)*f)/(d*e - c*f)] + (2%I)*(ArcTanh[((f - I*(d*e - cxf))*Cot[(Pi/2 - I*A
rcCschlc + d*x])/2])/Sqrt[-(d"2*e~2) + 2xc*d*exf - £72 - c"2xf72]] - ArcTan
h[((-f - Ix(d*e - c*xf))*Tan[(Pi/2 - IxArcCschlc + d*x])/2])/Sqrt[-(d"2xe"2)
+ 2kckdkexf - £72 - ¢72x£72]]) ) *Log[(E~((I/2)*(Pi/2 - I*ArcCschlc + dx*x]))
*3qrt [-(d"2*e”2) + 2kcxdxexf - £72 - c”2%f72])/(Sqrt[2]*Sqrt [(-I)*(d*e - c*
f)]*Sqrt[f + (d*e - cxf)/(c + d*x)])] - (ArcCos[((-I)*f)/(d*e - c*xf)] + (2%
I)*ArcTanh [((-f - Ix(d*e - c*f))*Tan[(Pi/2 - IxArcCschlc + d*x])/2])/Sqrt[-
(d"2*%e~2) + 2xckxdxexf - £72 - c"2xf72]])*Log[l - (I*(f - I*Sqrt[-(d~2xe"2)
+ 2xcxdxexf - £72 - c72x£72])*(f - I*(d*e - cxf) - Sqrt[-(d"2%e”2) + 2*cxdx
exf - £72 - c”2xf"2]*Tan[(Pi/2 - I*ArcCschlc + d*x])/2]1))/((dxe - c*f)*(f -
Ix(d*e - c*xf) + Sqrt[-(d~2*%e”2) + 2xckdxexf - £72 - c™2xf"2]*Tan[(Pi/2 - I
xArcCschlc + d*x])/2]1))] + (-ArcCos[((-I)*f)/(d*e - cxf)] + (2%I)*ArcTanh[(
(-f - Ix(d*xe - cxf))*Tan[(Pi/2 - I*ArcCschlc + d*x])/2])/Sqrt[-(d"2*e"2) +
2kckdxexf - £72 - c”2xf72]])*Log[l - (Ix(f + IxSqrt[-(d~2*e”2) + 2xcxd*ex*f
- £72 - c™2%xf72] )*x(f - Ix(d*e - c*f) - Sqrt[-(d"2*e”2) + 2*ckdxexf - £f72 -
c”2xf"2]*Tan[(Pi/2 - I*ArcCschlc + d*x])/2]))/((dxe - c*xf)*(f - I*x(d*e - cx
f) + Sqrt[-(d~2*%e”2) + 2xc*d*xexf - £72 - c"2xf"2]*Tan[(Pi/2 - IxArcCschlc +
d*x])/21))] + Ix(PolyLogl[2, (I*(f - IxSqrt[-(d~2*e~2) + 2xc*d*xexf - £f72 -
c™2*%f72])*x(f - Ix(dxe - c*f) - Sqrt[-(d™2xe”2) + 2*ckd*xexf - £72 - c™2xf"2]
xTan[(Pi/2 - I*ArcCschlc + d*x])/2]))/((d*e - c*xf)*(f - Ix(d*e - cxf) + Sqr
t[-(d"2%e”2) + 2xckdkexf - £72 - c"2xf72]*Tan[(Pi/2 - IxArcCschlc + dxx])/2
1))] - PolyLogl[2, (Ix(f + IxSqrt[-(d~2*e~2) + 2xckd*xexf - £72 - c™2xf72])*(
f - Ix(dxe - cxf) - Sqrt[-(d"2xe”2) + 2*cxd*exf - £72 - c™2*xf"2]*Tan[(Pi/2
- IxArcCschlc + dxx])/2]))/((d*e - c*f)*x(f - Ix(dxe - c*f) + Sqrt[-(d"2xe~2
) + 2kckxd¥exf - £72 - c”2xf"2]*Tan[(Pi/2 - I*ArcCschlc + d*x])/2]1))1))/Sqrt
[-(d™2%e”2) + 2kckdxexf - £72 - c™2%f72]))/(d*e - c*xf)))/(dx(e + fxx)72)

Maple [F] time = 0.543, size = 0, normalized size = 0.

‘fm+Mm%mMmmﬁ
5 dx
(fx-ke)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccsch(d*xx+c)) 2/ (f*xx+e)"2,x)

[Out] int((atb*arccsch(d*x+c)) 2/ (f*x+e)"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

2
b2 log (\/dzxz +2cdx+c2+1+ 1) PA2 a2 + 20cdfx + (f + f)b?) log (dx + c)* — 2 (abd?,

a2 (
- f2x +ef _f2x+ef_f_

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c)) 2/ (f*x+e)”2,x, algorithm="maxima")



76

[Out] -b~2xlog(sqrt(d™2*x~2 + 2*ckd*x + c¢™2 + 1) + 1)72/(£72*%x + exf) - a~2/(f72x
x + exf) - integrate(-((b72*d"2xf*x72 + 2xb~2xckd*xfxx + (c™2%f + f)*b~2)*lo
g(d*x + ¢)72 - 2% (axbxd"2xf*x"2 + 2kxaxbkcxd*f*x + (c™2xf + f)*axb)*log(d*x
+ ¢c) + 2x(axb*xd"2xf*x72 + 2xaxbkxckdxfxx + (c72+f + f)xaxb - (b™2xd"2*xfxx"2
+ 2%b72xckdxfxx + (c72*f + £)*b"2)*log(dxx + c) + (b"2*kcxd*e + (c™2xf + f)x*
axb + (a*xbxd™2+f + b72xd"2xf)*x"2 + (2%axbxckd*f + (d™2%e + c*xd*f)*b"2)*x -

(b™2*%d"2%f*x"2 + 2%b72xckdxf*x + (c™2*f + f)*b72)*log(d*x + c))*sqrt(d~2*x
T2 + 2%xckdxx + ¢c72 + 1))*log(sqrt(d™2*x"2 + 2%ckd*x + c”2 + 1) + 1) + sqrt(
d72%x72 + 2xckd*kx + 72 + 1)k ((b72xd"2*xfxx"2 + 2*%b"2*ckdxf*x + (c72xf + f)x*
b~2)*log(d*x + c)72 - 2*(a*bxd"2xfxx"2 + 2kaxbkckxd*xf*x + (c™2*xf + f)*axb)*1
og(d*x + ¢)))/(d"2*f73*x"4 + c™2%xe”2+f + 2% (d"2%exf"2 + ckd*f73)*x"3 + e72x
f + (d72%e”2*f + 4kxcxdkexf~2 + c72xf73 + £73)*x72 + 2x(cxd*ke”2%f + cT2*xexf”
2 + exf72)xx + (d72%f73%x74 + c"2xe”2*xf + 2x(d72%exf"2 + ckd*f73)*x"3 + e72
xf + (d72%e72xf + 4xckdxexf”2 + cT24f73 + £73)xx72 + 2k (ckdxe”2xf + cT2%exf
T2 + exfT2)*x)*sqrt (dT2*x72 + 2*ckxd*x + c¢72 + 1)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 arcsch (dx + ¢)* + 2 abarcsch (dx + ¢) + a? )
,X

int |
Hteeta ( f2x2 +2efx + €2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c)) 2/ (f*x+e)”2,x, algorithm="fricas")

[Out] integral((b~2*arccsch(d*x + c)~2 + 2*axb*arccsch(d*x + c) + a”2)/(£f72*x"2 +
2%exf*xx + e72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(dxx+c))**2/(f*x+e)**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barcsch (dx + c) + a)2
dx

(fx + 6)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccsch(d*x+c)) 2/ (f*x+e)”2,x, algorithm="giac")

[Out] integrate((b*arccsch(d*x + c) + a)72/(f*x + e)~2, x)



77

2
(a+bcsch_1 (c+dx))
(e+fx)3

3.13 dx

Optimal. Leaf size=1024

result too large to display

[Out] -((bxd~2*fxSqrt[1 + (c + d*x)~(-2)]*(a + bxArcCschlc + d*x]))/((d*e - cx*f)x
(d72%e"2 - 2xcxdkexf + (1 + c™2)*f72)*(f + (d*e - cxf)/(c + d*x)))) + (d™2x
(a + bxArcCschlc + d*x])~2)/(2xf*x(dxe - c*xf)~2) - (a + bxArcCschlc + dxx])~
2/ (2xfx(e + £xx)72) + (b*d~2*f"2x(a + bxArcCsch[c + d*x])*Log[l + (E"ArcCsc
hlc + d*x]*(dxe - c*f))/(f - Sqrt[d~2*e”2 - 2xcxd*exf + (1 + c~2)*£72])])/(
(d*e - c*f)72x(d"2%e”2 - 2xckdkxexf + (1 + c¢72)*x£72)7(3/2)) - (2%bxd"2*x(a +
b*ArcCsch[c + d*x])*Log[l + (ETArcCschl[c + dxx]*(d*e - c*f))/(f - Sqrt[d~2%
e”2 - 2xckdxexf + (1 + c¢72)*£72])])/((d*e - c*f)~2xSqrt[d™2xe”2 - 2*cxd*exf
+ (1 + c™2)*x£72]) - (b*d~2*f"2+(a + bxArcCschl[c + d*x])*Log[l + (E"ArcCsch
[c + dxx]*(d*e - cxf))/(f + Sqrt[d~2*e”2 - 2xckxd*xexf + (1 + c~2)*x£72])]1)/ ((
dxe - cxf)"2x(d"2%xe”2 - 2kcxdkexf + (1 + c72)*£72)7(3/2)) + (2%bxd"2*x(a + b
xArcCschlc + d*x])*Logl[l + (ETArcCschlc + d*x]*(dxe - cxf))/(f + Sqrt[d~2x*e
T2 - 2xckdxexf + (1 + c72)x£72])])/((d*e - c*f) 2xSqrt[d~2%e”2 - 2xcxd*xexf
+ (1 + c”2)*£72]) + (b~™2xd"2*xfxLog[f + (d*e - cxf)/(c + d*x)])/((d*e - cxf)
2% (d"2%e”2 - 2%cxdxexf + (1 + c”2)*£72)) + (b~2*xd"2xf"2xPolyLog[2, -((E"Ar
cCschlc + d*x]*(d*e - c*f))/(f - Sqrt[d™2xe”2 - 2kckxdxexf + (1 + c™2)*£72])
)1)/((d*e - cxf)"2x(d"2*e”2 - 2xckxd*xexf + (1 + c™2)*x£72)7(3/2)) - (2%b~2%d"
2xPolyLog[2, -((E"ArcCschlc + d*x]*(d*e - c*xf))/(f - Sqrt[d~2*e”2 - 2xcx*dx*e
xf + (1 + c™2)*£72]))])/((d*xe - c*xf)~2+Sqrt[d~2*e”2 - 2xckdxexf + (1 + c72)
x£72]) - (b™2xd"2*xf"2*PolyLog[2, -((E"ArcCschlc + d*x]*(d*e - c*xf))/(f + Sq
rt[d™2*%e”2 - 2*ckdxexf + (1 + c™2)*£72]))])/((dxe - c*f) 2% (d"2*e”2 - 2x*c*d
xexf + (1 + ¢c72)*£72)7(3/2)) + (2xb~2xd"2*PolyLog[2, -((E"ArcCschlc + d*x]*
(d*e - c*f))/(f + Sqrtl[d™2xe”2 - 2*cxd*exf + (1 + c2)*£72]))])/((d*e - cx*f
) "2xSqrt [d72xe”2 - 2kcxd*xexf + (1 + c”2)*£72])

Rubi [A] time = 2.29602, antiderivative size = 1024, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 23, number of rules used = 11, integrand size = 20, e o TR
integrand size

= 0.55, Rules used = {6322, 5469, 4191, 3322, 2264, 2190, 2279, 2391, 3324, 2668, 31}

eCSC

2b (a + bcsch_l(c + dx)) log[

(a +besch™(c + dx)) @ bf \J1+ oo (a -+ besch™ (¢ + d)) i
2f(de - cf? (de —cf) (422 — 2cdfe + (2 +1) f2) (f+ %) (de—Cf)Z\/m

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCschlc + d*x])"2/(e + f*x)~3,x]

[Out] -((b*xd~2xf*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCschlc + d*x]))/((d*e - c*xf)x*
(d"2*%e”2 - 2%ckdxexf + (1 + c”2)*x£72)*(f + (d*e - c*xf)/(c + d*x)))) + (d72%
(a + bxArcCschlc + dxx])~2)/(2xf*(dxe - c*xf)~2) - (a + bxArcCschlc + dxx])~
2/ (2xf*(e + £*x)~2) + (b*xd~2*f~2x(a + bxArcCschl[c + d*x])*Log[l + (E"ArcCsc
hlc + d*x]*(dxe - c*f))/(f - Sqrt[d™2*e”2 - 2*xc*dxexf + (1 + c”2)*x£72])])/(
(d*e - c*f)"2x(d"2%e”2 - 2xckd*xexf + (1 + c72)*£72)7(3/2)) - (2*¥bxd"2*x(a +
bxArcCsch[c + d*x])*Log[l + (E"ArcCschl[c + dxx]*(d*e - c*f))/(f - Sqrt[d~2%
e”2 - 2xckdxexf + (1 + c”2)*£72])]1)/((d*e - c*f) 2xSqrt[d™2xe”2 - 2*cxd*exf
+ (1 + c™2)*£72]) - (b*d~2*xf~2x(a + b*ArcCsch[c + d*x])*Logl[l + (E"ArcCsch
[c + dxx]*(d*xe - c*xf))/(f + Sqrt[d™2*e”2 - 2*cxkxdxexf + (1 + c”2)*£72])])/((
dxe - cxf)"2x(d"2xe”2 - 2kcxdkexf + (1 + c72)*£72)7(3/2)) + (2*%bxd"2*x(a + b
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xArcCschlc + d*x])*Log[l + (ETArcCschlc + d*x]*(dxe - c*f))/(f + Sqrt[d~2x*e
T2 - 2xckdkexf + (1 + c72)*£72])])/((d*e - c*f) 2xSqrt[d™2*e”2 - 2*ckd*exf

+ (1 + c”2)*x£72]) + (b”™2xd"2*xfxLog[f + (d*e - cxf)/(c + d*x)])/((d*e - cxf)
2% (d"2%e”2 - 2%cxdxexf + (1 + c”2)*£72)) + (b~2*d"2xf"2xPolyLog[2, -((E"Ar
cCschlc + d*x]*(d*e - c*f))/(f - Sqrt[d™2xe”2 - 2kcxdxexf + (1 + c~2)*f72])
)1)/((d*e - c*xf)72%(d"2*%e”2 - 2kckd*exf + (1 + c72)*£72)7(3/2)) - (2%xb~2%d~
2xPolyLog[2, -((E"ArcCschlc + d*x]*(d*e - c*xf))/(f - Sqrt[d~2*e”2 - 2xcx*dx*e
xf + (1 + c™2)x£72]))])/((d*e - c*xf)~2*Sqrt[d~2*e”2 - 2*ckdxexf + (1 + c72)
x£72]) - (b™2xd"2xf"2*PolyLog[2, -((E"ArcCschlc + d*x]*(d*e - c*xf))/(f + Sq
rt[d™2*%e”2 - 2kckdxexf + (1 + c72)*£72]))])/((d*xe - c*f) 2% (d"2*e”2 - 2x*c*d
xexf + (1 + c72)*£72)7(3/2)) + (2*%b~2*d"2+PolyLog[2, -((E"ArcCschlc + d*x]*
(dxe - cxf))/(f + Sqrt[d™2*e”2 - 2*xckdxexf + (1 + c”2)*f72]))])/((d*xe - c*f
)"2xSqrt [d72%xe”2 - 2kcxd*xexf + (1 + c”2)*f72])

Rule 6322

Int[((a_.) + ArcCsch[(c_) + (d_.)*x(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5469

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]*(Cschl[(c_.) + (d_.)x*(
x )I*x(_.) + (@ )) " (m_D)*((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e
+ f*xx)“mx(a + b*Cschl[c + d*x])"(n + 1))/(b*d*x(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_D*xx)I*M_.) + (@ ))"(a_)*((c_.) + (d_)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + £*x])°n), x], x] /; FreeQl{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3322

Int[((c_.) + (@_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])=*
(f_)*(x_)]1), x_Symbol] :> Dist[2, Int[((c + d*x) m*E”~(-(Ixe) + fxfzxx))/(-
(Ixb) + 2%a*E~(-(I*xe) + fxfzxx) + I*b*E~(2%(-(I*e) + fxfz*xx))), x], x] /; F
reeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*F"u) /(b - q + 2*c*F"u), x], x] - Dist[(2xc)/q, Int[((f + g*x)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_D)"(m_.))/
(Ca_) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]
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Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3324

Int[((c_.) + (d_)*(x_)) " (m_.)/((a_) + (b_.)xsinl[(e_.) + (£_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(f*x(a”2 - b~2)*(a + bxSin[e +
f*x])), x] + (Dist[a/(a"2 - b"2), Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x],
x] - Dist[(b*d*m)/(f*(a"2 - b72)), Int[((c + d*x)"(m - 1)*Cosl[e + f*x])/(a
+ bxSin[e + fx*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 2668

Int[cos[(e_.) + (f_)x(x_)]1"(p_.)*x((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x) " m*x(b"2 - x~2)"((p - 1)/
2), x], x, bxSinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
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(a + bx)? coth(x)csch(x)
(de — cf + fesch(x))?

f (u +besch ™ (c + dx))2

YRS dx = - (d2 Subst (

dx, x, csch_l(c + dx)))

a+bx

2 -1
(g + bCSCh_l(C + dx)) (bdZ) Subst (f m dx, X, csch (C + dX))
+
2f(e+ fx)? f
bd2) Subst f a+bx + 2f(a+bx) 4
(a+ besch ™' (c + dx))2 (o) [ [(d”f ? (de-cP(~f~de(1-% ) sinh(®)  (gocy
e+ 2 7

2 a+bx
~ d? (a +besch™ (c+ dx))2 ~ (a + bcsch_l(c + dx))2 .\ (2bd ) Subst [f —f—de(l—;—{)sinh(g

2f(de —cf)? 2f(e+ fx)? (de — cf)?

bdzf‘/% (a * bCSCh_l(c + dx)) & (” + bcsch_l(c + dX))Z _ (11 +

-~ +
(de—cf) (@262~ 2cdef + (1+¢2) £2) (£ + <) 2f(de = cf P

c+dx

bdzfm (a +besch ™ (c + dx)) 2 (a + besch™ (¢ + dx))z ) (a .

_(de—cf) (dze2 —2cdef + (1 + cz)fz) (f+ M) i 2f(de - cf)?

c+dx

b f L+ g (v besch (e +d) @ (av beseh e+ ) (a+

_(de— cf) (d2€2 —2cdef + (1 + cz)fz) (f + M) i 2f(de - cf)?

c+dx

bdzf‘/l-k(?x)z (a * bCSCh_l(C + dx)) a2 (” +besch™ (¢ + dX))2 B (11 +

_(de— cf) (dze2 —2cdef + (1 + cz)fz) (f + M) i 2f(de - cf)?

c+dx

bdzf\/l-'_(?x)z (a +besch™ (¢ + dx)) d? (a +besch ™' (c + dx))2 ) (a +

_(de—cf) (d262 - 2cdef + (1 + cz)fz) (f+ M) ’ 2f(de - cf)?

c+dx

bdzf\/l-'_(?x)2 (a +besch™ (¢ + dx)) d? (a +besch ' (c+ dx))2 ) (a +

_(de -cf) (d232 - 2cdef + (1 + CZ) fz) (f + M) ’ 2f(de - cf)?

c+dx

Mathematica [C] time = 14.1639, size = 8348, normalized size = 8.15

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*ArcCschlc + d*x])~2/(e + f*x)~3,x]

[Out] Result too large to show
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Maple [F] time = 0.53, size = 0, normalized size = 0.

(a + barccsch (dx + c))2
dx

(fx + 3)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(d*x+c)) 2/ (f*x+e)"3,x)

[Out] int((at+b*arccsch(d*x+c)) "2/ (f*x+e)”3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c)) 2/ (f*x+e)”3,x, algorithm="maxima")

[Out] -1/2%b"2xlog(sqrt(d™2*x"2 + 2%cxd*x + c™2 + 1) + 1)72/(£73*%x72 + 2%exf~2*x
+ e72xf) - 1/2%a”2/(£73*%x72 + 2*exf"2xx + e”"2*xf) - integrate(-((b~2*xd~2xf*x
T2 + 2%b72xcxdkxf*x + (c72xf + f)*b72)*log(d*x + c)72 - 2% (axbxd"2*f*x"2 + 2
xaxbxckdxfxx + (c72+f + f)xaxb)*log(dxx + c) + (2%a*xbxd~2xf*x"2 + 4*xaxb*cxd
xfxx + 2% (c72%f + f)*xaxb - 2k (b72*%d"2xf*xx72 + 2xb"2xckdxfxx + (c72%f + f)*Db
“2)xlog(d*x + c) + (b™2xc*d*xe + 2x(c™2*f + f)*axb + (2kaxb*d™2+f + b~2xd~2x
£)*x72 + (4*xaxbxckd*f + (d"2%e + c*xd*f)*b72)*x - 2% (b"2xd"2*f*x"2 + 2%b~2*c
xd*xf*xx + (c72*%f + f£)*b72)*log(d*x + c))*sqrt(d™2*x72 + 2xckd*x + c”2 + 1))*
log(sqrt(d™2%x72 + 2%ckd*x + ¢”2 + 1) + 1) + sqrt(d™2*x"2 + 2*cxd*x + c™2 +
D *x((b72xd"2xf*x72 + 2%xb~2*cxd*f*x + (c™2%xf + f)*b~2)*log(d*x + c)~2 - 2x*(
axbxd"2xf*x"2 + 2kxaxbkcxd*fxx + (c72xf + f)xaxb)*log(d*x + c)))/(d~2*f"4x*x"
5 + c72xe"3*f + (3*%d"2xexf"3 + 2xcxd*f"4)*x"4 + e73xf + (3*xd"2*%e"2%xf72 + 6%
ckdxexf~3 + cT2xf74 + £74)xx73 + (d72*%e”"3*f + Bkckdxe"2+f72 + 3xcT2%e*xf”3 +
3xexf"3)*x72 + (2xckd*ke”3*f + 3kcT2*e"2+f72 + 3ke"2xf72)xx + (d72*f74xx75
+ c72%e"3*f + (3%d"2xexf”3 + 2xcxd*f74)*x74 + e73xf + (3*%d"2%e"2xf72 + Bkcx
dxexf~3 + c72xf74 + £74)*x"3 + (d72%e"3*f + 6*cxd*e”2xf"2 + 3*c"2*exf”"3 + 3
xexf"3)*xx72 + (2%ckd*e”3xf + 3kcT2xe”2+f72 + 3xe”2%f72)*x)*sqrt(dT2*x72 + 2
xckd*x + c”2 + 1)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

- b2 arcsch (dx + ¢)* + 2 abarcsch (dx + ¢) + a2
integra s X
& f3x3 +3ef2x? +3e2fx + €3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c))”~2/(f*x+e)”3,x, algorithm="fricas")

[Out] integral((b~2*arccsch(d*x + c)~2 + 2*axb*arccsch(d*x + c) + a”2)/(£73*x"3 +
3xe*xf"2%x"2 + 3ke"2xf*xx + €73), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsch(dxx+c))**2/(f*x+e)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcsch (dx + ¢) + a)2
3 dx
( fx+ e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c))~2/(f*x+e)”~3,x, algorithm="giac")

[Out] integrate((b*arccsch(d*x + c) + a)~2/(f*x + )73, x)
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3.14 | csch™ (\E) dx

Optimal. Leaf size=114

(=) 3(x -V (-1 V-1
28+/—x 204/-x dn[-x dnJ-x
[Out] -(Sqrt[-1 - x]*Sqrt[x])/(4*Sqrt[-x]) - ((-1 - x)~(3/2)*Sqrt[x])/(4*Sqrt[-x]

) - (3x(-1 - x)7(5/2)*Sqrt[x])/(20%Sqrt[-x]) - ((-1 - x)~(7/2)*Sqrt[x])/(28
xSqrt [-x]) + (x"4*xArcCsch[Sqrt([x]])/4

1 -1
L—}x‘*csch (\/E)

Rubi [A] time = 0.0323269, antiderivative size = 114, normalized size of antiderivative

. . b f rul
= 1., number of steps used = 4, number of rules used = 3, integrand size = 10, e e e

= 0.3, Rules used = {6346, 12, 43}

integrand size

1, g (Cx-DPVR 3x-DPRVE (cx-DRVE Voro1ya
o (V) - 0V W o

Antiderivative was successfully verified.

[In] Int[x"3*ArcCsch[Sqrt[x]],x]

[Out] -(Sqrt[-1 - x]=*Sqrt[x])/(4*xSqrt[-x]) - ((-1 - x)7(3/2)*Sqrt [x])/(4*Sqrt [-x]
) = (3*%(-1 - x)7(5/2)*Sqrt[x])/(20*Sqrt [-x]) - ((-1 - x)~(7/2)*Sqrt[x])/(28
xSqrt [-x]) + (x"4*ArcCsch[Sqrt([x]])/4

Rule 6346

Int[((a_.) + ArcCschlu_I*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + bxArcCschlu]))/(d*(m + 1)), x] - Dist[(b*u)/(d*(
m + 1)*Sqrt[-u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(u*xSq
rt[-1 - u™2]), x1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !'Func
tionOfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)7°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps



84

Vx d
fx3csch_1 (\/E) dx = }Lx‘lcsch_l (\/}) xf42\/:_? x
1 \/Ef \/%dx

Vi [[-—== - 3vT —x = 3(-1 - x)32 - (-1 - x)32) dx
= lx‘lcsch_1 (\/E) - f( Vol )

4 8v/—x
VT ((1-0PVx 3(-1-0RVx ((1-0Nx 1,
s e ae mye Tl ()

Mathematica [A] time = 0.0327313, size = 47, normalized size = 0.41

1411—0 % +1 (5x3 —6x% + 8x — 16) Vx + }Lx‘lcsch_1 (\/E)

Antiderivative was successfully verified.

[In] Integrate[x~3xArcCsch[Sqrt[x]],x]

[Out] (Sqrt[1l + x~(-1)]*Sqrt[x]*(-16 + 8xx - 6%x~2 + 5%x73))/140 + (x"4*ArcCsch[S
qrt[x1]1)/4

Maple [A] time = 0.128, size = 43, normalized size = 0.4

x4 (1+x)(5x3—6x2+8x—16)

1 1
Zarccsch (\/E) + 10 \/E ﬁ
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*arccsch(x~(1/2)),x)

[Out] 1/4*xx"4*arccsch(x™(1/2))+1/140*%(1+x)*x(5*%x"3-6%x"2+8xx-16)/((1+x)/x)"(1/2)/x
~(1/2)

Maxima [A] time = 1.02526, size = 78, normalized size = 0.68

7 5
1 7(1 2 3 s5(1 2 1 1 3(1 2 1 1
%xz(—+1) —%xz(;+1) +Zx4arcsch(\/§)+1x2(;+1) _4_1\/; ;4—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="maxima")

[Out] 1/28*x~(7/2)*(1/x + 1)°(7/2) - 3/20%x~(5/2)*(1/x + 1)~(5/2) + 1/4*x"4*arccs
ch(sqrt(x)) + 1/4xx~(3/2)*(1/x + 1)7(3/2) - 1/4*sqrt(x)*sqrt(1/x + 1)
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Fricas [A] time = 2.58256, size = 142, normalized size = 1.25

1 V| 1
+ +—(5x3—6x2+8x—16)\/§ XY

x4

TR 140 x
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="fricas")

[Out] 1/4*x"4xlog((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/140%(5*x"3 - 6%x72 + 8*x -
16) *sqrt (x) *sqrt ((x + 1)/x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(xx*3*acsch(x**(1/2)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arcsch (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="giac")

[Out] integrate(x~3*arccsch(sqrt(x)), x)
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3.15 | x*csch™ (\/E) dx

Optimal. Leaf size=89

+(—x—1fﬂv34_m;x—1ﬁﬂvg+_V?J:TVZ
15y 9y/—x 3v/x

[Out] (Sqrt[-1 - x]*Sqrt[x])/(3*Sqrt[-x]) + (2x(-1 - x)~(3/2)*Sqrt[x])/(9*Sqrt[-x
1)+ ((-1 - x)7(5/2)*Sqrt [x])/(15%Sqrt [-x]) + (x"3*ArcCsch[Sqrt([x]])/3

%x%sch_1 (\/E)

Rubi [A] time = 0.0253573, antiderivative size = 89, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 10, e o e =

0.3, Rules used = {6346, 12, 43}

integrand size

1

1, .. (x=DPVx  2(x-1)2Vx  V-x-Tyx
3* csch (\/J—C)+ 5y + W + W

Antiderivative was successfully verified.

[In] Int[x"2*ArcCsch[Sqrt[x]1],x]

[Out] (Sqrt[-1 - x]*Sqrt[x])/(3*Sqrt[-x]) + (2x(-1 - x)~(3/2)*Sqrt[x])/(9*Sqrt[-x
1D+ ((-1 - x)7(5/2)*Sqrt [x])/(15%Sqrt [-x]) + (x"3*ArcCsch[Sqrt([x]1])/3

Rule 6346

Int[((a_.) + ArcCschlu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*xArcCsch[ul))/(d*(m + 1)), x] - Dist[(b*u)/(dx*(
m + 1)*Sqrt[-u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(u*Sq
rt[-1 - v 2]), x1, x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Func
tion0fExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - a*xd, 0] &% IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps



87

Vx [ —=dx
fxzcsch'1 (\/E) dx = %x%sch'l (\/;) ~ f32\/:;_x
x2
1 Vx mdx

1
1 ) Vx [ ﬁwL2\/—1—x+(—1—x)3/2 dx
= §x3csch ! (\/E) - ( L PV )

VT mxE 2= (-0 1,
= W= + W + 5y +§xcsch (\/§)

Mathematica [A] time = 0.0302423, size = 42, normalized size = 0.47

% % +1 (3x2 —4x + 8) Vx + %xe’csch_1 (\/E)

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcCsch[Sqrt[x]],x]

[Out] (Sqrtl[1l + x~(-1)]*Sqrt[x]*(8 - 4*x + 3*x72))/45 + (x"3*ArcCsch[Sqrt[x]])/3

Maple [A] time = 0.118, size = 38, normalized size = 0.4

X3 (1+x)(3x2—4x+8)

1 1
Earccsch (\/E) + i \/E %
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsch(x~(1/2)),x)

[Out] 1/3%x"3*%arccsch(x~(1/2))+1/45%(1+x)*(3*x~2-4*x+8)/((1+x)/x)~(1/2)/x~(1/2)

Maxima [A] time = 0.99561, size = 62, normalized size = 0.7

5
1 3(1 2 1 2 31 2 1] 1
Ex2(5+1) +§x3arcsch(\/§)—§x2(;+1) +§\/§ o+l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(x”(1/2)),x, algorithm="maxima"

[Out] 1/16%x~(5/2)*(1/x + 1)7(5/2) + 1/3*x"3*arccsch(sqrt(x)) - 2/9*x”(3/2)*(1/x
+ 1)7(3/2) + 1/3*sqrt(x)*sqrt(1/x + 1)
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Fricas [A] time = 2.63231, size = 128, normalized size = 1.44

\/7 W 1 3x —4x+8)\/— X+l

- x3 log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(x~(1/2)),x, algorithm="fricas")

[Out] 1/3*x73*log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/45%(3*x"2 - 4*x + 8)*sqrt(
x)*sqrt ((x + 1)/x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*xacsch(x**(1/2)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
f x? arcsch (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(x~(1/2)),x, algorithm="giac")

[Out] integrate(x~2*arccsch(sqrt(x)), x)
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3.16 f xesch™ (\/5) dx
Optimal. Leaf size=64

1

Exzcsch_1 (\/E) _(x- 1)°2/x B V-x—1/x

6+/—x 2+/~x

[Out] -(Sqrt[-1 - x]*Sqrt[x])/(2*Sqrt[-x]) - ((-1 - x)~(3/2)*Sqrt[x])/(6*Sqrt[-x]
) + (x72%ArcCsch[Sqrt[x]])/2

Rubi [A] time = 0.017491, antiderivative size = 64, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 8, e e =

0.375, Rules used = {6346, 12, 43}

integrand size

1, . (x-12yx  Vx—1yx
¥ csch (\/E)— P - W

Antiderivative was successfully verified.

[In] Int[x*ArcCsch[Sqrt([x]],x]

[Out] -(Sqrt[-1 - x]*Sqrtlx])/(2xSqrt[-x]) - ((-1 - x)7(3/2)*Sqrt[x])/(6x3qrt [-x]
) + (x72%ArcCsch[Sqrt[x]])/2

Rule 6346

Int[((a_.) + ArcCschlu_ J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*¥ArcCsch[ul))/(d*(m + 1)), x] - Dist[(b*u)/(dx*(
m + 1)*Sqrt[-u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(u*xSq
rt[-1 - uw™2]), x1, x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Func
tion0fExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] &% IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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- 1 _ \&f\/%dx
fxcsch ' (Va) dx = Exzcsch () - 22\/__;
1 \/Ef\/%_xdx

= _\/?__3;\/; _d gji—i/j\/; + %xzcsch_1 (\/E)

Mathematica [A] time = 0.0238208, size = 35, normalized size = 0.55

1 . 1 N
Exzcsch (\/E) + Vs +1(x - 2)\x

Antiderivative was successfully verified.

[In] Integrate[x*ArcCsch[Sqrt[x]],x]

[Out] (Sqrtl[1l + x~(-1)]*(-2 + x)*Sqrt[x])/6 + (x"2xArcCsch[Sqrt([x]])/2

Maple [A] time = 0.119, size = 31, normalized size = 0.5

x? I+x)(x-2) 1 1

Earccsch (\/E) + c \/E%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsch(x~(1/2)),x)

[Out] 1/2*x"2*arccsch(x™(1/2))+1/6*(1+x)*(x-2)/((1+x)/x)~(1/2)/x~(1/2)

Maxima [A] time = 1.00056, size = 46, normalized size = 0.72

3
1 3(1 2 1 1 1
—xZ(—+1) +§x2arcsch(\/§)—§\/§ -+1

6 \x x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(x”~(1/2)),x, algorithm="maxima"

[Out] 1/6*x~(3/2)*(1/x + 1)7(3/2) + 1/2*x"2*arccsch(sqrt(x)) - 1/2xsqrt(x)*sqrt(1
/x + 1)
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Fricas [A] time = 2.56279, size = 113, normalized size = 1.77

1
Zx2]
2x og

x+1
X/ Vx| +1
R LT AGRE AL z

X
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*arccsch(x”(1/2)),x, algorithm="fricas")

[Out] 1/2*x72%log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/6%(x - 2)*sqrt(x)*sqrt((x
+ 1)/%)

Sympy [F] time = 0., size = 0, normalized size = 0.

fx acsch (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsch(x**x(1/2)),x)

[Out] Integral(x*acsch(sqrt(x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f xarcsch (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(x”(1/2)),x, algorithm="giac")

[Out] integrate(x*arccsch(sqrt(x)), x)
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3.17 f csch™ (\/E) dx

Optimal. Leaf size=31

\/__x

[Out] (Sqrt[-1 - x]*Sqrt[x])/Sqrt[-x] + x*ArcCsch[Sqrt[x]]

+xcsch ™ (\/E)

Rubi [A] time = 0.0076117, antiderivative size = 31, normalized size of antiderivative =

. . number of rules
1., number of steps used = 3, number of rules used = 3, integrand size = 6, ————— =

integrand size
0.5, Rules used = {6344, 12, 32}

N + xcsch™ (\/Z)

Antiderivative was successfully verified.

[In] Int[ArcCsch[Sqrt[x]],x]
[Out] (Sqrt[-1 - x]*Sqrt[x])/Sqrt[-x] + x*ArcCsch[Sqrt[x]]

Rule 6344

Int[ArcCschlu_], x_Symbol] :> Simpl[x*ArcCschl[u], x] - Dist[u/Sqrt[-u~2], In
t[SimplifyIntegrand[(x*D[u, x])/(u*Sqrt[-1 - u~2]), x], x], x] /; InverseFu
nctionFreeQ[u, x] &% !FunctionOfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 32

Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Vx L dx
e (0 s = s () - B
1 \/Ef _11_x dx
= xcsch (\/E) - %
= %;ﬁﬂ +xcsch™ (\/E)

Mathematica [A] time = 0.0094641, size = 24, normalized size = 0.77

1 +1/x + xcsch™? (\/E)
X



Antiderivative was successfully verified.

[In] Integrate[ArcCsch[Sqrt[x]],x]

[Out] Sqrt[1l + x~(-1)]*Sqrt[x] + x*ArcCsch[Sqrt[x]]
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Maple [A] time = 0.113, size = 24, normalized size = 0.8

1 1

xarccsch (\/§) +(1+x) \/E%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2)),x)

[Out] x*arccsch(x~(1/2))+1/((1+x)/x)~(1/2)/x~(1/2)*(1+x)

Maxima [A] time = 1.00353, size = 24, normalized size = 0.77

1

x arcsch (\/E) +xy[ - +1

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x”(1/2)),x, algorithm="maxima"

[Out] x*arccsch(sqrt(x)) + sqrt(x)*sqrt(l/x + 1)

Fricas [A] time = 2.57358, size = 89, normalized size = 2.87

O ALY
+ +x x+1

1
xlog x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2)),x, algorithm="fricas")

[Out] x*log((x*sqrt((x + 1)/x) + sqrt(x))/x) + sqrt(x)*sqrt((x + 1)/x)

Sympy [F] time = 0., size = 0, normalized size = 0.
f acsch (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2)),x)



[Out] Integral(acsch(sqrt(x)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f arcsch (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x”(1/2)),x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x)), x)
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csch_l(VE)

X

318 | dx

Optimal. Leaf size=46
—PolyLog (2, BZCSCh_l(‘&)) +csch™ (\/5)2 ~2csch™ (\/E) log (1 - eZCSCh_l(W))

[Out] ArcCsch[Sqrt[x]]~2 - 2*xArcCsch[Sqrt[x]]*Logl[l - E~(2%ArcCsch[Sqrt[x]])] - P
olyLog[2, E~(2*ArcCsch[Sqrt([x]])]

Rubi [A] time = 0.0965395, antiderivative size = 46, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, /e =

0.6, Rules used = {6282, 5659, 3716, 2190, 2279, 2391}

—PolyLog (2/ €2CSCh_1(ﬁ)) +csch™ (\/E)z ~2csch™ (\/E) log (1 - eZCSCh_l(ﬁ))

integrand size

Antiderivative was successfully verified.

