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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 100 ]. This is test number [ 201 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. (100) | % 0.(0)
Mathematica | % 98. (98) %2. (2)
Maple % 74. (74) | % 26. (26)
Maxima %21.(21) [ %79.(79)
Fricas %69. (69) | %31.(31)
Sympy %1.(1) % 99. (99)
Giac %4.(4) % 96. (196 )

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 97. 2. 1. 0.
Mathematica 65. 8. 25. 2.
Maple 54. 4. 16. 26.
Maxima 21. 0. 0 79.
Fricas 53. 16. 0. 31.
Sympy 1. 0. 0. 99.
Giac 2. 2. 0 96.
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

mA
BB

C
mF

FriCAS Giac/Xcas Maxima Sympy

Rubi Mathematlca Maple



The figure below compares the CAS systems for each grade level.
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1.3 Performance

11

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.22 135.47 1.06 107. 1.

Mathematica 0.86 155.57 1.28 98.5 1.1
Maple 0.24 224.51 2.23 102.5 1.23
Maxima 1.02 67.24 0.78 62. 0.9
Fricas 2.08 313.65 3.61 197. 2.28
Sympy 15.49 48. 0.68 48. 0.68
Giac 1.17 208.25 2.82 183. 2.73
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi

Mathematica {4} [5}9} [10}11}[12) 15} 16} [17,[18} [24} 30} 32,33} [34} 35} 36} [37} [38} [40} [41} |42} |43} [44}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/

15

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

m@mmmmmm@@m@ o
[86, 87, 88, 89,00}, 9T} 02, 93, 04 95},06, 98}, 09, 100

B grade: {[38,[97] }
C grade: {[39]}
F grade: { }

2.1.2 Mathematica

A gradte: ([B0,10){T1) 12,15} 16,7 20,2122
[, [77) 5T} 53, 55} 56}[5.7, 58} 59,60, 61} 62,6466} 68} 69,70}
586,57, 89,01, 5,94 95,66, 98} 99,100

B grade: { [4}[6} (729 [31}[36}[38,[97 }
C grade: { [1}[213} 5} [13}[14} 18} 33} [35} [37} [45} {465, [48} 49}, 50} [52} [0 4} [63} [65} (67} [77 79} BT} [90} [92] }
F grade: {
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2.1.3 Maple

A gruce (1ABMHB M
BA GO
}

B grade: {[6}[7}[8,[80] }
C grade: ()Y B3 5 7536557 5 7 75 00, 3 0, )

e}i {219} 16, 17,18} 19} B0} 56} 57} 58} 59} 00} 6T} [62} 644 77} [79} BT} B2} B3, B4 B BT, B7)
8, (100

E
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2.1.4 Maxima
A grade: { [§[20}[21} 22} [23} 25} [26} 27} [28} 32} 34 B9} [41} [43} |47} [66} 71}, [73} [75}, 99} [100]

B grade: { }
C grade: { }

21.5 FriCAS

A grade: { [1}[20}[21)[22 [23) 25} 26, 27} 28} B2, B3 (34} [35} (37} B9, 0} £ 2} [£3} 4, 45 7} 49, 5
Eﬁllll@lllﬂmmmmm.,,. 87,89,97,94

B grade: { BB 5,73 8, 50) 58,51} 53,00} 02,05, 059, 100

C grade: { }

F grade: {[5} 0 [10} L1} 12} [13} 14} [15}[16, 17,18} 19} 24} [29} 30} 31} 46} 48} 50} |52} |64} [5G} 57, 58} 59
(60161162} 64} 88, 98]}

2.1.6 Sympy
A grade: {}

B grade: { }

C grade: { }

F grade: { 1}2] @EELIQL 1]
l... B3} 86437, 38,

i
e
E=

14} 5, 16} 17
42,43]

=
EE
=
=l
=1
N
B
E
IS

i
%
©
E
=
E~
E_
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56} (57 [58, (59} [60} (61} [62} (63} [644 (65} (661,67} (68}, (69} [70}, [71} [72} [73}[74} [75}[76} [77,[78} [79} 180} 81} B2} [83}
02,04}95, 06,97, 98,09, 100 }

21.7 Giac

A grade: {}

B grade: {}

C grade: { }

F g (LBRABANAAT 1516, 17)T8)/19, 20,1, 22,23, 07,5 26,27
[28, 29, B0} 31} B2 [33) B4 (35}, B (37} 38 [39} 140} 4T, 42} [£3} 44} [£6} 48 50, 01} 53, 53} 58, 55} 56, 5.7 58,
..... @@L [74}[75}[761[77, 78,79} [80} [81] 84,8586} /87,
(88,89} 00, 91} 92, 03, 94, 05,06}, 97,08} 99}, 100] }