[In] Int[ArcCsch[Sqrt[x]]/x,x]

[Out] ArcCsch[Sqrt[x]]~2 - 2*ArcCsch[Sqrt[x]]*Log[l - E~(2%ArcCsch[Sqrt[x]])] - P
olyLog[2, E~(2xArcCsch[Sqrt([x]])]

Rule 6282

Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5659

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Tanh[x], x], x, ArcSinh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQl[n,
0]

Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*xE~ (2% (-(I*e) + fxfz*xx)))/(E~(2xIxk*Pi)*(1 + E~(2*x(-(Ix*
e) + f*xfzxx))/E~(2%I*k*Pi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(@m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F)~((g_I)*x((e_.) + (£_)*(x))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]
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Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps

-1 1
fwdx: ZSubst(fde,x,\/}]

X

-1
- (2 Subst (f w dx, x, %D
X

- (2 Subst (fx coth(x) dx, x,sinh ™" (%)))
x

2

C i 1)+ asubst | [ g x,sinh ! (-2
= sin \/; ubs T X, X, sin N
Lo 1 2sinh™ (—) | 1
= sinh ™} [— —Zsmh — |log|1-e V¥/ | + 2 Subst flog (1 —62") dx,x,sinh ™ | —
ﬁ (\/_ ( V-
1 1 inh™ [ — log(1 — inh | —
=sinh™ (— —2smh '[—=]log 1-¢" (‘5) + Subst logd = %) dX,x,ezs (\ﬁ)
\/— Vx X
X X
1 1 inh™ [ — inh [ —=
= sinh™ T —ZSmh 1(7 log 1-¢" (\/?) -Li, (ezs (\/?))
X X

Mathematica [A] time = 0.0353073, size = 45, normalized size = 0.98

PolyLog (2,¢72% (9) —csch™ (v&) (esch ™ (V&) + 2log (1~ 2 ()

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCsch[Sqrt([x]]/x,x]

[Out] -(ArcCsch[Sqrt([x]]*(ArcCsch[Sqrt[x]] + 2*Log[l - E~(-2xArcCsch[Sqrt([x]])]))
+ PolyLog[2, E~(-2*ArcCsch[Sqrt[x]])]

Maple [F] time = 0.17, size = 0, normalized size = 0.

f 1aur(:csch (\/E) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2))/x,x)

[Out] int(arccsch(x~(1/2))/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f arcsch (\/E)

X

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x”(1/2))/x,x, algorithm="maxima"

[Out] integrate(arccsch(sqrt(x))/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

[arcsci(@xJ

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x”(1/2))/x,x, algorithm="fricas")

[Out] integral(arccsch(sqrt(x))/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f acsch (\/E)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2))/x,x)

[Out] Integral(acsch(sqrt(x))/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arcsch (\/E)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x,x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x))/x, x)
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csch_l(VE)

x2

319 | dx

Optimal. Leaf size=63

V=x—-1 +xtan™ (m) csch™ (\/E)

2= 2= x

[Out] Sqrt[-1 - x]/(2*Sqrt[-x]*Sqrt[x]) - ArcCsch[Sqrt[x]]/x - (Sqrt[x]*ArcTan[Sq
rt[-1 - x]1)/(2%Sqrt[-x])

Rubi [A] time = 0.0238083, antiderivative size = 63, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, e -

integrand size
0.5, Rules used = {6346, 12, 51, 63, 204}

V=x—-1 +xtan™ (\/—x - 1) csch™ (\/E)

2x 24 ~x x

Antiderivative was successfully verified.

[In] Int[ArcCsch([Sqrt([x]]/x"2,x]

[Out] Sqrtl-1 - x]/(2xSqrt[-x]*Sqrt[x]) - ArcCsch[Sqrt[x]]/x - (Sqrt[x]*ArcTan[Sq
rt[-1 - x]]1)/(2%Sqrt[-x])

Rule 6346

Int[((a_.) + ArcCschlu J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*xArcCschlul))/(d*(m + 1)), x] - Dist[(b*u)/(dx*(
m + 1)*Sqrt[-u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(u*Sq
rt[-1 - uw™2]), x1, x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Func
tion0fExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 51

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*x(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps

csch™’ (\/E) \/Efz\/%—_xxz dx

f csch™ (\/E)

2 dx = - . + o
x 2\/—_x
B V-1-x csch™ (\/E) \/Ef ‘/%x dx
T2y x4
V5 eschl(vR)  VESubst ([ <t v VT )
= " + Ve
Ve () e ()
2y/-xvx X 2\ x

Mathematica [A] time = 0.0230363, size = 42, normalized size = 0.67

% 1 ; h_l( 1 ) csch™ (\/E)
— —sin o= YT
24/x 2 \x x

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[Sqrt[x]]1/x72,x]

[Out] Sqrt[(1 + x)/x]/(2xSqrt[x]) - ArcCsch[Sqrt[x]]/x - ArcSinh[1/Sqrt[x]]/2

Maple [A] time = 0.112, size = 46, normalized size = 0.7

—Jl—carccsch (\/}) - 1\/1 + x (Artanh (

2

1 1 3
x—V1l+x X 2
\/1+x) ) l+x

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2))/x"2,x)

[Out] -arccsch(x™(1/2))/x-1/2x(1+x) " (1/2)*(arctanh(1/(1+x)~(1/2))*x-(1+x)~(1/2))/
(A+x)/x)~(1/2)/x~(3/2)

Maxima [A] time = 0.997511, size = 88, normalized size = 1.4

\/E\/j;? _arcsch(ﬁ)_lo(x 14_ +]+10(x 1+ —]
2(x(;1:+1)—1) x 3 log| Vryp 11+ g log| Vi o+ 1 -1
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arccsch(x”(1/2))/x"2,x, algorithm="maxima"

[Out] 1/2*sqrt(x)*sqrt(1/x + 1)/(x*(1/x + 1) - 1) - arccsch(sqrt(x))/x - 1/4xlog(
sqrt(x)*sqrt(1/x + 1) + 1) + 1/4%log(sqrt(x)*sqrt(l/x + 1) - 1)

Fricas [A] time = 2.69195, size = 109, normalized size = 1.73

(x+2)1og(@)_ﬁ@

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x”(1/2))/x72,x, algorithm="fricas")

[Out] -1/2*((x + 2)*log((x*sqrt((x + 1)/x) + sqrt(x))/x) - sqrt(x)*sqrt((x + 1)/x
))/x

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f acsch (\/E)

12
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2))/x**2,x)

[Out] Integral(acsch(sqrt(x))/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arcsch (ﬁ)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"2,x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x))/x"2, x)
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csch_l(VE)

x3

320 | dx

Optimal. Leaf size=90

V—x—1 csch’! (\/Z) 3v—x—1 3yxtan™’ ( —x - 1)
- - +
8+/—xx32 2x2 16+/—x+/x 16+y/—x

[Out] Sqrt[-1 - x]/(8*Sqrt[-x]*x~(3/2)) - (3*Sqrt[-1 - x])/(16%Sqrt[-x]*Sqrt[x])
- ArcCsch[Sqrt[x]]/(2*xx"2) + (3*Sqrt[x]*ArcTan[Sqrt[-1 - x]])/(16%Sqrt[-x])

Rubi [A] time = 0.0281949, antiderivative size = 90, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e -

integrand size
0.5, Rules used = {6346, 12, 51, 63, 204}

Vex-1 csch™ (\/E) 3v—x—-1 3yxtan™ (\/—x - 1)

+

8Vox32 22 16y—avx 16v=x

Antiderivative was successfully verified.

[In] Int[ArcCsch([Sqrt([x]]/x"3,x]

[Out] Sqrt[-1 - x]/(8*Sqrt[-x]*x~(3/2)) - (3*Sqrt[-1 - x])/(16*Sqrt[-x]*Sqrt[x])
- ArcCsch[Sqrt[x]]/(2*xx"2) + (3*Sqrt[x]*ArcTan[Sqrt[-1 - x]])/(16%Sqrt[-x])

Rule 6346

Int[((a_.) + ArcCschlu J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*xArcCschlul))/(d*(m + 1)), x] - Dist[(b*u)/(dx*(
m + 1)*Sqrt[-u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(u*Sq
rt[-1 - uw™21), x1, x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Func
tion0fExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 51

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*x(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps

f csch™ (ﬁ) csch™ (\/E) Vx [ NT;_M dx

o T oa 24/—x
csch™ (\/}) \/Ef \/%xa dx
ST 2 ¢ 4/=x
~ V-1-x ~ csch™? (\/E) ~ (3‘&) f \/Tl_xxz dx
=D 2x2 16+/-x

1

_NFox avA—x esch ! (VR) (BV) [ e
TRV leyavk | 22 s2/x

Va-x 3vV-i-x csch? (\/;) (3\/5) Subst ( [ - 11_x2 dx,x, V-1 - x)

T8V 16yxyx | 2X2 16v—x
Vai-x 3vVi-x csch (ﬁ) 3y/xtan™! (\/—1 - x)
= — - +
8v—xx¥2  164/-x/x 2x? 16+/-x

Mathematica [A] time = 0.0336742, size = 47, normalized size = 0.52

3x2sinh ™ (%) + ‘/;1? +1(2 - 3x)/x — 8csch™ (\E)

16x2

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[Sqrt[x]]1/x73,x]

[Out] (Sqrtl[1l + x~(-1)]1*(2 - 3xx)*Sqrt[x] - 8*ArcCsch[Sqrt[x]] + 3*x"2xArcSinh[1/
Sqrt[x]11)/(16xx72)

Maple [A] time = 0.112, size = 57, normalized size = 0.6

_2
2

X

1 1
—ﬁarccsch (\/&) +—=V1l+x (3 Artanh (

T )x2—3x\/1+x+2\/1+x)

1+x

X

1
V1 +x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2))/x"3,x)

[Out] -1/2*arccsch(x”(1/2))/x"2+1/16%x(1+x) " (1/2)*(3*xarctanh(1/(1+x) "~ (1/2)) *x"2-3*
xx(1+x) ~(1/2)+2x (1+x) ~(1/2)) /((1+x) /x)~(1/2) /x~(5/2)
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Maxima [A] time = 1.0186, size = 124, normalized size = 1.38

3
371 2
3x2(; ) —5\/_\/‘+ arcsch(\/i) 3 1 3 1
- +3—210g\/E ;+1+1 —3—210g\/§ ;+1—1

- 2 7 2
16 (xz(i +1) —2x(§ +1) +1) :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x”(1/2))/x73,x, algorithm="maxima")

[Out] -1/16%(3*x~(3/2)*(1/x + 1)7(3/2) - b*sqrt(x)*sqrt(l/x + 1))/ (x"2x(1/x + 1)~
2 - 2*%xx(1/x + 1) + 1) - 1/2*arccsch(sqrt(x))/x"2 + 3/32xlog(sqrt(x)*sqrt (1l
/x + 1) + 1) - 3/32xlog(sqrt(x)*sqrt(1/x + 1) - 1)

Fricas [A] time = 2.50649, size = 132, normalized size = 1.47

(Bx— 2)\/_\/? 3x? - log( Fh/_)

16 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x”(1/2))/x73,x, algorithm="fricas")

[Out] -1/16%((3*x - 2)*sqrt(x)*sqrt((x + 1)/x) - (3*x72 - 8)*log((x*sqrt((x + 1)/
x) + sqrt(x))/x))/x"2

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2))/x**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arcsch (\/E)

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x73,x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x))/x~3, x)
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csch_l(VE)

x4

321 | dx

Optimal. Leaf size=115

_5v=x-1 N V=x-1 csch™ (\/E) N 5vV—x -1 ) 5/xtan™! (m)
72+/—xx32 " 18+4/—xx5/2 3x3 48\ —x/x 48—
[(Out] Sqrt(-1 - x]/(18xSqrt [-x]*x"(5/2)) - (5xSqrt[-1 - x])/(72+8qrt [-x]*x"(3/2))

+ (5xSqrt[-1 - x])/(48*Sqrt[-x]*Sqrt[x]) - ArcCsch[Sqrt[x]]/(3*x73) - (5*S
grt [x]*ArcTan[Sqrt[-1 - x]])/(48*Sqrt[-x])

Rubi [A] time = 0.0343055, antiderivative size = 115, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 5, integrand size = 10, ==

= 0.5, Rules used = {6346, 12, 51, 63, 204}

5v=x—1  v=x—1 esch” (V) 5ymx—1 S5yxtan” (V=x-1)

+

— + - —
72+/=xx32  18+/-xx52 3x3 48+/-x+/x 48+/-x

integrand size

Antiderivative was successfully verified.

[In] Int[ArcCsch([Sqrt[x]]/x"4,x]

[Out] Sqrt[-1 - x]/(18*Sqrt[-x]*x~(5/2)) - (5*%Sqrt[-1 - x])/(72*Sqrt[-x]*x~(3/2))
+ (B*Sqrt[-1 - x])/(48%Sqrt[-x]*Sqrt[x]) - ArcCsch[Sqrt[x]]/(3*x~3) - (5%S
qrt [x]*ArcTan[Sqrt[-1 - x]])/(48*Sqrt[-x])

Rule 6346

Int[((a_.) + ArcCschlu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)~(m + 1)*(a + bxArcCschlu]))/(d*(m + 1)), x] - Dist[(b*u)/(d*(
m + 1)*Sqrt[-u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(u*xSq
rt[-1 - u™2]1), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !'Func
tionOfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 51

Int[((a_.) + (b_)*x_))"(m )*x((c_.) + (d_)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"(n + 1))/ ((b*c - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*x(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, O] &% IntegerQ[nl))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den



105
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
Rule 204
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[

-a, 2]1/(Rtl[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps

f csch™ (\/E) csch™ (\/E) ‘&f 2_11—_xx4 dx

" dx = — 3 + W
1
csch™ (\/E) ‘/Ef N~ dx
R
_ 1
_ N-l-x _ esch™ (\/;) _ (5\/§) f —1-xx3 ax
18+/—xx52 3x3 364/—x
B 1
_ N-A-x 5v-1-x csch™ (\/E) N (5‘/;)[ Ny dx
C18y—xx32  72+/=xx3P2 3x3 48+/—x
_ 1
_ V-l-x  5Y-l-x  5V-l-x csch 1(\/5) ~ (Sﬁ)fmxdx
18y/=xx%2  724/-xx32  48+/-x+/x 3x3 96+/—x
1
Va—x 5yd-x 5yd-x cschl(yx) (5VA)Subst (f oz 4%, V-1 - X)
= — =+ —_ +
18y/—xx52  724/—xx32 " 48+[-x+/x 3x3 48+/—x
_VAox  5V-x 5VA-x csch” (VA) 5yxtan™ (V-1-x)
1852 724/—xx¥2  48y—xy/x 3x3 48+/—x

Mathematica [A] time = 0.0446572, size = 52, normalized size = 0.45

\/i +1 (15x2 —10x + 8) Vx - 1523 sinh ™ (%) — 48csch™ (\/E)

144x3

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[Sqrt[x]]/x"4,x]

[Out] (Sqrt[1l + x~(-1)]*Sqrt[x]*(8 - 10*x + 15%x72) - 48%ArcCsch[Sqrt[x]] - 15*x~
3xArcSinh[1/Sqrt[x]])/(144%x~3)

Maple [A] time = 0.117, size = 67, normalized size = 0.6

1

- B—arccsch (\/E)

x3

1
V1 +x (15 Artanh (

144

1 1 _7
)x3—15x2\/1+x+10x\/1+x—8\/1+x) x 2
V1 +x llj

X
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2))/x"4,x)
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[Out] -1/3*arccsch(x™(1/2))/x73-1/144%(1+x)~(1/2)* (15*arctanh(1/(1+x)~(1/2))*x"3-
15xx72% (1+x) 7 (1/2) +10%x* (1+x) 7 (1/2) -8 (1+x) 7 (1/2) ) / ((1+x) /%)~ (1/2) /3~ (7/2)

Maxima [A] time = 0.991373, size = 157, normalized size = 1.37

51 ; 31 %
15 x2 ;+1 —40x2 -+ +33+/x -+ arcseh 5 1 5 1
log | vx ;+1+1 +%10g\/} ;"‘1_1

3 3 3 "%
144(x3(j-c+1) —3x2(§+1) +3x(§+1)—1) :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x74,x, algorithm="maxima")

[Out] 1/144%(15%x~(5/2)*(1/x + 1)7(5/2) - 40*x~(3/2)*(1/x + 1)~(3/2) + 33*sqrt(x)
*¥sqre(1/x + 1))/(x73%(1/x + 1)73 - 3*x"2x(1/x + 1)72 + 3*kxx(1/x + 1) - 1) -
1/3*arccsch(sqrt(x))/x"3 - 5/96%log(sqrt(x)*sqrt(l/x + 1) + 1) + 5/96x1log(

sqrt (x)*sqrt(1/x + 1) - 1)

Fricas [A] time = 2.58923, size = 150, normalized size = 1.3

(15x2-10x+8 \/’\/? 3(5x%+16 log(BJ

144 x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"4,x, algorithm="fricas")

[Out] 1/144x((156%x72 - 10*x + 8)*sqrt(x)*sqrt((x + 1)/x) - 3*(5xx~3 + 16)*1log((x*
sqrt((x + 1)/x) + sqrt(x))/x))/x"3

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2))/x**4,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arcsch (\/§)

x4

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsch(x”(1/2))/x"4,x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x))/x"4, x)
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1

X

3.22 f csch™ (

Optimal. Leaf size=16

)dx

xsinh ™ (x) - Va2 +1

[Out] -Sqrt[1 + x72] + x*xArcSinh([x]

Rubi [A] time = 0.0060857, antiderivative size = 16, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 4, b L

0.75, Rules used = {6328, 5653, 261}
xsinh ™ (x) - Va2 +1

integrand size

Antiderivative was successfully verified.

[In] Int[ArcCsch[x~(-1)],x]
[Out] -Sqrt[1 + x~2] + x*ArcSinh[x]

Rule 6328

Int[ArcCsch[(c_.)/((a_.) + (b_)*x(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int
[uxArcSinh[a/c + (b*x"n)/c]”m, x] /; FreeQ[{a, b, c, n, m}, x]

Rule 5653

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcSinh[c*x])"n, x] - Dist[b*c*n, Int[(x*(a + b*ArcSinh[c*x])~(n - 1))/Sqrtl[
1 + c™2*xx72], x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps

fcsch_l (j—c) dx = fsinh_l(x) dx

x
= xsinh ™! (x) - f dx
V1 + x2

= —V1+x2 +xsinh™ (v)

Mathematica [A] time = 0.0027146, size = 18, normalized size = 1.12

11
xcsch™! (;) - Vx2 +1

Antiderivative was successfully verified.



[In] Integrate[ArcCsch[x”(-1)],x]

[Out] -Sqrt[1l + x72] + x*ArcCsch[x~(-1)]
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Maple [A] time = 0.099, size = 29, normalized size = 1.8
1

xarcesch (x71) = (1 + x72) x?
( ) ( ) (1 +x‘2) x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(1/x),x)

[Out] x*arccsch(1/x)-1/((1+1/x"2)*x"2) " (1/2)*x"2*x(1+1/x"2)

Maxima [A] time = 1.00029, size = 22, normalized size = 1.38

1
x arcsch (;) - Vx2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(1/x),x, algorithm="maxima"

[Out] x*arccsch(1/x) - sqrt(x”2 + 1)

Fricas [A] time = 2.58506, size = 57, normalized size = 3.56

xlog(x+\/x2+1)—\/x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(1/x),x, algorithm="fricas")

[Out] x*xlog(x + sqrt(x™2 + 1)) - sqrt(x”"2 + 1)

Sympy [A] time = 0.147368, size = 14, normalized size = 0.88

1
x acsch (—) -Vx2 +1

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(1/x),x)

[Out] x*acsch(1/x) - sqrt(x**2 + 1)
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Giac [F] time = 0., size = 0, normalized size = 0.

farcsch (1) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(1/x),x, algorithm="giac")

[Out] integrate(arccsch(1/x), x)
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-1, n
323 [ W4,

X

Optimal. Leaf size=61

POlyLOg (2, €2CSCh71(ax”)) CSCh_l (ax”)2 CSCh_l (axn) 10g (1 _ €2csch71(ax”))
—_ + —_—

2n 2n n

[Out] ArcCschla*x™n]~2/(2*n) - (ArcCschla*x"n]*Log[l - E~(2%ArcCschla*x™n])])/n -
PolyLog[2, E~(2xArcCschla*x™n])]/(2*n)

Rubi [A] time = 0.107918, antiderivative size = 61, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, LT

integrand size
0.6, Rules used = {6282, 5659, 3716, 2190, 2279, 2391}

PolyLog (2' EZCSCh_l(M)) csch™ (ax")? esch™ (ax") log (1 - eZCSCh_l(‘”‘">)
— + —_

2n 2n n

Antiderivative was successfully verified.

[In] Int[ArcCschla*x"n]/x,x]

[Out] ArcCschla*x"n]~2/(2*n) - (ArcCschla*x"n]*Log[l - E~(2%ArcCschl[a*x"n])])/n -
PolyLog[2, E~(2%ArcCsch[a*xx"n])]/(2*n)

Rule 6282

Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5659

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Tanh[x], x], x, ArcSinh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E” (2% (-(I*xe) + fxfz*x)))/(E~(2xIxkxPi)*(1 + E~(2x(-(Ix
e) + f*xfzxx))/E~(2*I*k*Pi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_D)"(m_.))/
((a_) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*xn*Log[F]), Subst[Int[Logla + bxx]/x, x], x, (F~(ex(c + d*x))



)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
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Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*xd, 1]

Rubi steps

J

X

Mathematica [C]

log(x) (csch_1 (ax") — sinh™* (%)) _

csch_l(ux)

dx,x, x”)

csch™! (ax™) Subst (f
—dx =

Subst ( f

n

sinh ™! ( f)
T” dx,x,x"

n

Subst ( f x coth(x) dx, x, sinh ™ (

—n 2 2X
. -1 (x e“tx . -1
sinh (7) 2 Subst ( f = dx, x,sinh (

XN
a

)

n

xn

)

+
2n n
2 x 2sinh (32 _
sinh ™! (XT) sinh (XT) log|1-e ( ! ) Subst (flog (1 - ezx) dx, x, sinh™! ( -
- +
2n n n
—n\2 — —n 3 h_1 ﬂ _
sinh™ (x—) sinh™! (xT) log|1- & ( a ) Subst (f log(Tlx) dx, x,e
A +
2n n 2n
_n\2 _ -n inh™! Ll inh~! "
sinh™! (x_) sinh ™" (%)log 1-¢" ( a ) Li, (ezsm ( a ))
a
2n B n B 2n

time = 0.0859943, size = 64, normalized size = 1.05

x‘”HypergeometricPFQ({

111
27272

R

33
272

},_

x—2n

a2

)

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[a*x"n]/x,x]

[Out] -(HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, -(1/(a"2*x"(2*n)))]/(a*n*x

an

“n)) + (ArcCschla*x"n] - ArcSinh[1/(a*x"n)])*Log[x]

Maple [F]

time = 0.378, size = 0, normalized size = 0.

J

X

arccsch (ax™) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(a*x"n)/x,x)

[Out] int(arccsch(a*x"n)/x,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

2n 1 1
) x“"log (x) f og (x) 3 _ n
an f emin g (azxxzn " x) T dx+n T dx — log (a) log (x) — log (x) log (x") + log (x) log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x™n)/x,x, algorithm="maxima")

[Out] a"2*n*integrate(x~(2#n)*log(x)/(a~2*xx*x~(2*n) + (a~2*x*x~(2*n) + x)*sqrt(a”
2xx~(2%n) + 1) + x), x) + nxintegrate(log(x)/(a”™2xx*x~(2*n) + x), x) - log(
a)*log(x) - log(x)*log(x™n) + log(x)*log(sqrt(a™2%x~(2*n) + 1) + 1)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x™n)/x,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsch (ax™) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(a*x**n)/x,x)

[Out] Integral(acsch(a*x**n)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

X

f arcsch (ax™) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x™n)/x,x, algorithm="giac")

[Out] integrate(arccsch(a*x™n)/x, x)
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cschf1<ax5)

X

324 dx

Optimal. Leaf size=54

1 -1 1 _ 2 1 _ -1
—EPolyLog (2, g2esch (“xs)) + 1—0csch ! (ax5) - gcsch ! (ax5) log (1 _ pPosch (”"5))

[Out] ArcCschla*x"5]72/10 - (ArcCschla*x~5]*Log[1 - E~(2%ArcCschl[a*x"5])])/5 - Po
lyLog[2, E~(2xArcCsch[a*x~5])]/10

Rubi [A] time = 0.100677, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, /e e =

0.6, Rules used = {6282, 5659, 3716, 2190, 2279, 2391}

integrand size

1 - 1 _ 1 -
—EPOIYLOg (2, 2oseh 1(ux5)) + ECSCh 1 (ax5)2 _ ECSCh 1 (ax5) log (1 _ p2esch 1(ax5))

Antiderivative was successfully verified.

[In] Int[ArcCschla*x~5]/x,x]

[Out] ArcCsch[a*x~5]72/10 - (ArcCschla*x~5]*Log[1 - E~(2%ArcCsch[a*x"5])])/5 - Po
lyLog[2, E~(2*ArcCsch[a*x~5])]/10

Rule 6282

Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5659

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Tanh[x], x], x, ArcSinh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*xE~ (2% (-(I*xe) + fxfz*x)))/(E~(2*xI*k*Pi)*(1 + E~(2*x(-(Ix*
e) + f*xfzxx))/E~(2%I*k*Pi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_.)*((e_.) + (£_)*(x_))))"(@m_)*x((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]
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Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

X X

_ _[é Subst[fwdx X, 15]]

=- (é Subst (fxcoth(x) dx, x, csch™? (ax5)))

csch™! (ax® ht
f#dx = %Subst(fcsc—(ax)dx,x,ﬁ)

1 1 5 2
= Ecsch (ax + = z Subst( 1= 62 dx,x,csch™ ( ))
lcsch_1 (ax5)2 - 1csch ! (ax (1 gresch” ) + = ! Subst (flog —e? ) dx, x, csch
10 5 5
_ 1 -1 5\2 1 -1 2csch 1 log(l X) 2csch
= Ecsch (ax ) E sch™ (ax g(l )+ Subst dex,x,e
_ 1 -1 5 2 1 -1 2csch 2csch™}(ax®
= Ecsch (ax ) —gosc (ax og (1 ) —L1 ( ( ))

Mathematica [A] time = 0.0401994, size = 49, normalized size = 0.91

1 - _ _ _
T (PolyLog (2, g2csch 1(”x5)) —cschl (ax5) (csch 1 (ax5) +2log (1 _ p2csch 1((1x5))))

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCschla*x~5]/x,x]

[Out] (-(ArcCschla*x~5]*(ArcCsch[a*x~5] + 2xLog[l - E~(-2*ArcCsch[a*x"5])])) + Po
lyLog[2, E~(-2*%ArcCschla*x~5])])/10

Maple [F] time = 0.279, size = 0, normalized size = 0.

dx

f arcesch (ax5)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(a*x”5)/x,x)

[Out] int(arccsch(a*xx”5)/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

71 1
5a? X log () 5 dx - > log (uleo + 1) log (x) — log (a) log (x) — ; log (x)? + log (x) log ( Va2x10 +1

a2x10 + (uleo + 1)2 +1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x”5)/x,x, algorithm="maxima"

[Out] 5*a~2*integrate(x~9*log(x)/(a”2+x~10 + (a™2%x~10 + 1)7(3/2) + 1), x) - 1/2%
log(a™2*x~10 + 1)*log(x) - log(a)*log(x) - 5/2xlog(x)~2 + log(x)*log(sqrt(a
“2%x710 + 1) + 1) - 1/20*dilog(-a~2%x~10)

Fricas [F] time = 0., size = 0, normalized size = 0.

5
[arcseh (ax )/ x)
x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x”5)/x,x, algorithm="fricas")

[Out] integral(arccsch(a*xx”5)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f acsch (ax5)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(a*x**5)/x,x)

[Out] Integral(acsch(a*x**5)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arcsch (ax5)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*xx”5)/x,x, algorithm="giac")

[Out] integrate(arccsch(a*x~5)/x, x)
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325  [csch™ (ce"t) dx

Optimal. Leaf size=77

—1( a+bx 3 1/ arby
PolyLog (2, p2esch (cet® )) csch™ (C€a+bx)2 csch™ (Cea+bx) log (1 _ pPosch (cer+? ))

2D * 2b B b

[Out] ArcCschl[c*E~(a + b*x)]172/(2%b) - (ArcCsch[c*E~(a + b*x)]*Logl[l - E~(2*ArcCs
ch[c*E™(a + b*x)])])/b - PolyLog[2, E~(2*ArcCsch[c*E~(a + b*x)])]/(2%b)

Rubi [A] time = 0.0879159, antiderivative size = 77, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 10, e =

0.7, Rules used = {2282, 6282, 5659, 3716, 2190, 2279, 2391}

integrand size

-1 a+bx _ 1/ arbr
POlyLOg (2, echch (Ce ’ )) CSCh_l (Cea+bx)2 csch 1 (Cea-f-bx) lOg (1 _ €2CSCh (ce b ))

2D * 2b B b

Antiderivative was successfully verified.

[In] Int[ArcCschlc*E~(a + b*x)],x]

[Out] ArcCschl[c*E~(a + b*x)]172/(2%b) - (ArcCsch[c*E~(a + b*x)]*Logl[l - E~(2*ArcCs
ch[c*E™(a + b*x)])])/b - PolyLog[2, E~(2%ArcCsch[c*E~(a + b*x)])]/(2%b)

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6282

Int[((a_.) + ArcCsch[(c_.)*(x_)1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5659

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Tanh[x], x], x, ArcSinh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_ ])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*xE~(2x(-(Ixe) + fxfzxx)))/(E-(2xI*xk*Pi)*(1 + E~(2x(-(Ix
e) + f*xfzxx))/E~(2xI*kxPi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(C(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*x(F~(g*(e + f*x)))"n)/al)/(b*f*g*n*Log[F]), x] - Di
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st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps

csch_l(cx) by
Subst f - dx, x, e

f csch™ (ce‘”bx) dx =

b
inh (2
Subst ( i st dx, x, e‘”‘bx)
- b
—a—bx
Subst (fx coth(x)dx, x, sinh ™! (QT))
T b
. h_l e—a—bx 2 2 S b erx d . h_l e—a—bx
_sm . . ubst f@ X, X, Sln .
B 2b b
b\ 2 . h—l (g—u—bx)l 1 Zsinh_l(e_ac_bx
sinh™! (8 - ) Sl . )oefr—e Subst ( f log (1 - ez") dx, x,sinh~
- 2b - b * b
—a-bx —a-
—a-bx 2sinh [ & B 2sinh™ £—
sinh~! (e—a—bx)z sinh™ (—e - )log 1-e i ( ¢ ) Subst [ f —log(; ) dx,x,e ( ¢
c
- 25 - b * 2
—a—bx —a—bx
—a—bx 2sinh~! 2sinh (&
sinh~ (e—”—bX)z sinh™ (—e - )log 1-e ( ‘ ) Li, (e ( ‘ )]
- 2b - b - 2D

Mathematica [B]

e1bx/2p2(atbx) 4 1 (—4PolyLog (2, % (1 — V2e2(athx) 4 1)) +log? (—czez(“bx)) +21og? (

time = 0.568507, size = 236, normalized size = 3.06

1
2

(chez(“bx) +1+ 1)) —4]

e—2(a+bx)
c2

8bc +1

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[c*E~(a + b*x)],x]

[Out] xxArcCsch[c*E~(a + b*x)] + (E"(-a - b*x)*Sqrt[l + c™2+#E~(2x(a + b*x))]*(Log
[-(c™2*E~ (2% (a + b*x)))]"2 + ArcTanh[Sqrt[1 + c™2+xE~(2x(a + b*x))]]*(-8xbx*x
+ 4xLog[-(c™2*E~ (2% (a + b*x)))]) - 4*Logl[-(c™2+E~(2%(a + b*x)))]*Logl[(1 +
Sqrt[1 + c™2xE~(2x(a + b*x))])/2] + 2xLog[(1 + Sqrt[l + c™2+#E~(2x(a + b*x))
1)/2]172 - 4xPolyLog[2, (1 - Sqrt[l + c™2xE~(2*(a + bx*x))])/2]))/(8*b*c*xSqrt
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[1 + 1/(c”2¢E~(2x(a + b*x)))])

Maple [F] time = 0.434, size = 0, normalized size = 0.

f arccsch (ce’””“) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(c*exp(b*x+a)),x)

[Out] int(arccsch(cxexp(bxx+a)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

xe(th+2a) 1
—dx — 5 bx? — (a + log (c))x + xlog (‘che(be+2“) +1+ 1) -

c2e2bx+2a) 4 (Cze(z bx+2a) 4 1)5 +1

2bxlog (cze(z b

bc?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(cxexp(b*x+a)),x, algorithm="maxima"

[Out] b*c~™2*integrate(x*e™ (2xbxx + 2%a)/(c™2%e” (2%b*x + 2%a) + (c™2%e”(2%bxx + 2%
a) + 1)7(3/2) + 1), x) - 1/2*%b*x"2 - (a + log(c))*x + x*log(sqrt(c™2*e” (2*b
xx + 2%a) + 1) + 1) - 1/4*%(2*b*xx*log(c™2xe” (2%b*x + 2%a) + 1) + dilog(-c™2x

e~ (2%bxx + 2%a)))/b

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(c*exp(b*x+a)),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsch (ce’”b") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(cxexp(b*x+a)),x)

[Out] Integral(acsch(c*exp(a + b*x)), x)




Giac [F] time = 0., size = 0, normalized size = 0.

f arcsch (ce“’“‘”) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(cxexp(b*x+a)),x, algorithm="giac")

[Out] integrate(arccsch(c*e”(b*x + a)), x)

120
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3.26  [ecseh @ym gy

Optimal. Leaf size=52

+1 ; L | J L
x" Hypergeometr1c2F1( 2,2( m—1), > u2x2) X

m+1 am

[Out] x"m/(a*m) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/2, (1 - m)/2, -(1/(

a”2*x72))])/(1 + m)

Rubi [A] time = 0.0398986, antiderivative size = 52, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 10, o o e =

0.4, Rules used = {6336, 30, 339, 364}

integrand size

m+1 11 zm 1
R (<3 3em -0 )

m+1 am

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]*x"m,x]

[Out] x"m/(a*m) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/2, (1 - m)/2,
a”2xx72))]1)/(1 + m)

Rule 6336

Int[E"ArcCsch(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 339

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Dist[((c
*x)"(m + 1)*(1/x)"(m + 1))/c, Subst[Int[(a + b/x"n) p/x"(m + 2), x], x, 1/x
1, x] /; FreeQ[{a, b, c, m, p}, x] && ILtQ[n, O] && !RationalQ[m]

Rule 364

Int[((c_.)*x(x_))"(m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*x(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 0])

Rubi steps

-(1/¢(
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—1+m
IECSChfl(“x)xm dx = —fx o + f \/1 + Lxm dx
a a2x?
m 1\" 2 1
= X ((—) xm) Subst [fx‘z‘m 1+ x_2 dx, x, —)
am X a X
xm

1+m 11 lm o 1
Rl e v

am 1+m

Mathematica [A] time = 0.0454976, size = 54, normalized size = 1.04

x"*'Hypergeometric2F1 (—%, % -m-1), %(—m “1) 41, _;7) o

m+1 am

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x]*x"m,x]

[Out] x"m/(a*m) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/2, 1 + (-1 - m)/2,
-(1/(@"2*%x72))1)/(1 + m)

Maple [F] time = 0.255, size = 0, normalized size = 0.

1 1)
fE'F 1+@de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))*x"m,x)

[Out] int((1/a/x+(1+1/a"2/x72)"(1/2))*x"m,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))*x"m,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

2,2
acx-+1
axx"\|—— +x"
: as=Xx
integral X
ax

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))*x"m,x, algorithm="fricas")

[Out] integral ((axx*x"m*sqrt((a”2*x"2 + 1)/(a"2*x"2)) + x"m)/(a*x), x)

Sympy [A] time = 8.6337, size = 51, normalized size = 0.98

1 m xﬂl
-, = ‘ = form#0
M7 (__)ZFl m2 2| g252¢im m .
—+1 log(x) otherwise
2 _ + -
2aT (1- %)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))*x**m,x)

[Out] -x**m*gamma(-m/2)*hyper((-1/2, m/2), (m/2 + 1,), a*xx2*x*x*2*xexp_polar(I*pi))
/ (2xa*xgamma(l - m/2)) + Piecewise((x**m/m, Ne(m, 0)), (log(x), True))/a

Giac [F] time = 0., size = 0, normalized size = 0.

([ 1
fx ﬁ+1+a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))*x"m,x, algorithm="giac")

[Out] integrate(x"m*(sqrt(1/(a”2*x"2) + 1) + 1/(a*x)), x)
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3.27 f pesch (@) x4 1y

Optimal. Leaf size=54

1542 4q

] ——

3/2
3 1
5 \a2x?

[Out] (-2*%(1 + 1/(a"2*%x72))"(3/2)*x73)/(16%a"2) + x"4/(4*a) + ((1 + 1/(a"2%x"2))"
(3/2)*x75) /5

Rubi [A] time = 0.0294947, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 10, e -

0.4, Rules used = {6336, 30, 271, 264}

integrand size

1542 4a

x| 5= +1

3/2
3 1
5 \a2x?

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]*x"4,x]

[Out] (-2*%(1 + 1/(a"2%x72))"(3/2)*x~3)/(15%a"2) + x~4/(4%a) + ((1 + 1/(a"2*x"2))"
(3/2)*x"5)/5

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2xp))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x )~ (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 271

Int[(x_)"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x~(m + 1)*(
a + bxx™n)"(p + 1))/(ax(m + 1)), x] - Dist[(b*(m + n*x(p + 1) + 1))/(a*x(m +
1)), Int[x"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 264

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + bxx™n)~(p + 1))/(a*xcx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,
p}r, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rubi steps
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_ x3 dx 1
f PR L f L+ p i
a asx
A1 1 32 zf,ll + %xz dx
+=1+—=] *°- '
5a2

a2x2

L\
2(“@) ¥4 1\%?
= - _+_(1+ﬂ) x5

a2x

Mathematica [A] time = 0.0488754, size = 49, normalized size = 0.91

1
Xy 55 +1(3atxt + a2 -2) 4
asx + =

1544 4q

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsch[a*x]*x74,x]

[Out] x74/(4*a) + (Sqrt[l + 1/(a”2*x"2)]*x*(-2 + a”2*x"2 + 3*xa~4*x"4))/(15%a~4)

Maple [A] time = 0.21, size = 53, normalized size = 1.

x (azxz + 1) (3 a?x? — 2) [i202 +1 x4
15 a* a2x? " P

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x72)"(1/2))*x"4,x)

[Out] 1/15%((a"2*xx"2+1)/a"2/x"2) " (1/2)*x/a"4x(a"2xx"2+1) *(3*a"2*xx"2-2)+1/4*x"4/a

Maxima [A] time = 1.00775, size = 68, normalized size = 1.26

5
A 3a2x5(azl7 + 1)2 —5x3(# + 1)

+
4aq 15 a2

NIl w

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))*x"4,x, algorithm="maxima")

[Out] 1/4*x"4/a + 1/15%x(3%a"2xx"5*x(1/(a"2*x"2) + 1)7(5/2) - 5xx"3%(1/(a"2*x"2) +
1)°(3/2)) /a2

Fricas [A] time = 2.56468, size = 115, normalized size = 2.13

2x2+1
15a%x% + 4 (3 atx® + a%x® - Zx)w/aaxz—xz

60 a*
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))*x"4,x, algorithm="fricas")

[Out] 1/60%(15*%a~3*x~4 + 4*(3*a~4*x"5 + a~2*%x~3 - 2*x)*sqrt((a”2*x"2 + 1)/(a"2*x"
2)))/a"4

Sympy [A] time = 3.26558, size = 63, normalized size = 1.17

V22 +1 ¥ 2Va22+1 2Va2x2 +1

+ =+ -
5a 4a 1543 15a°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a*x*2/x*x2)x*(1/2))*x**4 %)

[Out] xx*x4xsqrt(ax*2*xx**2 + 1)/(5%a) + xx*x4/(4*a) + x*x*x2xsqrt(ax*2*xx**2 + 1)/(15%
a**3) - 2xsqrt(ax*2*xx**2 + 1)/(15xa*xb)

Giac [A] time = 1.15286, size = 108, normalized size = 2.

5 3
4|3 (22+1)2 -5 (a2%+ 1)2]|”|Sgn(") 15 (2 22-(a22+1) 2

2 B 2alsgn (x)
60 a4 1546

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"4,x, algorithm="giac")

[Out] 1/60%(4*(3*(a"2*x"2 + 1)7(5/2) - 5x(a™2*x"2 + 1)7(3/2))*abs(a)*sgn(x)/a"2 -
15%x(2%xa~2*x"2 - (a™2*%x"2 + 1)72 + 2)/a)/a"4 + 2/16*abs(a)*sgn(x)/a"6
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3.28  [ecseh @3 gy

Optimal. Leaf size=75

/ﬁ+1 tanh (1/—+1) 3
a2x2 3a

8at 3a

[Out] (Sqrtl[1l + 1/(a”2%x"2)]1*x72)/(8*%a"2) + x~3/(3*a) + (Sqrtl[l + 1/(a"2*x"2)]*x"
4)/4 - ArcTanh[Sqrt[1 + 1/(a”2%x~2)]1]/(8%a"4)

Rubi [A] time = 0.0440765, antiderivative size = 75, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 10, e e =

integrand size
0.7, Rules used = {6336, 30, 266, 47, 51, 63, 208}

[1 -1 [ 1
1 . 1 xz ﬁ =+ 1 tanh ( W + 1) x3
—X o) +1+ 872 - + —

8at 3a

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]*x"3,x]

[Out] (Sqrtl[l + 1/(a"2xx72)]*x"2)/(8*a"2) + x~3/(3*a) + (Sqrt[l + 1/(a"2*x"2)]*x"~
4)/4 - ArcTanh[Sqrt[1 + 1/(a"2%x72)]1]/(8%a"4)

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2%x~(2%p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 47

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + 1)), x] - Dist[(d*n)/(bx(m + 1)), I
ntl[(a + bxx)"(m + 1)*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - axd, 0] && GtQ[n, O] && LtQ[m, -1] && !(IntegerQ[n] &% !'Intege
rQ[m]) && !(ILeQ[m + n + 2, 0] && (FractionQ[m] || GeQ[2*n + m + 1, 0])) &
& IntLinearQ[a, b, ¢, d, m, n, x]

Rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*xx)"(m + D*(c + d*x)"(n + 1))/((b*c - a*d)*(m + 1)), x] - Dist[(dx*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
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1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] I| (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

2
feCSCh_l(“x)x3 dx = 2 +f\/1+ Lx3 dx
a a2x2
X
o1 vtz
=X Subst f
3¢ 2 s X3

1

a

dx, x, =
X

Subst(f . ! = dx,x,%)

x3 1 1 4 X 1+a_2
—_ — 1 + —
30 4 a2x2 8a?
1
Subst dx, x,
145522 3 1 J x 145 2
= N o L
B 8a? 3a 4 azxzx 16a*
1 1
B 1+ WXZ 3 1 A 1 . Subst (f I dx,x, A1+ m)
B 8a? * 3a * 4 * azxzx * 8a?
[ 1 -1 1
= 4+ 1+ xt -
8a? 30 4 a2x2 8at

Mathematica [A] time = 0.0552299, size = 76, normalized size = 1.01

1 1 1
a?x? (6a2x2,/@ +1 +3,/@ +1 +8ax) —3log(x(w/@ +1 +1))

24a4

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschla*x]*x"3,x]

[Out] (a~2*x72*%(3*Sqrt[1 + 1/(a”2*x"2)] + 8*a*x + 6%a~2*3qrt[l1 + 1/(a"2*x72)]*x"2
) - 3xLog[(1 + Sqrt[1 + 1/(a”2*x~2)])*x])/(24*a~4)

Maple [A] time = 0.177, size = 109, normalized size = 1.5

32
x  |a?x? +1 22 +1\” A a?x2 +1 , a2x2 +1 1 X3
8a acx a a a 2x2+1  3a

a2




129

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))*x"3,x)

[Out] -1/8*((a~2*xx"2+1)/a"2/x"2) " (1/2) *x*x (-2*xx* ((a~2*x"2+1)/a"2) "~ (3/2)*a"4+x*x((a~
2%x"2+1)/a"2) " (1/2)*a"2+1n(x+((a~2*xx"2+1) /a~2)~(1/2)))/((a~2*xx~2+1) /a~2)~ (1

/2)/a~4+1/3%x"3/a

Maxima [A] time = 0.973333, size = 144, normalized size = 1.92

3
1 2 1 [1 [1
3 (@4‘1) + @4‘1 log( @+1+1) log( @4‘1—1)

— + +
3 2 16a* 16 a*
“ 8(514(# +1) —2114(@ +1)+a4) v g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))*x"3,x, algorithm="maxima")

[Out] 1/3*x73/a + 1/8%x((1/(a"2*xx"2) + 1)7(3/2) + sqrt(1/(a"2*x"2) + 1))/(a~4x(1/(
a"2xx"2) + 1)72 - 2%xa”4x(1/(a"2*%x72) + 1) + a”4) - 1/16xlog(sqrt(1l/(a”2*x"2
) + 1) + 1)/a”4 + 1/16%log(sqrt(1/(a™2%x72) + 1) - 1)/a"4

+

Fricas [A] time = 2.64219, size = 171, normalized size = 2.28

a2x2+1 a2x2+1
8a’x® +3 (2 atxt + azxz) —— +3 log (ax\/T - ax)
asx asx

24 g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))*x"3,x, algorithm="fricas")

[Out] 1/24%(8%a”3xx"3 + 3*%(2*a~4*x"4 + a~2*x"2)*sqrt((a™2*x"2 + 1)/(a"2*x"2)) + 3
*xlog(a*x*sqrt((a™2*x"2 + 1)/(a”"2*x72)) - a*x))/a"4

Sympy [A] time = 5.50681, size = 73, normalized size = 0.97

ax® x3 3x3 x asinh (ax)
2

_ + 4 +
aNa2x2+1 32 8avVa2x2+1  8a3Va2x2 +1 8at

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a*x*2/x**2)**(1/2))*x**3,x)

[Out] a*x*x5/(4xsqrt(a*x*2xx*x*2 + 1)) + x*x*3/(3%a) + 3*kx*x*3/(8*a*xsqrt (a*x*2*x**2 +
1)) + x/(8*ax*3*sqrt (ax*2*x*x*2 + 1)) - asinh(a*x)/(8xa*xx4)
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Giac [A] time = 1.16368, size = 93, normalized size = 1.24

3 log (—x|u| + Va2x? + 1) sgn (x)

7y 1(2lealsgn (x) .\ |lalsgn (x))x e

8 a? at 3a 8at

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))*x"3,x, algorithm="giac")

[Out] 1/8*sqrt(a”2*x"2 + 1)*(2xx"2*abs(a)*sgn(x)/a~2 + abs(a)*sgn(x)/a"4)*x + 1/3
*x"3/a + 1/8*log(-x*abs(a) + sqrt(a”2*x"2 + 1))*sgn(x)/a"4



3.29  [erseh @2y

Optimal. Leaf size=31

[Out] x72/(2%a) + ((1 + 1/(a"2%x72))"(3/2)*x~3)/3

131

Rubi [A] time = 0.0219103, antiderivative size = 31, normalized size of antiderivative =

1., number of steps used = 3, number of rules used = 3, integrand size = 10,

0.3, Rules used = {6336, 30, 264}

32
1x3 L 1) + =
37 \a2x2 2a

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]*x"2,x]
[Out] x72/(2%a) + ((1 + 1/(a"2*x"2))~(3/2)*x"3)/3

Rule 6336

number of rules

integrand size

Int [E"ArcCschl(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a”2*x~(2xp))], x] /; FreeQ[{a, m, p}, x

]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rule 264

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol]

:> Simp [((c

*x)"(m + 1)*(a + bxx™n)"(p + 1))/(a*xcx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,

p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rubi steps

ecsch (@032 gy = M + 1+ sz dx
a a2x?
1

x2+1 1+
2a 3 a2x2

32

Mathematica [A] time = 0.0379749, size = 38, normalized size = 1.23

1
255 +1(azx3+x)+3ax2
asx

6a?

Antiderivative was successfully verified.
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[In] Integrate[E~ArcCschla*x]*x"2,x]

[Out] (3*%a*xx”2 + 2*xSqrt[l + 1/(a"2*x"2)]*(x + a~2*x73))/(6*%a~2)

Maple [A] time = 0.171, size = 43, normalized size = 1.4

X (azxz + 1) [a2x2 +1 2
+ —_—
342 a2x2 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))*x"2,x)

[Out] 1/3*((a"2*x"2+1)/a"2/x"2)"(1/2)*x/a"2*x(a"2*x"2+1)+1/2*¥x"2/a

Maxima [A] time = 1.02121, size = 34, normalized size = 1.1

3
LT +1§+x2
J— x — —
37 \a2x2 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))*x"2,x, algorithm="maxima"

[Out] 1/3*x73%(1/(a"2*x"2) + 1)7(3/2) + 1/2*x"2/a

Fricas [A] time = 2.53478, size = 90, normalized size = 2.9

a2x2+1
3ax? +2(a2x® + x)| 55
asx

6 a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))*x"2,x, algorithm="fricas")

[Out] 1/6%(3*a*xx"2 + 2*(a”"2*x"3 + x)*sqrt((a™2*x"2 + 1)/(a"2*x"2)))/a"2

Sympy [A] time = 2.45725, size = 41, normalized size = 1.32

2Va2x? +1 X2 a2x2 +1

3a 2a 3a3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a*x*2/x*x2)**(1/2))*x**2,x)

[Out] x**2xsqrt(a*x*2xx**2 + 1)/(3%a) + xx*2/(2*a) + sqrt(a*x*2*x**2 + 1)/(3%a**3)
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Giac [A] time = 1.1483, size = 61, normalized size = 1.97

3
alsgn (v)  2(a222 +1)%lalsgn (x) + 3 (2222 +1)a
- +
34 6at

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))*x"2,x, algorithm="giac")

[Out] -1/3*abs(a)*sgn(x)/a~4 + 1/6%x(2x(a”2*x"2 + 1)7(3/2)*abs(a)*sgn(x) + 3*(a~2x%
X"2 + 1)xa)/a"4
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3.30 f pesch ™ (@) . dy

Optimal. Leaf size=47

-1 1
) 1 tanh (w’ﬁ + 1)

=X +1+ + -
2 a2x2 2a? a

[Out] x/a + (Sqrtl[l + 1/(a"2*x"2)]1*x72)/2 + ArcTanh[Sqrt[1 + 1/(a"2*xx"2)]1]/(2*a~2
)

Rubi [A] time = 0.0264616, antiderivative size = 47, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 8, e -

integrand size
0.75, Rules used = {6336, 8, 266, 47, 63, 208}

-1 1
lxz 1 +1+tanh ( W'Fl)-i__
2 ax2 242 a

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*xx]*x,x]

[Out] x/a + (Sqrt[l + 1/(a"2*%x"2)]1*x"2)/2 + ArcTanh[Sqrt[1 + 1/(a"2*x"2)]]/(2*a"2
)

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2%x~(2%p))], x] /; FreeQ[{a, m, p}, x
]

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

Rule 266

Int[(x_ )" (m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Substl[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 47

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"n)/(b*x(m + 1)), x] - Dist[(d*n)/(bx(m + 1)), I
ntl[(a + bxx)"(m + 1)*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - axd, 0] && GtQ[n, O] && LtQ[m, -1] && !(IntegerQ[n] &% !Intege
rQ[m]) && !'(ILeQ[m + n + 2, 0] && (FractionQ[m] || GeQ[2*n + m + 1, 0])) &
& IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x D))" (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

_ 1dx / 1
feCSCh 1(‘”‘)xdx = f +f 1+ —5X dx
a%x
1/1+
=——= Subst f

~ dx, x, 2

x+1 1+ 1 2
= — — X
a 2 azxz 4612

x 1 1
_ 2

1 1, tanh 1( T 212)

=—+ —4/1+ 2 +

a 2 azxzx 26!2

Mathematica [A] time = 0.0303789, size = 47, normalized size = 1.

ax(axw/# +1+2) +log(x(,/ﬁ +1+1))

2a?

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschl[ax*x]*x,x]

[Out] (a*x*x(2 + axSqrt[l + 1/(a”2*x"2)]*x) + Logl[(1 + Sqrt[l + 1/(a"2%x"2)])*x])/
(2xa~2)

Maple [B] time = 0.194, size = 85, normalized size = 1.8

x  [a?x2+1 a?x?+1 , a2x2 +1 1 X
P} 55— | X s—a° + In|x+ 5 + -
2a acx a a 2241 a

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))*x,x)

[Out] 1/2*%((a”2*x72+1)/a"2/x72) " (1/2)*x*x (xx((a"2*x"2+1)/a"2) " (1/2) *a"2+1n(x+((a"2
*x"2+1)/a”2)7(1/2)))/((a™2%x"2+1)/a"2) " (1/2) /a"2+x/a
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Maxima [A] time = 0.967232, size = 105, normalized size = 2.23

1 1
é{-l 10g(1,ﬁ+1+1) 10g(1lﬁ+1—1)

X

4 +

a 2(112(% +1) - az) 4a? 4a?
a=x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x,x, algorithm="maxima"

[Out] x/a + 1/2*%sqrt(1/(a"2*xx72) + 1)/(a”2*x(1/(a"2*x"2) + 1) - a”2) + 1/4xlog(sqr
t(1/(a”2%x72) + 1) + 1)/a"2 - 1/4xlog(sqrt(1/(a"2*%x"2) + 1) - 1)/a"2

Fricas [A] time = 2.57032, size = 140, normalized size = 2.98

2.2 a2x2+1 ) 1 a2x2+1
ax W'i‘ ax —log|lax W—ax

2 q?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))*x,x, algorithm="fricas")

[Out] 1/2%(a”2*%x"2*sqrt((a™2*x"2 + 1)/(a™2%x72)) + 2*xa*x - log(a*x*sqrt((a™2*x"2
+ 1)/(a”2*%x72)) - a*x))/a"2

Sympy [A] time = 3.4527, size = 29, normalized size = 0.62

xVa?x2+1 x  asinh (ax)

+
2a a 242

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a*x*2/x*x2)**x(1/2))*x,x)

[Out] x*sqrt(ax*2*xx*x2 + 1)/(2xa) + x/a + asinh(a*x)/(2*a**2)

Giac [A] time = 1.17104, size = 70, normalized size = 1.49

Vi + 1dalsgn (x)  x 108 (—xlal + VaZx? + 1) sgn (¥)
+ —_—

2 q? a 2 q?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))*x,x, algorithm="giac")

[Out] 1/2*sqrt(a”2*x”2 + 1)*x*abs(a)*sgn(x)/a”2 + x/a - 1/2xlog(-x*abs(a) + sqrt(
a"2xx"2 + 1))*sgn(x)/a~2
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3.31  [erseh (@ gy

Optimal. Leaf size=24

-1
log(x) + yeeseh ax) _ csch “(ax)
a a

[Out] E~ArcCschla*x]*x - ArcCschla*x]/a + Logl[x]/a

Rubi [A] time = 0.015288, antiderivative size = 31, normalized size of antiderivative =

. . f rul
1.29, number of steps used = 5, number of rules used = 5, integrand size = 6, number of rules

= 0.833, Rules used = {6331, 29, 242, 277, 215}

integrand size

log(x) _ csch™ (ax)

1
Xy +1+
a2x2 a a

Warning: Unable to verify antiderivative.

[In] Int[E"ArcCschla*x],x]
[Out] Sqrt[1l + 1/(a"2*x"2)]*x - ArcCschla*x]/a + Logl[x]/a

Rule 6331

Int[E"ArcCschl(a_.)*(x_)~(p_.)], x_Symbol] :> Dist[1/a, Int[1/x7p, x], x] +
Int[Sqrt[1 + 1/(a”2*x~(2*p))], x] /; FreeQ[{a, p}, x]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 242

Int[((a_) + (b_)*(x_ )" (n_))~(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x~
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, O]

Rule 277

Int[((c_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] &% IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 215
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps



138

1
-d

fewtwa L2801 T
a a2x2

xZ
1 1+ 1
= 08(%) _ Subst f = a2 dx, x, —

a

Subst f dx, x,1
1 log(x) 1+ ’
_ og p
=4/1+ azxzx + P )
1 h 1
_ s ‘e csch " (ax) N og(x)
a2x? a a

Mathematica [A] time = 0.0147928, size = 35, normalized size = 1.46

1 11
ax,lﬁ +1 + log(ax) — sinh ! (;)

a

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCsch[a*x],x]

[Out] (axSqrt[l + 1/(a"2*x"2)]*x - ArcSinh[1/(a*x)] + Loglax*x])/a

Maple [B] time = 0.169, size = 113, normalized size = 4.7

[1252 +1 2,2 11 252 +1 1 1
_x fatxt+ V2 ax+a+1n2_\/— ax+a+1 n(x)
a2 a2x? a2 a?x \/ /a2x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/a/x+(1+1/a"2/x"2)"(1/2),x)

[Out] -((a"2%x"2+1)/a"2/x"2)"(1/2)*xxx(-(1/a"2) " (1/2)*((a"2*x"2+1) /a"2) ~(1/2)*xa~2+
In(2x((1/a"2)~(1/2)*((a™2*x"2+1) /a~2) " (1/2)*a~2+1) /x/a~2)) /(1/a~2)~(1/2) / ((
a~2xx"2+1)/a~2)"(1/2)/a"2+1n(x)/a

Maxima [A] time = 1.00209, size = 86, normalized size = 3.58

1 1
1 log(axwlﬁ+1+1) log(ax‘/@ +1_1)+10g(x)

- +1- +
a2x2 2a 2a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x+(1+1/a"2/x72)7(1/2),x, algorithm="maxima"

[Out] x*sqrt(1/(a”2*x72) + 1) - 1/2xlog(a*x*sqrt(1/(a"2*x~2) + 1) + 1)/a + 1/2x*lo
g(a*xxxsqrt(1/(a™2%x72) + 1) - 1)/a + log(x)/a
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Fricas [B] time = 2.77596, size = 203, normalized size = 8.46

55 7.2 242
ax /_“a’;le ~log (ax —a;; —ax + 1) + log (ax\/% —ax - 1) +log (x)

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/x+(1+1/a~2/x"2)"(1/2),x, algorithm="fricas")

[Out] (a*xx*sqrt((a™2*x"2 + 1)/(a"2*x72)) - log(a*x*sqrt((a™2*x"2 + 1)/(a"2*x"2))
- axx + 1) + log(a*x*sqrt((a™2*x"2 + 1)/(a"2*x"2)) - a*x - 1) + log(x))/a

Sympy [A] time = 2.01817, size = 48, normalized size = 2.

. 1
1 asmh (—x) 1
X N og (x) _ =) .

1 a a 2 1
1+@ uxﬂ1+@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/a/x+(1+1/a**2/x**2)**(1/2),x)

[Out] x/sqrt(l + 1/(ax*2xx*x2)) + log(x)/a - asinh(1/(a*x))/a + 1/(a*x*2*xx*sqrt(1
+ 1/ (a*x*2xx**x2)))

Giac [A] time = 1.16093, size = 82, normalized size = 3.42

(2 Va2 +1 - log (Ve +1+1) + og (Va2 +1 -1 Jabsen (9 10 1)
+

2 a2 a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x+(1+1/a"2/x72)7(1/2),x, algorithm="giac")

[Out] 1/2*(2*sqrt(a”2*x"2 + 1) - log(sqrt(a™2*x”2 + 1) + 1) + log(sqrt(a™2*x~2 +
1) - 1))*abs(a)*sgn(x)/a~2 + log(abs(x))/a
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ecsch_1 (ax)

332 [——dx

X

Optimal. Leaf size=38

wll 1+t h‘%/l 1|- 2
- a2x2+ tan a2x2+ Cax

[Out] -Sqrt[1 + 1/(a"2%x"2)] - 1/(a*x) + ArcTanh[Sqrt[1l + 1/(a"2xx"2)]]

Rubi [A] time = 0.034632, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 10, e o e

0.6, Rules used = {6336, 30, 266, 50, 63, 208}

! +1+tanh™ ! +1 !
\ a2x2 an a2x2 ax

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcCschla*x]/x,x]

[Out] -Sqrt[1 + 1/(a"2*x"2)] - 1/(a*x) + ArcTanh[Sqrt[1l + 1/(a"2*x"2)]]

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a~2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*xx)"n)/(b*(m + n + 1)), x] + Dist[(n*x(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n

+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

-1 1 1
fecsch (ax) :fx_zdx+f /1+@d

X a

1 1 1 1
_ 2
S R Al S“bst[fmdx'xf “@]
1 1 . 1
=\ g g T th [\/“@)

Mathematica [A] time = 0.0275416, size = 42, normalized size = 1.11

s + 14 log| x|y g 4141 |- 2
—@++ng ﬁ++—a

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschlax*x]/x,x]

[Out] -Sqrt[1 + 1/(a"2*x"2)] - 1/(a*x) + Log[(1l + Sqrt[1l + 1/(a"2*x"2)])*x]

Maple [B] time = 0.18, size = 107, normalized size = 2.8
3
a?x2+1 | (a2 +1)2 a2x2+1 , , a2x? +1
— |4 5 + s—Xx"a” +In|x+ 5 X
a2x a a a

Verification of antiderivative is not currently implemented for this CAS.

1 1
a2x2+1  ax
a

[In] int((1/a/x+(1+1/a"2/x72)"(1/2))/x,%)

[Out] ((a”™2*x"2+1)/a"2/x72)"(1/2)*(—a~2*x((a"2*x"2+1)/a~2) "~ (3/2)+((a"2*x"2+1)/a"2)
~(1/2)*x"2%a"2+1n(x+((a~2%x~2+1)/a~2) " (1/2))*x) /((a~2*xx~2+1) /a~2) "~ (1/2)-1/a
/x
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Maxima [A] time = 1.00055, size = 73, normalized size = 1.92

! +1 ! + 1 | ! +1+1 ! | ! +1-1
a2x2 ax 2 & V a2x2 2 & a2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)"(1/2))/x,x, algorithm="maxima")

[Out] -sqrt(1/(a"2*x~2) + 1) - 1/(a*x) + 1/2xlog(sqrt(1/(a"2*xx"2) + 1) + 1) - 1/2
xlog(sqrt(1/(a"2*xx"2) + 1) - 1)

Fricas [A] time = 3.01638, size = 142, normalized size = 3.74

1 a2x2+1 a2x2+1 1
ax log|ax W—ax + ax W+ax+

ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x,x, algorithm="fricas")

[Out] -(a*x*log(axx*sqrt((a”2*x"2 + 1)/(a”2%x72)) - a*x) + axx*sqrt((a”2*x72 + 1)
/(@™2%x72)) + a*x + 1)/(a*x)

Sympy [A] time = 4.26471, size = 41, normalized size = 1.08

ax 1 1

———— +asinh(ax) - — - ———
Va2x2 +1 ax  gxvVa?x?2 +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x*x2)**x(1/2))/x,%)

[Out] -a*x/sqrt(a*x*2xx*x*2 + 1) + asinh(a*x) - 1/(a*xx) - 1/(a*xx*xsqrt(ax*2xx**2 + 1

))

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x,x, algorithm="giac")

[Out] Exception raised: TypeError
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ecsch_1 (ax)

333 [—5—dx

x2

Optimal. Leaf size=40

1

2.2 1 1 _
’Zz;; “53" Eacsch Y(ax)

+1

[Out] -1/(2*a*xx~2) - Sqrt[1 + 1/(a"2*x72)]1/(2*x) - (a*ArcCschla*x])/2

Rubi [A] time = 0.028842, antiderivative size = 40, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, e -

integrand size
0.5, Rules used = {6336, 30, 335, 195, 215}

1

2.2 1 1 _
“251 “53- Eacsch Y(ax)

+1

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]/x"2,x]
[Out] -1/(2*%a*x”2) - Sqrt[l + 1/(a"2%x72)]/(2*x) - (axArcCschla*x])/2

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a~2%x~(2%p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 335

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 195

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*x(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + bxx"n)"(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2+p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 215
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[al]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
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9 [ 1
ecsch™ (ax) — dx 1+ —
f T dx = + f 2a2x2 dx

3
a X
1 [ 22 1
:—W—SUbSt(f 1+a—2dx,x,;)
1 A1+
azxz Subst f

dxx

2ax2 2x /
1 I+—5 1 _
= - -~ @2 _ ~gesch Yax)
2ax? 2x 2

Mathematica [A] time = 0.0272924, size = 43, normalized size = 1.08

1 a1
x| 5 +1 + a®x?sinh ™" (—) +1
asx ax

2ax?

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschla*x]/x"2,x]

[Out] -(1 + axSqrt[1 + 1/(a”2*x72)]*x + a~2*x"2xArcSinh[1/(a*x)])/(2*a*xx~2)

Maple [B] time = 0.188, size = 145, normalized size = 3.6

2x ax2 a?

3
1 [a?2x?2+1 a%x? +1\2 a’x? +1 1 a’x? +1 1
—— ] — [az ( ) Va2 - = Va—2x24% + In|2 = Va2 = a2 +1|]|x%

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"2,x%)

[Out] -1/2+((a”2*x72+1)/a"2/x72) " (1/2) /x*x(a~2x((a™2*x"2+1) /a~2) " (3/2)*(1/a"2) "~ (1/
2)-((a"2*%x72+1)/a”2)~(1/2)*(1/a~2) " (1/2) *x~2*a~2+1n(2* ((1/a"2) ~(1/2) * ((a~2x*
X"2+1)/a”2)"(1/2)*a"2+1) /x/a"2)*x"2) / ((a~2*x~2+1) /a~2)~(1/2) /(1/a~2)~(1/2) -

1/2/a/x"2

Maxima [B] time = 1.0079, size = 116, normalized size = 2.9

1
a%xy 5 +1 1 1 1 1 1
- — —alog|ax W-'_l-” +Zalog ax @4-1—1 e

2 (aZXZ(# + 1) - 1) 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x"2,x, algorithm="maxima"

[Out] -1/2%a”2xx*sqrt(1/(a”2*x72) + 1)/(a"2%x"2x(1/(a"2*%x72) + 1) - 1) - 1/4xax*lo
g(a*xxxsqrt(1/(a”2%x72) + 1) + 1) + 1/4xaxlog(a*x*sqrt(l/(a”2%x72) + 1) - 1)
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- 1/2/(a*x~2)

Fricas [B] time = 2.94851, size = 232, normalized size = 5.8

242 242 242
2.2 acxc+1 2.0 acxc+1 acx“+1
axlog(axwlw—mﬂrl —a‘xlog | axy|—— —ax = 1| + axy|—— +1

2 ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x"2,x, algorithm="fricas")

[Out] -1/2x(a”2xx"2*log(a*x*sqrt((a™2*x"2 + 1)/(a”2*%x72)) - a*x + 1) - a”2xx"2x*lo
g(axxxsqrt ((a™2*x”"2 + 1)/(a”2*%x72)) - a*x - 1) + axxxsqrt((a™2*x"2 + 1)/(a”
2%x72)) + 1)/(a*x"2)

Sympy [A] time = 4.07544, size = 36, normalized size = 0.9

. 1 1
aasinh (E) n+ =3 1

2 2x 2ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/x*x2)**x(1/2))/x**2,x)

[Out] -a*asinh(1/(a*x))/2 - sqrt(l + 1/(a*x*2xx*x2))/(2xx) - 1/(2*%a*xx**2)

Giac [B] time = 1.13513, size = 111, normalized size = 2.78

2 (Va2x2+1a*|alsgn(x)+a®
a*lallog (Vu2x2 +1+ 1) sgn (x) — a*|al log( a?x?+1- 1) sgn (x) + ( o )

444

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x"2,x, algorithm="giac")

[Out] -1/4x(a"4*abs(a)*log(sqrt(a™2*x”2 + 1) + 1)*sgn(x) - a"4*abs(a)*log(sqrt(a”
2xx72 + 1) - 1)*sgn(x) + 2x(sqrt(a”™2*x"2 + 1)*a~4xabs(a)*sgn(x) + a~5)/(a"2

*x72))/a"4
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csch (ux)

334 [—5—dx
X
Optimal. Leaf size=31

1o(1 N1
__a — —_——
3ax3

[Out] -(a™2*x(1 + 1/(a"2*x"2))~(3/2))/3 - 1/(3*a*xx"3)

Rubi [A] time = 0.0219248, antiderivative size = 31, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e -

0.3, Rules used = {6336, 30, 261}

integrand size

1.,( 1 S
2 +1 [
3" (a2x2 3ax3

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]/x"3,x]
[Out] -(a"2*%(1 + 1/(a"2%x~2))~(3/2))/3 - 1/(3*a*x"3)

Rule 6336

Int[E"ArcCschl(a_.)*(x_) " (p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] & EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps

f ecsch_l(ax) f 1+ — a2x2

1 1 A 1
=21 o) -
3" ( azxz) 3ax3

Mathematica [A] time = 0.0336995, size = 37, normalized size = 1.19

ax,/ﬁ +1(u2x2 +1) +1

3ax3
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Antiderivative was successfully verified.

[In] Integrate[E~ArcCschlax*x]/x"3,x]

[Out] -(1 + a*Sqrt[1 + 1/(a"2*x"2)]*x*(1 + a~2*x"2))/(3*a*xx"3)

Maple [A] time = 0.179, size = 42, normalized size = 1.4

a?x*+1 (a2 +1 1
3x2 a’x? 3x3a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"3,x)

[Out] -1/3x((a”2*x"2+1)/a"2/x"2)"(1/2)/x"2x(a"2*x"2+1)-1/3/x73/a

Maxima [A] time = 1.03324, size = 34, normalized size = 1.1

3

1,(1 )1
__a — —
3 \a2x2 3ax3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"~2/x"2)"(1/2))/x"3,x, algorithm="maxima"

[Out] -1/3*a"2*%(1/(a"2*x"2) + 1)7(3/2) - 1/3/(a*xx"3)

Fricas [A] time = 2.41047, size = 103, normalized size = 3.32

2x2+1
x> + (a3x3 + ax)\/”T +1
a=x

3ax3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))/x"3,x, algorithm="fricas")

[Out] -1/3%(a”3*x73 + (a"3*x"3 + ax*x)*sqrt((a”2*x72 + 1)/(a"2%x72)) + 1)/(a*x~3)

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**x(1/2))/x**3,x)
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[Out] Exception raised: TypeError

Giac [B] time = 1.19317, size = 93, normalized size = 3.

4
2 (3 (xlal — Va2x2 + 1) a?sgn (x) + a®sgn (x)) ,

2 3 343
3 ((xlul - Va2x? + 1) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x"3,x, algorithm="giac")

[Out] 2/3%(3*(x*abs(a) - sqrt(a™2*x"2 + 1)) 4*xa"2*sgn(x) + a"2xsgn(x))/((x*abs(a)
- sqrt(a™2*x"2 + 1))72 - 1)73 - 1/3/(a*x"3)
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csch (ux)

335 [——5—dx

x4

Optimal. Leaf size=65

e

4x3

_ 1
+ §a3csch ax) - pys

[Out] -1/(4*xa*xx”4) - Sqrt[l + 1/(a"2%x72)]/(4*x73) - (a”"2xSqrt[l + 1/(a"2*xx"2)])/
(8%x) + (a”3*ArcCschlax*x])/8

Rubi [A] time = 0.0434752, antiderivative size = 65, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 10, number of rules_

0.6, Rules used = {6336, 30, 335, 279, 321, 215}

\/—+1 Vaz+1

4x3

integrand size

_ 1
+ §a3csch ax) - s

Antiderivative was successfully verified.