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ——— ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 203 203 225 250 0 772 0 0
normalized size | 1 1. 1.11 1.23 0. 3.8 0. 0.
time (sec) N/A 0.155 0.494 0.292 0. 2.526 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 153 153 200 189 0 720 0 0
normalized size | 1 1. 1.31 1.24 0. 4.71 0. 0.
time (sec) N/A 0.099 0.258 0.244 0. 2.351 0. 0.
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 107 107 176 111 0 687 0 0
normalized size | 1 1. 1.64 1.04 0. 6.42 0. 0.
time (sec) N/A 0.062 0.161 0.234 0. 2.263 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 44 44 95 50 42 567 0 0
normalized size | 1 1. 2.16 1.14 0.95 12.89 0. 0.
time (sec) N/A 0.056 0.196 0.213 0978  2.147 0. 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 170 170 332 886 0 0 0 0
normalized size | 1 1. 1.95 5.21 0. 0. 0. 0.
time (sec) N/A 0.29 0.192 0.352 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 70 70 244 542 0 1462 0 0
normalized size | 1 1. 3.49 7.74 0. 20.89 0. 0.
time (sec) N/A 0.106 0.215 0.252 0. 2.199 0. 0.
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 315 1233 0 1912 0 0
normalized size | 1 1. 2.37 9.27 0. 14.38 0. 0.
time (sec) N/A 0.204 0.907 0.259 0. 2.481 0. 0.
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Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 197 197 368 1946 0 2163 0 0
normalized size | 1 1. 1.87 9.88 0. 10.98 0. 0.
time (sec) N/A 0.316 0.402 0.256 0. 2.668 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 279 279 305 655 0 0 0 0
normalized size | 1 1. 1.09 2.35 0. 0. 0. 0.
time (sec) N/A 0.242 1.915 0.483 0. 0. 0. 0.
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 149 149 172 396 0 0 0 0
normalized size | 1 1. 1.15 2.66 0. 0. 0. 0.
time (sec) N/A 0.138 0.418 0.392 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 80 80 105 209 0 0 0 0
normalized size | 1 1. 1.31 2.61 0. 0. 0. 0.
time (sec) N/A 0.068 0.21 0.285 0. 0. 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 274 274 280 0 0 0 0 0
normalized size | 1 1. 1.02 0. 0. 0. 0. 0.
time (sec) N/A 0.463 0.295 0.392 0. 0. 0. 0.
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Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 224 224 678 367 0 0 0 0
normalized size | 1 1. 3.03 1.64 0. 0. 0. 0.
time (sec) N/A 0.389 2.625 0.357 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 537 537 1439 1026 0 0 0 0
normalized size | 1 1. 2.68 1.91 0. 0. 0. 0.
time (sec) N/A 0.75 7.763 0.563 0. 0. 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 260 260 254 0 0 0 0 0
normalized size | 1 1. 0.98 0. 0. 0. 0. 0.
time (sec) N/A 0.257 0.552 0.559 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 136 136 153 0 0 0 0 0
normalized size | 1 1. 1.12 0. 0. 0. 0. 0.
time (sec) N/A 0.105 0.14 0.353 0. 0. 0. 0.
Problem 17 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 378 378 384 0 0 0 0 0
normalized size | 1 1. 1.02 0. 0. 0. 0. 0.
time (sec) N/A 0.511 0.319 0.373 0. 0. 0. 0.
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 330 330 1849 0 0 0 0 0
normalized size | 1 1. 5.6 0. 0. 0. 0. 0.
time (sec) N/A 0.575 45.653 0.458 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 965 965 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 1.338 9.65 0.694 0. 0. 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 164 164 84 54 78 144 0 0
normalized size | 1 1. 0.51 0.33 0.48 0.88 0. 0.
time (sec) N/A 0.03 0.041 0139 0982  1.838 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 72 49 62 131 0 0
normalized size | 1 1. 0.57 0.39 0.49 1.04 0. 0.
time (sec) N/A 0.027 0.04 0126 0983  1.872 0. 0.
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 56 42 46 116 0 0
normalized size | 1 1. 0.64 0.48 0.52 1.32 0. 0.
time (sec) N/A 0.018 0.026 0.13 0.987  1.865 0. 0.
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Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 67 36 26 92 0 0
normalized size | 1 1. 1.56 0.84 0.6 2.14 0. 0.
time (sec) N/A 0.007 0.096 0.123 0.972  1.806 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 46 46 45 65 0 0 0 0
normalized size | 1 1. 0.98 141 0. 0. 0. 0.
time (sec) N/A 0.095 0.036 0.16 0. 0. 0. 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 111 64 88 111 0 0
normalized size | 1 1. 1.13 0.65 0.9 1.13 0. 0.
time (sec) N/A 0.023 0.077 0.134 0.98 1.878 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 125 79 124 134 0 0
normalized size | 1 1. 0.92 0.58 0.91 0.99 0. 0.
time (sec) N/A 0.033 0.112 0.133 0.993  1.885 0. 0.
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 172 172 140 91 157 153 0 0
normalized size | 1 1. 0.81 0.53 0.91 0.89 0. 0.
time (sec) N/A 0.04 0.128 0.141 0.99 1.93 0. 0.
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Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 25 29 22 57 0 0
normalized size | 1 1. 1.19 1.38 1.05 2.71 0. 0.
time (sec) N/A 0.007 0.024 0.101 1.024  1.811 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 219 116 0 0 0 0
normalized size | 1 1. 3.59 1.9 0. 0. 0. 0.
time (sec) N/A 0.105 0.957 0.333 0. 0. 0. 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 54 54 49 0 0 0 0 0
normalized size | 1 1. 0.91 0. 0. 0. 0. 0.
time (sec) N/A 0.107 0.046 0.284 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 77 77 249 140 0 0 0 0
normalized size | 1 1. 3.23 1.82 0. 0. 0. 0.
time (sec) N/A 0.101 1171 0.361 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 64 83 65 64 63 135 0 0
normalized size | 1 1.3 1.02 1. 0.98 211 0. 0.
time (sec) N/A 0.038 0.09 0.189 1.078  1.714 0. 0.
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Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 84 84 97 118 0 203 0 0
normalized size | 1 1. 1.15 1.4 0. 2.42 0. 0.
time (sec) N/A 0.032 0.127 0.179 0. 1.778 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 38 52 48 54 51 111 0 0
normalized size | 1 1.37 1.26 1.42 1.34 2.92 0. 0.
time (sec) N/A 0.024 0.059 0.173 1.07 1.821 0. 0.
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 53 53 75 92 0 171 0 0
normalized size | 1 1. 1.42 1.74 0. 3.23 0. 0.
time (sec) N/A 0.018 0.076 0.184 0. 1.808 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F B F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 24 39 79 79 0 258 0 0
normalized size | 1 1.62 3.29 3.29 0. 10.75 0. 0.
time (sec) N/A 0.137 0.04 0.184 0. 1.832 0. 0.
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F A F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 48 64 75 92 0 165 0 0
normalized size | 1 1.33 1.56 1.92 0. 3.44 0. 0.
time (sec) N/A 0.031 0.05 0.189 0. 2.024 0. 0.
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B B A F B F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 35 99 93 90 0 278 0 0
normalized size | 1 2.83 2.66 2.57 0. 7.94 0. 0.
time (sec) N/A 0.041 0.06 0.204 0. 1.81 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A C A A A A F F
verified N/A NO Yes TBD TBD TBD TBD TBD
size 55 84 43 53 58 108 0 0
normalized size | 1 1.53 0.78 0.96 1.05 1.96 0. 0.
time (sec) N/A 0.037 0.043 0.178 1.045  1.835 0. 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 132 132 110 110 0 298 0 0
normalized size | 1 1. 0.83 0.83 0. 2.26 0. 0.
time (sec) N/A 0.059 0.073 0.184 0. 1.809 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 115 115 60 63 69 128 0 0
normalized size | 1 1. 0.52 0.55 0.6 111 0. 0.
time (sec) N/A 0.052 0.067 0.179 1.04 1.922 0. 0.
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 163 163 129 132 0 324 0 0
normalized size | 1 1. 0.79 0.81 0. 1.99 0. 0.
time (sec) N/A 0.077 0.104 0.184 0. 2.194 0. 0.
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Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 146 146 76 71 81 151 0 0
normalized size | 1 1. 0.52 0.49 0.55 1.03 0. 0.
time (sec) N/A 0.071 0.085 0.191 1.037 2129 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 194 194 145 152 0 348 0 0
normalized size | 1 1. 0.75 0.78 0. 1.79 0. 0.
time (sec) N/A 0.098 0.133 0.203 0. 2.133 0. 0.
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A F(-1) B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 111 111 111 137 0 251 0 360
normalized size | 1 1. 1. 1.23 0. 2.26 0. 3.24
time (sec) N/A 0.062 0.181 0.322 0. 2.125 0. 1.195
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 115 115 139 114 0 0 0 0
normalized size | 1 1. 1.21 0.99 0. 0. 0. 0.
time (sec) N/A 0.051 0.332 0.19 0. 0. 0. 0.
Problem 47 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) B
verified N/A NO NO TBD TBD TBD TBD TBD
size 58 71 56 60 57 126 0 240
normalized size | 1 1.22 0.97 1.03 0.98 217 0. 4.14
time (sec) N/A 0.041 0.094 0.178 1.068  2.061 0. 1.182
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 112 112 140 136 0 0 0 0
normalized size | 1 1. 1.25 1.21 0. 0. 0. 0.
time (sec) N/A 0.067 0.435 0.181 0. 0. 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A F A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 63 63 92 112 0 225 0 107
normalized size | 1 1. 1.46 1.78 0. 3.57 0. 1.7
time (sec) N/A 0.037 0.104 0.33 0. 2.053 0. 1.163
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 67 67 116 102 0 0 0 0
normalized size | 1 1. 1.73 1.52 0. 0. 0. 0.
time (sec) N/A 0.028 0.189 0.204 0. 0. 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F B F F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 68 68 100 127 0 298 0 0
normalized size | 1 1. 1.47 1.87 0. 4.38 0. 0.
time (sec) N/A 0.043 0.063 0.312 0. 2.099 0. 0.
Problem 52, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 147 147 135 132 0 0 0 0