[In] Int[E~ArcCschlax*x]/x"4,x]

[Out] -1/(4*axx"4) - Sqrt[l + 1/(a"2*xx"2)]/(4%xx"3) - (a“2*Sqrt [1 + 1/@@2xx"2)])/
(8%x) + (a~3*ArcCschlax*xx])/8

Rule 6336

Int[E"ArcCschl(a_.)*(x_)"(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 335

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) "p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 279

Int[((c_.)*x(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[((c
*x) " (m + 1)*(a + b*x™n) p)/(cx(m + n*xp + 1)), x] + Dist[(a*n*p)/(m + n*xp +
1), Int[(c*x)"m*x(a + b*x"n)"(p - 1), x1, x] /; FreeQ[{a, b, ¢, m}, x] && IG
tQ[n, 0] && GtQ[p, 0] && NeQ[m + n*p + 1, O] && IntBinomialQ[a, b, ¢, n, m,
p, xI

Rule 321

Int[((c_.)*(x_ D))" (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*(c*xx)"(m - n + D*x(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + n¥p + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
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+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[al]/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps

-1 1 1
pcsch™ (ax) f_5 dx A1+ =2
f o dx = xa + f—x4 dx
1 [ x? 1
_ 2
——W—Subst(fx 1+;dx,x,;)
[ 1
1 1+ W 1
4ot 43 4 Subst f /
1+ 55 21+ >
! 2 _ azxz + a 2 Subst f

dxx

dxx

4ax* 4x3 8x /
1 1
1 Ntz Pltaz 1,
- - - + —a’csch ~(ax)
4ax* 4x3 8x 8

Mathematica [A] time = 0.0490127, size = 53, normalized size = 0.82

—ax 4 /% +1 (a2x2 + 2) +a*x4sinh ! (l) -2
asx ax

Saxt

Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcCschlax*x]/x"4,x]

[Out] (-2 - axSqrt[1l + 1/(a”2*x72)]*x*(2 + a”2%x72) + a~4*xx"4*xArcSinh[1/(a*x)])/(
8*xaxx~4)

Maple [B] time = 0.183, size = 173, normalized size = 2.7

3 e
2 2,2 3 2,2 :
a*  [a?x? +1|(a*x* +1)2 32 a2x2+1 242 4 I 2 = a?x% +1 21|t oo [T +1
8x3V  a2x2 a2 a? a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"4,x)

[Out] 1/8+((a”2%x"2+1)/a"2/x72)"(1/2)/x"3%a"2x(((a"2*x"2+1)/a"2)"(3/2)*(1/a~2)~ (1
/2)xx"2%a”2-((a™2*%x"2+1) /a”2) " (1/2)*(1/a~2) " (1/2) *x"4*a~2+1n(2*x ((1/a72) " (1/
2)*((a™2xx72+1)/a”2) " (1/2)*a"2+1) /x/a"2) *x"4-2x((a"2*x"2+1) /a"2) " (3/2)*(1/a
"2)7(1/2))/ ((@™2*%x72+1) /a2) " (1/2) /(1/a~2) " (1/2)-1/4/x"4/a
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Maxima [B] time = 1.022006, size = 174, normalized size = 2.68

3
1 2 1
1 1 1, 1 a6x3(—a2x2 + 1) + a4x,/—u2x2 +1 1
—alloglaxy[—— +1+1|- =allog|ax /| —— +1-1|- -
16 a2x? 16 a2x? 1 2 1 4 ax*
8 a4x4(@ + 1) - 2a2x2(@ + 1) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x"4,x, algorithm="maxima"

[Out] 1/16%a"3*log(axx*sqrt(1/(a~2*x72) + 1) + 1) - 1/16*a"3*xlog(a*x*sqrt(1/(a~2x*
x72) + 1) - 1) - 1/8%x(a”6*xx"3%(1/(a"2%x72) + 1)7(3/2) + a~4xx*sqrt(1l/(a”2+*x
"2) + 1)) /(a™4xx"4x(1/(a"2%x"2) + 1)72 - 2%a”~2%x"2%(1/(a"2*%x"2) + 1) + 1) -

1/4/(axx™4)

Fricas [B] time = 2.58623, size = 250, normalized size = 3.85

8 ax*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x"4,x, algorithm="fricas")

[Out] 1/8%(a~4xx"4xlog(axx*sqrt((a™2*x"2 + 1)/(a™2*x72)) - a*xx + 1) - a"4xx"4xlog
(axx*sqrt ((a™2*x7™2 + 1)/(a”2*%x72)) - a*x - 1) - (a73*x73 + 2¥axx)*sqrt((a”2
*x72 + 1)/(a™2%x72)) - 2)/(a*x"4)

Sympy [A] time = 5.32647, size = 83, normalized size = 1.28

3 . 1
a asmh(;) 2 3 1 1

8 - [ T [ T dax* [ 1
8x 1+@ 8x3 1+@ 442x5 1+@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**x(1/2))/x**4,x)

[Out] ax*3*asinh(1/(a*x))/8 - a*x*2/(8xx*sqrt(l + 1/(ax*2xx**2))) - 3/(8*x**3*sqrt
(1 + 1/(a*xx2xxx%2))) - 1/(4xaxx**x4) - 1/(4xax*x2xxx*x5xsqrt(l + 1/(ax*2xx**2)

)

Giac [A] time = 1.15207, size = 139, normalized size = 2.14

3
2[(a2x2+1)2a6|a|sgn(x)+Va2x2+1a6|a|sgn(x)+2 a’
a%)allog (Vu2x2 +1+ 1) sgn (x) — alallog (Vuzxz +1- 1) sgn (x) — pow

16 a4

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1+1/a~2/x72)"(1/2))/x"4,x, algorithm="giac")

[Out] 1/16x(a"6*abs(a)*log(sqrt(a™2*x~2 + 1) + 1)*sgn(x) - a~6*abs(a)*log(sqrt(a”
2xx72 + 1) - 1)*sgn(x) - 2x((a”2*x72 + 1)~ (3/2)*a"6*abs(a)*sgn(x) + sqrt(a”

2%x72 + 1)*a”6*abs(a)*sgn(x) + 2*a~7)/(a"4*x"4))/a"4



153

ecsch_1 (ax)

336 [——=—dx

X0

Optimal. Leaf size=51

5/2 3/2
—la‘L LIS I Y L
5 \a2x2 3 \a2x2 5ax>

[Out] (a”4*(1 + 1/(a"2%x72))7(3/2))/3 - (a4*x(1 + 1/(a"2*x"2))"(5/2))/5 - 1/(5*ax
x~5)

Rubi [A] time = 0.0384009, antiderivative size = 51, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 10, il llLT

0.4, Rules used = {6336, 30, 266, 43}

Lt +15/2+14 1 +13/2 L
57 \a?x? 3 \a2x2 5ax®

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcCschla*x]/x"5,x]

[Out] (a™4*x(1 + 1/(a"2*x72))"(3/2))/3 - (a”4x(1 + 1/(a"2*x"2))"(5/2))/5 - 1/(bxax
x75)
Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#*m + 4%n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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-1 1 / 1
f eCSCh (ax) dy = f % dx N f 1+ 22
x° a

1 1 X x \32 1
_ 2 2
=53 —ESubst(f(—a 1+a2 +a (1+a2) de,x,sz

Mathematica [A] time = 0.0419801, size = 46, normalized size = 0.9

1
axy 55 +1 (2a4x4 —a%x? - 3) -3

15ax>

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschlax*x]/x"5,x]

[Out] (-3 + axSqrt[1 + 1/(a”2*x72)I*x*(-3 - a”2%x"2 + 2*a~4%x74))/(15%a*x"5)

Maple [A] time = 0.197, size = 52, normalized size = 1.

(azxz + 1) (2 a’x? - 3) [i2x2 41 1
15 x4 2x2  5ax5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x~2)"(1/2))/x75,%)

[Out] 1/16x((a”2*x"2+1)/a"2/x72)~(1/2)/x"4*(a"2*x"2+1)*(2*xa~2*x~2-3)-1/5/a/x"5

Maxima [A] time = 0.988547, size = 55, normalized size = 1.08

5 3

LTin +1 ’ + s d +1 ’ 1
5 \a2x2 3 \a2x2 5ax®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))/x75,x, algorithm="maxima"

[Out] -1/5%a"4x*x(1/(a"2*%x"2) + 1)°(5/2) + 1/3*%a~4x(1/(a"2*xx"2) + 1)°(3/2) - 1/5/(a
*x75)

Fricas [A] time = 2.43858, size = 124, normalized size = 2.43

a2x2+1
2a0°%° + (2 a°x° — 3% — 3ax)wlﬁ -3

15 ax®
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x75,x, algorithm="fricas")

[Out] 1/156%(2%a~5*x~5 + (2*%a"bxx~5 - a”3*x"3 - 3*axx)*sqrt((a™2*x"2 + 1)/(a"2*x"2
)) - 3)/(a*x”5)

Sympy [A] time = 3.04264, size = 65, normalized size = 1.27

283Va2x2 +1  aVa?x2+1 Va2 +1 1
15x 15x3 5ax> 5ax>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**x(1/2))/x**5,x)

[Out] 2xa**3*xsqrt(a**x2*x**2 + 1)/(16%x) - axsqrt(ax*2xx**2 + 1)/(15xx**3) - sqrt(
axx2xxx*k2 + 1)/(5xaxx*x*5) — 1/(5xaxx**5)

Giac [B] time = 1.25469, size = 167, normalized size = 3.27

|
\

6 4 2
4 (15 (xlul —Va2x2 + 1) a*sgn (x) + 5 (xlal —Va2x2 + 1) a*sgn (x) + 5 (xlal —Va2x2? + 1) a*sgn (x) — a*sgn (x))

5 \5
15 ((x|a| - Va?x2 + 1) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x75,x, algorithm="giac")

[Out] 4/15%(15x(x*abs(a) - sqrt(a”2*x"2 + 1)) 6*%a"4*sgn(x) + b*(x*abs(a) - sqrt(a
T2%x72 + 1)) 4*xa~4*sgn(x) + bx(x*abs(a) - sqrt(a”2*x"2 + 1)) 2xa"4*xsgn(x) -
a~4xsgn(x))/((x*abs(a) - sqrt(a™2*x"2 + 1))72 - 1)°5 - 1/5/(a*x”5)
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3.37 | e () ym gy
Optimal. Leaf size=59

x’””HypergeometricQFl (—%, i(—m -1), B_Tm, —ﬁ) -1

m+1 _a(l—m)

[Out] -(x"(-1 + m)/(ax(1 - m))) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/4,
B -m/4, -(1/(a"2*%x74))1)/(1 + m)

Rubi [A] time = 0.0415475, antiderivative size = 59, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e -

0.333, Rules used = {6336, 30, 339, 364}

integrand size

m+1 11 L3om, 1
R (<3 gm0 ) e

m+1 _a(l—m)

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x™2]*x"m,x]

[Out] -(x"(-1 + m)/(ax(1 - m))) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/4,
B -m/4, -(1/(a"2*x74))1)/(1 + m)

Rule 6336

Int[E"ArcCsch(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x"(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_ )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 339

Int[(Cc_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Dist[((c
*x)"(m + 1)*(1/x)"(m + 1))/c, Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x, 1/x
1, x] /; FreeQ[{a, b, ¢, m, p}, x] && ILtQ[n, O] && !RationalQ[m]

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) " (m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && 'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 0])

Rubi steps
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- X2 [ 1
fecsch 1(ax2)xm dx = f— + f 1+ ——x"dx
a a?x4
~1+m 1\" [ 4 1
= — X — - xm SubSt fx_z_m 1 + x_ dx/ X, —
a(l —m) X a2 X

1+m L R o
x—1+m X ZFl( 2/ 4( 1 m)/ 4 7 EIZX4

:_a(l—m) 1+m

Mathematica [A] time = 0.0612119, size = 55, normalized size = 0.93

. 1 13 1
. szypergeometerFl (—5, —g s %’_@) 4 1
m+1 a(m =1)

xm

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschl[a*x”2]*x"m,x]

[Out] x~(-1 + m)*(1/(a*(-1 + m)) + (x"2+Hypergeometric2F1[-1/2, -1/4 - m/4, 3/4 -
m/4, -(1/(a”2*x74))]1)/(1 + m))

Maple [F] time = 0.199, size = 0, normalized size = 0.

1 / 1
I(E-I- 1+W]x’”dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"m,x)

[Out] int((1/a/x"2+(1+1/a"2/x"4)"(1/2))*x"m,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))*x"m,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

integral
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x"m,x, algorithm="fricas")

[Out] integral((a*x~2*x"m*sqrt((a”2*x~4 + 1)/(a”2%x74)) + x"m)/(a*x"2), x)

Sympy [A] time = 19.5374, size = 66, normalized size = 1.12

1 m 1
—= 2| n form #1
xx™T (—— - l)21:1 23 4y * _Ez 1 o :
4 SN log (x) otherwise
4 4 "
3 m a
4T(z - z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**(1/2))*x**m,x)

[Out] -x*x**m*gamma(-m/4 - 1/4)*hyper((-1/2, -m/4 - 1/4), (3/4 - m/4,), exp_polar
(I*pi)/(ax*2xx**4))/(4*gamma(3/4 - m/4)) + Piecewise((x**m/(m*x - x), Ne(m,
1)), (log(x), True))/a

Giac [F] time = 0., size = 0, normalized size = 0.

/ 1 1
m - 1 R
fx [ o +1+ axz)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x"m,x, algorithm="giac")

[Out] integrate(x"m*(sqrt(1/(a”2*x74) + 1) + 1/(a*x"2)), x)
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3.38 f eCSCh_l(“xz)x4 dx

Optimal. Leaf size=202

412+Yi4 1 o . 1 112+Yi4
1’ 5 (a + ;) EllipticF (2 cot (\/Ex) , E) T T 2 1 5 (a
(a+7) 1 1 2x v +1 2 v +1 (a+—2)
& + o0\ 5 +1+ 5 - — + .
5&7/2 214 +1 5 asx 5a 5ﬂ2x (ﬂ + _2) 5
asx X

[Out] (-2*Sqrt[1 + 1/(a"2*x~4)])/(5*a"2*(a + x~(-2))*x) + (2xSqrt[1 + 1/(a"2*x"4)
1xx)/(6%a~2) + x73/(3*%a) + (Sqrt[1l + 1/(a"2%x"4)]*x75)/5 + (2*Sqrt[(a”2 + x
“(-4))/(a + x7(-2))"2]1*(a + x~(-2))*EllipticE[2*ArcCot [Sqrt[al*x], 1/2]1)/(5

*a~ (7/2)*Sqrt[1 + 1/(a"2%x74)]) - (Sqrtl[(a”2 + x~(-4))/(a + x~(-2))"2]*(a +
x7(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2])/(6%a~(7/2)*Sqrt[1 + 1/(a”2*x"

491)

Rubi [A] time = 0.124744, antiderivative size = 202, normalized size of antiderivative =
19 number of rules

1., number of steps used = 8, number of rules used = 8, integrand size =

0.667, Rules used = {6336, 30, 335, 277, 325, 305, 220, 1196}

a2+— 2L
a+ ZCot (\/_x) ) 2 "42 (a+i2)E(2
’ 2x1¢ﬂ+1 —+1 (ﬂ+xl2) X
244
V a2 V a2x4

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcCschla*x"2]*x"4,x]

[Out] (-2*Sqrt[1 + 1/(a"2*x74)])/(5*a"2*(a + x~(-2))*x) + (2xSqrt[1 + 1/(a"2%x"4)
Ixx)/(5%a~2) + x~3/(3%a) + (Sqrt[l + 1/(a"2*x"4)]1*x75)/5 + (2%Sqrt[(a”2 + x
“(-4))/(a + x7(-2))"2]*(a + x7(-2))*EllipticE[2*ArcCot [Sqrt[al*x], 1/2])/(5

*a~ (7/2)*Sqrt[1 + 1/(a"2*x"4)]) - (Sqrtl(a”2 + x7(-4))/(a + x~(-2))"2]*(a +
x~(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2])/(5%a~(7/2)*Sqrt[1 + 1/(a~2xx"

490

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~"(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 335

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 277
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Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n)"p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
tl(c*x)"(m + n)*x(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] & GtQlp, 0] && LtQ[m, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 325

Int[((c_.)*(x ))"(m )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
) (m + Dx*(a + bxx™n) " (p + 1)) /(axcx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)

+ 1))/(a*c™nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
b dl

Rule 305

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrtla + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtla +
bxx~4], x]1, x]1]1 /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rtl[b/a, 41}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*E1llipticF [2*ArcTan [q*x]
, 1/2]1)/(2*xq*Sqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + q"2*%x72)*Sqrt[(a + cxx™4)/(a*x(1 + q72*x"2)72)]*EllipticE[2*ArcTan[qg*x],
1/21)/(g*Sqrt[a + c*x~4]), x] /; EqQle + dx*q~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rubi steps
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4 x? dx 1
femh (%) 4 gy = / + f 1+ 5gxtdx
a a2x
3 Vi+5 1
f T dx, x, —
x

X
= — — Subst
3a x6
2 Subst f ! - dx, x,j—(
P | 1 5 x2,11+’:—2
= — X
3¢ 5 a%xt 5a2
2
2 Subst f = dx,x, -
1 A X
2 1+@x+x3+1 - 1 5 1+g—2
= — 4+ = X
5a2 3a2 5 a%x* 5a*
XZ
2 Subst f ! dx,x, = 2 Subst f i dx, x,1
1 »4 x X x
= — X
5a2 30 5 a%x* 5a3 5a3
2+t
0 2 5 (u + lz) E (2 cot™! ( ax)
21+ 55 231+ 59x 43 @+i) X
= - ol a2t x—+lw/1+ L X%+ 2
5a° (g * l2) * > O = 5721 + 5=
X

time = 0.248762, size = 112, normalized size = 0.55
3

5/2
L1, 52 . o
(4 (1 _ EZCSCh (axz)) Hypergeometric2F1 (4’ g/ Z/ echch (axz)) " 782csch (axz,

Mathematica [C]

-1/ o
5 —csch_l(axz) osh (%)
4\/§x € echch_l(rzxZ)_l
)5/2

21 (ax2

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCsch[a*x~2]*x"4,x]

[Out] (4xSqrt[2]*(E"ArcCschla*x™2]/(-1 + E~(2%ArcCschla*x"2])))~(5/2)*x"6x(-4 + 7
*E~ (2*%ArcCsch[a*x”™2]) + 4%(1 - E~(2%ArcCschl[a*x"2]))~(5/2)*Hypergeometric2F

1[3/4, 7/2, 7/4, E-(2xArcCschla*x"2])]))/(21*E"ArcCschl[a*x"2]*(a*xx~2)~(5/2)

)

time = 0.211, size = 150, normalized size = 0.7

Maple [C]
X Aaxt 1l e : o =\ T :
. ( ™ 1) o (\/ﬁx a3+ Bavia +2iV1 - iax®V1 + iax?EllipticF (x ia, z) —2iV1 - iax2V1 + iax?Ell;
alacx* + asx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)"(1/2))*x"4,x)

[Out] 1/5%((a~2*x74+1)/a~2/x74) " (1/2)*x"2*x((I*a) " (1/2)*x"T*a~3+x"3*a*x(I*a) " (1/2)+
2xIx (1-T*a*xx"2) " (1/2)* (1+Ixa*x~2)~(1/2)*EllipticF (x*(I*a)~(1/2),I)-2*I*(1-I
*axx"2) " (1/2)* (1+I*a*xx~2) " (1/2)*E1lipticE(x* (I*a)~(1/2),1))/a/(a"2%x~4+1) /(
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Ixa)~(1/2)+1/3*x"3/a

Maxima [F] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

> W

_1
x3r(§)2F1[ ?Z'
1

7
3 4r(4-

3a a

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x"4,x, algorithm="maxima")

[Out] 1/3*x73/a + integrate(sqrt(a™2*x"4 + 1)*x~2, x)/a

Fricas [F] time = 0., size = 0, normalized size = 0.

a2x4+1
ax*\|—— +x?
. asx
integral X
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x"4,x, algorithm="fricas")

[Out] integral((a*x~4*sqrt((a”2*x"4 + 1)/(a"2*x"4)) + x"2)/a, x)

Sympy [C] time = 3.35218, size = 48, normalized size = 0.24

5 1]
3 ol ] Kl
xr( 4)21:1( 1 a2x4) 2
a— 4 —_—
1 3a
ar(-3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**(1/2))*x**4 %)

[Out] -x**5*gamma(-5/4)*hyper((-5/4, -1/2), (-1/4,), exp_polar(I*xpi)/(a*x*2*xx**4))
/ (4xgamma (-1/4)) + x**3/(3*a)

Giac [F] time = 0., size = 0, normalized size = 0.

[ 1 1
4
fX( a2—x4+1+a—x2de

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x"2+(1+1/a"2/x74)"(1/2))*x"4,x, algorithm="giac")

[Out] integrate(x~4*(sqrt(1/(a”2*x~4) + 1) + 1/(a*x”2)), x)
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3.39 f eCSCh_l(“xz)x3 dx

Optimal. Leaf size=52

1 1
_x4 1 +1+tanh ( @'F].)-i_x_z
4 a2x* 4a2 2a

[Out] x72/(2%a) + (Sqrtl[1l + 1/(a"2%x"4)]*x"4)/4 + ArcTanh[Sqrt[1 + 1/(a"2*x"4)]]/
(4xa~2)

Rubi [A] time = 0.0383185, antiderivative size = 52, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, e -

integrand size
0.5, Rules used = {6336, 30, 266, 47, 63, 208}

-1 1
_x4 1 +1+tanh ( ﬁ+1)+x_2
4 ax4 442 2a

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x~2]*x~3,x]

[Out] x72/(2*%a) + (Sqrtl[l + 1/(a"2*x"4)]*x"4)/4 + ArcTanh[Sqrt[1l + 1/(a"2xx"4)]]1/
(4%xa~2)

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a”2*x~(2xp))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 47

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + 1)), x] - Dist[(d*n)/(bx(m + 1)), I
ntl[(a + bxx)"(m + 1)*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - axd, 0] && GtQ[n, O] && LtQ[m, -1] && !(IntegerQ[n] && !Intege
rQ[m]) && !'(ILeQ[m + n + 2, 0] && (FractionQ[m] || GeQ[2%n + m + 1, 0])) &
& IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)7n, x], x, (a + bxx)"(1/p)], x]] /; FreeQ[{a, b, c, d}, x] && NeQ
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[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

4 xdx 1
fecsch (ﬂxz)x?; dx = f_ + f\/l-p;x?’ dx
a%x
,/1 +
_x 1 Subst f

Subst ( il

dxx

1 1
= dx, X, F]

¥ 1 /1 . 1, N
— J— x —
2a 4 a?xt 8a?
2
X 1 1 1 1 1
_ 4
SRR Rhe ZS“bst[fmd"'x' L+ ﬂ]

-1 |
2 1 1, tanh (1+a24)
==+ 1+ 5+
asx

2a 4 442

Mathematica [A] time = 0.0535126, size = 53, normalized size = 1.02

ax? (ax%/ﬁ +1 +2) +log(x2 (,/# +1 +1))

4a2

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschl[a*x~2]*x"3,x]

[Out] (a*xx"2*%(2 + a*Sqrt[1 + 1/(a”2*x74)]1*x"2) + Logl(1 + Sqrt[l + 1/(a"2*xx"4)])x*
x72])/(4*a~2)

Maple [B] time = 0.29, size = 94, normalized size = 1.8

2 a2+ 1, (a2t +1 ) a2x* +1 1 x2
o\ o2 X > ac + In|xc + > + —
4a asx a a 2x4+1  2a

a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)"(1/2))*x"3,x)

[Out] 1/4%((a~2*%x"4+1)/a"2/x74) " (1/2)*x"2x(x"2* ((a"2*x"4+1)/a"2) " (1/2)*a"2+1n(x"2
+((a™2*%x74+1)/a~2)"(1/2)))/((a™2*x"4+1) /a~2) " (1/2) /a~2+1/2*x"2/a
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Maxima [A] time = 1.03212, size = 109, normalized size = 2.1

1 1 1
x2 @4—1 10g(1,@+1+1) 10g(1,@+1—1)

20" 1 - 822 8 a2
a 4(a2(a—+1)—a2) a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))*x"3,x, algorithm="maxima"

[Out] 1/2*%x72/a + 1/4xsqrt(1/(a"2*x74) + 1)/(a"2x(1/(a"2%x"4) + 1) - a”2) + 1/8%1
og(sqrt(1/(a~2*x~4) + 1) + 1)/a"2 - 1/8xlog(sqrt(1/(a"2%x"4) + 1) - 1)/a"2

Fricas [A] time = 2.59534, size = 149, normalized size = 2.87

2,4 2,4
2.4 acx*+1 2 2 acx*+1 2
axwlw+2ux —log|ax®y| —7~ —ax

442

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x"3,x, algorithm="fricas")

[Out] 1/4*(a"2xx"4*sqrt((a™2*xx"4 + 1)/(a™2%x74)) + 2%a*xx"2 - log(a*x~2*xsqrt((a~2x%
x74 + 1)/(a"2*%x74)) - a*x”~2))/a"2

Sympy [A] time = 4.29354, size = 36, normalized size = 0.69

Va2t +1 X2 asinh (axz)

+ -
4a 2a 442
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a*x*2/x*x4)x*(1/2))*x**3,%)

[Out] x**2*sqrt(a*x*x2xx*x*x4 + 1)/(4*a) + x*x*2/(2*a) + asinh(a*x**2)/(4*xa*x*2)

Giac [A] time = 1.13288, size = 74, normalized size = 1.42

Ve +1x%a 22 log (—x2|a| + Va2x* + 1)
—_— + —_—

4 g2 2a 442

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x~3,x, algorithm="giac")

[Out] 1/4*sqrt(a”2*xx"4 + 1)*xx"2*abs(a)/a”2 + 1/2*x"2/a - 1/4xlog(-x"2*abs(a) + sq
rt(a™2*x74 + 1))/a"2
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3.40 f eCSCh_l(“xz)x2 dx

Optimal. Leaf size=86

24t
"42 (1,1 + %) EllipticF (2 cot™! (\/Ex) , %)

11+l 1 1
( "2) +—x3\/—+1+E
1 3 a2x4 a

3615/2 @ +1

[Out] x/a + (Sqrt[l + 1/(a"2*x~4)]1*x"3)/3 - (Sqrt[(a”2 + x~(-4))/(a + x~(-2))"2]*
(a + x7(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2])/(3*a~(5/2)*Sqrt[1 + 1/(a”
2xx74)])

Rubi [A] time = 0.0532904, antiderivative size = 86, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, e e =

0.417, Rules used = {6336, 8, 335, 277, 220}

integrand size

2+ >

"4 2(:ot 1(\/_x) )

’ + X
ﬂ2x4 3615/2 ’ a
ﬂ

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x"2]*x"2,x]

[Out] x/a + (Sqrt[l + 1/(a"2*x"4)]1*x"3)/3 - (Sqrtl[(a”2 + x~(-4))/(a + x~(-2))"2]*
(a + x7(-2))*EllipticF[2*ArcCot [Sqrt[al*x], 1/2])/(3*a~(5/2)*Sqrt[1 + 1/(a”
2%x74)])

Rule 6336

Int[E"ArcCschl(a_.)*(x_) " (p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 335
Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 277

Int[((c_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol]l :> Simp[((c
*x)"(m + 1)*(a + b*x"n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + b*x™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQlp, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 220
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Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rtl[b/a, 41}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*EllipticF [2*ArcTan [g*x]
, 1/2]1)/(2*xg*xSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rubi steps

4 1dx 1
fecsch (axz)xz dx = f_ + f \/:xz dx
4 a2x*

1+ i 1
X h+%
= — — Subst & dx, x, -
a x4 X
1 1
2 Subst f - dx, x, -
1, 1+Z—2
=—+ - 1+ﬂﬁx_ 372

Mathematica [C] time = 0.214752, size = 113, normalized size = 1.31

32 ) - ] )
) ((1 - Fesch 1(””‘2)) (—HypergeometricQFl (1 15 g2esch 1(”"2))) _ pePesch™(a?)
1

2y
3aVax?

csch ™t (ﬂxz)

)

echclf1 (axz) _

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCsch[a*x~2]*x72,x]

[Out] (-2*Sqrt[2]*(E"ArcCschla*xx"2]/(-1 + E~(2%ArcCschla*x"2])))~(3/2)*x*x(1 - 2xE
~(2xArcCschla*xx"2]) - (1 - E~(2*ArcCsch[a*x~2]))~(3/2)*Hypergeometric2F1[1/
4, 1/2, 5/4, E~(2*ArcCschla*x"2])]))/(3*a*xE~ArcCsch[a*x~2]*Sqrt [a*x~2])

Maple [C] time = 0.187, size = 104, normalized size = 1.2

ad A/ z ;2x4 (\/Ex%z +2V1 - iax2V1 + iax?EllipticF (x ia, z') + x\/ﬁ) 4z

3a%2x4+3 \/E p

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)"(1/2))*x"2,%)

[Out] 1/3%((a~2*x~4+1)/a"2/x"4)"(1/2)*x~ 2% ((I*a) " (1/2)*x"5*a~2+2* (1-I*a*xx~2) " (1/2
)*(1+I*a*xx”2) " (1/2)*E1llipticF (xx(I*a)~(1/2) ,I)+x*(I*a)~(1/2))/(a"2*xx~4+1) /(
Ixa)~(1/2)+x/a
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Maxima [F]

time = 0., size = 0, normalized size = 0.

;_a2x4]

Verification of antiderivative is not currently implemented for this CAS.

1
xr(i)zpl[ 2§’
g . 4F(z)

a

NS,

[In] integrate((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"2,x, algorithm="maxima")

[Out] x/a + integrate(sqrt(a™2*x"4 + 1), x)/a

Fricas [F]

time = 0., size = 0, normalized size = 0.

[a2x4+1
axz S +1
integral | ——&~%——

, X
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"2,x, algorithm="fricas")

[Out] integral((axx"2*sqrt((a”2*x~4 + 1)/(a"2*x"4)) + 1)/a, x)

Sympy [C]

time = 3.27897, size = 41, normalized size = 0.48

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a*x*2/x**x4)**x(1/2))*x**2,x)

[Out] -x**3*gamma(-3/4)*hyper((-3/4, -1/2), (1/4,), exp_polar(Ixpi)/(ax*2xx*x4))/
(4xgamma (1/4)) + x/a

Giac [F]

time = 0., size = 0, normalized size = 0.

[ 1 1
2
IX( W'Fl'i‘@)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x"2,x, algorithm="giac")

[Out] integrate(x"2x(sqrt(1/(a”2*x74) + 1) + 1/(a*x”2)), x)
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3.41 f eCSCh_l(“xz)x dx

Optimal. Leaf size=40

_1 2
1 csch  (ax 1
_x2 + 1 _ ( ) + Og(x)
2 x4 2a a

[Out] (Sqrtl[1 + 1/(a"2%x74)]1*x72)/2 - ArcCschl[a*x~2]/(2*a) + Loglx]/a

Rubi [A] time = 0.0362239, antiderivative size = 40, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 10, e .

0.6, Rules used = {6336, 29, 335, 275, 277, 215}

integrand size

1, [T esch™ (o) log(y
_x — J—
2 a2x4 2a a

Antiderivative was successfully verified.

[In] Int[E"ArcCschl[a*x~2]*x,x]

[Out] (Sqrtl[1l + 1/(a"2*x"4)]*x~2)/2 - ArcCschl[a*xx"2]/(2*a) + Loglx]/a

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 335

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) "p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 277

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] &% IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[al]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]
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Rubi steps

1
-1 -dx 1
feCSCh (%) gy = f" +f\/1+ ——Xxdx
X4
1 \/ 1
og(x) — Subst f ”2 dx,x -

x2
log(x) 1 VIt 1
= T - E Subst f 2 2 dx,x, -

1 1
Subst f — dx, x, 3
1 1 log(x) t2
= =4/1+ 2 - :
2 a2x4x a 242
1 1, csch™ (axz) log(x)
==4/1+ X = +
2 a2x* 2a a

Mathematica [A] time = 0.031044, size = 42, normalized size = 1.05

1 11
uxzwlﬁ +1+log (axz) —sinh (E)

2a

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschl[a*x~2]*x,x]

[Out] (a*xSqrt[l + 1/(a"2*x"4)]*x"2 - ArcSinh[1/(a*x72)] + Loglax*xx~2])/(2%a)

Maple [B] time = 0.285, size = 116, normalized size = 2.9

x_2 [a2x% +1 N azx4+1LZ 2 I 2_ V2 a2x4+1 1 ln(x)
2 a2 a2x* a2 \/ a2x4+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)"(1/2))*x,x)

[Out] 1/2x((a”2*xx”4+1)/a~2/x"4)"(1/2)*x~2x((1/a"2) " (1/2)*((a~2*x~4+1) /a~2) ~(1/2)*
a~2-1n(2%((1/a"2) " (1/2)*((a~2*x~4+1)/a~2) ~(1/2)*a"2+1)/a~2/x"2))/(1/a~2) "~ (1
/2)/((a"2*x"4+1)/a~2)"(1/2)/a"2+1n(x)/a

Maxima [B] time = 0.988743, size = 96, normalized size = 2.4

2 L 2 (L
1 1 log(ax @+1+1) log(ax @+1_1)+10g(x)

2\ +1- +
2x a2x* 4q 4aq a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x"2+(1+1/a"2/x74)"(1/2))*x,x, algorithm="maxima")

[Out] 1/2*x72*sqrt(1/(a”2*x~4) + 1) - 1/4xlog(axx"2*xsqrt(1/(a"2*xx"4) + 1) + 1)/a
+ 1/4xlog(a*xx~2*xsqrt(1/(a"2xx"4) + 1) - 1)/a + log(x)/a

Fricas [B] time = 2.54821, size = 205, normalized size = 5.12

2,4 254 2
2axzw/% —log (axz a;; + 1) +log (axzwla;;% - 1) +4 log (x)

4q

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)"(1/2))*x,x, algorithm="fricas")

[Out] 1/4*(2*axx"2*xsqrt((a”2*x"4 + 1)/(a"2+%x74)) - log(a*xx~2*sqrt((a™2*xx~4 + 1)/(
a"2xx74)) + 1) + log(a*xx”2xsqrt((a™2*x"4 + 1)/(a"2*x74)) - 1) + 4xlog(x))/a

Sympy [A] time = 5.24026, size = 58, normalized size = 1.45

2 log (x) asinh(é) 1
+ - +

1 a 2a 2.2 1
2 1+@ 2acx 1+@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x*x2+(1+1/a**2/x**4)**(1/2))*x,x)

[Out] x*x*2/(2*sqrt(l + 1/(ax*2xx*x4))) + log(x)/a - asinh(1/(a*xx**2))/(2%a) + 1/(
2kax*x2xxk*x2xsqrt (1 + 1/ (a*x*2*xx*x*4)))

Giac [A] time = 1.13163, size = 82, normalized size = 2.05

(a —lal)log (Va2x4 +1+ 1) + (a + |a]) log (Va2x4 +1- 1) + 2 Va2x* + 1a|

442

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x,x, algorithm="giac")

[Out] 1/4*((a - abs(a))*log(sqrt(a2*x"4 + 1) + 1) + (a + abs(a))*log(sqrt(a~2*x"
4 + 1) - 1) + 2xsqrt(a™2*x"4 + 1)*abs(a))/a"2
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342 [ (=) gy

Optimal. Leaf size=165

a2+ L 2+ L
1x42 (a + %) EllipticF (2 cot™! (\/Ex) , %) T 2 1"42 (a + le) E (2 cot™! (\/E
(3] ooy 2t e
x — f—
ﬂ3/2 ,L +1 a2x4 X(ﬂ + i) (13/2 ’L +1
a2x* x2 a2x*

[Out] -(1/(a*x)) - (2xSqrt[l + 1/(a"2*x"4)])/((a + x~(-2))*x) + Sqrt[l + 1/(a"2xx
“4)]*xx + (2%Sqrt[(a”2 + x7(-4))/(a + x~(-2))"2]*(a + x~(-2))*EllipticE[2*Ar

cCot [Sqrt[al*x], 1/2]1)/(a~(3/2)*Sqrt[1 + 1/(a"2*x"4)]) - (Sqrtl[(a”2 + x~(-4
))/(a + x7(-2))72]*(a + x7(-2))*EllipticF[2*ArcCot [Sqrt[al*x], 1/2])/(a~(3/
2)*Sqrt[1 + 1/(a"2*x"4)])

Rubi [A] time = 0.0803542, antiderivative size = 165, normalized size of antiderivative

. . b f rul
= 1., number of steps used = 7, number of rules used = 7, integrand size = 8, e e e

= 0.875, Rules used = {6331, 30, 242, 277, 305, 220, 1196}

integrand size

2\/L (:iﬂ%z (g + xlz) F (2 cot™! (\/EX) |%) 2 19614 (1,1 + xl_z) E (2 cot™? (\/Ex) E)

:)
x2

+1- - + - —

1
2,4 1 :
asx 1 1 a
a4+ L 32 [ L 32 [ L
* ( xz) ¢ 2t 1 a At 1

Antiderivative was successfully verified.

X

[In] Int[E"ArcCschla*x"2],x]

[Out] -(1/(a*x)) - (2*Sqrt[l + 1/(a"2*x74)])/((a + x~(-2))*x) + Sqrt[l + 1/(a"2xx
“4)]*x + (2%Sqrt[(a”2 + x7(-4))/(a + x7(-2))"2]*(a + x7(-2))*EllipticE[2*Ar
cCot[Sqrt[al*x], 1/2]1)/(a~(3/2)*Sqrt[1 + 1/(a"2*x"4)]) - (Sqrt[(a”2 + x~(-4
))/(a + x7(-2))"2]*(a + x7(-2))*E1llipticF [2*ArcCot [Sqrt[al*x], 1/2])/(a~(3/
2)*Sqrt[1 + 1/(a"2*x"4)])

Rule 6331

Int[E"ArcCsch(a_.)*(x_)~(p_.)], x_Symbol] :> Dist[1/a, Int[1/x"p, x], x] +
Int[Sqrt[1 + 1/(a"2*xx~(2xp))], x] /; FreeQ[{a, p}, x]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 242

Int[((a_) + (b_)*(x_ )" (0 ))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, O]

Rule 277

Int[(Cc_)*(x_))"(m_.)*x((a_ ) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] &% IntBi
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nomialQ[a, b, ¢, n, m, p, x]

Rule 305

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)~"4], x_Symboll :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrtla + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x72)/Sqrtl[a +

bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/al
Rule 220
Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(

(1 + g 2*x72)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x72)72)]*EllipticF [2*ArcTan [q*x]
, 1/2])/(2xq*Sqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 1196
Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, -Simp[(d*x*Sqrtla + c*x74])/(ax(1 + q~2*x72)), x] + Simp[(dx*(

1 + q72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x"2)"2)]*EllipticE[2*ArcTan[qg*x],
1/2])/(g*Sqrtla + c*x~4]), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rubi steps

_ =d /
fecsch 1(ax2) dx = X + f 1+ de
= —— — Subst f ”2 dx, x,

2 Subst f 2 dx, x,
1 1 1+a—2
= +4/1+ a2x4x 7z
xZ
2 Subst f L dx,x, 2 Subst f _Z dx, x,j—(
_ _l N 14 1 1+a—2 1+a—2
ax 2 a

T
a2+ —

o E ZCot (\/Ex) I%)

w/ L, a+1)2
1 2t 2 B
24
ﬂx 3/2
a3/ w“"‘ =4

Mathematica [C] time = 0.141479, size = 96, normalized size = 0.58

— -1
(4\/ 1 ek (o )Hypergeometr1c2F1 ( 7 2 Z,eZCSCh (o
3Vax?

Warning: Unable to verify antiderivative.

csch L (rzxz)

csch™ (ax2 e
\2xe

echv:h_1 (axz) 1

>)_3]

[In] Integrate[E~ArcCschl[a*xx~2],x]

[Out] (Sqrt[2]*E~ArcCschla*x"2]*Sqrt[E"ArcCschla*x"2]/(-1 + E~(2*ArcCsch[a*x"2]))

I*x*x (-3 + 4xSqrt[1 - E~(2*%ArcCschla*x~2])]*Hypergeometric2F1[3/4, 3/2, 7/4,
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E~(2*ArcCsch[a*x"2])]))/(3*Sqrt [a*xx~2])

Maple [C] time = 0.18, size = 146, normalized size = 0.9

[a?x* +1
- z ;sz4 (—\/Ex‘iaz +2iV1 — iax®V1 + iax2xEllipticF (x ia, i) a—2iV1 - iax2V1 + iax2xEllipticE (x‘

a?xt +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/a/x"2+(1+1/a"2/x74)~(1/2) ,%)

[Out] ((a~2*x74+1)/a~2/x74) " (1/2) *x* (- (I*a) ~(1/2) *x"4*a~2+2*I*x (1-I*xa*x"2) ~(1/2) *(
1+T*xaxx"2) " (1/2) *x*xE1llipticF (x* (I*a)~(1/2),I)*a-2*%Ix(1-I*a*xx~2) "~ (1/2)* (1+I%
a*xx~2) " (1/2) *x*E1llipticE(x*(I*a)~(1/2),I)*a-(Ixa)~(1/2))/(a~2*x~4+1)/(I*a)"

(1/2)-1/a/x

Maxima [F] time = 0., size = 0, normalized size = 0.
11
r(_}l)zFl[ 2, 4;—u2x4]

) 1

a ax

ENReS) o V]

4xF(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x"2+(1+1/a"2/x74)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(a™2*x"4 + 1)/x72, x)/a - 1/(a*x)

Fricas [F] time = 0., size = 0, normalized size = 0.

2,4
o [ax*+1
ax ‘/—azx‘i +1

integral 5
ax

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x~2+(1+1/a"2/x74)~(1/2),x, algorithm="fricas")

[Out] integral((a*x~2*sqrt((a”2*x~4 + 1)/(a”2*x74)) + 1)/(axx"2), x)

Sympy [C] time = 0.908202, size = 42, normalized size = 0.25

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1l/a/x**2+(1+1/a**2/x**4)*x(1/2) ,%)

[Out] -x*gamma(-1/4)*hyper((-1/2, -1/4), (3/4,), exp_polar(Ixpi)/(a*x*2xx*x4)) /(4%
gamma (3/4)) - 1/(a*x)

Giac [F] time = 0., size = 0, normalized size =

NI

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x"2+(1+1/a"2/x74)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(1l/(a"2*x74) + 1) + 1/(a*x"2), x)
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csch ™! (axz)

343  [——dx

X

Optimal. Leaf size=46

! N ! +1+ ! tanh ™ 1 +1 !
2V a2x4 2 a2x* 2ax2

[Out] -Sqrtl[1 + 1/(a"2%x74)]1/2 - 1/(2%a*x”2) + ArcTanh[Sqrt[1 + 1/(a"2*x"4)]1]/2

Rubi [A] time = 0.0327176, antiderivative size = 46, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, e .

0.5, Rules used = {6336, 30, 266, 50, 63, 208}

! A/ ! +1+ 1 tanh ™ L +1 L
2V a2x4 2 a2x* 2ax?

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcCschl[a*x~2]/x,x]

[Out] -Sqrtl[1l + 1/(a"2*x"4)]1/2 - 1/(2%a*x”2) + ArcTanh[Sqrt[1 + 1/(a"2*x"4)]]/2

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

csch_l(axz) 1 dx 1+ 1
[— dx:fx3 + [
v 1
:————Subst f

dxx,—

2ax? x4
1 1 1 1 1
=73 “@‘m“sm J =t

X 1+;

1 1 1 1 1
S R f—d, A1+ =
2 a’xt  2ax? 2 s ( —a2 + a2x? X u2x4]
1 1+ L ! +1t ht 4 /1+ = L
=——\/ —— - —— + —tan
2 a’xt  2ax?2 2 a2x4

Mathematica [A] time = 0.0453229, size = 22, normalized size = 0.48

tanh_l (ecsch_l(axz)) _ %ecsch_l(axz)

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschl[a*x~2]/x,x]

[Out] -E"ArcCschla*x~2]/2 + ArcTanh[E"ArcCschla*x~2]]

Maple [B] time = 0.272, size = 86, normalized size = 1.9

1 [a2x*+1 il s a?xt +1 2, a?xt +1 1 1
2 a2x4 & a? a2 241 2ax?

a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x,x)

[Out] -1/2%((a"2%x74+1)/a"2/x74)"(1/2)*(-1n(x"2+((a"2*x"4+1) /a~2) " (1/2))*x"2+((a~
2xx74+1)/a"2)"(1/2))/ ((a~2*x~4+1) /a~2) "~ (1/2)-1/2/a/x"2

Maxima [A] time = 1.00797, size = 73, normalized size = 1.59

! 1+1 1 +11 1+1+1 1 1+11
2 Y a2x4 2 ax? 4OgV24 4OgV
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x"2+(1+1/a"2/x74)"(1/2))/x,x, algorithm="maxima"

[Out] -1/2xsqrt(1/(a"2*x74) + 1) - 1/2/(a*x”2) + 1/4xlog(sqrt(1/(a~2*x"4) + 1) +
1) - 1/4xlog(sqrt(1/(a™2xx74) + 1) - 1)

Fricas [B] time = 2.55955, size = 163, normalized size = 3.54

254

a2x4+1 a2x%+1
2 —ax? |+ axPy —— +ax® +1

2
ax<log | ax
8 ( 22

2ax?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))/x,x, algorithm="fricas")

[Out] -1/2x(a*xx"2xlog(a*xx~2*sqrt((a”2*x"4 + 1)/(a"2%x74)) - a*x"2) + a*xx 2xsqrt ((
a”2*x74 + 1)/(a”2%x74)) + a*x"2 + 1)/(axx"2)

Sympy [A] time = 7.13401, size = 54, normalized size = 1.17

a2 asinh (axz) 1 1

— + p— p—
2Va2x% +1 2 2ax% a2 a2x4 11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a*x*2/x*x4)**x(1/2))/x,%)

[Out] -a*xx**2/(2*sqrt(a*x*2*x**4 + 1)) + asinh(a*x**2)/2 - 1/(2%a*xx*x*2) - 1/(2*axx

*xk2xsqrt (axk2xx**x4 + 1))

Giac [A] time = 1.22897, size = 80, normalized size = 1.74

(alog(a+1/a2+ %A)—alog(—a+w/a2+%)—Zw/a2+ %)Ial 1

4 g2  2ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))/x,x, algorithm="giac")

[Out] 1/4*(a*log(a + sqrt(a™2 + 1/x74)) - axlog(-a + sqrt(a”2 + 1/x74)) - 2x*sqrt(
a”2 + 1/x74))*abs(a)/a"2 - 1/2/(a*x”2)
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csch ™! (axz)

344  [—5—dx

x2

Optimal. Leaf size=91

2,1
T (a + é) EllipticF (2 cot™ (\/EX) , %) 1

1 2
(o2 Ztl 1

1 3x 3ax3
3\/5 @ +1

[Out] -1/(3*%a*xx~3) - Sqrt[l + 1/(a"2*x"4)]/(3*x) - (Sqrtl[(a”2 + x7(-4))/(a + x~ (-
2))72]*(a + x~(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2])/(3*Sqrt[al*Sqrt[1
+ 1/(a"2%x74) 1)

Rubi [A] time = 0.0472524, antiderivative size = 91, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, e -

integrand size
0.417, Rules used = {6336, 30, 335, 195, 220}

24+ L
1"42 (a + xiz) F (2 cot™ (\/Ex) Ié)
RE @ 1 N2 1
T 3ax3
3Viy o +1 o

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*xx"2]/x"2,x]

[Out] -1/(3*%a*xx~3) - Sqrt[l + 1/(a"2*x"4)]/(3*x) - (Sqrtl[(a”2 + x7(-4))/(a + x~ (-
2))"2]*(a + x7(-2))*EllipticF[2*ArcCot [Sqrt[al*x], 1/2])/(3*Sqrt[al*Sqrt[1
+ 1/(a™2*x74)1)

Rule 6336

Int[E"ArcCschl(a_.)*(x_) " (p_.)1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 335

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 195

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*x™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2xp] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])
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Rule 220
Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simp[(

(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*E1llipticF [2*ArcTan [gq*x]
, 1/2]1)/(2*%q*xSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rubi steps

csch_l(axz) 1 dx 1+ 1
[——ax= i + [ ax
a X

2
= —ﬁ — Subst (f@dx,x, 21—6]
LI - “2x4 Subst f
‘ \/7
eI

3ax3 3x
i (a + 12) F (2 cot™! (\/Ex) |%)
\/1 + =3 a+l *

asx

1 )

3ax3 3x B [ 1
3\/E 1+ @

dxx

Mathematica [C] time = 0.160232, size = 96, normalized size = 1.05

csch_l(axz) 1 -1 -1
e _ _2csch (ax2 . 1 15 2csch (ax2 2csch™ (ax?)
axy | —————— (4\]1 e )HypergeometerFl (4, 53¢ )) +e (%) 1)

26chch 1(113(2)_2
3Vax?

Warning: Unable to verify antiderivative.

[In] Integrate[E"ArcCschla*x~2]/x72,x]

[Out] -(a*Sqrt[E"ArcCschla*x”2]/(-2 + 2+E~(2xArcCsch[a*x~2]))]*x*x(-1 + E~(2*ArcCs
chla*x™2]) + 4*Sqrt[1 - E~(2%ArcCschl[a*x~2])]*Hypergeometric2F1[1/4, 1/2, 5
/4, E~(2xArcCschla*x~2])]))/(3*Sqrt[a*xx~2])

Maple [C] time = 0.18, size = 111, normalized size = 1.2

1 2x4 +1 1
- \/ rr (—2 V1 - iax®V1 + iax2EllipticF (x ia, i) 2 4 Viaxta® + \/_) -
3x (a2x4 + 1) a?x4 \ia 3x%a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x74)"(1/2))/x"2,%)

[Out] -1/3x((a"2xx74+1)/a"2/x74) " (1/2)*(-2x (1-T*a*x~2) " (1/2) * (1+I*a*xx~2) " (1/2)*E1
lipticF(x*(I*a)~(1/2),I)*x"3*%a"2+(I*a)~ (1/2)*x~4*a~2+(I*a)~(1/2))/x/(a"2*x"
4+1)/(I*a)~(1/2)-1/3/x"3/a
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Maxima [F] time = 0., size = 0, normalized size = 0.

31
r(_Z)ZFll 4 2;—a2x4]
) 1

a 3ax3

—_

—_—
e |

43T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x74)"~(1/2))/x"2,x, algorithm="maxima"

[Out] integrate(sqrt(a™2*x"4 + 1)/x74, x)/a - 1/3/(a*xx"3)

Fricas [F] time = 0., size = 0, normalized size = 0.

2,4
o [acx*+1
ux\/W+l

integral
& axt

, X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)"(1/2))/x"2,x, algorithm="fricas")

[Out] integral((a*x~2*sqrt((a”2*x"4 + 1)/(a"2*x74)) + 1)/(a*x"4), x)

Sympy [C] time = 2.60444, size = 42, normalized size = 0.46

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a**2/x*x4)x*x(1/2))/x**2,%)

[Out] -gamma(1/4)*hyper((-1/2, 1/4), (5/4,), exp_polar(Ix*pi)/(ax*2xx**4))/(4*x*ga
mma (5/4)) - 1/(3*%a*xx**3)

Giac [F] time = 0., size = 0, normalized size = 0.
1 1
f Va t 1t e
————dx
X
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))/x"2,x, algorithm="giac")

[Out] integrate((sqrt(1/(a~2*x~4) + 1) + 1/(a*x"2))/x"2, x)
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csch ™! (axz)

345  [—5—dx

x3

Optimal. Leaf size=42

1
a2x4

1
T LI lacsch_l (axz)

42 daxt 4

[Out] -1/(4xa*xx"4) - Sqrtl[l + 1/(a"2%x"4)]/(4*x"2) - (axArcCschla*x~2])/4

Rubi [A] time = 0.039321, antiderivative size = 42, normalized size of antiderivative =
-19 number of rules
=12, /]

1., number of steps used = 6, number of rules used = 6, integrand size

0.5, Rules used = {6336, 30, 335, 275, 195, 215}

integrand size

1
a2x4

42 daxt

1
' LI }Lacsch_l (axZ)

Antiderivative was successfully verified.

[In] Int[E"ArcCschl[a*x~2]/x"3,x]

[Out] -1/(4xa*xx”4) - Sqrt[l + 1/(a"2*x74)]/(4*x"2) - (a*xArcCschla*x~2])/4

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~"(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 335

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x"(n/k))"p, x], X, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 195

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + bxx™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2xp]l || (EqQ[n, 2] &&
IntegerQ[4*xpl) || (EqQ[n, 2] &% IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
Denominator [pl])

Rule 215



184

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[al]l/Rtlb, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps

_ 1 / 1
ecsch 1(ax2)d ~ f;dx 1+@
—a b + 3 dx
X a X
1 [ 1
_—W—Subst[fx 1+ — dxxx]
:_w__SUbSt[f‘“’L dx, x, 2)
1 V1+*ﬂ Skn;f

dxx

4ax4 4x2

Mathematica [A] time = 0.0443945, size = 24, normalized size = 0.57

1 -1 2 2csch™ (ax?
—ga (ZCsch (ax ) +e ( ))

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschl[a*x~2]/x73,x]

[Out] -(ax(E~(2*ArcCschl[a*x"2]) + 2*xArcCschl[a*x"2]))/8

Maple [B] time = 0.287, size = 114, normalized size = 2.7

1 [axt+1 2x4+1 2 4+1 1
-—— L — | Va~ z a® +1||x*+ 7 Va~
4 x2 a2x4 /a2x4+1 \/ 2 4xia

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/2a"2/x"4)"(1/2))/x"3,%)

[Out] -1/4x((a"2*x74+1)/a~2/x74)~(1/2)/x"2x(In (2% ((1/a"2) " (1/2)*((a"2*x"4+1) /a”~2)
“(1/2)*a”2+1) /a”2/x72) *x "4+ ((a"2%x"4+1) /a”2) " (1/2)*(1/a~2) " (1/2)) / ((a"2*x"4
+1)/a72)7(1/2)/(1/a72)7(1/2)-1/4/x74/a

Maxima [B] time = 1.07214, size = 124, normalized size = 2.95

1
ex\ma+l 1 , [1 1 , [1 1
- —caloglax®y[ 5 +1+1|+ caloglax®y[ 55 +1-1|-—

4(u2x4( +1) 1) 8 a%x 8 a%x 4 ax

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x"3,x, algorithm="maxima")

[Out] -1/4%a”2xx"2*xsqrt(1/(a"2*x"4) + 1)/(a”2*x"4*(1/(a"2*x"4) + 1) - 1) - 1/8*ax
log(a*x~2*sqrt(1/(a~2*x~4) + 1) + 1) + 1/8xaxlog(a*x~2*sqrt(1/(a"2*x"4) + 1
) - 1) - 1/4/(axx"4)

Fricas [B] time = 2.51988, size = 227, normalized size = 5.4

244 244 244
2.4 2 asx*+1 2.4 2 ax+1_ 2 acx*+1
a“x*log (ax ‘/—azx‘i +1) a°x*log (ax Nz ]+ 2ax° — +2

8ax?t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))/x"3,x, algorithm="fricas")

[Out] -1/8x(a"2*x"4*log(a*xx"2*sqrt((a™2*x"4 + 1)/(a"2*x"4)) + 1) - a~2*x"4xlog(ax
x"2*xsqrt((a™2*x74 + 1)/(a™2%x74)) - 1) + 2*axx"2*xsqrt((a”™2*xx"4 + 1)/(a~2*x”

4)) + 2)/(axx™4)

Sympy [A] time = 4.86306, size = 39, normalized size = 0.93

. 1 1
a asinh (E) 1+ e 1

4 4x2 4axt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a*x*2/x*x4)**x(1/2))/x**3,%)

[Out] -axasinh(1/(a*x**2))/4 - sqrt(l + 1/(a*x*2xxx*x4))/(4xx*x*2) - 1/(4*axx**4)

Giac [B] time = 1.12455, size = 103, normalized size = 2.45
2 (Va2x4+1u4|a|+a5)

a2x4

a*|a|log (Vu2x4 +1+ 1) — a*|a|log (Va2x4 +1- 1) +

8at

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))/x"3,x, algorithm="giac")

[Out] -1/8x(a"4*abs(a)*log(sqrt(a™2*x~4 + 1) + 1) - a"4xabs(a)*log(sqrt(a™2xx"4 +
1) - 1) + 2x(sqrt(a™2*x"4 + 1)*a"4*abs(a) + a”5)/(a"2*x"4))/a"4
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csch ™! (axz)

346  [———dx

A
Optimal. Leaf size=181

Va e EllipticF (2 cot™ (), o |24 (s L) E (200t
a X iptic ( cot™ x ) a —(a+—) ( cot™ (
<a+i2>2( )i N A <
a 1 5x3 1

5 ﬁ+1 5x(a+x—2) 5 @4_1

[Out] -1/(5%a*xx~5) - Sqrt[l + 1/(a"2*x"4)]/(5xx~3) - (2xa~2xSqrt[1 + 1/(a"2*x"4)]
)/ (5x(a + x7(-2))*x) + (2xSqrt[a]*Sqrt[(a”2 + x7(-4))/(a + x~(-2))7"2]*(a +
x7(-2))*EllipticE[2*ArcCot [Sqrt[al*x], 1/2])/(6*Sqrt[1 + 1/(a"2*%x"4)]) - (S
grtlal*Sqrt[(a”2 + x7(-4))/(a + x7(-2))"2]*(a + x~(-2))*EllipticF [2*ArcCot [
Sqrtlal*x], 1/2])/(6xSqrt[1 + 1/(a"2%x"4)])

Rubi [A] time = 0.0954163, antiderivative size = 181, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 7, integrand size = 12, e e e

= 0.583, Rules used = {6336, 30, 335, 279, 305, 220, 1196}

2a \/—+1 —+1 \/—‘ ”+ ZCOt ! (Vax)) ) 2a - ’;)2 (a+xl2)E(2cot—1 (\/Ex)@)

1
4(2
5x(”+x_z) 1/ +1 5 ﬁ+1

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcCschla*x~2]/x"4,x]

[Out] -1/(5*%a*xx~5) - Sqrt[l + 1/(a"2*x"4)]/(5*xx~3) - (2*xa”2+Sqrt[1 + 1/(a"2*x"4)]
)/ (Bx(a + x7(-2))*x) + (2xSqrtlal*Sqrt[(a”2 + x~(-4))/(a + x7(-2))"2]*(a +
x~(-2))*EllipticE[2*ArcCot [Sqrt[al*x], 1/2])/(6%Sqrt[1 + 1/(a"2*x"4)]) - (S
qrtlal*Sqrt[(a™2 + x7(-4))/(a + x7(-2))"2]*(a + x~(-2))*EllipticF [2*ArcCot[
Sqrtlal*x], 1/2])/(6xSqrt[1 + 1/(a"2*x"4)])

Rule 6336

Int[E"ArcCschl(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2xp))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x )~ (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 335

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 279

Int[((c_.)*x(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + n*xp + 1)), x] + Dist[(a*n*p)/(m + n*p +
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1), Int[(c*x)"m*(a + b*x™n) " (p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQ[p, 0] && NeQ[m + n*p + 1, O] && IntBinomialQ[a, b, ¢, n, m,
p, x]

Rule 305

Int[(x_)"2/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrtla + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x72)/Sqrt[a +
bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*E1llipticF [2*ArcTan [gq*x]
, 1/2]1)/(2*%g*Sqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + q"2*%x72)*Sqrt[(a + c*xx™4)/(a*x(1 + q72*x"2)72)]*EllipticE[2*ArcTan[qg*x],
1/2])/(g*Sqrt[a + c*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rubi steps

cschfl(uxz) l dx 1+ L
fe—dx: fx6 +f 4”2x4 dx
a X

x4
1 [ x* 1
_ 2
——%—Subst(fx 1+a—2dx,x,;)
1 Atz 2
- a2x4 -3 Subst f

dx,

~ 5ax® 5x3 /
1 2
1 Nltaa 1 1 1-= 1
5 53 5(251) Subst f dx x, — |+ =(2a) Subst f = dx, x, —

1+ > 1+ .
1
1 1 2ya 2COt (‘/— )li
2
1 T+ 2 2a 1 azx4 +3

a2

2+ >

Va | —=
()

2

TEoa5 3
5ax 5x 5(a+

Mathematica [C] time = 0.192641, size = 114, normalized size = 0.63

312 1 4 3 32
((ZXZ) / (46205ch (axz)HypergeometriCQFl (_%, Z, Z’eksch (axz)) +3 (1 _ echch (axz)) )

csv:h_1 (axz)

6x3\/2 262csch (axz)

2csch 1( ) 1

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschl[a*x~2]/x74,x]
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[Out] ((a*x"2)~(3/2)*(3*(1 - E~(2*ArcCsch[a*x"2]))~(3/2) + 4*E~(2*ArcCsch[a*x~2])
*Hypergeometric2F1[-1/2, 3/4, 7/4, E~(2%ArcCsch[axx"2])]))/(6xSqrt[2 - 2+E~
(2%ArcCsch[a*x”2])]*Sqrt [E"ArcCsch[a*xx"2] /(-1 + E~(2xArcCschla*xx~2]))]*x~3)

Maple [C] time = 0.215, size = 171, normalized size = 0.9

1 2xt +1
)\ / 2 ;sz4 (—2 Viax8a* + 2ia3V1 - iax2V1 + iax®xEllipticF (x ia, i) ~2ia3V1 — iax2V1 + iax2x5ElL

5x3 (u2x4 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x74)~(1/2))/x"4,%)

[Out] 1/5%((a~2*x74+1)/a~2/x74) " (1/2)* (2% (I*a) " (1/2) *x~8*a~4+2*I*a " 3* (1-I*a*xx"2)
“(1/2) % (1+I*xaxx"2) " (1/2) *x"5*E1lipticF (x* (I*a) ~(1/2) ,1)-2*%Ixa~3*%(1-I*xa*x"2)
T(1/2) % (1+I*xaxx"2) " (1/2)*x"5*E1lipticE(x* (I*a) ~(1/2) ,I)-3*(I*a)~(1/2)*x"4*a
~2-(I*a)~(1/2))/x"3/(a"2*xx~4+1)/(I*a)~(1/2)-1/5/a/x"5

Maxima [F] time = 0., size = 0, normalized size = 0.

a  5axd
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))/x"4,x, algorithm="maxima"

[Out] integrate(sqrt(a”2*x"4 + 1)/x76, x)/a - 1/5/(a*x”5)

Fricas [F] time = 0., size = 0, normalized size = 0.

2,4
o [acx*+1
QXQ,W'Fl

X
axé !

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x"4,x, algorithm="fricas")

[Out] integral((axx"2*sqrt((a”™2*x"4 + 1)/(a”2*x~4)) + 1)/(a*x”6), x)

Sympy [C] time = 3.46518, size = 44, normalized size = 0.24

1 3]
3 ==, 7] en
r(z)zFl[ 224@] :
_ 4

4x31'| (Z) 5ax5
4
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x**2+(1+1/a*x*2/x*x4)**x(1/2))/x**4,x)

[Out] -gamma(3/4)*hyper((-1/2, 3/4), (7/4,), exp_polar(I*pi)/(a*x*2*x**4))/(4*xx**3
xgamma (7/4)) - 1/(5*a*xx**5)

Giac [F] time = 0., size = 0, normalized size = 0.
[1 1
f g +1+ ) p
—— —dx
X
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))/x"4,x, algorithm="giac")

[Out] integrate((sqrt(1/(a”2*x"4) + 1) + 1/(a*x"2))/x"4, x)
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csch 1 (axz)

347 [——dx

X0

Optimal. Leaf size=31

[Out] -(a”2x(1 + 1/(a"2%x74))~(3/2))/6 - 1/(6*%a*xx"6)

Rubi [A] time = 0.0216713, antiderivative size = 31, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, "> —

integrand size
0.25, Rules used = {6336, 30, 261}

1o(1 . \”

__a —_— _——
6 \a2xt 6ax®

Antiderivative was successfully verified.

[In] Int[E"ArcCschl[a*x~2]/x"5,x]
[Out] -(a"2*%(1 + 1/(a"2%x74))~(3/2))/6 - 1/(6*a*x"6)

Rule 6336

Int [E"ArcCsch(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a~2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (bxnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps

Mathematica [A] time = 0.0534463, size = 39, normalized size = 1.26

axz,/# +1 (a2x4 +1) +1

6ax®




191

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschl[a*x~2]/x75,x]

[Out] -(1 + a*xSqrt[l + 1/(a"2*x74)]*x"2*%(1 + a~2%x"4))/(6*a*x"6)

Maple [A] time = 0.273, size = 42, normalized size = 1.4

a?xt+1 a2t +1 1
6x4 ax4 6 x6a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/2a"2/x"4)"(1/2))/x"5,%)

[Out] -1/6x((a~2*x"4+1)/a"2/x"4)~(1/2)/x " 4x(a"2*xx"4+1)-1/6/x"6/a

Maxima [A] time = 1.03725, size = 34, normalized size = 1.1

3

1,(1 )1
__a — —
6 \a?x* 6 ax®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x75,x, algorithm="maxima"

[Out] -1/6%a"2*%(1/(a"2*x"4) + 1)7(3/2) - 1/6/(a*xx"6)

Fricas [A] time = 2.51877, size = 105, normalized size = 3.39

2x4+1
a’x0 + (a3x6 + axz)\/uT +1
asx

6 ax®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x75,x, algorithm="fricas")

[Out] -1/6%(a"3xx76 + (a”3*x"6 + a*x"2)*sqrt((a”2*x"4 + 1)/(a"2*x"4)) + 1)/(a*xx"6
)

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a*x*2/x*x*4)**(1/2))/x**5,x)



[Out] Exception raised: TypeError
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Giac [A] time = 1.2093, size = 34, normalized size = 1.1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x75,x, algorithm="giac")

[Out] -1/6*x(a"2 + 1/x74)"(3/2)*abs(a)/a"2 - 1/6/(axx"6)
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3.48 f g2esch (@) ym g

Optimal. Leaf size=64

m+1

2x"Hypergeometric2F1 (—%, —%,1 - ﬂ, —L) -1

27 a2x2

- +
am a2(1-m) m+1

X

[Out] (-2*%x"(-1 + m))/(a™2*%(1 - m)) + x~(1 + m)/(1 + m) + (2*xx"m*Hypergeometric2F
1[-1/2, -m/2, 1 - m/2, -(1/(a"2*x72))])/(a*m)

Rubi [A] time = 0.321878, antiderivative size = 64, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 12, e

0.333, Rules used = {6338, 6742, 339, 364}

integrand size

1 m m 1
m -t __ -
2x ZFl( 27 2/1 X azxz) zxm—l xm+1

- +
am a21-m) m+1

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschla*x])*x"m,x]

[Out] (-2*%x"(-1 + m))/(a™2*%(1 - m)) + x~(1 + m)/(1 + m) + (2*x"m*Hypergeometric2F
1[-1/2, -m/2, 1 - m/2, -(1/(a"2*x72))])/(a*m)

Rule 6338

Int [E"(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1 +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 339

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Dist[((c
*x)"(m + 1)*(1/x)"(m + 1))/c, Subst[Int[(a + b/x™n) p/x"(m + 2), x], x, 1/x
1, x] /; FreeQ[{a, b, c, m, p}, x] && ILtQ[n, 0] && !RationalQ[m]

Rule 364

Int[((c_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[(a~
p*(c*x) " (m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, c, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 01)

Rubi steps
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erCSChil(ﬂx)xm dx = f 1+ LZ + l ™M dx

a2x? = ax
L —1+m
o2+m 241+ 55x
- f xaz + a;xz +x™ | dx
2y~ 1+m y1+m wafl + ”1217{1*’” dx
“R21-m) 1+m a
m 2
1 X
Dyl e (2 (—) xm) Subst (fx myl+ = dx, x, )
—_ + —_
a21-m) 1+m a
1 1
B 2x—1+m s xl+m .\ 2x™ 2F1 (_E’ —%;1 - %;—@)
T o2(1-m) 1+m am
Mathematica [A] time = 0.0648334, size = 57, normalized size = 0.89
. 1 m m 1
o 2Hypergeometric2F1 (—5, -5 1-2 —@) > X
am a2m-1)x m+1

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCschla*x])*x"m,x]

[Out] x"m*x(2/(a"2%(-1 + m)*x) + x/(1 + m) + (2*Hypergeometric2F1[-1/2, -m/2, 1 -
m/2, -(1/(a™2*x72))1)/(a*m))

Maple [F] time = 0.185, size = 0, normalized size = 0.

2
1 [ 1
f{E-F 1+@] x™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x72)"(1/2))"2*x"m,x)

[Out] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2%x"m,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))"2*x"m,x, algorithm="maxima"

[Out] Exception raised: ValueError
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Fricas [F] time = 0., size = 0, normalized size = 0.

2 axx™ ii; + (a2x? +2)x™
integral o , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2)) " 2*x"m,x, algorithm="fricas")

[Out] integral ((2xa*x*x"m*sqrt((a”2*x"2 + 1)/(a”2*%x72)) + (a™2*x"2 + 2)*x"m)/(a"2

*x72), Xx)

Sympy [A] time = 14.1205, size = 71, normalized size = 1.11

1 m

le
YAy I form #1
x"T -z F 27 2| 2| mx—x
( 2 ) 2 1( 1-2 azxz] [{log (x) otherwiseJ
+

Xm+1
— form + -1 B _ ) :
log(x) otherwise al’ (1 - E) a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2*kx**m,x)

[Out] Piecewise((x**(m + 1)/(m + 1), Ne(m, -1)), (log(x), True)) - x**m*kgamma(-m/
2) *hyper((-1/2, -m/2), (1 - m/2,), exp_polar(Ixpi)/(a**2xx*x2))/(a*xgamma (1
- m/2)) + 2*Piecewise((x**m/(m*x - x), Ne(m, 1)), (log(x), True))/a**2

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x72)"(1/2)) " 2*x"m,x, algorithm="giac")

[Out] Exception raised: TypeError
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3.49 f g2esch ™ (a0) y4 7y

Optimal. Leaf size=85

1 1 -1 1
% ,@+1+2_363+x2 /ﬁ+1_tanh (w/ﬁ+1)+x_5
2a 3a2 4a3 4a> 5

[Out] (Sqrtl[1l + 1/(a”2*x"2)]1*x72)/(4%a"3) + (2%x73)/(3*a"2) + (Sqrt[l + 1/(a”2*x~
2)]1*xx~4)/(2*%a) + x°5/5 - ArcTanh[Sqrt[1 + 1/(a"2*x72)]1]/(4*a"5)

Rubi [A] time = 0.254138, antiderivative size = 85, normalized size of antiderivative
number of rules

1., number of steps used = 8, number of rules used = 7, integrand size = 12, “ntegrand size
0.583, Rules used = {6338, 6742, 266, 47, 51, 63, 208}
-1 1
x41/#+1+2x3+x2w/ﬁ+1 tanh (\/@+1)+x5
2a 342 4q3 4a5 5

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschla*x])*x"4,x]

[Out] (Sqrtl[1l + 1/(a”2*x"2)]1*x72)/(4%a"3) + (2%x73)/(3*a"2) + (Sqrt[l + 1/(a”2*x~
2)]1*xx~4)/(2*%a) + x°5/5 - ArcTanh[Sqrt[1 + 1/(a"2*x72)]1]/(4*a"5)

Rule 6338

Int[E"(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[l +
1/u™2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 47

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"n)/(b*x(m + 1)), x] - Dist[(d*n)/(bx(m + 1)), I
nt[(a + bxx)"(m + 1)*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - axd, 0] &% GtQ[n, 0] && LtQ[m, -1] && !(IntegerQ[n] && !Intege
rQ[m]) && !(ILeQ[m + n + 2, 0] && (FractionQ[m] || GeQ[2*n + m + 1, 0])) &
& IntLinearQ[la, b, ¢, d, m, n, x]J

Rule 51

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"(n + 1))/((b*c - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, ¢, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
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[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)"(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

2
erCSChil(ax)xﬁl dx = f 1+ L + l 4 dx
a’x?  ax

1.3
2x? 1+ 55
:f —+A+x4 dx

2X3 x5 waﬂ + ﬂx?’ dx

=

=— 4+ —
342
Subst f dx,x
B 253 s x5
T 322 5 a
1
1 Subst — dx, x,
342 2a 5 4a3
1+ sz 3 1+ Lx‘l SubSt fx 1+i dx’x’ 2
22 2x 222 3
= 4+ 4+ T 4 4
443 342 2a 5 8a°
[ 1 1 1 1
B 1+@x2+2x3’+ 1+Wx4+x5+subst(fmdx,x, 1+ﬁ)
B 443 342 2a 5 443
/ 1 1 1
1-+-az—2x 253 1+@x4 5 tanh ( 1+ 22)
—_— + —_—
342 2a 5 445

Mathematica [A] time = 0.0630435, size = 84, normalized size = 0.99

1 1 1
2,2 (12a3x3 £30022 oy + 1415\ +1+ 40ax) ~15log (x(ﬂ/@ 1+ 1))

60a°

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcCschlax*x])*x"4,x]

[Out] (a”2%x72*%(156%Sqrt[1 + 1/(a”2%x72)] + 40*axx + 30%a~2*xSqrt[1 + 1/(a”2xx"2)]*
X72 + 12%a”3*%x73) - 15xLogl[(1 + Sqrt[1l + 1/(a"2%x72)])*x])/(60%*a”~5)
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Maple [A] time = 0.174, size = 117, normalized size = 1.4

3/2
¥ 2x x [a?x?+1 2x2 +1\” . a?x?+1 , a2x2 +1 1
Tt ot o 2x 5 a*—-x 5 ac—In|x + 5
5 3a 4q asx a a a 2x2+1

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2)) " 2xx"4,x)

[Out] 1/5*%x75+2/3%x"3/a"2+1/4/a"5x((a"2*%x"2+1)/a"2/x"2) " (1/2) *x*x (2*xx* ((a~2*xx"2+1)
/a~2)"(3/2)*a"4-xx((a~2*xx"2+1)/a"2) " (1/2)*a"2-1n(x+((a~2*x"2+1) /a~2) ~(1/2))
)/ ((a™2%x72+1)/a"2)~(1/2)

Maxima [A] time = 1.03488, size = 158, normalized size = 1.86

3
1 2 1
2 (—+1) +.[55+1 1 1
2,2 2,2 _ — 41—
[ a2y a2y J log(,[ﬂzx2 +1+1) . log(Juzxz +1 1)

2 o A
s 253 u4(#+1) —2a4(#+1)+a4
5 3 a? 8a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2)) " 2*x"4,x, algorithm="maxima")

[Out] 1/5%x”5 + 2/3%x73/a”2 + 1/8%(2x((1/(a"2*x~2) + 1)7(3/2) + sqrt(1/(a"2*x"2)
+ 1))/(@"4x(1/(a"2*x"2) + 1)72 - 2xa~4x(1/(a"2%x"2) + 1) + a~4) - log(sqrt(
1/(@"2xx72) + 1) + 1)/a"4 + log(sqrt(1/(a”2*x72) + 1) - 1)/a"4)/a

Fricas [A] time = 2.56241, size = 193, normalized size = 2.27

2,2 2,2
12a°x° + 40 a3x® +15 (2 atxt + azxz) 15 log (ax\/% - ax)

a2x?

60 a®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2*x"4,x, algorithm="fricas")

[Out] 1/60%(12*%a”5*x~5 + 40%a~3*x"3 + 15%x(2*%a"4*x"4 + a"2xx"2)*sqrt((a™2*x"2 + 1)
/(a”2%x72)) + 16xlog(a*x*sqrt((a~2*x"2 + 1)/(a”2%x72)) - a*x))/a"b

Sympy [A] time = 6.68562, size = 82, normalized size = 0.96

x° x° 2x3 3x3 x asinh (ax)

—t —+ — + +
5 2va2x2 +1 3a? 4a2Va2x2 +1  4a*Va?x?2 +1 4a®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2*kx**4 %)
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[Out] x**5/5 + x*x5/(2%sqrt (a**2*x**2 + 1)) + 2xx*x3/(3*kax*2) + 3*kxx*x3/(4*a*x*2*sq
rt(axx2xx**2 + 1)) + x/(4d*xaxxdxsqrt(ax*2xx**2 + 1)) - asinh(a*x)/(4*xa**5)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2*x~4,x, algorithm="giac")

[Out] Exception raised: TypeError
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3.50 f echch_l(ax)x?) dx

Optimal. Leaf size=38

[Out] x72/a"2 + (2%x(1 + 1/(a”2%*x"2))"(3/2)*x"3)/(3*a) + x~4/4

Rubi [A] time = 0.224786, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 12, e -

integrand size
0.25, Rules used = {6338, 6742, 264}

L1 32
20| oz t1 2 xt

+ =+ =
3a a4

Antiderivative was successfully verified.