normalized size | 1 1. 0.92 0.9 0. 0. 0. 0.
time (sec) N/A 0.068 0.282 0.187 0. 0. 0. 0.
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Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F(-2)
verified N/A NO NO TBD TBD TBD TBD TBD
size 80 93 113 103 0 230 0 0
normalized size | 1 1.16 1.41 1.29 0. 2.88 0. 0.
time (sec) N/A 0.053 0.144 0.284 0. 2.013 0. 0.
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 115 115 123 104 0 0 0 0
normalized size | 1 1. 1.07 0.9 0. 0. 0. 0.
time (sec) N/A 0.051 0.192 0.208 0. 0. 0. 0.
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 118 118 105 129 0 319 0 0
normalized size | 1 1. 0.89 1.09 0. 2.7 0. 0.
time (sec) N/A 0.061 0.256 0.299 0. 2.034 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 109 109 159 0 0 0 0 0
normalized size | 1 1. 1.46 0. 0. 0. 0. 0.
time (sec) N/A 0.068 2.495 0.23 0. 0. 0. 0.
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 107 107 159 0 0 0 0 0
normalized size | 1 1. 1.49 0. 0. 0. 0. 0.
time (sec) N/A 0.056 2.303 0.194 0. 0. 0. 0.
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Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 91 91 145 0 0 0 0 0
normalized size | 1 1. 1.59 0. 0. 0. 0. 0.
time (sec) N/A 0.04 0.302 0.174 0. 0. 0. 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 109 109 139 0 0 0 0 0
normalized size | 1 1. 1.28 0. 0 0 0. 0.
time (sec) N/A 0.075 0.825 0.643 0 0 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F(-2) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 133 133 186 0 0 0 0 0
normalized size | 1 1. 14 0. 0. 0. 0. 0.
time (sec) N/A 0.083 4.953 1.224 0. 0. 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F(-2) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 119 119 159 0 0 0 0 0
normalized size | 1 1. 1.34 0. 0. 0. 0. 0.
time (sec) N/A 0.053 0.297 1.102 0. 0. 0. 0.
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F(-2) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 105 105 139 0 0 0 0 0
normalized size | 1 1. 1.32 0. 0. 0. 0. 0.
time (sec) N/A 0.047 0.386 1.154 0. 0. 0. 0.
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Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-2) A F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 87 106 96 145 0 197 0 0
normalized size | 1 1.22 1.1 1.67 0. 2.26 0. 0.
time (sec) N/A 0.069 0.137 0.326 0. 2.454 0. 0.
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F(-2) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 107 107 156 0 0 0 0 0
normalized size | 1 1. 1.46 0. 0. . 0. 0.
time (sec) N/A 0.06 0.259 1.182 0. 0. 0. 0.
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F A F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 203 203 105 123 0 225 0 0
normalized size | 1 1. 0.52 0.61 0. 1.11 0. 0.
time (sec) N/A 0.7 0.141 0.206 0. 2.091 0. 0.
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 117 117 52 72 57 131 0 0
normalized size | 1 1. 0.44 0.62 0.49 1.12 0. 0.
time (sec) N/A 0.546 0.068 0.181 1.045  1.946 0. 0.
Problem 67 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F A F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 169 169 86 97 0 192 0 0
normalized size | 1 1. 0.51 0.57 0. 1.14 0. 0.
time (sec) N/A 0.465 0.07 0.182 0. 2.116 0. 0.
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Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 85 85 89 89 0 281 0 0
normalized size | 1 1. 1.05 1.05 0. 3.31 0. 0.
time (sec) N/A 0.434 0.06 0.208 0. 2.106 0. 0.
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 57 57 75 98 0 186 0 0
normalized size | 1 1. 1.32 1.72 0. 3.26 0. 0.
time (sec) N/A 0.174 0.095 0.209 0. 2.301 0. 0.
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 86 86 86 97 0 306 0 0
normalized size | 1 1. 1. 1.13 0. 3.56 0. 0.
time (sec) N/A 0.446 0.066 0.187 0. 2.149 0. 0.
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 52 73 62 130 0 126
normalized size | 1 1. 0.91 1.28 1.09 2.28 0. 2.21
time (sec) N/A 0.39 0.066 0.194 1.043  2.055 0. 1.152
Problem 72, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 147 147 121 131 0 316 0 0
normalized size | 1 1. 0.82 0.89 0. 2.15 0. 0.
time (sec) N/A 0.453 0.123 0.192 0. 2.123 0. 0.
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Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 183 183 69 84 76 150 0 0
normalized size | 1 1. 0.38 0.46 0.42 0.82 0. 0.
time (sec) N/A 0.505 0.079 0196  1.046  2.166 0. 0.
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 267 267 137 153 0 344 0 0
normalized size | 1 1. 0.51 0.57 0. 1.29 0. 0.
time (sec) N/A 0.543 0.143 0.227 0. 2.116 0. 0.
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 301 301 85 92 88 174 0 0
normalized size | 1 1. 0.28 0.31 0.29 0.58 0. 0.
time (sec) N/A 0.576 0.099 0.24 1.078  2.082 0. 0.
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 147 147 65 531 0 135 0 0
normalized size | 1 1. 0.44 3.61 0. 0.92 0. 0.
time (sec) N/A 0.619 0.09 0.54 0. 2.037 0. 0.
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 163 163 97 0 0 203 0 0
normalized size | 1 1. 0.6 0. 0. 1.25 0. 0.
time (sec) N/A 0.569 0.113 180. 0. 2.07 0. 0.
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 48 269 0 111 0 0
normalized size | 1 1. 0.64 3.59 0. 1.48 0. 0.
time (sec) N/A 0.5613 0.055 0.496 0. 1.91 0. 0.
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 94 94 75 0 0 173 0 0
normalized size | 1 1. 0.8 0. 0. 1.84 0. 0.
time (sec) N/A 0.309 0.068 180. 0. 2.024 0. 0.
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 65 65 72 2632 0 259 0 0
normalized size | 1 1. 1.11 40.49 0. 3.98 0. 0.
time (sec) N/A 0.166 0.031 0.475 0. 2.081 0. 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 46 46 74 0 0 163 0 0
normalized size | 1 1. 1.61 0. 0. 3.54 0. 0.
time (sec) N/A 0.401 0.036 180. 0. 2.303 0. 0.
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 72 72 92 0 0 279 0 0
normalized size | 1 1. 1.28 0. 0. 3.88 0. 0.
time (sec) N/A 0.383 0.057 180. 0. 2.028 0. 0.
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Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 116 116 43 0 0 109 0 0
normalized size | 1 1. 0.37 0. 0. 0.94 0. 0.
time (sec) N/A 0.424 0.052 180. 0. 2.066 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 200 200 110 0 0 300 0 0
normalized size | 1 1. 0.55 0. 0. 1.5 0. 0.
time (sec) N/A 0.5 0.1 180. 0. 2.077 0. 0.
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 233 233 60 0 0 130 0 0
normalized size | 1 1. 0.26 0. 0. 0.56 0. 0.
time (sec) N/A 0.5 0.069 180. 0. 2.032 0. 0.
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 320 320 129 0 0 325 0 0
normalized size | 1 1. 0.4 0. 0. 1.02 0. 0.
time (sec) N/A 0.567 0.141 180. 0. 2.096 0. 0.
Problem 87 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 353 353 76 0 0 153 0 0
normalized size | 1 1. 0.22 0. 0. 0.43 0. 0.
time (sec) N/A 0.605 0.097 180. 0. 2.094 0. 0.
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Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 89 89 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.272 0.635 0.434 0. 0. 0. 0.
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 88 88 69 69 0 149 0 0
normalized size | 1 1. 0.78 0.78 0. 1.69 0. 0.
time (sec) N/A 0.181 0.189 0.211 0. 2.067 0. 0.
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 75 75 110 117 0 213 0 0
normalized size | 1 1. 1.47 1.56 0. 2.84 0. 0.
time (sec) N/A 0.165 0.154 0.213 0. 2.093 0. 0.
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 44 52 0 111 0 0
normalized size | 1 1. 0.98 1.16 0. 2.47 0. 0.
time (sec) N/A 0.125 0.09 0.2 0. 2.117 0. 0.
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 37 37 68 92 0 131 0 0
normalized size | 1 1. 1.84 2.49 0. 3.54 0. 0.
time (sec) N/A 0.114 0.044 0.227 0. 2.102 0. 0.
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Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B A F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 71 71 73 87 0 213 48 0
normalized size | 1 1. 1.03 1.23 0. 3. 0.68 0.
time (sec) N/A 0.119 0.04 0.204 0. 2.076 15488 0.
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 42 42 59 61 0 144 0 0
normalized size | 1 1. 1.4 1.45 0. 3.43 0. 0.
time (sec) N/A 0.143 0.164 0.21 0. 2.162 0. 0.
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 108 108 108 111 0 344 0 0
normalized size | 1 1. 1. 1.03 0. 3.19 0. 0.
time (sec) N/A 0.176 0.151 0.227 0. 2.12 0. 0.
Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F A F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 85 85 90 86 0 197 0 0
normalized size | 1 1. 1.06 1.01 0. 2.32 0. 0.
time (sec) N/A 0.165 0.242 0.22 0. 2.206 0. 0.
Problem 97 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B B A F A F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 12 26 28 36 0 69 0 0
normalized size | 1 2.17 2.33 3. 0. 5.75 0. 0.
time (sec) N/A 1.052 0.244 0.15 0. 2.042 0. 0.
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Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 61 61 52 104 0 0 0 0
normalized size | 1 1. 0.85 1.7 0. 0. 0. 0.
time (sec) N/A 0.098 0.055 0.283 0. 0. 0. 0.
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 84 62 51 613 0 0
normalized size | 1 1. 1.47 1.09 0.89 10.75 0. 0.
time (sec) N/A 0.115 0.202 0.289 0.994 2473 0. 0.
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F A B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 84 0 54 1138 0 0
normalized size | 1 1. 1.45 0. 0.93 19.62 0. 0.
time (sec) N/A 0.113 0.248 0.401 0.999  2.608 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules

integrand size

integral was to solve. In this test, problem number [15] had the largest ratio of [ 1.2 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized - d
. . . . mtegran b f rul
# grade steps unique antiderivative & DU T
leaf size integrand leaf size
used rules leaf size
1 A 8 7 1. 10 0.7

Continued on next page

is given. The larger this ratio is, the harder the




Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand S
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

2 A 7 6 1. 10 0.6
3 A 6 6 1. 8 0.75
4 A 4 4 1. 6 0.667
5 A 14 8 1. 10 0.8
6 A 5 5 1. 10 0.5
7 A 7 7 1. 10 0.7
3 A 8 8 1. 10 0.8
9 A 17 9 1. 12 0.75
10 A 11 8 1. 10 0.8
11 A 8 6 1. 8 0.75
12 A 17 9 1. 12 0.75
13 A 12 8 1. 12 0.667
14 A 23 11 1. 12 0.917
15 A 16 12 1. 10 1.2
16 A 10 7 1. 8 0.875
17 A 20 10 1. 12 0.833
18 A 14 9 1. 12 0.75
19 A 32 13 1. 12 1.083
20 A 4 3 1. 10 0.3
21 A 4 3 1. 10 0.3
22 A 4 3 1. 8 0.375
23 A 3 3 1. 6 0.5
24 A 7 6 1. 10 0.6
25 A 5 5 1. 10 0.5
26 A 6 5 1. 10 0.5
27 A 7 5 1. 10 0.5
28 A 3 3 1. 4 0.75
29 A 7 6 1. 10 0.6
30 A 7 6 1. 10 0.6
31 A 7 7 1. 10 0.7
32 A 5 5 1.3 10 0.5
33 A 5 5 1. 10 0.5

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# grade steps unique antiderivative litzfg;i;d %
used rules leaf size

34 A 3 3 1.37 10 0.3
35 A 4 4 1. 8 0.5
36 A 3 3 1.62 6 0.5
37 A 5 5 1.33 10 0.5
38 B 6 6 2.83 10 0.6
39 C 5 5 1.53 10 0.5
40 A 8 6 1. 10 0.6
41 A 7 5 1. 10 0.5
42 A 10 6 1. 10 0.6
43 A 9 5 1. 10 0.5
44 A 12 6 1. 10 0.6
45 A 6 6 1. 12 0.5
46 A 5 5 1. 12 0.417
47 A 4 4 1.22 12 0.333
48 A 7 7 1. 12 0.583
49 A 5 5 1. 12 0.417
50 A 4 4 1. 12 0.333
51 A 6 6 1. 10 0.6
52 A 8 8 1. 8 1.
53 A 5 5 1.16 12 0.417
54 A 5 5 1. 12 0.417
55 A 7 7 1. 12 0.583
56 A 4 4 1. 12 0.333
57 A 4 4 1. 12 0.333
58 A 4 4 1. 10 0.4
59 A 5 5 1. 12 0.417
60 A 4 4 1. 12 0.333
61 A 4 4 1. 10 0.4
62 A 4 4 1. 8 0.5
63 A 6 6 1.22 12 0.5
64 A 4 4 1. 12 0.333
65 A 9 6 1. 12 0.5

Continued on next page
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Table 2.1 — continued from previous page

number of num?Der of no_rmaflize.d integrand number of rules
o grade | steps umique | anudervative |y | msgrand s
used rules leaf size

66 A 8 6 1. 12 0.5
67 A 7 6 1. 12 0.5
68 A 8 5 1. 10 0.5
69 A 7 5 1. 8 0.625
70 A 5 3 1. 12 0.25
71 A 4 2 1. 12 0.167
72 A 5 3 1. 12 0.25
73 A 4 2 1. 12 0.167
74 A 5 3 1. 12 0.25
75 A 4 2 1. 12 0.167
76 A 8 5 1. 12 0.417
77 A 7 5 1. 12 0.417
78 A 6 5 1. 12 0.417
79 A 5 4 1. 10 0.4
30 A 6 4 1. 8 0.5
31 A 5 3 1. 12 0.25
32 A 5 3 1. 12 0.25
33 A 4 2 1. 12 0.167
34 A 5 3 1. 12 0.25
85 A 4 2 1. 12 0.167
36 A 5 3 1. 12 0.25
37 A 4 2 1. 12 0.167
38 A 5 4 1. 24 0.167
39 A 8 7 1. 22 0.318
90 A 7 7 1. 22 0.318
91 A 4 4 1. 22 0.182
92 A 5 5 1. 20 0.25
93 A 8 8 1. 19 0.421
94 A 5 5 1. 22 0.227
95 A 9 8 1. 22 0.364
96 A 8 7 1. 22 0.318
97 B 7 5 2.1 25 0.2

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# grade steps unique antiderivative I?etzfg:;ed %
used rules leaf size
98 A 8 8 1. 19 0.421
99 A 5 5 1. 12 0.417
100 A 5 5 1. 14 0.357
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Chapter 3

Listing of integrals

3.1 f 3sech ' (a + bx) dx

Optimal. Leaf size=203

(2 2 + 1) t -1 [ ;i;ﬁ(lel (a+bx+1)]

2 —a—bx+1 a atan” | —————— 1 o [~a-bx+l

B (17a + 2) @+ bx+1) N a+bx B a*sech™(a + bx) YN (a+0bx+1
12p* 2b* 4p* 1202

[Out] -((2 + 17*a"2)*Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x))/(12%xb"4) -
(x"2%Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x))/(124b"2) + (a*x(a + bx
®)*Sqrt[(1 - a - bxx)/(1 + a + b*xx)]*(1 + a + b*x))/(3*b"4) - (a~4*ArcSech[

a + bxx])/(4xb~4) + (x"4xArcSechl[a + b*x])/4 + (ax(1 + 2xa”2)*ArcTan[(Sqrt[

(1 -a-b*xx)/(1 +a+ bxx)]*(1 + a + bxx))/(a + b*x)])/(2%b~4)

Rubi [A] time = 0.155323, antiderivative size = 203, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 7, integrand size = 10, number of rules _

integrand size
0.7, Rules used = {6321, 5468, 3782, 4048, 3770, 3767, 8}

(2 2 1) tan-! [ ety (@bt 1)]
2 —a—bx+1 a“+1)atan™ | ———— i o [~abx+l
12p* 2b* 4p* 1202

Antiderivative was successfully verified.

[In] Int[x"3%ArcSech[a + b*x],x]

45



46

[Out] -((2 + 17*a"2)*Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x))/(12xb~4) -
(x"2%Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*xx))/(12%b"2) + (a*x(a + bx
®)*Sqrt[(1 - a - bxx)/(1 + a + bxx)]*(1 + a + b*x))/(3*b"4) - (a~4*ArcSech[

a + b*x])/(4%b”4) + (x"4xArcSech[a + b*x])/4 + (ax(1 + 2*xa~2)*ArcTan[(Sqrt[

(1 -a-b*xx)/(1 +a+ bxx)]*(1 + a + bxx))/(a + b*x)])/(2%b~4)

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*x(b_.))"(p_.)*((e_.) + (f_.)*x(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,

b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (f_.)*(x ))"(m_.)*Sech[(c_.) + (d_.)*(x )I*x((a_) + (b_.)*Sech[
(c_.) + (d_)*(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ fxx)"mx(a + bxSech[c + d*x])"(n + 1))/(bxdx(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Intl[(e + f*x)"(m - 1)*(a + b*Sechlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3782

Int[(cscl(c_.) + (d_D)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
tlc + d*x]*(a + b*Cscl[c + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*(b™2x(n - 2) + 3*a”2
*(n - 1)))*Csclc + d*x] + (a*b™2*(3*n - 4))*Csclc + d*x]"2, x], x], x] /; F
reeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2+n]

Rule 4048

Int[((A_.) + cscl(e_.) + (£_)*(x )]1*(B_.) + cscl(e_.) + (£f_.)*x(x_)]1"2*(C_.
Mx(cscl(e_.) + (£_)*(x)]1*(b_.) + (a_)), x_Symbol] :> -Simp[(b*C*Cscle +
fxx]*xCot[e + fxx])/(2xf), x] + Dist[1/2, Int[Simp[2*Axa + (2xB*a + b*x(2*xA +
C))*Cscle + f*x] + 2%(axC + Bxb)*Cscl[e + f*x]~2, x], x], x] /; FreeQl{a, b
, e, T, A, B, C}, x]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rule 3767
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Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

Subst ( f xsech(x)(—a + sech(x))? tanh(x) dx, x, sech_l(a + bx))
bA
Subst ( [(~a + sech(x))* dx, x, sech™ (a + bx))
4p*

fx3sech_1(a +bx)dx = -

1 _
= Zx”‘sech Ya+bx) -

o [l-a-bx

(1+a+bx) 1 Subst ( [ (—a + sech(x)) (=3a® + (2 + 942
12b2 4 1
2 [0 g by)  a(a + )y (1 4 a + b
1 ~ Subst (|
= - 1+”+lix2b2 + 1+§;’x + L—Lx‘lseCh Ya+bx) - —(f
1-a—bx 1-a-b
- 2\ e (1 + a + bx) X a(a + bx)| - (1 + a + bx) _ a*sech”(a + bx) + Ddsech™
12b2 3p* 4p* 4
o [l-a-bx 1-a-bx