[In] Int[E~(2%ArcCschla*x])*x"3,x]
[Out] x72/a”2 + (2x(1 + 1/(a”"2%x72))"(3/2)*x"3)/(3*a) + x~4/4

Rule 6338

Int[E"(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2])"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 264
Int[(Cc_)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(m_))"(p_), x_Symbol] :> Simp[((c

*x)"(m + 1)*(a + b*x™n)"(p + 1))/(a*xc*(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,
pr, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rubi steps

2
f62csch_1(ax)x3 dx = f 1+ L + l) x3 dx

1
241 + 52

a2 a
1 2
2 b 2f,/1+@xdx
a2 4 a
L\
3
2 2(1+u2x2) x4
== + + =
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Mathematica [A] time = 0.0467991, size = 44, normalized size = 1.16

[1 2.3
xz 2 W+1(ax +X) x4

a? 343 4

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCschla*x])*x"3,x]

[Out] x72/a"2 + x74/4 + (2%Sqrt[1 + 1/(a”2*x"2)]*(x + a~2*x~3))/(3*a"3)

Maple [A] time = 0.183, size = 61, normalized size = 1.6
1 [(a?x* x*\ 2x (azxz + 1) [a2x2 +1  x?
J— —_— —_— + —_—
az( g " 2)+ 343 a%x? 242

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2*x"3,x)

[Out] 1/a72x(1/4%a”2%x"4+1/2*%x~2)+2/3/a"3*((a~2xx"2+1)/a~2/x72) ~(1/2) *x* (a~2*x~2+
1)+1/2*%x"2/a"2

Maxima [A] time = 0.991612, size = 43, normalized size = 1.13

5 1
1x4+2x (ﬂ2X2+1) x_z
4 3a a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2*x~3,x, algorithm="maxima"

[Out] 1/4*x~4 + 2/3*x73%(1/(a"2%x72) + 1)7(3/2)/a + x72/a"2

Fricas [A] time = 2.5358, size = 109, normalized size = 2.87

a2x2+1
3a’x* +12ax*> + 8 (a2x3 + x)\/ o

1243

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))"2*x"3,x, algorithm="fricas")

[Out] 1/12%(3*a”3*x74 + 12*a*x~2 + 8*%(a"2*x"3 + x)*sqrt((a™2*x"2 + 1)/(a"2%x72)))
/a”3
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Sympy [A] time = 3.48901, size = 51, normalized size = 1.34

¥t 283Va2x2 +1 X2 2Va2x? +1
. + —
4 342 a2 3a4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x%*2)**(1/2))**2xx**3,x)

[Out] x*x*x4/4 + 2*x*x*2xsqrt(ax*2xx**2 + 1)/(3%a*x*2) + x*x*2/a*xx2 + 2*sqrt (a*x*2*xx**2
+ 1)/ (3%a*x4)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)7(1/2))"2*x"3,x, algorithm="giac")

[Out] Exception raised: TypeError
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-1
3.51 f g2esch (ax)y2 g,
Optimal. Leaf size=52

- 1
ol i1 tanhl( ﬁ+1) oy 3

2,2
s + 3 + >+
a a a 3

[Out] (2*x)/a”2 + (Sqrt[l + 1/(a"2*x"2)]*x"2)/a + x73/3 + ArcTanh[Sqrt[1 + 1/(a"2
*x72)]]/a"3

Rubi [A] time = 0.239738, antiderivative size = 52, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 12, e

integrand size
0.5, Rules used = {6338, 6742, 266, 47, 63, 208}

1 -1
2 _+1+tanh ( @4’1) 2% 33

a2x2
a a3 a2 3

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschla*x])*x"2,x]

[Out] (2*x)/a”2 + (Sqrt[l + 1/(a"2*x"2)]*x"2)/a + x73/3 + ArcTanh[Sqrt[1l + 1/(a"2
*x72)]]/a"3

Rule 6338

Int [E"(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 47

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"n)/(b*x(m + 1)), x] - Dist[(d*n)/(bx(m + 1)), I
ntl[(a + bxx)"(m + 1)*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - axd, 0] &% GtQ[n, 0] && LtQ[m, -1] && !(IntegerQ[n] && !Intege
rQ[m]) && !(ILeQ[m + n + 2, 0] && (FractionQ[m] || GeQ[2*n + m + 1, 0])) &
& IntLinearQ[la, b, ¢, d, m, n, x]J

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

2
_ 1 1
erCSCh @0y gy = f 1+ >+ —) x? dx
a2x?  ax

= |5+ +x? | dx
a a
[ 1
2y x3 Zf 1+ @x dx
a2 3 a
1 X
Subst (f 2 dx, x, 12)

2x Xx

T2 3 a
1
Subst dx,x, =

2y 1+ aZl?xz 3 (f x 1+ xz]
= —2 + - 3a

a a 3 2a

1 1 1

2x 1 + mxz x3 SubSt (f 2422 dx/ X, 1 + 2 2)
== + = -

112 a 3 a

-1 1

oy 1"‘,12179‘2 3 tanh ( 1+22)
= — + + — +

a? a a3

Mathematica [A] time = 0.0378865, size = 57, normalized size = 1.1

ax(a2x2+3axw/# +1+6)+3log(x(w/ﬁ +1 +1))

3a3

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcCschla*x])*x"2,x]

[Out] (a*xx*(6 + 3xa*xSqrt[l + 1/(a”2*x"2)]*x + a”2%x72) + 3*Log[(1 + Sqrt[1l + 1/(a
"2%x72)])*x])/(3*%a"3)

Maple [A] time = 0.171, size = 90, normalized size = 1.7

x3+2x+x\/a2x2+1 \/a2x2+1 RN a2x2 +1 1
—+2=+ = X a2 +In|x
3 a2 a3 a2x2 a2 a2 23241

a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2)) " 2*xx"2,x)
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[Out] 1/3*x73+2%x/a"2+1/a"3*((a~2*x"2+1)/a~2/x72) " (1/2) *xx (x* ((a"2*x"2+1)/a"2)" (1
/2)*a”2+1In(x+((a"2*x"2+1)/a~2)~(1/2)))/((a"2*%x"2+1) /a~2)~(1/2)

Maxima [A] time = 0.988807, size = 120, normalized size = 2.31

1 / 1 [ 1
W‘Fl log( ﬁ+1+1) lOg( ﬁ“’l_])

2
+
2 2
1 az(%+1)—a2 . .
- x3 + acx

3 2a

2x
+_
72

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))"2*x"2,x, algorithm="maxima"

[Out] 1/3*x73 + 1/2%(2xsqrt(1/(a™2*x72) + 1)/(a”2%(1/(a"2%x72) + 1) - a”2) + log(
sqrt(1/(a”2*x"2) + 1) + 1)/a"2 - log(sqrt(1/(a”2*x"2) + 1) - 1)/a"2)/a + 2%
x/a"2

Fricas [A] time = 2.5246, size = 159, normalized size = 3.06

a2x2+1 a2x2+1
a®x® + 3a%x*\| —— + 6ax -3 log (ax\/T - ax)
asx asx

343

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2*x"2,x, algorithm="fricas")

[Out] 1/3%(a™3*x73 + 3*a”2*%x"2xsqrt((a”2*x"2 + 1)/(a”2%x72)) + 6%a*xx - 3*xlog(a*xx
sqrt((a™2*x72 + 1)/(a”2*x72)) - a*x))/a"3

Sympy [A] time = 4.37071, size = 36, normalized size = 0.69

¥ xVa2x? +1 s 2x s asinh (ax)

3 a2 a? a3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2*x**2, %)

[Out] x**3/3 + x*sqrt(a*x*x2*x*x*2 + 1)/a*x*2 + 2*x/a**2 + asinh(a*x)/a**3

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))"2*x"2,x, algorithm="giac")

[Out] Exception raised: TypeError
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-1
3.52  [eresch My gy
Optimal. Leaf size=43

L -1
2x\zz+1  2log(x) 2csch'(ax) a2
+ - + —

a a? a2

[Out] (2*%Sqrt[l + 1/(a"2*x"2)]*x)/a + x72/2 - (2*%ArcCschla*x])/a"2 + (2*Logl[x])/a
2

Rubi [A] time = 0.15791, antiderivative size = 43, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e -

0.5, Rules used = {6338, 6742, 242, 277, 215}

integrand size

2x L +1 -1 2
232 N 2 log(x) B 2csch “(ax) N x°
a a2 a2 2

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschla*xx])*x,x]

[Out] (2xSqrt[1l + 1/(a”2*x"2)]*x)/a + x72/2 - (2*ArcCschla*x])/a"2 + (2+Loglx])/a
2

Rule 6338

Int[E"(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1 +
1/u2])"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 242

Int[((a_) + (b_)*(x )" (n_))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"
2, x1, x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, O]

Rule 277

Int[(Cc_)*(x_)) " (m_.)*((a_) + (b_.)*x(x_)"(m_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x"n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] & GtQlp, 0] &% LtQ[m, -1] & !ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 215
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
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2
- 1 1
erCSCh "y gy = f 1+ 55+ —] xdx
a2x2  ax

, 1
_f21+ﬁ 2

+T+x dx

a a2x
[ 1
2 2log(x) Zf 1+ ) dx
=—+ +
2 a2 a
1+% 1
2 Subst f ~— dx, X, -
_x% 2log(x)
2 a2 a

2 Subst f ;2 dx, x,

a 2 2 a3
1
2yT+ 53X 2 2csch'(ax)  2log(x)
= 4 — — +
a 2 a2 a2

Mathematica [A] time = 0.0472147, size = 44, normalized size = 1.02

1 -1 1
ax (4,/@ +1 +ax)—4smh 1(;) + 4 log(x)

242

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcCschla*x])*x,x]

[Out] (a*xx*(4xSqrt[l + 1/(a”2*x72)] + a*x) - 4xArcSinh[1/(a*x)] + 4xLoglx])/(2*a”
2)

Maple [B] time = 0.179, size = 120, normalized size = 2.8

2 2,2 2,2 2,2

x In (x X a%x? +1 a’x? +1 1 a%x? +1 1
—+2 ()+2 A/ Va2 a?>-In|2 —| Va2 a? +1

2 a? B2 ¥V a%x? a? a’x a2 a2x2+1

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2)) " 2%*x,x)

[Out] 1/2*x"2+2x1n(x)/a~2+2/a”~ 3% ((a~2%x"2+1)/a"2/x72) " (1/2) *x*x((1/a~2)~(1/2)*((a"
2%xx72+1)/a"2) " (1/2)*a"2-1n(2x((1/a"2) " (1/2)*((a"2*xx"2+1) /a~2) " (1/2)*xa"2+1) /
x/a”2))/((a~2*%x~2+1)/a~2)"(1/2)/(1/a~2)~(1/2)

Maxima [A] time = 0.964158, size = 101, normalized size = 2.35

1 1
7 log(ax1 / ﬁ+1+1) log,‘(ax1 / ﬁ-ﬂ_l)

1, 2% gzt1- p + ; 2 log (x)
2 a * a2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2)) 2*x,x, algorithm="maxima"

[Out] 1/2*x72 + (2*xxsqrt(1/(a”2%x72) + 1) - log(axxxsqrt(1l/(a”2%x72) + 1) + 1)/a
+ log(a*xx*sqrt(1/(a"2*x72) + 1) - 1)/a)/a + 2*xlog(x)/a"2

Fricas [B] time = 2.49821, size = 235, normalized size = 5.47

22 242 2,2
a’x? + 4ax %—4log(ax\/%—ax+1)+4log(ax %—ax—1)+4 log (x)

2q?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))"2*x,x, algorithm="fricas")

[Out] 1/2*(a”2*x72 + 4xa*xx*sqrt((a”™2*x"2 + 1)/(a"2*x72)) - 4xlog(a*x*sqrt((a~2*x”
2 + 1)/(a”2%x72)) - a*xx + 1) + 4xlog(axx*sqrt((a™2*x"2 + 1)/(a”2%x72)) - ax

x - 1) + 4xlog(x))/a~2

Sympy [A] time = 4.36319, size = 63, normalized size = 1.47

2 asinh 1
x? 2x 2log(x) <3S 2
2" T T2 a? " [ 1
a1+ @ a3x 1+ @
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2%x,x)

[Out] x**2/2 + 2%x/(axsqrt(l + 1/(a*x*2*xx**2))) + 2xlog(x)/a**2 - 2%asinh(1/(a*x))
/axx2 + 2/(a*xx3*x*xsqrt (1l + 1/(a**2*x**2)))

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2*x,x, algorithm="giac")

[Out] Exception raised: TypeError
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3.53 f echch_l(ax) dx

Optimal. Leaf size=47

- 1
L+]_ Ztanhl( ﬂ‘i‘l)
a2x2 X
+ —T+x
a a asx

[Out] (-2*Sqrt[1 + 1/(a"2*x"2)])/a - 2/(a"2*x) + x + (2%ArcTanh[Sqrt[1 + 1/(a"2*x
"2)]1)/a

Rubi [A] time = 0.0718435, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 8, i L

integrand size
0.75, Rules used = {6333, 6742, 266, 50, 63, 208}

[1 -1 1
2 ﬁ—*_l 2 tanh ( ﬁ-'-l) 2

+ —T+x
a a asx

Antiderivative was successfully verified.

[In] Int[E~(2%ArcCschla*x]),x]

[Out] (-2*Sqrt[1 + 1/(a"2*x"2)])/a - 2/(a"2xx) + x + (2*ArcTanh[Sqrt[1 + 1/(a"2xx
“2)11)/a

Rule 6333

Int[E"(ArcCschlu_J]*(n_.)), x_Symbol] :> Int[(1/u + Sqrt[l + 1/u”2])"n, x] /
; IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 50

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*xx)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x)"mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && ! (IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && 'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

2
f€2csch_1(ux) dx = f 1+ 1 + l dx
a2x2  ax

2 2 = dx
=——+x+ f R
ax a
11+1
Subst f o2 dx, x, 12
2 . *
=—+4x
a2x a
1 1
Subst dx, x,
2 1+% 7 [fx 1+ 2)
- _ ext L a
a ax a
1
21+ =5 2 1 1
=—— ¥ __~ 4 x-(2a)Subst f—d 1+ —
a a2x * = (2a) Subs —a2 + q2x? X a2x?
1 1
2 1+# ) Ztanhl( 1+@)
=———T+x+
a a2x a

Mathematica [A] time = 0.0349868, size = 52, normalized size = 1.11

1 1
2 /ﬁ’Ll 210g(ax(1/@+1+1)) 2

+
a a a2x

+Xx

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcCschlax*x]) ,x]

[Out] (-2*Sqrt[1 + 1/(a"2*x"2)])/a - 2/(a"2*x) + x + (2xLoglax(1 + Sqrt[1l + 1/(a”
2xx72)])*x])/a

Maple [B] time = 0.128, size = 112, normalized size = 2.4

3/2
1 1 [a?x2+1( 22 +1\” a?x?+1 , a2x? +1 1
x—27+2— — | 5 t\—— ¥ +In|x+ 5 X
asx a acx a a a a2x2+1

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a72/x72)7(1/2))"2,%)
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[Out] x-2/a"2/x+2/ax((a~2*%x"2+1)/a"2/x"2) " (1/2)*x(-a~2x((a~2*x~2+1)/a"2) ~(3/2)+((a
“2%xx7"2+1)/a”2) " (1/2) *x"2*%a"2+1ln (x+((a"™2*x"2+1)/a"2) " (1/2))*x) / ((a~2*xx"2+1)/

a~2)"(1/2)

Maxima [A] time = 0.965249, size = 80, normalized size = 1.7

1 1 1
Zﬂﬁ+1—10g(1[ﬁ+1+1)+10g(ﬂﬁ+1—1) 2

a a2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))"2,x, algorithm="maxima"

[Out] x - (2*sqrt(1/(a”2*x72) + 1) - log(sqrt(1/(a”2xx~2) + 1) + 1) + log(sqrt(1/
(a™2*x72) + 1) - 1))/a - 2/(a"2%x)

Fricas [A] time = 2.53242, size = 165, normalized size = 3.51

252 242

acx+1 acx=+1

a2x2—2axlog(ax\/—22 —ax)—Zux —— —2ax-2
asx asx

a’x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x72)"(1/2))"2,x, algorithm="fricas")

[Out] (a"2%x72 - 2*axx*log(a*xxxsqrt((a™2*xx"2 + 1)/(a"2*x72)) - a*x) - 2*axx*sqrt(
(a™2%x72 + 1)/(a”2%x72)) - 2%a*x - 2)/(a”2%*x)

Sympy [A] time = 4.21986, size = 49, normalized size = 1.04

2
Va?x? +1 a "X g2xVa?x? +1

2x N 2asinh (ax) 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**x(1/2))**2,x)

[Out] x - 2*x/sqrt(ax*2*x**2 + 1) + 2*xasinh(a*x)/a - 2/(a*x*2xx) - 2/(a*x*2xx*sqrt(

axk2xx*x*2 + 1))

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2,x, algorithm="giac")

[Out] Exception raised: TypeError
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e2csch_1 (ax)

354  [—dx

X

Optimal. Leaf size=38

1

=2 +1

- v csch_l(ax) + log(x)

[Out] -(1/(a"2*%x72)) - Sqrtl[l + 1/(a"2*x72)]/(a*x) - ArcCschl[ax*x] + Logl[x]

Rubi [A] time = 0.214397, antiderivative size = 38, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 5, integrand size = 12, e e -

integrand size
0.417, Rules used = {6338, 6742, 335, 195, 215}

1

=3 +1

T T a csch_l(ux) + log(x)

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschla*x])/x,x]
[Out] -(1/(a"2*x72)) - Sqrt[1 + 1/(a"2*x"2)]/(a*x) - ArcCschl[a*x] + Logl[x]

Rule 6338

Int[E"(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u”2])°n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 335

Int[(x )" (m_.)*((a_) + (b_)*(x_ )" (@ ))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 195

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + bxx™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2xp] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 215

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
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echch_l(ax) ( 1+ ﬁ + ul_x)
[E i
X X
1
B a2x3 ax? X X
1+#
1 2 ——dx
=~ + log(x) +
2
2 Subst (f 1+ z—z dx, x, ;)
=——+1 —
75 + log() :
- Subst f dx, x,)l—c
1 1+ o 1+Z—2
T2 ax + log(x) - a
1
1 \ltaz _
== - axazxz — csch™ (ax) + log(x)

Mathematica [A] time = 0.0571885, size = 39, normalized size = 1.03

ax./ L +1+1 1
N2 — ginh™ (E) + log(x)

a2x2

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcCschlax*x])/x,x]

[Out] -((1 + a*Sqrt[l + 1/(a"2*x"2)]1*x)/(a"2%x"2)) - ArcSinh[1/(a*x)] + Logl[x]

Maple [B] time = 0.177, size = 150, normalized size = 4.

3
1 1 [a2x?2+1 a%x% +1\2 a2x2 +1 1
In(x)- ——— - — a? Va2 - ——Va2x?a*> + In|2 — | Va2
a’x2  ax a’x2 a? a? ax

Verification of antiderivative is not currently implemented for this CAS.

a2x2 +1
> a% + 1)) xz}
a

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x,x)

[Out] 1n(x)-1/a"2/x"2-1/a*x((a"2%x72+1)/a"2/x72)"(1/2) /x*(a"2*((a"2*x"2+1) /a~2) " (3
/2)*%(1/a”2)~(1/2)-((a"2*x"2+1)/a"2) " (1/2)*(1/a~2) " (1/2) *x~2*a"2+1n (2% ((1/a"
2)7(1/2)*((a™2%x72+1) /a~2) ~(1/2)*a~2+1) /x/a~2)*x"2) /(1/a~2) " (1/2) / ((a"2*x"2
+1)/a"2)"(1/2)

Maxima [B] time = 1.01631, size = 126, normalized size = 3.32

2a2x,[#+1 : ;
1—)_1+alog(ax,/ﬁ+1+1)—alog(axw/ﬁ+1—1) .
- - + log (x)

2a a’x2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x,x, algorithm="maxima"

[Out] -1/2%(2xa~2*x*sqrt(1/(a”2*x"2) + 1)/(a"2*x"2x(1/(a"2*x"2) + 1) - 1) + axlog
(a*x*sqrt(1/(a”2%x72) + 1) + 1) - axlog(axx*sqrt(1/(a”2*x72) + 1) - 1))/a -

1/(a™2*x"2) + log(x)

Fricas [B] time = 2.59509, size = 252, normalized size = 6.63

252 252 22
2.2 acx=+1 2.2 acxc+1 2.2 acx=+1
asx log(axwlw—ax+1)—a x log(axwlw—ax—l - a°x"log (x) + ax| ——5 +1

a2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)"(1/2))"2/x,x, algorithm="fricas")

[Out] -(a"2*x"2xlog(a*x*sqrt((a”™2+x"2 + 1)/(a™2*%x72)) - a*x + 1) - a™2*xx"2*log(ax
x*xsqrt((a™2*x72 + 1)/(a”™2*x72)) - a*xx - 1) - a™2xx"2*xlog(x) + a*x*xsqrt((a~2
*x72 + 1)/(a™2%x72)) + 1)/(a”2%x"2)

Sympy [A] time = 4.73874, size = 34, normalized size = 0.89

[ 1
1 1+ =3 1
log (x) — asinh( ) - 22

ax ax a2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x*x2)**x(1/2))**2/x,%)

[Out] log(x) - asinh(1/(a*x)) - sqrt(l + 1/(a*x*2*x**2))/(a*x) - 1/(a**x2*xx**2)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)7(1/2))"2/x,x, algorithm="giac")

[Out] Exception raised: TypeError
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e2csch_1 (ax)

355  [—5—dx

x2

Optimal. Leaf size=34

2 (1 2.
3a2x3  x

[Out] (-2*ax(1 + 1/(a"2*x72))"(3/2))/3 - 2/(3*a~2*x~3) - x~(-1)

Rubi [A] time = 0.203554, antiderivative size = 54, normalized size of antiderivative =

1.59, number of steps used = 4, number of rules used = 3, integrand size = 12, huumber of rules

= 0.25, Rules used = {6338, 6715, 2117}

integrand size

1 1 14 1 1 1 1 1
6 a2x2 ax 2 N a2x2? 2x

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschlax*xx])/x"2,x]

[Out] -(a*Sqrt[l + 1/(a"2*x"2)])/2 - (a*x(Sqrt[1l + 1/(a"2*x"2)] + 1/(a*x))~3)/6 -
1/(2%x)

Rule 6338

Int[E"(ArcCschlu_J]*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[l +
1/u~21)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQlx"(m + 1), u, x]

Rule 2117

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (f_.)*Sqrtl(a_) + (c_.)*(x_)"2]1)7(
n ))~(p_.), x_Symbol] :> Dist[1/(2xe), Subst[Int[((g + h*x"n) p*x(d~2 + a*xf~
2 - 2%d*x + x72))/(d - x)72, x], x, d + exx + f*Sqrtla + c*x"2]], x] /; Fre
eQl{a, ¢, d, e, f, g, h, n}, x] && EqQ[e™2 - c*xf~2, 0] && IntegerQ[p]

Rubi steps
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) L
fezcsﬁhz (ax) e f 22 = i

x X2
x
——Subst[f( 1+—2 dx, x, ]
a a
1
:—(—aSubst( 1+x dxx,w/ —2 —]]
a2x2  ax
3

! 1+ 1 ! 1+ 1
= ——a\/ — ——a —_—+ —
2 a’x2 6 uzxz ax

Mathematica [A] time = 0.04226, size = 46, normalized size = 1.35

3ax% + 2ax /# +1 (azx2 + 1) +2

3a2x3

Antiderivative was successfully verified.

[In] Integratel[E~(2*ArcCschlax*x])/x"2,x]

[Out] -(2 + 3*a~2%x72 + 2xa*xSqrt[1 + 1/(a”2*x72)]*x*(1 + a~2*x"2))/(3*xa~2*x"3)

Maple [B] time = 0.19, size = 63, normalized size = 1.9

1( a 1 2022 +2 [a%x% +1 1
a2\ x 3x8 3ax2 a2x2 3x342

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x"2,%)

[Out] 1/a"2x(-a"2/x-1/3/x"3)-2/3/a*x((a~2*x"2+1)/a"2/x"2)"(1/2) /x"2*x(a"2*xx"2+1)-1/
3/x73/a"2

Maxima [A] time = 0.99973, size = 38, normalized size = 1.12

2 1 +1 2 1 2
—_— a — —_——— —_—_—_—,—,_,_.
3 \a%x? x  3a%x8
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)"(1/2))"2/x"2,x, algorithm="maxima"

[Out] -2/3%a*x(1/(a"2*x72) + 1)7(3/2) - 1/x - 2/3/(a"2xx"3)
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time = 2.4791, size = 127, normalized size = 3.74

a2x2+1
2433 +3a%x? +2 (u3x3 + ax)‘lw +2

3a2x3

Fricas [B]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)7(1/2))"2/x"2,x, algorithm="fricas")

[Out] -1/3%(2%a”3%x"3 + 3*%a~2*x72 + 2x(a”3*x"3 + axx)*sqrt((a”2*x"2 + 1)/(a"2*x"2
)) + 2)/(a”2*x"3)

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2/x**2, %)

[Out] Exception raised: TypeError

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x"2,x, algorithm="giac")

[Out] Exception raised: TypeError
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e2csch_1 (ax)

356 [———dx

x3

Optimal. Leaf size=73

\/— +1 \/ +1 1 1 ) 4
203 2a2xt * Za csch ™ (ax) - 222

[Out] -1/(2*a~2*x~4) - Sqrt[l + 1/(a"2*x"2)]/(2*xa*xx~3) - 1/(2*x"2) - (a*Sqrt[1l +
1/(a"2%x"2)])/(4xx) + (a"2xArcCschlaxx])/4

Rubi [A] time = 0.233842, antiderivative size = 73, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 12, LT

integrand size
0.5, Rules used = {6338, 6742, 335, 279, 321, 215}

\/———4—1 \/ +1 1 ) 4
20x3  2a2x4 * Za csch (ax) - 222

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschla*x])/x"3,x]

[Out] -1/(2*a~2*x~4) - Sqrt[l + 1/(a"2*x"2)]/(2%a*x"3) - 1/(2*x~2) - (a*xSqrt[1l +
1/(a~2*xx~2)])/(4xx) + (a~2*xArcCschla*xx])/4

Rule 6338

Int [E"(ArcCschlu_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 335

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 279

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x"n) p)/(cx(m + nxp + 1)), x] + Dist[(a*n*p)/(m + n*p +
1), Int[(c*x)"m*(a + b*x™n) " (p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQ[p, 0] && NeQ[m + n*p + 1, 0] && IntBinomialQ[a, b, ¢, n, m,
p, x]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*x(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
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+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]
Rule 215
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[al]/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps

5 h—l 1+ L + l
fe csch *(ax) dx = f a2x2  ax dx

x3 x3
2 2‘[1 + L 1
_ uzxz
= f a2x5 + gx4 + x_3 dx
1
]+a2x2
~ 1 1 Zf I dx
T 2a2x% 222 a
2 2 1

) . ZSubst(fx 1+a2dx,x,x)

T 224 a2 a
Subst | [ dx, x,
1 .

_ 1 1+ ] 1 1+ﬂ_2
T a2y 2ax3 252 2a

1 J1+ L 1 a1+ — 1 1 1
= - 2 2 N e Subst f dx,x, -

2a2x4 2ax3 2x? 4x 4 a2 x
1+ a_z
/ 1 1

1 1+ @ 1 a«|1 + ﬁ 5 1

= AT s Ty T o + —a“csch ~(ax)

Mathematica [A] time = 0.0486543, size = 73, normalized size = 1.

1 a\ [a?x?+1 1 N 1, . = 1 1
—_— - —a?sin —-—
2ax3  4x a2x2 2a%2x% 4 ax| 2x?

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcCschlax*x])/x"3,x]

[Out] -1/(2*%a"2xx74) - 1/(2%x72) + (-1/(2*a*x"3) - a/(4*x))*Sqrt[(1 + a~2*x"2)/(a
~2xx72)] + (a"2*xArcSinh[1/(a*x)])/4

Maple [B] time = 0.21, size = 176, normalized size = 2.4

3

1 1 a a2x2 +1 | (a?x® +1\2 a?x? +1 1 a2x2 +1
a3t 3\ Va2x%a® - Va2x*a® +In|2 — | Va2 2
2a%x*  2x%2 448 a2x2 a? a? ax a2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1/a/x+(1+1/a"2/x72)"(1/2))"2/x"3,%)

[Out] -1/2/a"2/x"4-1/2/x"2+1/4*a*x((a"2*x"2+1)/a"2/x72) " (1/2) /x~3*(((a"2*x"2+1) /a~
2)7(3/2)*%(1/a~2) " (1/2)*x"2xa"~2-((a™2*xx"2+1) /a~2)~(1/2)*(1/a~2) " (1/2) *x~4*a~

2+1n (2% ((1/a"2) " (1/2)*x((a~2*x"2+1) /a~2) "~ (1/2)*a"2+1) /x/a"2) *x~4-2% ((a~2*x "2
+1)/a"2)7(3/2)*x(1/a~2)~(1/2))/((a~2*x~2+1) /a~2)~(1/2)/(1/a~2)~(1/2)

Maxima [B] time = 1.01003, size = 188, normalized size = 2.58

3
6,3(_1 2 4. [ 1
2[(1 X (m‘f‘l) +a=x m+1J

1 2 1
u4x4(—+1) -2 azxz(—+1)+1 1 1

1 1
aﬂog(ax,/w +1 +1) —a3log(ax,/@ +1 —1) —~
ﬂ2x2 ﬂ2x2

8a 2x2 2a%x*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))"2/x"3,x, algorithm="maxima")

[Out] 1/8*(a"3*log(axx*sqrt(1/(a"2*x"2) + 1) + 1) - a"3*log(a*xxsqrt(l/(a”2*x72)
+ 1) - 1) - 2%(@"6*x"3*%(1/(a"2%x72) + 1)7(3/2) + a~4*x*sqrt(l/(a"2*x"2) + 1
))/(@"4*x74x(1/(a"2%x72) + 1)72 - 2xa”™2*xx"2*x(1/(a"2*x"2) + 1) + 1))/a - 1/2
/x72 - 1/2/(a"2*x"4)

Fricas [B] time = 2.52876, size = 269, normalized size = 3.68

a2x2+1 a2x2+1 a2x2+1
a*x*log (ax\/T —ax + 1) —a'x*log (ax\/T —ax - 1) —2a% - (% + 2ax)\/T -2
asx asx asx

4 q2x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))"2/x73,x, algorithm="fricas")

[Out] 1/4*(a~4xx"4*xlog(a*x*sqrt((a™2+x"2 + 1)/(a"2%x72)) - a*x + 1) - a~4xx"4xlog
(axx*sqrt ((a™2*x"2 + 1)/(a™2%x72)) - a*x - 1) - 2%a”2*x"2 - (a”3*x73 + 2*ax
x)*sqrt((a™2*x72 + 1)/(a"2*x72)) - 2)/(a™2%x74)

Sympy [A] time = 6.10566, size = 92, normalized size = 1.26

> . 1
a* asinh (;) 4 1 3 1 1

4 - T 2x2 [ T 2a2x% [ 1
4x 1+ﬁ 4ax3 1+W 26133(5 1+@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2/x**3,x)

[Out] ax*2xasinh(1/(a*x))/4 - a/(4xx*sqrt(l + 1/(ax*2xx*x2))) - 1/(2*x**2) - 3/(4
xaxx*xx3xsqrt (1 + 1/(a*x*x2xx*%x2))) - 1/(2xax*x2xxx*x4) - 1/(2kax*3*xx*x*x5*xsqrt (1
+ 1/ (a**2%x**2)))
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Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))"2/x73,x, algorithm="giac")

[Out] Exception raised: TypeError
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-1
2csch ~(ax)

e

—dx

357 |

Optimal. Leaf size=58

2 5( 1 N L2l L\l 2 1
5 \a2x2 3 \a2x2 5a2x>  3x3

A

[Out] (2*a~3*(1 + 1/(a"2*x72))~(3/2))/3 - (2*a~3*(1 + 1/(a"2*x72))~(5/2))/5 - 2/(
5%xa~2xx"5) - 1/(3%x"3)

Rubi [A] time = 0.233002, antiderivative size = 58, normalized size of antiderivative
1., number of steps used = 6, number of rules used = 4, integrand size = 12, number of rules _

0.333, Rules used = {6338, 6742, 266, 43}

2 (1 NP o201 NP2
—’ | 5= +1| +=a’|5= +1

integrand size

5 \a2x? 3 \a?x? 5a2x>  3x3

Antiderivative was successfully verified.

[In] Int[E~(2*xArcCschlaxx])/x"4,x]

[Out] (2+a”3*%(1 + 1/(a™2%x72))7(3/2))/3 - (2*a™3x(1 + 1/(a"2*x72))7(5/2))/5 - 2/(
5%a~2*x75) - 1/(3*x~3)

Rule 6338

Int[E"(ArcCschlu_J]*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[l +
1/u2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - a*xd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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echch_l(ax) ( )
f —a dx = f a dx
, 1
= f 2 2V a2 + l dx

26 T T oo x4
1
21 ZI@W
TR 30 a4
) 1 Subst(fx 1+a£2dx,x,xi2)
5a2x5  3x3 a
2 1 Subst (f (—512\/14-752 + a? (1 + %)3/2) dx, x, xlz)
T 55 33 p

=231+ ” 21131+ 1\ 2 L
B a2x? 5 ax2 5a2x5  3x3

Mathematica [A] time = 0.0536828, size = 54, normalized size = 0.93

5a%x% + Zax,/ﬁ +1 (—2a4x4 + a%x? + 3) +6

15a2x5

Antiderivative was successfully verified.

[In] Integratel[E~(2*ArcCschlax*x])/x"4,x]

[Out] -(6 + 5*xa™2xx"2 + 2*axSqrt[l + 1/(a”2xx72)]*x*(3 + a™2*x"2 - 2*a"4%xx74))/(1
5*a~2%x75)

Maple [A] time = 0.184, size = 73, normalized size = 1.3
1 1 a2 (Zazxzﬁ-z)(ZaZxZ——B) [a2x2 +1 1
e U — + —_
a? ( 5x° 3x3) 15x%a a?x?>  5x°a?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x"4,x)

[Out] 1/a"2%(-1/5/x"5-1/3%a"~2/x"3)+2/15/ax((a”~2*%x"2+1)/a"~2/x"2) " (1/2) /x"4*x(a~2*x~
2+1)*(2*%a"2*xx"2-3)-1/5/x"5/a"2

Maxima [A] time = 1.00086, size = 70, normalized size = 1.21

5 3
2(3114(@“)2—5514(#“)2] 1 ,

15a T 3x3 5425

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))"2/x"4,x, algorithm="maxima")

[Out] -2/15%(3*a~4*x(1/(a"2*x"2) + 1)7(5/2) - Bb*a~4x(1/(a"2*x"2) + 1)7(3/2))/a - 1
/3/x73 - 2/5/(a”2%x7b)

Fricas [A] time = 2.68057, size = 146, normalized size = 2.52

a?x2+1
40%° - 5022 +2(20%° - a3x° - 3 ax)wlw -6

15 a?x5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))"2/x"4,x, algorithm="fricas")

[Out] 1/15%(4*a~b*x"5 - 5xa”2*x”2 + 2%(2%a~b*x”5 - a”3%x”3 - 3xaxx)*sqrt((a”2*x"2
+ 1)/(a™2*%x72)) - 6)/(a"2xx75)

Sympy [A] time = 3.76731, size = 76, normalized size = 1.31

42V +1 2Va2x2+1 1 2Va2x2 +1 2

15x 15x3  3x3  5a2x® 5425

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a*x*2/x*x*2)**(1/2))**2/x**4 x)

[Out] 4xa*x*2*sqrt(a**2*x**2 + 1)/(16%x) - 2xsqrt(ax*2*xx**2 + 1)/(15xx**3) - 1/(3%
x**%3) — 2ksqrt(a**2*xxx*2 + 1)/ (Bkax*2xx**5) — 2/(5*a**2*xx**5)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2/x74,x, algorithm="giac")

[Out] Exception raised: TypeError



225

e2csch_1 (ax)

358  [———dx

x5
Optimal. Leaf size=96

1
\/—+1 u\/22+1 \/@+1 1

_ _ — Zg*esch Max) — —
1243 3ax> 3a2x6 8a csch (ax) 4x4

[Out] -1/(3*a”2*x"6) - Sqrt[l + 1/(a"2*x"2)]/(3*a*xx”5) - 1/(4*x"4) - (a*xSqrt[1l +
1/(a~2*xx~2)]1)/(12%x73) + (a~3*Sqrt[l + 1/(a"2*x"2)])/(8*x) - (a~4*ArcCschla
*x])/8

Rubi [A] time = 0.252561, antiderivative size = 96, normalized size of antiderivative =
. . f rul
1., number of steps used = 8, number of rules used = 6, integrand size = 12, number of rules_

0.5, Rules used = {6338, 6742, 335, 279, 321, 215}

1
\/_+1 ﬂ\/22+1_\/@+1_ 1 ——a4csch_1(ax)__
1223 3ax>  3a2x® 8 .

integrand size

Antiderivative was successfully verified.