1+be(l +a+bx) a(a+bx) 1+be(l + a + bx) u4sech_1(a +bx) 1

+ ~xtsech™(

=- +
1262 304 4p* 4
2 1-a-bx o [l-a-bx 1-a-bx
) (2+170) o+ a+bx) P\ +a+bx)  a(a+bx)y (1 +a+bx)
== - +
12b* 1262 30

Mathematica [C] time = 0.493848, size = 225, normalized size = 1.11

(907 — 4a + 2) bx +13a° +130% + (1 - 30)b%2 + 2a + b +2) - 3a* log(a + bx) + 3a* log (a S
- 125

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcSech[a + b*x],x]

[Out] -(Sqrt[-((-1 + a + bxx)/(1 + a + b*x))]*(2 + 2%a + 13*a”2 + 13*a”3 + (2 - 4
*a + 9%a”2)*bxx + (1 - 3*%a)*b”2*x"2 + b"3*x"3) - 3*%b"4xx"4xArcSech[a + b*x]
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- 3%a"4xLogla + b*x] + 3*a~4xLogl[l + Sqrt[-((-1 + a + b*x)/(1 + a + bx*x))]
+ axSqrt[-((-1 + a + b*x)/(1 + a + b*x))] + b*x*Sqrt[-((-1 + a + bxx)/(1 +
a + b*xx))]] + (6%I)*ax(1l + 2*xa~2)*Log[(-2*I)*(a + b*x) + 2*xSqrt[-((-1 + a
+ b*xx) /(1 + a + bxx))]*(1 + a + bxx)])/(12%b"4)

Maple [A] time = 0.292, size = 250, normalized size = 1.2

l (bx + a)4 arcsech (bx + a) _ arcsech (bx + ) (bx + a)3 - 3arcsech (bx + a) (bx + a)2 a?

b* 4 2

— arcsech (bx + a) (bx +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arcsech(b*x+a),x)

[Out] 1/b74x(1/4*(b*x+a) 4*arcsech(b*x+a)-arcsech(b*xx+a)* (bxx+a) ~“3*a+3/2*arcsech(
b*xx+a) * (bxx+a) ~2*a~2-arcsech (b*x+a) * (bxx+a) *a~3+1/4*arcsech(b*x+a)*a~4-1/12

* (= (bxx+a-1)/(b*xx+a)) ~(1/2) * (b*x+a) * ((b*x+a+1) / (bxx+a)) ~(1/2) *(3*a"4*arctan
h(1/(1-(b*x+a)~2)~(1/2))+12*a"3*arcsin(b*x+a)+(1-(b*x+a) ~2) ~(1/2) *(b*xx+a) "2

—-6xax* (b*xx+a)* (1-(b*x+a) ~2) "~ (1/2)+18xa”~2* (1-(b*x+a) ~2) " (1/2) +6*a*arcsin (bxx+

a)+2* (1-(b*xx+a)~2)7(1/2))/(1-(b*x+a) ~2)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2b4x4log(\/bx+a +1V-bx —a +1bx + Vbx +a +1\/—bx—a+1a+bx+a) - 2b*x*log (bx + a) — b?x* + 6 abx — (a4
8 b4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsech(b*x+a),x, algorithm="maxima"

[Out] 1/8%(2*b~4*x"4*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a
+ 1D xsqrt(-b*x - a + 1)*a + b*x + a) - 2xb"4xx"4*xlog(b*x + a) - b™2*x"2 + 6
xaxbxx - (2”4 + 4*%a”3 + 6*a”2 + 4xa + 1)xlog(bxx + a + 1) - 2x(b™4*x"4 - a~
4)xlog(bxx + a) - (a4 - 4*a”3 + 6%a”2 - 4*a + 1)*log(-b*x - a + 1))/b74 +
integrate(1/4*(b~2*x"5 + axb*x74)/(b~2%x72 + 2xaxb*x + a”2 + (b™2%x72 + 2xa
*b*xx + a”2 - 1)*e”(1/2xlog(b*x + a + 1) + 1/2*%log(-b*x - a + 1)) - 1), x)
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Fricas [A] time = 2.52586, size = 772, normalized size = 3.8

2,2 2_ 2,2 2_ 2,2 2_
(bx-+a) [_ bbazc ;Zsh);m 21_'_1 (bx-+a) _bbg ;—2;};;% 21_'_1 (bx+a) [_ bbg ;Zsbzm 21_1
X“+2 abx+a X<+2 abx+a X=+2 abx+a
+12(2a° +

~3a*log

bx+a X

6 b*x*log

24 b*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsech(b*x+a),x, algorithm="fricas")

[Out] 1/24x%(6xb~4xx"4*xlog(((b*x + a)*sqrt(-(b"2xx"2 + 2*axb*x + a~2 - 1)/(b™2*x"2
+ 2xaxb*x + a”2)) + 1)/(bxx + a)) - 3*xa"4*xlog(((b*x + a)*sqrt(-(b~2*xx~2 +
2%a*b*x + a”2 - 1)/(b"2*x72 + 2%axb*x + a”2)) + 1)/x) + 3xa~4xlog(((b*x + a
)ksqrt (- (b72%xx72 + 2kaxbxx + a”2 - 1)/(b72%x72 + 2*a*xb*x + a”2)) - 1)/x) +
12%x(2%xa”3 + a)*arctan((b~2*x"2 + 2%a*xbxx + a~2)*sqrt(-(b~2*x"2 + 2*axb*x +

a”2 - 1)/(b72*%x72 + 2%axbxx + a~2))/(b72*%x"2 + 2*a*xb*x + a”2 - 1)) - 2*(b~3

*x"3 - 3*%axb”24x72 + 13*%a”3 + (9%a”2 + 2)*b*x + 2xa)*sqrt(-(b"2*x72 + 2xaxb

*x + a”2 - 1)/(b72%x72 + 2xa*xb*xx + a”2)))/b"4

Sympy [F] time = 0., size = 0, normalized size = 0.

f x3 asech (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asech(b*x+a),x)

[Out] Integral(x**3*asech(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arsech (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsech(b*x+a),x, algorithm="giac")



[Out] integrate(x~3*arcsech(b*x + a), x)
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3.2  [a’sech”(a+bx)dx

Optimal. Leaf size=153

(6a2 + 1) tan™! i 141 ] bx+l
—_— —a—bx+ —a—-bx+
a+bx a3sech_1(a +bx) O\ —— (a+bx+1) «x — (@a+bx+1) 1
_ + + - + —x3se
6b3 33 6b3 6b? 3

[Out] (5*%axSqrt[(1 - a - b*x)/(1 + a + bxx)]*(1 + a + b*x))/(6%b"3) - (x*Sqrt[(1
—a-bxx)/(1 +a+ bxx)]*(1 + a + bxx))/(6%¥b"2) + (a”3*ArcSech[a + bxx])/(
3*b~3) + (x73*ArcSech[a + bxx])/3 - ((1 + 6%a”2)*ArcTan[(Sqrt[(1 - a - bx*x)

/(1 + a+ bxx)]*(1 + a + bxx))/(a + b*x)])/(6%b~3)

Rubi [A] time = 0.0985505, antiderivative size = 153, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, e o e

0.6, Rules used = {6321, 5468, 3782, 3770, 3767, 8}

integrand size

(642 +1) tan™ e iad b1 bxr1
T E— —a—bx+ —a-bx+
a+bx LZ3S€Ch_1(a + bx) 5a m(a +bx+1) _ X m(ﬁl + bx + 1) . lxase(
6b3 3b3 603 6b? 3

Antiderivative was successfully verified.