[In] Int[E~(2%ArcCschla*x])/x"5,x]

[Out] -1/(3*%a™2%x"6) - Sqrt[l + 1/(a"2*x72)]/(3*a*xx"5) - 1/(4*x"4) - (axSqrt[1 +
1/(a~2*x72)]1)/(12%x73) + (a~3xSqrt[1 + 1/(a"2%x72)]1)/(8*x) - (a~4*ArcCschla
*x])/8

Rule 6338

Int [E"(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 335

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 279

Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(c*x(m + n*xp + 1)), x] + Dist[(a*n*p)/(m + n*xp +
1), Int[(c*x)"m*(a + b*x"n)"(p - 1), x1, x] /; FreeQ[{a, b, ¢, m}, x] && IG
tQ[n, 0] && GtQ[p, 0] && NeQ[m + n*p + 1, O] && IntBinomialQ[a, b, ¢, n, m,
p, x]

Rule 321

Int[((c_)*(x)) @ )*((a_) + (b_)*x_)"(_))"(p_), x_Symbol] :> Simp[(c~(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*x(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
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x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 215
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps

s N
f p2csc (ax) = f 22 x i

x5 x5
[ 1
- f a2x7 * ax® * x5 ax
1

1+m
_ 1 1 2 f pr3 dx
T 3a2x6 4x4 a

. 4 2 1

1 1 ZSubst(fx 1+a2dx,x,x)
T 3226 4xt a
Subst f dx, x,
1 X

B 1 1+ 22 1 1+ﬂ—2
"~ 3a2x6 3ax> 4x4 3a

_ _ dx, x,
3a2x6 3ax> 4x4 1243 8x 8a 2 X
1+ 11_2
1 1 1
1 Vltze 1 N“@gf¢+@ L besch™ (ax)
= - - -— - — —a*csch™ (ax
3a2x6 3ax> 4x4 12483 8x

Mathematica [A] time = 0.0719423, size = 74, normalized size = 0.77

2.2 3.3 [_1 1
(3a%x +4)(a x \/ ﬁ+1—2ax\/ u2x2+1—2)
x6

— 346 sinh ™ (l)
ax

2442

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcCschlax*x])/x"5,x]

[Out] (((4 + 3*a”™2*xx"2)*(-2 - 2*a*xSqrt[l + 1/(a™2%x"2)]*x + a~3*Sqrt[1 + 1/(a"2*x
~2)1%x73))/x76 - 3*a~6xArcSinh[1/(a*x)])/(24*a~2)

Maple [B] time = 0.187, size = 209, normalized size = 2.2

1 1 a a2 +1 a2 +1\ 7 a2x2 +1 1 a2x2+1
o _ 2 44 _ a2 [ T 64 = |2 .
12 302 e o (3 a ( o ) x*a* -3 Va X+ 31In|2 | Ve el
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x75,%)

[Out] -1/4/x74-1/3/x76/a"2-1/24xax((a™2*%x"2+1)/a~2/x"2) " (1/2) /x"5*(3*(1/a~2) " (1/2
)*((a™2+x72+1) /a™2) " (3/2) *x"4*a~4-3x(1/a"2) " (1/2)* ((a~2*x"2+1) /a~2) " (1/2) *x
“6%a”4+3*1n (2% ((1/a72) " (1/2)*((a~2%x"2+1) /a~2) " (1/2)*a"~2+1) /x/a"2) *x"6*a”~2-

6% ((a™2*%x72+1)/a"2) 7 (3/2)*(1/a72) " (1/2) *x"2xa”~2+8* ((a"2%x"2+1) /a~2) " (3/2) *(
1/a72)7(1/2))/((a~2*x"2+1) /a~2)~(1/2)/(1/a~2)~(1/2)

Maxima [B] time = 1.00201, size = 243, normalized size = 2.53

5 3
2[3a10x5(a21x2 )2—8a8 3 L+1 2346 x‘/ﬂ+1]
3a510g(ax,/%+1+1)—3a510g(ax,/%+1—1)— -
o o 116x6(L+1) —3u4x4( ! ) +3u2x2(2—+1) -1 1 1

a2x2

- 48a S 4xt 34

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)"(1/2))"2/x"5,x, algorithm="maxima")

[Out] -1/48%(3*xa~5*xlog(a*x*sqrt(1/(a~2*x~2) + 1) + 1) - 3*xa~bxlog(a*x*sqrt(1l/(a~2
*x72) + 1) - 1) - 2%(3*a”10*x"5x(1/(a"2*x"2) + 1)7(5/2) - 8*a~8*x"3x(1/(a"2
*x72) + 1)7(3/2) - 3*a"6*xx*xsqrt(1l/(a”2*x72) + 1))/(a"6*x76%(1/(a"2*x"2) + 1
)73 - 3%a”4xx74x(1/(a"2xx72) + 1)72 + 3xa"2xx"2x(1/(a"2*x"2) + 1) - 1))/a -

1/4/x74 - 1/3/(a"2%x76)

Fricas [A] time = 2.78773, size = 296, normalized size = 3.08

2211 2x2+1 2241
3a%x% log (ax‘ /”;—xz —ax + 1) —3a%x®log (axw/aaxz—xz —ax — 1) + 6 a2x% — (3 a°x° —2a3x3 - 8ax) /”a’;xz +8

24 a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x75,x, algorithm="fricas")

[Out] -1/24*(3xa~6xx"6xlog(axx*sqrt((a™2*x"2 + 1)/(a"2*x"2)) - a*x + 1) - 3*a"6%x
“6xlog(a*xxsqrt((a™2*x"2 + 1)/(a”2*%x72)) - a*xx - 1) + 6%a”2%x"2 - (3*a”~b*x"
5 - 2*%a”3%x73 - 8xaxx)*sqrt((a”2*x72 + 1)/(a"2%x72)) + 8)/(a"2%x76)

Sympy [A] time = 8.60466, size = 114, normalized size = 1.19

4.1 (1
a* asinh (H) e a 1 5 1 1

- 8 " [ " 5 | T 4xt 5 | T 3a2x6 L 5 . | 1
8x 1+@ 24x 1+@ 12ax 1+@ 3a°x 1+@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a*x*2/x*x*2)**(1/2))**2/x**5,%)
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[Out] -ax*4*asinh(1/(a*x))/8 + a**3/(8*xxsqrt(1l + 1/(a*x*2xx**x2))) + a/(24*x**3*sq
rt (1 + 1/(a*x*x2*x*%2))) - 1/(4*x**4) - 5/(12*%axx*x*5xsqrt(l + 1/(a*x*2xx**2)))
= 1/ (3*ax*2xx**x6) - 1/(3xa*xx3*xx*x*7*xsqrt(l + 1/(a**2*xxx*2)))

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x75,x, algorithm="giac")

[Out] Exception raised: TypeError
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3.59

Optimal. Leaf size=85

ecsch_1 (cx) (dx)"
f 1+c2x2

m . m m+2 2.2 m-1 . 1 1-m 3-m 1
(dx)"Hypergeometric2F1 (1, o X ) d(dx)"~ Hypergeometric2F1 (— — 5 ——)

27 c2x2

cm c2(1 —m)

[Out] -((d*(d*x)~ (-1 + m)*Hypergeometric2F1[1/2, (1 - m)/2, (3 - m)/2, -(1/(c™2*x
~2))1)/(c”2%(1 - m))) + ((d*x) m*Hypergeometric2F1[1, m/2, (2 + m)/2, -(c"2
*x72)]) / (c*m)

Rubi [A] time = 0.103734, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 23, LT

integrand size
0.13, Rules used = {6342, 339, 364}
2 _ 1 1-m 3- 1
(dx)" (1’ g" %; _szz) d(dx)" 1 oF, (5, Tm; Tm; —@)
cm C2(1 — m)

Antiderivative was successfully verified.

[In] Int[(E"ArcCschlc*x]*(d*x)"m)/(1 + c"2*xx"2),x]

[Out] -((d*(d*x)~ (-1 + m)*Hypergeometric2F1[1/2, (1 - m)/2, (3 - m)/2, -(1/(c™2*x
~2))1)/(c”2x(1 - m))) + ((d*x) m*Hypergeometric2F1[1, m/2, (2 + m)/2, -(c"2
*xx~2)])/ (c*m)

Rule 6342

Int [(E"ArcCsch[(c_.)*(x )]1*((d_)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[l + 1/(c”2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - a*c™2, 0]

Rule 339

Int[(Cc_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Dist[((c
*x)"(m + 1)*(1/x)"(m + 1))/c, Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x, 1/x
1, x]1 /; FreeQ[{a, b, ¢, m, p}, x] && ILtQ[n, 0] && !'RationalQ[m]

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(a~
px(c*xx)~(m + 1)+*Hypergeometric2F1i[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] & 'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

Rubi steps
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—2+m
[ gy

(dx)~ 1+m 1

-1
fecsch (cx)(dx)m e df 1+sz2 1+ﬁ
1+ ¢2x2 c2
( -1+m . f . 1
d(—) (d) +m) Subst dx, %, L
(@ oFs (1, 55 -2 ARG
B cm - c?

d(dx) Ltm F, 11m3m 1 dx)",F; (1, % 2+—m;—c2x2
X 2°1 2
+

c2(1 —m) cm

Mathematica [A] time = 0.243144, size = 88, normalized size = 1.04

1 mm 2.2
\ 22 +1Hypergeometrlc2F1(§ PIPRA ) Hypergeometric2F1(1 z ﬂ+1 —c x2)
+

m
() Va :

Warning: Unable to verify antiderivative.

[In] Integrate[(E~ArcCschlcxx]*(d*x)"m)/(1 + c”2*x"2),x]

[Out] ((d*x) m*x((Sqrt[1 + 1/(c”2*x"2)]*x*xHypergeometric2F1[1/2, m/2, 1 + m/2, -(c
~2xx72)])/Sqrt[1 + c”2*x"2] + Hypergeometric2F1[1, m/2, 1 + m/2, -(c™2*x72)
1/7¢))/m

Maple [F] time = 0.382, size = 0, normalized size = 0.

dx)" (1 1
f—czxz+1 o TV Ee |

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c"2/x"2)"(1/2))*(d*x) "m/ (c"2*xx"2+1) ,x)

[Out] int((1/c/x+(1+1/c”2/x"2)"(1/2))*(d*x) "m/ (c"2*x"2+1) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)7(1/2))*(d*x) m/(c"2*x"2+1) ,x, algorithm="max
ima"

[Out] integrate((d*x) m*(sqrt(1/(c™2*x72) + 1) + 1/(c*x))/(c™2*x"2 + 1), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

()" crn Tt + ()"

3x3 + cx

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))*(d*x) "m/(c"2*x"2+1) ,x, algorithm="fri
cas")

[Out] integral (((d*x) mkcxx*sqrt((c™2*x"2 + 1)/(c™2%x72)) + (d*x)"m)/(c”3*x"3 + ¢

*X), X)

Sympy [F] time = 0., size = 0, normalized size = 0.

)" 1+ -
cx(dx) 22

(@)™
c2x3+x dx + f c2x3+x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/x*x2)x*x(1/2))* (d*x)**m/ (cx*2xx**2+1) ,x)

[Out] (Integral((d*x)##m/(cx*2+x+3 + x), x) + Integral (chuk (dx)+kmesqre (1 + 1/
cx*2xx*%2) ) / (cx*2xx**3 + x), x))/cC

Giac [F] time = 0., size = 0, normalized size = 0.

(d)" (,/ﬁ 1+ i)

d
f 2x?2 41 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))*(d*x) m/(c”2*x"2+1) ,x, algorithm="gia
C")

[Out] integrate((d*x) m*(sqrt(1/(c™2%x72) + 1) + 1/(c*x))/(c™2*%x"2 + 1), x)
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csch™! (cx) 5

360 |- dx

1+c2x2

Optimal. Leaf size=92

1 -1 !
\/: 2\/; X 3tanh (\/;) x tan™!(cx)

T 42 3c3 8ct 8co foud b

[Out] -(x/c”5) - (3*Sqrt[1l + 1/(c™2*x"2)]1*x72)/(8%c”4) + x73/(3*%c”3) + (Sqrt[1l +
1/(c™2%x72)]*x74) /(4%c™2) + ArcTan[c*x]/c™6 + (3*ArcTanh[Sqrt[1 + 1/(c™2*x~
2)11)/(8%c”6)

Rubi [A] time = 0.108045, antiderivative size = 92, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 7, integrand size = 21, number of rules_

0.333, Rules used = {6342, 266, 51, 63, 208, 302, 203}

\/sz \/Cz_z"'l 3 tanh" (\/—+1) x+tan_1(cx)

T 42 3c3 8cb c® ct

integrand size

Antiderivative was successfully verified.

[In] Int[(E"ArcCschlc*x]*x"5)/(1 + c~2%x"2),x]

[Out] -(x/c”B) - (3*Sqrt[l + 1/(c”2*x72)]1*x72)/(8%c"4) + x73/(3%c”3) + (Sqrt[l +
1/(c™2*%x"2)]1*x~4) / (4*%c™2) + ArcTan([c*x]/c”6 + (3*xArcTanh[Sqrt[1 + 1/(c™2*x~
2)11)/(8%c”6)

Rule 6342

Int [(E"ArcCsch[(c_.)*(x )]1*((d_)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[1l + 1/(c™2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, m},

x] && EqQ[b - a*c™2, 0]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + bxx)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[bxc - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, xJ], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Q[m, 2*n - 1]

Rule 203

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
3
= - dx .
_1 X
et 0 e N2 | i
1+ 2x2 2 -
1 1 )
Subst dx, x, = o1 Xt 1
{f x3 1+£2 xz] f( A + ) + 04(1+C2x2)) dx
= — C +
2¢2 c
M4+ L 1 3 Subst [f;xdx,xliz]
. x_3 " 1+ Za> + f 1022 dx N 21+ x
5 38 4¢2 5 Y
1 1
A/ / 3Subst| [ ——=dx, x, =
_ X 341+ 2 2 1+ 2 2 tan 1(CX) (fx '1+i xz]
B 16c6
v w/ 1
_ X 34/1 + 2 2x 1+ 2x2x tan (CX) 3 Subst (f ) de,x, 1+@)
= C5 8C4 8C4
oy Byl L2 1/1 " zxz ey Stel” (‘/1 ; ﬁ)
= 5 8c4 3C3 6 86

Mathematica [A] time = 0.207719, size = 85, normalized size = 0.92

cx (603?53\/% +1 +8c%x? - 9cxw/ﬁ +1- 24) +9log (x (,/ﬁ +1+ 1)) +24tan"(cx)

24

Warning: Unable to verify antiderivative.

[In] Integrate[(E"ArcCschlcxx]*x~5)/(1 + c™2*x"2),x]

[Out] (c*xx*x(-24 - 9*cxSqrt[l + 1/(c7™2xx72)]*x + 8*c™2%x"2 + 6*%c”3*Sqrt[l + 1/(c™2
*xx"2)]*x73) + 24xArcTan[c*x] + 9*Log[(1 + Sqrt[1l + 1/(c™2*x"2)])*x])/(24*c”
6)
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Maple [B] time = 0.201, size = 165, normalized size = 1.8

[ 2 A2 [—x2 |
x 232 +1 5 22 +1 3/24 ; szz+12 5 . 22 +1 i8 +J (xc + c)(xc +\/
36 22 x 2 c X 2 c nl|x 2 nl|x o

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c"2/x72)"(1/2))*x"5/(c"2*x"2+1) ,x)

[Out] 1/8*%((c™2*x72+1)/c™2/x72) " (1/2) *x*x (2*xx*x ((c™2*x72+1) /c~2) " (3/2) *c~4-5*xx* ((c~
2%x72+1) /c”2) " (1/2) *c"2-5x1n (x+ ((c™2%x"2+1) /c~2) " (1/2) ) +8*1n (x+ (- (x*c"2+(-c
~2)7(1/2))*x (—x*xc™2+(-c72)7(1/2)) /c™4)~(1/2))) / ((c™2%x"2+1) /c~2) ~(1/2) /c"6+1
/3%x"3/c”3-x/c " b+arctan(c*x)/c”6

Maxima [B] time = 1.53694, size = 216, normalized size = 2.35

3

2x2+1 2 2x2+1

2 3( 22 ) -5 \/ 2,2
c2x2+1 c2x2+1
3 +310g T‘Fl —310g T_l
2(c2x2+1)  (c2x2+1) X cx
2.3 _ - 1
cox’ —3x N 72 Ew N arctan (cx)
3 C5 16 C6 c6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)"(1/2))*x75/(c"2*x~2+1) ,x, algorithm="maxima"
)

[Out] 1/3*%(c™2*x73 - 3*x)/c”5 + 1/16*%(2*x(3*x((c™2*x"2 + 1)/(c™2xx72))~(3/2) - b*sq
rt((c™2*x72 + 1)/(c™2%x72))) /(2% (c™2*x72 + 1)/(c™2*x72) - (c™2*%x72 + 1)72/(
cT4xx~4) - 1) + 3*xlog(sqrt((c™2*x72 + 1)/(c™2xx72)) + 1) - 3*log(sqrt((c™2%

x"2 + 1)/(c”2%x72)) - 1))/c”6 + arctan(c*x)/c”6

Fricas [A] time = 3.02309, size = 209, normalized size = 2.27

242 242
833 - 24cx +3 (2%t - 3c%x2) C;; + 24 arctan (cx) - 9 log (cx\/ % - cx)

24 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)"(1/2))*x75/(c"2*x~2+1) ,x, algorithm="fricas"
)

[Out] 1/24%(8%c™3%x™3 - 24*c*x + 3% (2xc™4*x™4 - 3*c™2xx72)*sqrt((c™2*x"2 + 1)/(c”
2%x72)) + 24xarctan(c*x) - 9*log(ckxxsqrt((c™2*xx"2 + 1)/(c™2*x72)) - c*x))/
c”6

Sympy [F] time = 0., size = 0, normalized size = 0.

5 1
cx”, [1+
4 C2x2

x
—_ + _—
fc2x2+1 dx f c2x2+1 dx

c
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/c/x+(1+1/cx*2/x*x2)**(1/2))*x**5/ (cx*2*x**2+1) ,x)

[Out] (Integral (x**4/(cx*2*xx**2 + 1), x) + Integral(ckx**5xsqrt(l + 1/(cx*2kx**2)
)/ (c**2¥xxx2 + 1), x))/c

Giac [A] time = 1.20418, size = 120, normalized size = 1.3

3 log (—x|c| + V22 + 1) sgn (x) arctan (cx)  5x3 — 3 ctx
- + +
) 8¢t o 3¢?

1mx(2lefff§n () _ 3ldsgn ()

8 c®
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)7(1/2))*x75/(c"2%x"2+1) ,x, algorithm="giac")

[Out] 1/8*sqrt(c™2*x"2 + 1)*x*(2*x"2*abs(c)*sgn(x)/c"4 - 3*abs(c)*sgn(x)/c76) - 3
/8*log(-x*abs(c) + sqrt(c™2*x"2 + 1))*sgn(x)/c”6 + arctan(c*x)/c™6 + 1/3*(c

“6xx"3 - 3%c”4xx)/c”9
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csch ™! (cx) 4

361 |- dx

1+c2x2

Optimal. Leaf size=72

1 1
x3 @4‘1 x2 2x ﬁ+1_10g(czx2+l)

+ —_—
3¢c2 2¢c3 3ct 2c5

[Out] (-2*Sqrt[l + 1/(c™2*x"2)]1*x)/(3*xc”4) + x72/(2*c~3) + (Sqrt[l + 1/(c”2*x"2)]
*x73)/(3%c™2) - Logll + c™2xx72]/(2%c”5)

Rubi [A] time = 0.0975695, antiderivative size = 72, normalized size of antiderivative
1., number of steps used = 6, number of rules used = 5, integrand size = 21, number of rules_

integrand size
0.238, Rules used = {6342, 271, 191, 266, 43}

1 1
x3 @4‘1 x2 2x @+1_10g(c2x2+1)

+ —_—
3¢c2 2¢3 3ct 2¢5

Antiderivative was successfully verified.

[In] Int[(E"ArcCschlc*x]*x74)/(1 + c"2*x"2),x]

[Out] (-2*Sqrt[1 + 1/(c™2*x"2)]*x)/(3*xc”4) + x72/(2%c~3) + (Sqrt[l + 1/(c™2*x"2)]
*xx"3)/(3*%c”2) - Logl[l + c™2*x"2]/(2%c”5)

Rule 6342

Int [(E"ArcCsch[(c_.)*(x )]1*((d_)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[l + 1/(c™2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, m},

x] && EqQ[b - a*c™2, 0]

Rule 271

Int [(x_)"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x~(m + 1)%*(
a+ bxx™n)"(p + 1))/(ax(m + 1)), x] - Dist[(b*(m + n*x(p + 1) + 1))/(a*x(m +
1)), Int[x"(m + n)*x(a + bxx™n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 191

Int[((a ) + (b_)*(x )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + bxx™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[(Ca_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*x(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
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Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
2 ix s
pesch™ () 4 ~ 1+ﬁ N ] 1:;—%2
1+ c2x2 - c?
f ;1 dx
\/HTX \/; Subst (f - dx, x, xz)
3ct * 2C
F e 3y o)
2c
2\/T 1+22x 10g1+C )

2c°

Mathematica [A] time = 0.127156, size = 64, normalized size = 0.89

c( \/ +1- 4\/—+1+3cx) 310g(c2x2+1)

Antiderivative was successfully verified.

[In] Integrate[(E"ArcCschlc*x]*x~4)/(1 + c™2%x72),x]

[Out] (cxx*x(-4xSqrt[1 + 1/(c™2%x72)] + 3xc*x + 2%c™2*Sqrt[1 + 1/(c™2*x72)]1*x72) -
3xLog[1l + c™2xx72])/(6%c”5)

Maple [A] time = 0.143, size = 120, normalized size = 1.7

3 /
x A +1| (A +1\7 3J (xc2 + “_Cz) (—xcz + _Cz) 1 2 In (czx2 + 1)
—_— —_ — + i —
3¢t c2x2 c? . ct 2211 23 2¢d

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))*x"4/(c"2*%x"2+1) ,x)

[Out] 1/3+((c™2%x™2+1)/c™2/x72) " (1/2)*x/c™4x (((c™2%x™2+1) /c™2) " (3/2) xc™2-3* (- (x*c
"2+ (-c72) 7 (1/2) ) * (=x*c™2+(-c72) 7 (1/2)) /c74) " (1/2) ) / ((c™2%x72+1) /c72) " (1/2) +
1/2%x72/c”3-1/2%1n(c™2*x"2+1) /c"5

Maxima [A] time = 1.02718, size = 66, normalized size = 0.92

x2 c2x2 + 1(c2x2 - 2) log (czx2 + 1)

+ —
2c3 3¢5 25

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/c/x+(1+1/c™2/x72)7(1/2))*x"4/(c"2*x"2+1) ,x, algorithm="maxima"
)

[Out] 1/2*%x72/c”3 + 1/3*sqrt(c™2*x72 + 1)*(c™2*%x"2 - 2)/c”5 - 1/2*%log(c™2*x"2 + 1
)/c”5

Fricas [A] time = 2.98138, size = 127, normalized size = 1.76

c2x2+1
c2x?

6¢c°

3c2x% +2 (c3x3 -2 cx) -3 log (c2x2 + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”~2/x72)"(1/2))*x"4/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/6%(3*%c™2%x72 + 2x(c™3*x73 - 2xc*x)*sqrt((c™2*x72 + 1)/(c™2%x72)) - 3xlog(
cT2%x72 + 1)) /c”5

Sympy [F] time = 0., size = 0, normalized size = 0.

4 1

3 Nt z2

X =X
f—c2x2+l dx+f—dx

c2x2+1

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c*x*2/x*x2)*%(1/2))*x**4/ (cx*2*x**2+1) ,x)

[Out] (Integral (xx*3/(c**2*x**2 + 1), x) + Integral (ckx**4*xsqrt(l + 1/(c*k*2*x**2)
)/ (cx*x2xxx*x2 + 1), x))/c

Giac [A] time = 1.14811, size = 101, normalized size = 1.4

3
2llsen (x) 2 (c2x2 + 1)2 lclsgn (x) — 6 Vc2x2 + 1|c|sgn (x) + 3 (02x2 + 1)c -3clog (czx2 + 1)
+
3¢b 6c6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))*x"4/(c"2%x"2+1),x, algorithm="giac")

[Out] 2/3*abs(c)*sgn(x)/c™6 + 1/6%(2%(c”2*x"2 + 1)7(3/2)*abs(c)*sgn(x) - 6*sqrt(c
“2xx72 + 1)*abs(c)*sgn(x) + 3*(c™2%x72 + 1)*c - 3xcxlog(c™2*x"2 + 1))/c”6



239

csch™! (cx),3

362 |- dx

1+c2x2

Optimal. Leaf size=59

1 -1 !
2\ 1t (g +1) L3t

2c? 2ct c3 ct

[Out] x/c”3 + (Sqrt[l + 1/(c™2*x72)]*x72)/(2*xc”2) - ArcTan[c*x]/c”4 - ArcTanh[Sqr
t[1 + 1/(c™2%x72)]]1/(2%c™4)

Rubi [A] time = 0.0897483, antiderivative size = 59, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 7, integrand size = 21, number of rules_

0.333, Rules used = {6342, 266, 51, 63, 208, 321, 203}

1 -1 !
21 tanh” (5 +1) RG]

2c2 2c4 c3 ct

integrand size

Antiderivative was successfully verified.

[In] Int[(E"ArcCschlc*x]*x"3)/(1 + c~2%x"2),x]

[Out] x/c”3 + (Sqrtl[l + 1/(c™2%x72)]*x72)/(2*xc”2) - ArcTan[c*x]/c”4 - ArcTanh[Sqr
t[1 + 1/(c™2%x72)]]1/(2%c™4)

Rule 6342

Int [(ETArcCsch[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d"2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[1l + 1/(c™2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - axc™2, 0]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - a*xd)*x(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rule 321

Int[(Cc_)*(x_))"(m_)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
~ dx )
-1 1 X
ecsch ()3 a2 e
2.2 X = 2 +
1+ c°x c c
1 1
1 Subst f —dx,x, 5
x f Pl d x? l+—2 X
-z 1+c2x _ c
c3 c3 2c2
1 1
T, . Subst f — dx, X, 5
c3 2c2 ct 4c4
1 - _r 1
x A1+ 2% tan~Y(cx) Subst ( f —5 73 4% 41+ szz)
c3 2c2 ct 2c2
14+ 42 -1 tanh ™! 1+ L
x 22%  tan™ (cx) 22
= — 4+ —_ _
c3 2c2 ct 2c4

Mathematica [A] time = 0.131322, size = 54, normalized size = 0.92

1 1 _
—cx(cx./ﬁ +1 +2) +log(x(,/@ +1 +1)) + 2 tan "} (cx)

2ct

Warning: Unable to verify antiderivative.

[In] Integrate[(E"ArcCschlcxx]*x~3)/(1 + c™2*x"2),x]

[Out] -(-(c*x*(2 + cxSqrt[1 + 1/(c™2%x72)]*x)) + 2xArcTan[c*x] + Log[(1 + Sqrt[1
+ 1/(c™2*xx72)]1)*x] )/ (2%c™4)

Maple [B] time = 0.15, size = 133, normalized size = 2.3

2 22\ [—xc2 + V=2
x [ +1 2x2+1 , c2x? +1 (xc+ c)(xc+ C) 1 X a
=~ S5 | X s—c +In|x+ 5 -2Infx+ |- 1 + - -
2c cex c c c 2241 ¢

2

C
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c"2/x"2)"(1/2))*x"3/(c"2*xx"2+1) ,x)

[Out] 1/2%x((c™2*x"2+1)/c”2/x72) " (1/2)*x* (xx ((c™2*x"2+1) /c"2) " (1/2) *c”2+1n(x+((c"2
*x72+1) /c”2) " (1/2) ) -2*1n (x+ (- (x*c™2+(-c"2) " (1/2) ) * (—x*c"2+(-c"2) " (1/2)) /c"4
)=(1/2)))/((c™2%x~2+1) /c~2) " (1/2) /c~4+x/c~3-arctan(c*x) /c~4

Maxima [B] time = 1.49774, size = 142, normalized size = 2.41

2 2x2+1

V 222 c2x2+1 c2x2+1
220 —log( o2 1 +log | +/ 2 1
x C2X2

c3 4 ct

arctan (cx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))*x"3/(c"2%x"2+1),x, algorithm="maxima"
)

[Out] x/c”3 + 1/4%(2xsqrt((c™2*xx"2 + 1)/(c™2%x72))/((c™2*x"2 + 1)/(c™2*x"2) - 1)
- log(sqrt((c™2*x72 + 1)/(c™2%x72)) + 1) + log(sqrt((c™2*x"2 + 1)/(c™2*x"2)
) = 1))/c”4 - arctan(c*x)/c”4

Fricas [A] time = 2.61218, size = 162, normalized size = 2.75

252 252
2.0 [cexe+1 cexe+1
cox ‘/W +2cx-2 arctan(cx)+log(cx,/w -cx

2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)7(1/2))*x73/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/2%(c™2*x"2*sqrt((c™2*x"2 + 1)/(c™2%x72)) + 2xc*x - 2*arctan(cxx) + log(cx
x*xsqrt ((c™2*x72 + 1)/(c™2%x72)) - c*x))/c™4

Sympy [F] time = 0., size = 0, normalized size = 0.

3 1
cx? |1+
2 2.2

x
— dx+ | ————
fc2x2+l X f c2x2+1 dx

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c**2/x**2)**(1/2))*x**3/ (Cx*2*xx**2+1) ,x)

[Out] (Integral (xx*2/(c**2*x**2 + 1), x) + Integral (ckx**3*xsqrt(l + 1/(c*k*2*x**2)
)/ (cx*x2xxx*x2 + 1), x))/c
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Giac [A] time = 1.13793, size = 82, normalized size = 1.39

_ 242
Ve2x? + 1x|clsgn (x) L log( Xel + Veix + 1) g1 () 4rctan (cx)

2c 3 2ct ct
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))*x"3/(c"2%x"2+1),x, algorithm="giac")

[Out] 1/2*sqrt(c™2*x"2 + 1)xx*abs(c)*sgn(x)/c™4 + x/c”3 + 1/2xlog(-x*abs(c) + sqr
t(c™2*x72 + 1))*sgn(x)/c”4 - arctan(cxx)/c”4
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csch™ ! (cx) 2

363 |- dx

1+c2x2

Optimal. Leaf size=36

X ﬁ +1 log (c2x2 +1)

+
c? 203

[Out] (Sqrtl[1l + 1/(c”2*x72)]1*x)/c”2 + Logl[l + c™2%x72]/(2%c~3)

Rubi [A] time = 0.0698466, antiderivative size = 36, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 21, LT

integrand size
0.143, Rules used = {6342, 191, 260}

1
X\=zz+t1 log (c2x2 + 1)
+
c2 2¢3

Antiderivative was successfully verified.

[In] Int[(E"ArcCschlc*x]*x"2)/(1 + c”2*xx"2),x]
[Out] (Sqrtl[1l + 1/(c™2*x"2)]1*x)/c”2 + Logl[l + c~2%x72]/(2*c~3)

Rule 6342

Int [(ETArcCsch[(c_.)*(x )]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[l + 1/(c™2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, m},

x] && EqQ[b - a*c™2, 0]

Rule 191

Int[((a_) + (b_)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + bxx™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

dx
csch_l(cx) 2 1+ _*
e X c2x? f 1+c2x2
2.2 XY= 2 +
1+ c*x c c
1
1+ 55x log (1 + szz)
= 2 + 3
c 2c

Mathematica [A] time = 0.0671598, size = 35, normalized size = 0.97

1
2cx4/ 55 +1+1log (czx2 + 1)

2c3
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Antiderivative was successfully verified.

[In] Integrate[(E~ArcCschlc*x]*x"2)/(1 + c~2*x"2),x]

[Out] (2xcxSqrt[l + 1/(c”2*x"2)]*x + Logl[l + c~2*x~2])/(2xc~3)

Maple [B] time = 0.151, size = 89, normalized size = 2.5

252 1 A% +1
\/cx+1\/ xcz+\/—c)( xc2+V—c) ( )
2 c2x2 c2x2+1 2¢3
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))*x"2/(c"2*%x"2+1) ,x)

[Out] ((c™2%x™2+1)/c”2/x72) " (1/2) *x*x (- (x*c™2+(-c~2) " (1/2) )* (-x*xc~2+(-c~2)~(1/2))/
c”4)"(1/2)/((c™2%x"2+1) /c"2)"(1/2) /c”2+1/2%1n(c"2*x"2+1) /c~3

Maxima [A] time = 1.03118, size = 42, normalized size = 1.17

log (cg’x2 + c) 22 +1
2¢8 c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)"(1/2))*x72/(c"2*x"2+1) ,x, algorithm="maxima"
)

[Out] 1/2%log(c™3*x"2 + c)/c”3 + sqrt(c™2*x"2 + 1)/c”3

Fricas [A] time = 2.60734, size = 89, normalized size = 2.47

2cx‘/C23§ :1 + log (c + 1)

2¢3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)"(1/2))*x72/(c"2*x~2+1) ,x, algorithm="fricas"
)

[Out] 1/2%(2xc*x*sqrt((c™2*%x™2 + 1)/(c™2xx72)) + log(c™2*x™2 + 1))/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

N cx21 l1+%
ceXx
f—c2x2+l dx + f—dx

c2x2+1

c
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/x*x2)**(1/2))*x**2/ (cx*2*x**2+1) ,x)

[Out] (Integral(x/(cx*2*xxx*2 + 1), x) + Integral (ckxx*2xsqrt(l + 1/(cx*2xx*x*2))/(

ckx2¥x*xx2 + 1), x))/cC

Giac [A] time = 1.13129, size = 61, normalized size = 1.69

lelsgn (x) 2 Vc2x? +1clsgn (x) + clog (szz + 1)
- +
ct 54

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)7(1/2))*x~2/(c"2%x"2+1) ,x, algorithm="giac")

[Out] -abs(c)*sgn(x)/c™4 + 1/2%(2*sqrt(c™2*x"2 + 1)*abs(c)*sgn(x) + c*log(c™2*x"2
+1))/c™4
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ecsch_1 (cx) 5
364 [——5—dx

1+c2x?
Optimal. Leaf size=27

-1 1
tanh ( 22 T 1) tant(cx)
+

c2 c2

[Out] ArcTan[c*x]/c”2 + ArcTanh[Sqrt[1 + 1/(c”2*x~2)]]1/c"2

Rubi [A] time = 0.0592035, antiderivative size = 27, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 19, e

0.263, Rules used = {6342, 266, 63, 208, 203}

integrand size

-1 1
tanh ( 22 + 1) tan_l(cx)
+

c? c?

Antiderivative was successfully verified.

[In] Int[(E"ArcCschlc*x]*x)/(1 + c”2*x72),x]

[Out] ArcTan[c*x]/c”2 + ArcTanh[Sqrt[1 + 1/(c™2*x~2)]1]/c"2

Rule 6342

Int [(E"ArcCsch[(c_.)*(x )]1*((d_.)*(x ))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrtl[1l + 1/(c”2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - a*c™2, 0]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)
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Rubi steps

f ! dx .
_ 1
ecsch 1(cx)x = 1[1+ﬁx .\ fmdx
1+ 2x2 B c? c
Subst f ! = ¢7lx,x,l2
B tant(cx) xJ1+3 g
B c2 2c2
tan~Y(cx) 1 1
SIS AN S B A
c? Subs [ —c2 4 2x2 X szz]
-1 1
~ tan_l(cx) tanh ( 1+ ﬁ)
B c? * c?

Mathematica [A] time = 0.0486192, size = 38, normalized size = 1.41

log [ x w/@ +1
& c2x2 N tan™!(cx)

c2 c2

Warning: Unable to verify antiderivative.

[In] Integrate[(E~ArcCschlc*x]*x)/(1 + c™2%x72),x]

[Out] ArcTan[c*x]/c”2 + Logl[x*(1 + Sqrt[(1 + c™2*x72)/(c"2*x~2)])]/c"2

Maple [B] time = 0.14, size = 85, normalized size = 3.2

2,2
. /ﬂ Inlx+ \/_l (x02 + /—cz) (—xcz N —cz) 1 N arctan (cx)
c2 c2x? ct c2x2+1 c2

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))*x/(c™2*x"2+1) ,x)

[Out] ((c™2*xx"2+1)/c"2/x72) " (1/2) *xx1n(x+ (- (x*c™2+(-c"2) ~(1/2) ) *(-x*c"2+(-c"2)~ (1
/2))/c”4)"(1/2))/((c™2xx"2+1) /c~2) " (1/2) /c"2+arctan(c*x) /c~2

Maxima [B] time = 1.55592, size = 80, normalized size = 2.96

lo \/% +1|-1o \/@ -1
&\V 22 8\V e . arctan (cx)

2 c? c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)7(1/2))*x/(c"2*x"2+1) ,x, algorithm="maxima"

[Out] 1/2*%(log(sqrt((c™2*x"2 + 1)/(c”2*x"2)) + 1) - log(sqrt((c™2*x"2 + 1)/(c™2*x
72)) - 1))/c”2 + arctan(c*x)/c"2
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Fricas [A] time = 2.55209, size = 89, normalized size = 3.3

2,2
arctan (cx) — log (cxw/ % - cx)

c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))*x/(c"2*x"2+1) ,x, algorithm="fricas")

[Out] (arctan(c*x) - log(c*x*sqrt((c™2*x"2 + 1)/(c™2*x72)) - c*x))/c”2

Sympy [F] time = 0., size = 0, normalized size = 0.

cx,[1+L
2x2 1
f—dx+ fmdx

c2x2+1

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c**2/x*x2)x*(1/2))*x/ (cx*2xx**2+1) ,x)

[Out] (Integral(cxx*sqrt(l + 1/(c**2*x**2))/(c**2*x**2 + 1), x) + Integral(1l/(c*x*
2¥xx*x2 + 1), x))/c

Giac [A] time = 1.15771, size = 46, normalized size = 1.7

log (—xlcl + Ve2x? + 1) sen () retan (cx)
- -

c2 c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))*x/(c"2*%x"2+1),x, algorithm="giac")

[Out] -log(-x*abs(c) + sqrt(c”™2*x"2 + 1))*sgn(x)/c”2 + arctan(c*x)/c”2
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csch ™ (cx
365 [T

1+c2x2
Optimal. Leaf size=33

log (c2x2 + 1) . log(x) csch™ (cx)
2c c c

[Out] -(ArcCschlc*x]/c) + Loglx]/c - Logl[l + c™2*xx"~2]/(2%c)

Rubi [A] time = 0.0428856, antiderivative size = 33, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 7, integrand size = 18, number of rules_

integrand size
0.389, Rules used = {6340, 335, 215, 266, 36, 29, 31}

_log (CZX2 + 1) N log(x) _ csch_l(cx)
2c c c

Antiderivative was successfully verified.