[In] Int[x"2%ArcSech[a + b*x],x]

[Out] (B*axSqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x))/(6%¥b~3) - (x*Sqrt[(1
- a - bxx)/(1 + a + bxx)]*(1 + a + b*x))/(6%b72) + (a"3*ArcSech[a + b*x])/(
3*b~3) + (x73*ArcSech[a + bxx])/3 - ((1 + 6%a”2)*ArcTan[(Sqrt[(1 - a - b*x)

/(1 + a+ bxx)]*x(1 + a + b*x))/(a + b*x)])/(6%b~3)

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*x(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (£_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x )Ix((a_) + (b_.)*Sech[
(c_.) + (d_)*x)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)]1, x_Symbol]l :> -Simp[((e
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+ fxx)"m*(a + bxSech[c + d*x])"(n + 1))/(bxd*(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + f*xx)"(m - 1)*x(a + b*Sech[c + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 3782

Int[(cscl(c_.) + (d_D*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2*Co
tlc + dxx]*(a + b*Csclc + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*(b™2x(n - 2) + 3*a”2
*(n - 1)))*Csclc + d*x] + (a*b™2*(3*n - 4))*Csclc + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2+n]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps
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Subst ( f xsech(x)(-a + sech(x))? tanh(x) dx, x, sech_l(a + bx))

fxzsech_l(a +bx)dx = -

B3
Subst ( [(-a + sech(x))® dx, x, sech }(a + bx
~x3sech™!(a + bx) - (f( adl ( ))
33
1-a—bx
(l+a+bx) 1 Subst ( [ (=243 + (1 + 6a?) sech(x) — base
6b? 3 6b3
1-a-bx 2
1+aerx(l + a + bx) N Bsech” (a + by) + . ( i+ (5a) Subst (f sech”(x)
=- ech " (a + bx
602 303 308 6b
[ 1-a—b
T—a—bx (1 + 6a2) tan ™! [ Ylrel
Trarpe (L +bx) , sech” Y + bx) o Ltsech o 4 by) - @
= x3sec
6b? 3b3 3 6b3
1-a-bx 1-a-bx

:5a 1+a+bx(1+a+bx)_x T Ha+by) gBsech” (a+bx)

6b3 6192 3b3 3

x 3sech” (a + bx) —

Mathematica [C] time = 0.258412, size = 200, normalized size = 1.31

a+bx+1 a+bx+1 a+bx+1

6b3

ot (5a + a(4bx + 5) — bx(bx + 1)) 2a%log(a + bx) + 2a° log( _ahel \/ arbx] \/— bl 1) +

Antiderivative was successfully verified.

[In] Integratel[x~2*ArcSech[a + b*x],x]

[Out] (Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(5%a”2 - b*x*x(1 + b*x) + a*x(5 + 4*bx
X)) + 2%b73xx"3*ArcSech[a + b*x] - 2*a~3xLogla + b*x] + 2%a~3xLogl[l + Sqrt[

-((-1 + a+bxx)/(1 + a + b*x))] + axSqrt[-((-1 + a + b*x)/(1 + a + bx*x))]

+ bxxxSqrt[-((-1 + a + b*x)/(1 + a + b*x))]] + I*x(1 + 6*%a~2)*Log[(-2*I)*(a

+ b*x) + 2xSqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x)])/(6%xb~3)

Maple [A] time = 0.244, size = 189, normalized size = 1.2

1| (bx+a)’ h (b h (b 3 b
= (bx+a) arc;ec (ija)—arcsech(bx+a)(bx+a)2a+arcsech(bx+a)(baﬁ-a)az—EMCseC (?’XJFQ)Q +—J
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arcsech(b*x+a),x)

[Out] 1/b73*(1/3*(b*x+a) 3*arcsech(b*x+a)-arcsech(b*x+a)* (b*x+a) "2*a+arcsech (b*xx+
a)*(bxx+a)*a~2-1/3*arcsech(b*x+a)*a~3+1/6* (- (b*xx+a-1)/(b*x+a) )~ (1/2) *(b*x+a
Yx((bxx+a+1)/(b*xx+a)) " (1/2)*x(2*xa~3*arctanh (1/(1-(b*x+a) ~2) ~(1/2))+6*a~2*arc
sin(b*x+a) - (b*x+a)* (1-(b*x+a) ~2) ~(1/2)+6*a* (1-(b*x+a) ~2) ~(1/2)+arcsin(b*x+a

))/ (1-(b*x+a)~2)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2b3x3log(\/bx+a+1\/—bx—a+1bx+\/bx+a+1\/—bx—a+1a+bx+a)—2b3x3log(bx+a)—2bx+(a3+3a2—
6 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsech(b*x+a),x, algorithm="maxima")

[Out] 1/6%(2*%b~3*x"3*log(sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*b*x + sqrt(b*x + a
+ 1D xsqrt(-b*x - a + 1)*a + b*x + a) - 2xb~3*x"3*log(b*x + a) - 2%b*xx + (a~

3 + 3*¥a”2 + 3*xa + 1)xlog(b*x + a + 1) - 2*%(b73*x"3 + a~3)*xlog(b*x + a) + (a

73 - 3*%a”2 + 3%a - 1)*log(-b*x - a + 1))/b"3 + integrate(1/3*(b"2*x"4 + ax*b
*x73)/(D72%x72 + 2%axbxx + a”2 + (b72*x"2 + 2*axbxx + a”2 - 1)*e”(1/2xlog(b

*x + a + 1) + 1/2xlog(-b*x - a + 1)) - 1), x)

+

Fricas [B] time = 2.35117, size = 720, normalized size = 4.71

23242 abx+a2-1 123242 abx+a2-1 23242 abx+a2-1
(bx+a)+ | — oo axra 2 g (bx+a) | — 2B g (bx+a)y |- e =g
23242 abx-+a? b2x2+2 abx+a2 3 23242 abx-+a? 2
—-a°log —(6a° +1)arcta

bx+a X X

6b3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsech(b*x+a),x, algorithm="fricas")
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[Out] 1/6%(2*b~3*x"3*log(((b*x + a)*sqrt(-(b72%x"2 + 2*axb*x + a”2 - 1)/(b72%x"2
+ 2%axbxx + a”2)) + 1)/(b*x + a)) + a"3*log(((b*x + a)*sqrt(-(b~2*x72 + 2*a
xb*xx + a”2 - 1)/(b72%x72 + 2*axb*x + a”2)) + 1)/x) - a~3xlog(((b*x + a)*sqr
t(-(b72%x72 + 2%axb*xx + a”2 - 1)/(b72%x72 + 2*axb*x + a”2)) - 1)/x) - (6*a”

2 + D)xarctan((b™2*x72 + 2xa*xb*x + a~2)*sqrt(-(b~"2*x"2 + 2%a*bxx + a2 - 1)
/(b72%xx72 + 2*axb*xx + a”2))/(b"2*%x"2 + 2%axb*x + a2 - 1)) - (b72%x72 - 4x*a
*b*xx - B*a~2)xsqrt(-(b72*x72 + 2%a*xbxx + a”2 - 1)/(b72*x"2 + 2xa*xb*x + a~2)

)) /b3

Sympy [F] time = 0., size = 0, normalized size = 0.

f x? asech (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*asech(b*x+a),x)

[Out] Integral(x**2*asech(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x? arsech (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsech(b*x+a),x, algorithm="giac")

[Out] integrate(x~2*arcsech(b*x + a), x)
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3.3  [xsech™ (a+bx)dx

Optimal. Leaf size=107

———(a+bx+1)

—a-bx+1
—a-bx+1 atan”l| Yt 7
@sech (@ +bx) Ny @YD [ ) e o )
2b2 2b2 bz 2x secC a X

[Out] -(Sqrt[(1 - a - b*x)/(1 + a + b*xx)]*(1 + a + bxx))/(2%b"2) - (a~2*ArcSech[a
+ b*x])/(2%b72) + (x"2*xArcSech[a + bxx])/2 + (axArcTan[(Sqrt[(1 - a - bxx)
/(1 +a+Db*xx)]*(1 + a + bxx))/(a + b*x)])/b72

Rubi [A] time = 0.0617878, antiderivative size = 107, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 8, e e e

0.75, Rules used = {6321, 5468, 3773, 3770, 3767, 8}

integrand size

—a—bx+1

-1 a+bx+1

—a—bx+1 atan

2 -1 T a+bx+1) [ a+bx
a“sech “(a + bx 1 _

-~ ( ) _ Nasbunt + + Exzsech Ya+ by

2b? 202 b?

(a+bx+1) ]

Antiderivative was successfully verified.

[In] Int[x*ArcSechl[a + b*x],x]

[Out] -(Sqrt[(1 - a - b*x)/(1 + a + b*xx)]*(1 + a + bxx))/(2%b"2) - (a~2*ArcSech[a
+ b*x])/(2%b72) + (x"2*xArcSech[a + bxx])/2 + (axArcTan[(Sqrt[(1 - a - bxx)
/(1 +a+bxx)]*(1 + a + bxx))/(a + b*x)])/b72

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*x(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (f_)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x )]1x((a_) + (b_.)*Sech[
(c_.) + (d_)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x)"m*x(a + bxSechlc + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(bx*
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Sechlc + d*x])"(n + 1), x], x] /;
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FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3773

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))~2, x_Symbol] :> Simp[a™2*x, x] +
(Dist[2*a*b, Int[Csclc + d*x], x], x] + Dist[b~2, Int[Csclc + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rule 3770

Int[ecscl[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767
Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa

ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps

Subst ( f xsech(x)(—a + sech(x)) tanh(x) dx, x, sech_l(a + bx))

fxsech_l(a + bx)dx = —

2
1 ~ Subst (f(—a + sech(x))?dx, x, sech ™ (a + bx))
) 1 _
= 2x sech (a + bx) e
2 -1 Subst ( [ sech?(x) dx, x, sech *(a + bx a Sul
_ @ sech “(a + bx) N lxzsech_l(a +ba) - (f (%) ( )) N

2b?