[In] Int[E"ArcCschlc*x]/(1 + c~2%x"2),x]

[Out] -(ArcCschlc*x]/c) + Loglx]/c - Logl[l + c~2*x~2]/(2%c)

Rule 6340

Int[E"ArcCsch(c_.)*x(x_)]/((a_) + (b_.)*(x_)"2), x_Symbol] :> Dist[1/(a*xc”2
), Int[1/(x"2xSqrt[1 + 1/(c”2*x"2)1), x], x] + Dist[1/c, Int[1/(x*(a + bxx~
2)), x1, x] /; FreeQ[{a, b, c}, x] && EqQ[b - a*c~2, 0]

Rule 335

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x™n)p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rtlb, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p, x], x, x"nl], x] /; FreeQ[{a, Db
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 36

Int[1/(((a_.) + (b_)*x(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + bxx), x], x] - Dist[d/(b*c - a*d), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]
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Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
1
f dx 1
pesch™ (cx) ,/1+ﬁx2 J *(1+2:2) dx
T+ 7 c? " ¢
Subst f L dxx, - 1
1(2 7 7 2
1+5 : Subst (f x(1+c2%x) 4%, %, X )
_ +
2 2c
-1 Subst ( > dx,x, xz)
_osarlon SO tn ) 1 (g
C o 2 1+ c2x
_ _esch'(@)  log(x) _log (1+e?)
- c C 2c

Mathematica [A] time = 0.0331613, size = 37, normalized size = 1.12

11
log (czx2 + 1) N log(x) sinh (;)
2c c c

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschlc*x]/(1 + c~2*x"2),x]

[Out] -(ArcSinh[1/(c*x)]/c) + Loglx]l/c - Logll + c™2xx~2]/(2%c)

Maple [B] time = 0.15, size = 172, normalized size = 5.2

x [c2x?+1 c2x2+1 , 1 ) 1 2x2+1 , ]
= —=5—| V2 o (xc2 + V—cz) (—xc2 + V—cz)c Ve2-In|[2—|Vc? cc+1|[{—
c2 c2x? c? ct xc? c? Vi

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))/(c"2*x"2+1) ,x)

[Out] ((c™2xx"2+1)/c”2/x72)"(1/2)*x*x((1/c”2) " (1/2)*((c™2%x"2+1) /c"2) " (1/2) *c~2-(-
(xxc™2+(-c72) " (1/2) ) ¥ (=x*xc™2+(-c"2)"(1/2)) /c”4)~(1/2) *c™ 2% (1/c~2) " (1/2) -1n(

2% ((1/c”2)7(1/2)*((c™2%x72+1) /c™2) " (1/2)*c™2+1) /x/c"2)) /(1/c”2)~(1/2) / ((c~2
*x72+1)/c”2)"(1/2) /c”2+1n(x) /c-1/2%1n(c"2*%x"2+1) /c

Maxima [F] time = 0., size = 0, normalized size = 0.

_log (CZXZ + 1) N log (x) .\ f Ve2x? +1 p

2c c c3x3 + cx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)7(1/2))/(c™2*xx"2+1) ,x, algorithm="maxima"

[Out] -1/2x%log(c”2*x"2 + 1)/c + log(x)/c + integrate(sqrt(c™2*x”2 + 1)/(c”™3*x"3 +

C*X), X)

Fricas [B] time = 2.67739, size = 194, normalized size = 5.88

2y241 2241
log (czx2 +1) +2 log(cx\/% —cx+1) -2 log(cx % —cx—l) -2 log (x)
- 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))/(c"2*x"2+1) ,x, algorithm="fricas")

[Out] -1/2%(log(c™2*x”2 + 1) + 2xlog(ckxxxsqrt((c™2*x"2 + 1)/(c™2%x72)) - c*x + 1)
- 2xlog(c*kx*sqrt ((c™2+x72 + 1)/(c™2*x72)) - cxx - 1) - 2xlog(x))/c

Sympy [F] time = 0., size = 0, normalized size = 0.

1
cx 1+ﬁ
V' 2« 1
————dx+ | 5—=—dx
f f c2x3+x

c2x3+x

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/x*x2)x*x(1/2))/(ck*2xx**2+1) ,x)

[Out] (Integral(ckx*sqrt(l + 1/(ck*2xx**2))/(cx*2*x**3 + x), x) + Integral(1l/(c*x

2xx**%3 + x), x))/cC

Giac [B] time = 1.15889, size = 95, normalized size = 2.88

log (szz I 1) (Iclsgn (x) — ¢) log (chxz +1+ 1) (Iclsgn (x) + ¢) log (\/czxz +1- 1)
- 2¢ - 2¢2 " 22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))/(c”2*x"2+1) ,x, algorithm="giac")

[Out] -1/2%log(c”2*x"2 + 1)/c - 1/2*%(abs(c)*sgn(x) - c)*log(sqrt(c™2*x”2 + 1) + 1
)/c”2 + 1/2*(abs(c)*sgn(x) + c)*log(sqrt(c™2*x”2 + 1) - 1)/c72
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ecsch_1 (cx)
x(l +c2x2)

Optimal. Leaf size=30

366 [ dx

1 1,
- @+1—a—tan (CX)

[Out] -Sqrt[1l + 1/(c”2*x"2)] - 1/(c*x) - ArcTan[c*x]

Rubi [A] time = 0.071148, antiderivative size = 30, normalized size of antiderivative =
91 number of rules
=9], ————

1., number of steps used = 4, number of rules used = 4, integrand size
0.19, Rules used = {6342, 261, 325, 203}

integrand size

1 1,
- @+1—a—tan (CX)

Antiderivative was successfully verified.

[In] Int[E~ArcCschlc*x]/(x*(1 + c~2*%x~2)),x]
[Out] -Sqrtl[1 + 1/(c”2*x"2)] - 1/(c*x) - ArcTan[c*x]

Rule 6342

Int [(ETArcCsch[(c_.)*(x )]1*((d_.)*(x )) " (m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[1l + 1/(c™2*x"2)], x], x] +
Dist[d/c, Int[(d*x)~(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, m},

x] && EqQ[b - axc™2, 0]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] & EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 325

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_)*(x_)"(n_)) (p_), x_Symbol] :> Simp[((c*
x)"(m + Dx*(a + bxx™n) " (p + 1)) /(axck(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(a*xc™nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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1
[ i 1
f ecsch_l(cx) g ,[1+$x3 f x2(1+02x2) dx
x = +
x (1 + chZ) c2

c

1 1 1
S . f—d
2x2  cx ¢ 1+ 2x2 X

1
=—4/1+ - — —tan"(cx)
cx

c2x2

Mathematica [A] time = 0.101257, size = 30, normalized size = 1.

/1 1 1
- W+1—a—tan (cx)

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschlc*x]/(x*(1 + c~2*x~2)),x]

[Out] -Sqrt[1l + 1/(c”2*x"2)] - 1/(c*x) - ArcTan[c*x]

Maple [B] time = 0.24, size = 154, normalized size = 5.1

3
[c2x2 +1[(c2x® +1)2 c2x2 +1 2x? +1 1
- o) (( 5 ) 22— 5 x2c? —1n [x + > ]x +In (x + \/—_4 (xc2 + \/_CZ) (—xcz + _Cz)
c2x c V ¢ c -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))/x/(c”2*x"2+1) ,x)

[Out] -((c™2%xx"2+1)/c™2/x"2)"(1/2) *(((c™2*xx"2+1) /c~2) " (3/2) *c™2-((c~2*x"2+1) /c”2)
“(1/2)*x72xc"2-1n(x+((c™2*xx"2+1) /c"2) " (1/2) ) *x+1n(x+ (- (x*xc™2+(-c"2) " (1/2) ) *
(—x*xc™2+(-c”2)7(1/2))/c”4)~(1/2))*x) / ((c™2*x"2+1) /c"2)~(1/2)-1/c/x—arctan(c

*X)

Maxima [A] time = 1.52835, size = 46, normalized size = 1.53

2x2+1 1
———— — — —arctan (cx)
cx cx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)7(1/2))/x/(c"2*x"2+1) ,x, algorithm="maxima"

[Out] -sqrt(c™2*x72 + 1)/(c*x) - 1/(c*x) - arctan(c*x)

Fricas [A] time = 2.58744, size = 97, normalized size = 3.23

c2x2+1
cx arctan (cx) + cx 5z T+ 1

cx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c"2/x72)7(1/2))/x/(c"2*x"2+1) ,x, algorithm="fricas")

[Out] -(c*x*arctan(cxx) + c*xx*sqrt((c™2*x72 + 1)/(c”2*%x72)) + c*x + 1)/(c*x)

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/x*x2)x*x(1/2))/x/ (c*x*2*x**2+1) ,x)

[Out] Exception raised: TypeError

Giac [A] time = 1.1543, size = 58, normalized size = 1.93
2 sgn (x)

2
(x|c|— c2x2+1) -1

1
— — —arctan (cx)
cx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))/x/(c"2*%x"2+1) ,x, algorithm="giac")

[Out] 2xsgn(x)/((x*abs(c) - sqrt(c™2*x"2 + 1))72 - 1) - 1/(cxx) - arctan(c*x)
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ecsch_1 (cx)

x2 (1 +c2x2) dx

367

Optimal. Leaf size=60

1
@4_1

1 1
e —clog(x) + Eccsch (cx)

+ Eclog (czx2 + 1) -5

[Out] -1/(2xc*x72) - Sqrt[l + 1/(c™2%x72)]/(2*x) + (c*ArcCschlc*x])/2 - cxLogl[x]
+ (cxLogl[l + c™2%x72])/2

Rubi [A] time = 0.0970317, antiderivative size = 60, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 6, integrand size = 21, number of rules_

0.286, Rules used = {6342, 335, 321, 215, 266, 44}

[ 1
(:274'1

2x

integrand size

1 1 1 _
2,2 1
+ Eclog (c xX°+ 1) ~ e clog(x) + Eccsch (cx)
Antiderivative was successfully verified.

[In] Int[E~ArcCschlc*x]/(x"2%(1 + c~2%x~2)),x]

[Out] -1/(2*c*x72) - Sqrt[l + 1/(c™2%x72)]/(2*x) + (cxArcCschlc*x])/2 - cxLogl[x]
+ (cxLogl[l + c™2%x72])/2

Rule 6342

Int [(E"ArcCsch[(c_.)*(x )]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrtl[1l + 1/(c”2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - a*c™2, 0]

Rule 335

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 321

Int[(Cc_.)*x(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 215

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b



256
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 44

Int[((a_) + (b_.)*(x ))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rubi steps
1
[ i :
ecsch_l(cx) 1+ﬁx4 f m dx
f = +
x? (1 + szz) c? ¢
2 1
Subst f = dx,x, -
2 T« - 2
142 Subst (f TR dx,x, x )
= +
c2 2c
41 Subst(f(l—f+ < )dxxxz)
- i @ + = Subst f dx X, ¢ x e ~
o2 / 2c
__ L tae + 1ccsch_l(cx) — clog(x) + 1clog (1 + szz)
2cx? 2x 2 2

Mathematica [A] time = 0.108683, size = 58, normalized size = 0.97

1
ﬁ-i_l

1 1
_xoexr 242 - _ inh 1=
. + clog (c x°+ 1) 2 2c¢log(x) + csinh (cx)

N =

Warning: Unable to verify antiderivative.

[In] Integrate[E"ArcCschlc*x]/(x72%(1 + c™2*x72)),x]

[Out] (-(1/(c*x72)) - Sqrt[l + 1/(c™2*x"2)]/x + c*ArcSinh[1/(c*x)] - 2xc*Log[x] +
cxLogl[l + c™2%xx72])/2

Maple [B] time = 0.195, size = 210, normalized size = 3.5

1
o R

2x c2x? ct xc?

3 2 \/j 2 \/__
1 [2x2 +1 22 41\2 232 +1 (xc + c)( xc? + c)
i c2( = ) Ve 2 + — Ve 26 -2 Ve 2| - x%c? —In
c c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))/x"2/(c"2%x"2+1) ,x)

[Out] -1/2%((c™2*x72+1)/c™2/x72) " (1/2) /x*(c™2x((c™2*x72+1) /c™2) " (3/2)*x(1/c~2) " (1/
2)+((c™2*x72+1) /c™2) " (1/2)*(1/c™2) " (1/2) *x"2%c™2-2%(1/c~2) ~(1/2) * (- (x*xc~2+(
-c72)7(1/2)) % (=x*xc™2+(-c"2)7(1/2))/c™4) ~(1/2) *x72*c™2-1n (2% ((1/c~2) " (1/2) *(
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(c™2*%x72+1)/c™2) " (1/2)*c™2+1) /x/c”2)*x72) / ((c™2*%x~2+1) /c”2) " (1/2) / (1/c"2) ~(
1/2)-1/2/c/x"2-c*1n(x)+1/2*%c*x1n(c”™2%xx~2+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

2x? +1
3.5 34X
c3x5 + cx

1 1
Eclog(czx2 +1) —clog (x) - T +f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)7(1/2))/x"2/(c"2*x"2+1) ,x, algorithm="maxima"
)

[Out] 1/2%c*log(c™2*x”2 + 1) - cxlog(x) - 1/2/(c*x”2) + integrate(sqrt(c™2*x~2 +
1)/(c™3%x”5 + c*x73), x)

Fricas [B] time = 2.61346, size = 293, normalized size = 4.88

2x2+1 2x2+1 2x2+1
c?x? log (czx2 + 1) + c%x? log (cx‘/CCxZ—xz —cx + 1) - c?x?log (cx\/CCXZ—xZ —cx — 1) —-2c%x%log (x) — cx ccxz—xz -1

2 cx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)7(1/2))/x"2/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/2*(c™2xx"2*xlog(c™2%x”2 + 1) + c”2*xx"2*log(cxx*sqrt((c™2+x72 + 1)/(c™2*x"2
)) = cxx + 1) - c”2xx"2*xlog(cxx*sqrt((c™2+x72 + 1)/(c7™2%x72)) - c*x - 1) -
2%c”2*x72%1log(x) - cxx*xsqrt((c™2*x7™2 + 1)/(c™2*%x72)) - 1)/(c*x72)

Sympy [F] time = 0., size = 0, normalized size = 0.

/ 1
f cX 1+m

1
c2x5+x3 dx + f c2x5+x3 dx

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/x*x2)**(1/2))/x**2/ (c*x*2*x**2+1) ,x)

[Out] (Integral(c*x*sqrt(l + 1/(ck*2*x**2))/(c**x2xx*x5 + x*x3), x) + Integral(1l/(
Cx*2kx**k5 + x**3), x))/c

Giac [B] time = 1.14435, size = 154, normalized size = 2.57

V22 +°

1 1 1
—clog (czx2 + 1) + = (Iclsgn (x) — 2¢) log (‘chxz +1+ 1) — — (|clsgn (x) + 2¢) log (‘\/czx2 +1- 1) -
2 1 4 2 (m ;

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))/x"2/(c"2%x"2+1),x, algorithm="giac")

[Out] 1/2*cxlog(c™2*x”2 + 1) + 1/4x(abs(c)*sgn(x) - 2xc)*log(sqrt(c™2*x”2 + 1) +
1) - 1/4x(abs(c)*sgn(x) + 2*c)*log(sqrt(c™2*x”2 + 1) - 1) - 1/2*(sqrt(c™2+*x
2 + 1)*abs(c)*sgn(x) + c)/((sqrt(c™2*x"2 + 1) + 1)*(sqrt(c™2*x"2 + 1) - 1)

)
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ecsch_1 (cx)

x3 (1 +c2x2) dx

368 |

Optimal. Leaf size=61

3/2
1 1 [ 1 1 c
2 2 2 -1
—gC (@4‘1) +C @+1+C tan (CX)—ﬁ+;

[Out] c™2*Sqrt[1 + 1/(c™2*x72)] - (c72x(1 + 1/(c™2%x72))~(3/2))/3 - 1/(3*c*x~3) +
c/x + c"2%ArcTan[c*x]

Rubi [A] time = 0.0945817, antiderivative size = 61, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 21, e .

integrand size
0.238, Rules used = {6342, 266, 43, 325, 203}

3/2

1 1 / 1 1 c
2 2 24, 0-1

—gc(@#4ﬁ) +c C%2+1+cum wm—3w3+;

Antiderivative was successfully verified.

[In] Int[E"ArcCschlc*x]/(x"3*%(1 + c™2*x"2)),x]

[Out] c™2*Sqrtl[1 + 1/(c™2*x72)] - (c™2%(1 + 1/(c™2*x72))"(3/2))/3 - 1/(3*c*x~3) +
c/x + c”2%ArcTan[c*x]

Rule 6342

Int [(ET"ArcCsch[(c_.)*(x )]1*((d_.)*(x ))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrtl[1l + 1/(c”2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - a*c™2, 0]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, xJ, x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 325

Int[((c_.)*x(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
)" (m + Dx*(a + b*xx™n) " (p + 1)) /(axcx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(a*xc™nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, c, n, m, p,
x]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rubi steps
1
f dx 1
f eCSCh_l(C") P 1+ﬁx5 f 24(1+c222) ax
x = +
x3 (1 + c2x2) c? c

3cxd 2¢? 1+ szz)
2 X
) SUbSt[f(_\/u_—+c ‘/1+C—2] dx, x, 2) .
= - +E- = +c? f dx
3cx®  «x 2c? 1+ c2x?
[1 1 1\? 1
_ 2 2 2. -1
=C 1+@—§C (1+W) —%+;+c tan (CX)

Mathematica [A] time = 0.147343, size = 54, normalized size = 0.89

,/# +1(2¢%2 -1)

3x2

Cc
+ —

2 -1
+cctan (cx) — ——=
(cx) 3cx®  «x

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschlcx*x]/(x73*(1 + c”2%x72)),x]

[Out] -1/(3*c*x73) + c/x + (Sqrt[l + 1/(c™2*x72)]*(-1 + 2%xc™2*x72))/(3*x"2) + c~2
*ArcTan [c*x]

Maple [B] time = 0.196, size = 193, normalized size = 3.2

3/2 2 — 2\ [ 2
22 +1 3 22 41\ 202 3 [ +1 ,, 3l s c2x2 +1 3.3 +J (xc + C)( xc
o2 x°c” - x*c? -3 In|x x n|x -
3x2 c2x2 c? 2 2 o

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))/x"3/(c™2*x"2+1) ,x)

[Out] 1/3*((c™2*x72+1)/c”2/x72) " (1/2)/x72*c™2x (3*x ((c™2*xx"2+1) /c™2) " (3/2) *x~2*c~2-
3k ((c™2%x"2+1) /c”2) " (1/2) *x"4*xc™2-3x1n (x+((c™2%x"2+1) /c"2) " (1/2) ) *x~3+3*1n(
x+(—(x*xc™2+(-c"2) " (1/2)) % (—x*c™2+(-c"2)~(1/2)) /c”4) " (1/2) ) *x~3-((c~2*x"2+1)
/c”2)7(3/2))/((c™2*xx"2+1) /c~2)~(1/2)-1/3/c/x"3+c/x+c " 2*arctan(c*x)

Maxima [A] time = 1.5894, size = 76, normalized size = 1.25

(2 c2x? - 1)\/023CT

1 .\ 3c2x% -1
3cx3 3cx3

c% arctan (cx) +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c"2/x72)"(1/2))/x~3/(c”"2*x~2+1) ,x, algorithm="maxima"
)

[Out] c™2*arctan(c*x) + 1/3*x(2%xc™2*x"2 - 1)*sqrt(c™2*x”2 + 1)/(c*x~3) + 1/3%(3*c”
2xx72 - 1)/(c*xx~3)

Fricas [A] time = 2.52815, size = 155, normalized size = 2.54

23241
3c3x% arctan (cx) +23x3 + 3 %% + (2 33 - Cx)\/ o J;xz -1

C
3cx3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)7(1/2))/x"3/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/3%(3*c”3*x"3*arctan(c*x) + 2%c7™3%x"3 + 3*%c™2*x72 + (2%c™3*x"3 - c*xx)*sqrt
((c™2xx72 + 1)/(c™2%x72)) - 1)/(c*x"3)

Sympy [A]  time = 5.46128, size = 75, normalized size = 1.23

3
1\2 1 3 1
(Urzs) fregs| cutnlgs) o o

-2c - — + — -
6¢3 2¢3 ve2 x  3cxd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c*x*2/x*x2)**x(1/2))/x**3/ (c*x*2*x**2+1) ,x)

[Out] -2%c**x5x((1 + 1/(cx*k2xx*x2))**(3/2)/(6xc**3) - sqrt(l + 1/(c*x*2xx**2))/(2*c
*x*%3)) - c*x3*atan(1l/(x*sqrt(c**2)))/sqrt(c**2) + c/x - 1/(3*c*kx**3)

Giac [A] time = 1.16573, size = 111, normalized size = 1.82

2
4 (3 (xlcl —Ve2x? + 1) - 1)czsgn (x)

3 ((xlcl Ve 1)2 - 1)

Verification of antiderivative is not currently implemented for this CAS.

3c2x%2 -1
3 3cx

2

c- arctan (cx) +

[In] integrate((1/c/x+(1+1/c~2/x72)7(1/2))/x~3/(c"2%x"2+1) ,x, algorithm="giac")

[Out] c™2*arctan(c*x) + 4/3%(3x(x*abs(c) - sqrt(c™2*x72 + 1))72 - 1)*c™2*sgn(x)/(
(x*xabs(c) - sqrt(c™2*x"2 + 1))72 - 1)73 + 1/3%(3*%c™2*xx"2 - 1)/(c*x73)
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-1
3 .69 fcsch (a+bx) dx

ad
?+dx

Optimal. Leaf size=61

POlyLOg (2, eZCSChil(“"'bx)) CSCh_l (a N bx)2 CSCh_l (ﬂ + bx) log (1 _ echchfl(abe))
2d " 2d B d

[Out] ArcCschla + b*x]~2/(2xd) - (ArcCschl[a + b*x]*Log[l - E~(2%ArcCschl[a + b*x])
1)/d - PolylLogl[2, E~(2*ArcCschla + bx*x])]/(2*d)

Rubi [A] time = 0.0977974, antiderivative size = 61, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 19, e .

0.421, Rules used = {6320, 12, 6282, 5659, 3716, 2190, 2279, 2391}

integrand size

PolyLog (2, eZCschfl(be)) esch™\(a + b)? csch ™ (a + bx) log (1 _ ezcsch*l(awx))
- 2d * 2d B d

Antiderivative was successfully verified.

[In] Int[ArcCschl[a + b*x]/((a*xd)/b + d*xx),x]

[Out] ArcCschla + b*x]~2/(2*%d) - (ArcCschl[a + b*x]*Log[l - E~(2%ArcCschla + b#*x])
1)/d - PolyLogl[2, E~(2*ArcCschla + b*x])]1/(2+d)

Rule 6320

Int[((a_.) + ArcCsch[(c_ ) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b¥ArcCsch([x]) p, x]
, X, ¢ +d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& IGtQ[p, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6282

Int[((a_.) + ArcCsch[(c_.)*(x_)1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5659

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Tanh[x], x], x, ArcSinh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 3716

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*xE~(2x(-(I*xe) + fxfz*x)))/(E-(2xI*xk*Pi)*(1 + E~(2x(-(Ix
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]



Rule 2190
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Int [(CCF)~((g_d*((e_.) + (£_)*(x)))) " (m_)*((c_.) + (d_)*x_))"(@m_.))/

(@) + (b_D*((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol]

1> Simp

[((c + d*x)"mxLogl[l + (b*(F~(gx(e + f*x)))"n)/al)/(bxf*xgxn*Logl[F]), x] - Di
st [(d*m) / (b*xfxgxn*Log[F]), Int[(c + d*x)~(m - 1)*Log[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Logl[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps

csch_l(a + bx) = Subst (f

bcsch_l(x)
dx

dx,x,a + bx)

J

ad
7 + dx

b

csch_l(x)
Subst f — dx,x,a + bx

d
sinh_l(x) 1
— _SubSt (f dx, x, a+bx)
- d
B Subst ( f x coth(x) dx, x, sinh ™ (a:hx))
- d
b (<) 2Subst ([ dx, v, sinh (-

~ Sin e s ubns f@ X, X,S1n e
B 2d d

2 .1 -1 1 2sinh (- |
B sinh™" (a:bx) sinh (be) log(1-e (”bx) . Subst (flog (1 - er) dx, x,sinh™
B 2d d d

2 inh ™! - sinh ™!

Slnh1(1) smh%——y%l_fSh@m) Sﬂm(fmaﬂMJJZh(“m

_ a+bx _ b N X
B 2d d 2d

2 - 2sinh (L 2sinh (-

inh” 1 ] 1 _ a+bx : a+bx

) sinh ™! (be) sinh (u+bx)log 1 ( b ) Li, (e ( G ))
- 2d d 2d

Mathematica [A]

time = 0.058268, size = 52, normalized size = 0.85

PolyLog (2, e‘ZCSCh_l(“b")) —csch™(a + bx) (csch_l(a + bx) + 2log (1 - e‘ZCSCh_l(“+bx)))

2d

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCschl[a + b*x]/((axd)/b + d*x),x]
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[Out] (-(ArcCschl[a + b*x]*(ArcCschla + bxx] + 2xLog[l - E~(-2*ArcCschla + b*x])])
) + PolyLogl[2, E~(-2*ArcCschla + b*x])])/(2xd)

Maple [F] time = 0.509, size = 0, normalized size = 0.

-1
d
f arccsch (bx + a) (% + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(b*x+a)/(a*d/b+d*x) ,x)

[Out] int(arccsch(b*x+a)/(axd/b+d*x) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

2 72 5
2 log (b2x2 +2abx +a® + 1) log (bx + a) + Li, (—bz 2 —2abx - az) log (bx + a)” — 2 log (bx + a) log ( b?x? + 2at
B 24

B 4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/(a*d/b+d*x),x, algorithm="maxima"

[Out] -1/4%(2x1log(b™2*x"2 + 2*axb*x + a”2 + 1)*log(b*x + a) + dilog(-b™2*x"2 - 2x
axb*x - a”2))/d - 1/2%(log(b*x + a)~2 - 2xlog(b*x + a)*log(sqrt(b™2*x"2 + 2
xaxbxx + a”2 + 1) + 1))/d + integrate((b™2*x + ax*b)*log(b*x + a)/(b~2xd*x"2
+ 2%axbxd*x + a”2+d + (b72*d*x"2 + 2%axbxd*x + a"2xd + d)*sqrt(b"2*x"2 + 2

xaxb*¥x + a~2 + 1) + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barcsch (bx + a) x)

integral odr + od

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")

[Out] integral(b*arccsch(b*x + a)/(b*d*x + a*xd), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

acsch (a+bx)
b f a+bx dx

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(b*x+a)/(a*d/b+d*x) ,x)
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[Out] b*Integral(acsch(a + b*x)/(a + b*x), x)/d

Giac [F] time = 0., size = 0, normalized size = 0.

f arcsch (bx + a) i

ad
dx+?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/(d*x + a*d/b), x)
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3.70 f csch™ (a + bx4) dx

Optimal. Leaf size=46

tanh ™ ' 11

o [ (u+bx4)2 J (a + bx4) csch™? (a + bx4)
+

4b 4b

[Out] ((a + b*x"4)*ArcCschla + b*x~4])/(4*xb) + ArcTanh[Sqrt[l + (a + bxx"4)~(-2)]
1/ (4%Db)

Rubi [A] time = 0.0582378, antiderivative size = 46, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, e -

0.5, Rules used = {6715, 6314, 372, 266, 63, 207}

integrand size

tanh ™ LI

o [ (u+bx4)2 ] (a + bx4) csch™? (a + bx4)
+

4b 4b

Antiderivative was successfully verified.

[In] Int[x"3*ArcCschla + b*x"4],x]

[Out] ((a + b*x"4)*ArcCschla + b*x"4])/(4*xb) + ArcTanh[Sqrt[l + (a + bxx"4)~(-2)]
1/ (4%Db)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, xJ, x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQlx"(m + 1), u, x]

Rule 6314

Int[ArcCsch[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcCsch[c + dx
x]1)/d, x] + Int[1/((c + d*x)*Sqrt[1 + 1/(c + d*x)~2]), x] /; FreeQl{c, d},
x]

Rule 372

Int[(u )" (m_)*((a_) + (b_D)*(v_)"(n_)) (p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v™m), Subst[Int[x"m*(a + b*x"n)7p, x], x, vl, x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)" (@ ))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)"(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
Rule 207
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[

-a, 2]1]1/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 |l GtQlb, 01)

Rubi steps

_ 1 _
fx3csch ! (a + bx4) dx = 1 Subst (f csch™ (a + bx) dx, x, x4)

(a + bx4) csch™ (a + bx4) 1 Subst f 1 d !
= + = Subs X, X, X
4b 4 (a4 )1+ —
Subst f dx, x,a + bx*
~ (a + bx4) csch™! (a + bx4) 1+xi2x
= 4b " 4b
1 1
~ (a + bx4) csch™ (a + bx4) Subst f T+x ax, %, (a+hx4)2)
- 4b - 8b
1 T
(a + bx4) csch™ (a + bx4) Subst f 1422 dx,x, L+ (u+bx4)2)

4b 4b

-1 1
~ (a + bx4) csch™? (a + bx4) tanh [ 1+ (a+bx4)2)
B 4D " 4D

Mathematica [A] time = 0.136193, size = 74, normalized size = 1.61

2
a+bx4) +1sinh™ a+bx

\ a+bx

Antiderivative was successfully verified.

+ (a + bx4)2 csch™ (a + bx4)

4b (a + bx4)

[In] Integrate[x~3xArcCsch[a + b*x~4],x]

[Out] ((a + b*x74)72xArcCschl[a + b*x~4] + (Sqrt[l + (a + b*x"4)"2]*ArcSinh[a + bx*
x74])/Sqrt[l + (a + b*xx"4)~(-2)])/(4*bx(a + b*x"4))

Maple [A] time = 0.25, size = 63, normalized size = 1.4

4 4 4
arccsch (bx + a) x . arccsch (bx + ﬂ) a N 1 In [bx4 a4+ (bx4 + a) 1+ (bx4 + g)_Z)

4 4b 4b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsch(b*x~4+a),x)
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[Out] 1/4x*arccsch(b*x~4+a)*x"4+1/4/b*arccsch(b*x~4+a)*a+1/4/b*x1n(b*x"4+a+(b*x"4+a
)k (1+1/ (b*xx~4+a)~2)~(1/2))

Maxima [A] time = 1.01065, size = 77, normalized size = 1.67

2 (bx* + a) arcsch (bx* + a) + log| | ! t1+1]-1o / ! 111
( ) ( ) g( (bx4+u)2 ) g( (bx4+u)2

8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x~4+a),x, algorithm="maxima"

[Out] 1/8%(2+(b*x~4 + a)*arccsch(b*x™4 + a) + log(sqrt(1/(b*x"4 + a)”2 + 1) + 1)
- log(sqrt(1/(b*x~4 + a)"2 + 1) - 1))/b

Fricas [B] time = 2.81386, size = 570, normalized size = 12.39

(bx4+a) b2x8+2 abx4+a2+1 +1
N 52:8+2abxd+a2 023842 abx4+a2+1 b2x8+42a
bx*log SR +alog|-bx* + (bx* + a)\| 55—+ —a+1| —alog|-bx* + (bx* + a

b2x842 abx4+a2

bxt+a b2x8+42

4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x"4+a),x, algorithm="fricas")

[Out] 1/4*(b*x~4*log(((b*x~4 + a)*sqrt((b™2%x"8 + 2*%axb*x™4 + a”2 + 1)/(b~2*x"8 +
2xaxb*x~4 + a”2)) + 1)/(b*x"4 + a)) + axlog(-b*x"4 + (b*x"4 + a)*sqrt((b~2

*X"8 + 2kaxbxx"4 + a”2 + 1)/(b72%x"8 + 2*axbxx"4 + a”2)) - a + 1) - axlog(-
bxx~4 + (b*x74 + a)*sqrt((b™2*x"8 + 2%a*b*x™4 + a~2 + 1)/(b"2*x"8 + 2%a*b*x

"4+ a”2)) - a - 1) - log(-b*x"4 + (b*x"4 + a)*sqrt((b™2%x"8 + 2*axb*x"4 +

a”2 + 1)/(b72*%x"8 + 2xa*xb*x"4 + a~2)) - a))/b

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsch(b*x**4+a),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arcsch (bx4 + a) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~3*arccsch(b*x~4+a),x, algorithm="giac")

[Out] integrate(x~3*arccsch(b*x”4 + a), x)
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- -1
3.71 fx Hnesch™ (a + bx™) dx
Optimal. Leaf size=46
1

7+ 1 -1
(a+bx') . (a+bx™)csch ~ (a + bx™)
bn bn

tanh™! (

[Out] ((a + b*x"n)*ArcCschl[a + b*x"n])/(b*n) + ArcTanh[Sqrt[l + (a + bxx"n)~(-2)]
1/ (b*n)

Rubi [A] time = 0.0702649, antiderivative size = 46, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 14, number of rules_

integrand size
0.429, Rules used = {6715, 6314, 372, 266, 63, 207}

tanh_l ;2 +1 -1
(a+bx') N (a+bx™)csch  (a + bx™)

bn bn

Antiderivative was successfully verified.

[In] Int[x~ (-1 + n)*ArcCschl[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcCschl[a + b*x"n])/(b*n) + ArcTanh[Sqrt[1 + (a + b*x"n)~(-2)]
1/ (b*n)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, xJ, x], x, x(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rule 6314

Int[ArcCsch[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcCsch[c + dx
x])/d, x] + Int[1/((c + d*x)*Sqrt[1 + 1/(c + d*x)~2]), x] /; FreeQl[{c, d},
x]

Rule 372

Int[(u )" (m_.)*((a_) + (b_D)*(v_)"(n_)) (p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, vl, x] /; FreeQ[{
a, b, m, n, p}, x] & LinearPairQ[u, v, x]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
Rule 207
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[

-a, 2]1]1/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 |l GtQlb, 01)

Rubi steps

Subst ( f csch_l(a + bx)dx, x, x”)

fx‘””csch_1 (a+bx") dx =

n
Subst f - dx, x, x"
1
_ (a+bx") csch™ (a + by . @b\ 1 n
B bn n
Subst f - dx,x,a + bx"
_ (a+bx")csch™ (a + ba") N L+ 5%
B bn bn
1 1
_(a+bxesch (@ byry  SUPS U = o)
bn 2bn
_ Subst | [ —— dx, x, |1+ —
_ (a+bx")csch Ya + b o (f 12 X (a+bx")2)
- bn bn
_ tanh ™[ 1+ —
(a + bx™) csch Ya + bxm an (a+bxm)?
= +

bn bn

Mathematica [A] time = 0.173554, size = 74, normalized size = 1.61

J(a+bx")?+1 sinh ™Y (a+bx" _
(a+x)+1sm (a+x)+(a+bx”)zcsch1(a+bx")

(a+bx)?

+1

bn (a + bx™)
Antiderivative was successfully verified.

[In] Integrate[x~(-1 + n)*ArcCschl[a + b*x"n],x]

[Out] ((a + b*x"n) 2%ArcCschl[a + b*x"n] + (Sqrt[l + (a + b*x"n) 2]*ArcSinh[a + bx*
x"n])/Sqrt[l + (a + b*x™n)~(-2)])/(b*nx(a + b*x"n))

Maple [F] time = 0.349, size = 0, normalized size = 0.

f x"Larcesch (a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(n-1)*arccsch(a+b*x"n),x)
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[Out] int(x~(n-1)*arccsch(a+b*x"n),x)

Maxima [A] time = 1.03147, size = 81, normalized size = 1.76

7 n [ 1 _ /; _
2 (bx™ + a) arcsch (bx" + a) + log( s +1+ 1) log( e +1 1)

2bn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsch(a+b*x"n),x, algorithm="maxima"

[Out] 1/2%(2*%(b*x"n + a)*arccsch(b*x™n + a) + log(sqrt(1/(b*x™n + a)~2 + 1) + 1)
- log(sqrt(1/(b*x™n + a)”2 + 1) - 1))/(b*n)

Fricas [B] time = 3.01241, size = 969, normalized size = 21.07

2 ab+(a2+b2+1) cosh(n log(x))—(az—b2+1) sinh(n log(x))
cosh(n log(x))—sinh(n log(x))

alog|-bcosh (nlog(x)) — bsinh (nlog (x)) —a + \/ + 1] —alog [—b cosh

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsch(atb*x™n),x, algorithm="fricas")

[Out] (a*xlog(-bxcosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt((2*xaxb + (a”2 + b~2
+ 1)*cosh(n*log(x)) - (a”2 - b™2 + 1)*sinh(n*log(x)))/(cosh(n*log(x)) - sin
h(n*log(x)))) + 1) - axlog(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt(
(2%a*xb + (2”2 + b72 + 1)*cosh(n*log(x)) - (2”2 - b72 + 1)*sinh(n*log(x)))/(
cosh(n*log(x)) - sinh(n*log(x)))) - 1) + (b*cosh(n*log(x)) + b*sinh(n*log(x
)))*xlog((sqrt((2*xa*xb + (a2 + b2 + 1)*cosh(nxlog(x)) - (a2 - b2 + 1)*sin
h(n*log(x)))/(cosh(n*log(x)) - sinh(n*log(x)))) + 1)/(b*cosh(n*log(x)) + bx
sinh(n*log(x)) + a)) - log(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt(
(2%a*xb + (2”2 + b72 + 1)*cosh(n*log(x)) - (2”2 - b72 + 1)*sinh(n*log(x)))/(
cosh(n*log(x)) - sinh(n*log(x))))))/(b*n)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1+n)*acsch(a+b*x**n),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x"Larcsch (bx" + a) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsch(atb*x™n),x, algorithm="giac")

[Out] integrate(x~(n - 1)*arccsch(b*x™n + a), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)
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(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]
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101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then




57
58
59
60
61
62
63
64
65
66
67
68
69
70
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74

75
76
77
78
79
80
81

83
84
85
86
87
88

90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
© 00 N O O WN -

ExpnType := proc(expn)
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119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181

if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
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else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)
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leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
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return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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