1-a-bx b
a tan_l 1+a+bx(1+a+ x)
a+bx i Subst (fl dx,x, —i\

2b? 2

2sech (a+bx) 1
_ _Tsech @+ by) + ~x2sech™ (a + bx) +

2h2 2 b2 2b
1-a—bx
(1+a+bx)
1-a-bx ) b 4 atan™ %bux
oAt g2sechMa+bx) 1 a+hx

- _ ) -1
= T Te + % sech "(a + bx) +

b2
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Mathematica [C] time = 0.161123, size = 176, normalized size = 1.64

> 2 atbx-1 \/_ a+bx—1 \/_ a+bx—1 5 o -1 [ _atbx1 Yy
a“log(a + bx) — a“ log (a\/ — bx —— T T+ bx*sech "(a + bx) a+bx+1(a + bx +1) — 2i
2b?

Antiderivative was successfully verified.

[In] Integrate[x*ArcSech[a + b*x],x]

[Out] (-(Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + bxx)) + b~2*xx"2xArcSech[a
+ bxx] + a"2xLogla + bxx] - a”2*Logl[l + Sqrt[-((-1 + a + b*x)/(1 + a + b*x

))] + axSqrt[-((-1 + a + bxx)/(1 + a + b*x))] + b*xx*xSqrt[-((-1 + a + bx*x)/(

1 +a+ bxx))]] - (2%I)*axLog[(-2*I)*(a + b*x) + 2*Sqrt[-((-1 + a + b*x)/(1

+a + bkx))]*(1 + a + bxx)])/(2%b72)

Maple [A] time = 0.234, size = 111, normalized size = 1.

1 h (b bx + a) b bx+a-1 [b 1
1 | arcsech (bx + ) (bx + 4) — arcsech (bx + a) a (bx + a) — x+a\/_ rra \/x+u+ 2aarcsin (bx +a) + -
bx+a bx+a

b2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsech(b*x+a),x)

[Out] 1/b"2x(1/2*arcsech(b*x+a)* (b*x+a) 2-arcsech(b*x+a)*a* (bxx+a)-1/2*% (- (b*x+a-1
)/ (bxx+a)) " (1/2) * (b*xx+a) * ((bxx+a+1)/(b*x+a)) " (1/2) *(2*a*arcsin(b*x+a)+(1-(b
xx+a) "2) 7 (1/2))/(1-(b*x+a)~2)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2b2x210g(\/bx+a+1\/—bx—a+1bx+\/bx+a+1\/—bx—a+1a+bx+a)—2b2x2log(bx+a)—(a2+2a+1)log
4 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a),x, algorithm="maxima")
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[Out] 1/4%(2*%b~2*x"2%log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a
+ 1)*sqrt(-b*x - a + 1)*a + b*x + a) - 2xb"2*x"2*xlog(b*x + a) - (a2 + 2*a
+ Dxlog(b*x + a + 1) - 2x(b72xx"2 - a~2)*log(b*x + a) - (a2 - 2*a + 1)*lo
g(-b*xx - a + 1))/b"2 + integrate(1/2*(b~2*x"3 + a*b*x"2)/(b~2*x"2 + 2%axbx*x
+ 2”2 + (b72*%x72 + 2%a*xbxx + a”2 - 1)xe”(1/2xlog(b*x + a + 1) + 1/2xlog(-b

*xx —a+ 1)) - 1), x)

Fricas [B] time = 2.2629, size = 687, normalized size = 6.42

2,2 2_ 222 2_ 2,2 2_

(bx+a) [_bExt+2abxrat1 (bx+a) [_M+1 (bx+a) [_bExt+2abxrat1 o (b‘
1232 +2 abx+a? 2 23242 abx+a? 2 1232 +2 abx+a?

—a“log + a“log +4aarctan| —

bx+a X X

2b%x% log

412
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a),x, algorithm="fricas")

[Out] 1/4%(2*%b~2*x"2x1log(((b*x + a)*sqrt(-(b"2*x"2 + 2*axb*x + a”2 - 1)/(b7™2xx"2
+ 2%axbxx + a”2)) + 1)/(b*x + a)) - a"2*log(((b*x + a)*sqrt(-(b~2*x"2 + 2%a
xb*xx + a”2 - 1)/(b72%x72 + 2*axb*xx + a”2)) + 1)/x) + a"2xlog(((b*x + a)*sqr
t(-(b™2%x72 + 2%a*xb*xx + a2 - 1)/(b72%x72 + 2%axb*x + a”2)) - 1)/x) + 4*a*a
rctan((b72%x72 + 2%axb*x + a”2)*sqrt(-(b72*x72 + 2*%axb*xx + a”2 - 1)/(b72*x"

2 + 2%axb*xx + a”2))/(b72*%x"2 + 2%a*xbxx + a2 - 1)) - 2*(b*x + a)*sqrt(-(b~2
*x72 + 2kaxbxx + a”2 - 1)/(b72*%x72 + 2*a*xbxx + a~2)))/b"2

Sympy [F] time = 0., size = 0, normalized size = 0.

f x asech (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asech(b*x+a),x)

[Out] Integral(x*asech(a + b*x), x)




Giac [F] time = 0., size = 0, normalized size = 0.

fxarsech (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a),x, algorithm="giac")

[Out] integrate(x*arcsech(b*x + a), x)

60
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34  [sech™(a+bx)dx

Optimal. Leaf size=44

-1 —a—bx+1
(a+ bx)sech_l(u + bx) 2tan (V a+bx+1 )

b b

[Out] ((a + b*x)*ArcSech[a + bxx])/b - (2*%ArcTan[Sqrt[(1 - a - b*x)/(1 + a + b*x)
11 /v

Rubi [A] time = 0.0556131, antiderivative size = 44, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 6, number of rules

integrand size
0.667, Rules used = {6313, 1961, 12, 203}

-1 —a-bx+1
(a+ bx)sech_l(a + bx) 2tan ( V atbrt )

b b

Antiderivative was successfully verified.

[In] Int[ArcSechla + bx*x],x]

[Out] ((a + b*x)*ArcSech[a + b*x])/b - (2*ArcTan[Sqrt[(1 - a - b*x)/(1 + a + b*x)
11 /v

Rule 6313

Int[ArcSech[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcSech[c + dx
x]1)/d, x] + Int[Sqrt[(1l - ¢ - d*x)/(1 + ¢ + d*x)]/(1 - ¢ - d*x), x] /; Free
Ql{c, d}, x]

Rule 1961

Int[(u_ )~ (r_)*(((e_)*x((a_.) + (b_)*(x_)"(n_.)))/((c_) + (d_.)*x(x_)"(n_.)
))~(p_), x_Symbol] :> With[{q = Denominator[pl}, Dist[(g*ex(b*c - ax*d))/n,
Subst [Int [SimplifyIntegrand[(x~(g*(p + 1) - 1) *(-(a*xe) + c*xx"q)~(1/n - 1)*(
u /. x => (-(axe) + cxxq)~(1/n)/(bxe - d*x~q)~(1/n))"r)/(b*e - d*x~q)~(1/n
+ 1), x], x], x, ((ex(a + b*x"n))/(c + d*x"n))~(1/qQ)], x]1] /; FreeQ[{a, b,
c, d, e}, x] &% PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Inte
gerQ[r]
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GgtQ[b, 01)

Rubi steps

1 ll—u—bx
fsech_l(a +bx)dx = @ +bxsech (a+bx) + f Lratbx gy

b 1-a-bx

b ha+b 1 1—a—b
_ (a+bysech (a+bx) — (4b) Subst f —dx,x,w/#
b 2b2(1+x2) 1+a+bx

1 1-a—bx
_(a+ bx)sech ' (a + bx) ~ 2Subst (f Tz 9% %, V 1+a+bx)

b b

-1 1-a-bx
_ (a+bx)sech M (a+bx) 2tan (V —mm)
- b - b

Mathematica [B] time = 0.195596, size = 95, normalized size = 2.16

a+bx-1 _ a+bx-1 .- a+bx-1
24/-——(atan™? A/ ——— | = sinh !
a+bx+1 a+bx+1 V2

xsech™ (a+ bx) +

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[a + b*x],x]

[Out] x*ArcSech[a + b*x] + (2*Sqrt[-((-1 + a + b*x)/(1 + a + bxx))]*(-ArcSinh[Sqr
t[-1 + a + b*xx]/Sqrt[2]] + axArcTan[Sqrt[(-1 + a + b*x)/(1 + a + b*xx)]]))/(
b*xSqrt[(-1 + a + b*x)/(1 + a + b*x)])
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Maple [A] time = 0.213, size = 50, normalized size = 1.1

h (b 1 _ _
xarcsech (bx + a) + aresec l() X+ a)a -3 arctan (\/(bx +a) 1 1\/(bx +a) Ty 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a),x)

[Out] x*arcsech(b*x+a)+1/b*arcsech(b*x+a)*a-1/b*arctan((1/(bxx+a)-1)"(1/2)*(1/(bx*
x+a)+1)7(1/2))

Maxima [A] time = 0.9777, size = 42, normalized size = 0.95

(bx + a) arsech (bx + a) — arctan ( /% - 1)
(bx+a)

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a),x, algorithm="maxima"

[Out] ((b*x + a)*arcsech(b*x + a) - arctan(sqrt(1/(b*x + a)~2 - 1)))/b

Fricas [B] time = 2.1473, size = 567, normalized size = 12.89

2,2 2_ 2,2 2_ 2,2 2_
(bx+a) _b X<+2 abx+a 1_'_1 (bx+a) _b X&+2 abx+a 1+l (bx+a) _b X4+2 abx+a 1_1 (b2x2+2¢
V b2x2+2 abx+a2 V  02x2+2abx+a? V 23242 abx+a2
+ alog —alog —2 arctan

X X

2bxlog

bx+a

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a),x, algorithm="fricas")

[Out] 1/2%(2*b*x*log(((b*x + a)*sqrt(-(b~2*x"2 + 2*axb*xx + a”2 - 1)/(b72*x"2 + 2%
axbxx + a”2)) + 1)/(b*x + a)) + axlog(((b*x + a)*sqrt(-(b72%xx"2 + 2*axb*x +
a”2 - 1)/(b72%x72 + 2¥axb*x + a”2)) + 1)/x) - axlog(((b*x + a)*sqrt(-(b~2x
X2 + 2%axb*x + a”2 - 1)/(b72*x"2 + 2%axb*x + a”2)) - 1)/x) - 2xarctan((b~2
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*x72 + 2xaxbkx + a”2)*sqrt(-(b72*x72 + 2*kaxb*x + a”2 - 1)/(b72*x72 + 2*axbx

x + a"2))/(b72%x"2 + 2*xaxb*x + a”2 - 1)))/b

Sympy [F] time = 0., size = 0, normalized size = 0.

f asech (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a),x)

[Out] Integral(asech(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a),x, algorithm="giac")

[Out] integrate(arcsech(b*x + a), x)
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-1
35 fsech (a+bx) dx

X

Optimal. Leaf size=170

aesech_l(a+bx) aesech_l(u+bx) 5 h_l( b 1 ae
PolyLog|2, ————|+ PolyLog|2, ————|- - PolyLog (2, —esech by ) +sech “(a + bx)log|1 - —
1-V1-a2 Vi-a2+1) 2 1

[Out] ArcSech[a + b*x]*Log[l - (a*E"ArcSech[a + b*x])/(1 - Sqrt[1l - a~2])] + ArcS
ech[a + b*x]*Log[1l - (a*E~ArcSech[a + bxx])/(1 + Sqrt[l - a”2])] - ArcSech[

a + b*x]*Log[l + E~(2*%ArcSech[a + b*x])] + PolyLog[2, (a*E~ArcSech[a + b*x]

)/(1 - Sqrt[1l - a”2])] + PolyLogl[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a~

2])] - PolyLog[2, -E~(2%ArcSech[a + bxx])]/2

Rubi [A] time = 0.289761, antiderivative size = 170, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 8, integrand size = 10, number of rules _

0.8, Rules used = {6321, 5595, 5570, 3718, 2190, 2279, 2391, 5562}

integrand size

esechfl(a+bx)

——— |+ PolyLog|2, —
1—V1—a2] Y g( Vi-a2+1

aesechfl(a+bx)

PolyLog [2, ] - EPolyLog (2, —eZS“h_l(“*bx)) +sech ™ (a + bx)log |1 - e
1

Antiderivative was successfully verified.

[In] Int[ArcSechl[a + b*x]/x,x]

[Out] ArcSechl[a + b*x]*Log[l - (a*E"ArcSechl[a + b*x])/(1 - Sqrt[l - a~2])] + ArcS
ech[a + b*x]*Log[1l - (a*E~ArcSech[a + bxx])/(1 + Sqrt[1 - a”2])] - ArcSechl[

a + b*x]*Log[l + E~(2*%ArcSech[a + b*x])] + PolyLog[2, (a*E~ArcSech[a + bxx]

)/(1 - Sqrt[1 - a”2])] + PolyLogl[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a~

2])]1 - PolyLog[2, -E~(2%ArcSech[a + bxx])]/2

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*x(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x]) ™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5595

Int[((Ce_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.)*(G_ ) [(c_.) +
(d_)*x D1~ (p_))/((a_) + (b_.)*Sech[(c_.) + (d_.)*(x_)]1), x_Symbol] :> I
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nt[((e + f*x) m*Cosh[c + d*x]*F[c + d*x] n*G[c + d*x]"p)/(b + a*Cosh[c + dx
x]1), x] /; FreeQ[{a, b, ¢, d, e, £}, x] &% HyperbolicQ[F] && HyperbolicQ[G]
&& IntegersQ[m, n, pl]

Rule 5570

Int[(((e_.) + (f_.)*(x_)) " (m_.)*Tanh[(c_.) + (d_.)*(x_)]1"(n_.))/(Cosh[(c_.)
+ (d_)*(x_)I*(b_.) + (a_)), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Tanh[c
+ d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) " m*Sinh[c + d*x]*Tanh[c + d*x]~
(n - 1))/(a + b*xCosh[c + dx*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && I
GtQ[m, 0] && IGtQ[n, 0]

Rule 3718

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz ])*(f_.)*(x )], x
_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2*I, Int[((c
+ dxx) "m*E” (2% (- (I*xe) + fxfzxx)))/(1 + ET(2x(-(Ixe) + fxfz*x))), x], x] /;
FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(@m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_I*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 5562

Int[((Ce_.) + (f_.)*(x_))"(m_.)*Sinh[(c_.) + (d_.)*(x_)])/(Cosh[(c_.) + (d_
Dx(x )]x(_.) + (a_)), x_Symbol] :> -Simp[(e + f*x)"(m + 1)/(b*f*x(m + 1)),
x] + (Int[((e + f*x)"m*E"(c + d*x))/(a - Rt[a™2 - b2, 2] + b*E"(c + d*x))
, x] + Int[((e + f*x)"m*E~(c + d*x))/(a + Rt[a"2 - b~2, 2] + b*E~(c + d*x))
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, x]1) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && NeQ[a"2 - b2, 0]

Rubi steps

sech_l(a + bx)

J==

B xsech(x) tanh(x)
dx = = Subst (f —a + sech(x)
= —Subst ( f 1

x tanh(x)
(a Subst ( f ]

— a cosh(x)
(2 Subst ( f "

dx, x, sech_l(a + bx))

dx, x, sech™ (a+ bx))

h _ _
xsinh(x) dx, x, sech 1(a + bx) || — Subst (fxtanh(x) dx, x, sech 1(a + 1
-a cosh(x)

e*x 1
5= dx, x, sech” (a + bx))) —a Subst (f dx,x,sech “(a
1-V1-a2-ae

h_l( )] aesech L a+bx) h_l( o)1 aesech—l(a+bx) h_l( b
=sech "(a+Dbx)log|1 - +sech “(a+ bx)log|l - —————=|—-sech (a+
1-Vi-@ 1+V1-a?
h—l( b )1 . aesech_l(a+bx) .\ h_l( b )1 . aesech_l(a+hx) h—l( ol
= sec a+bx)log|l - —————1+sec a+bx)log|l - —————=|-sec a
1-a2 1+V1-a2
h—l( b )1 ) aesechfl(a+bx) . h—l( b )1 . uesechfl(a+bx) h—l( o
= sec a+bx)log|l - ————=|+sec a+bx)log|l - —————=]-sec a
1- a2 1+ V1-a2

Mathematica [C]

(\/1——612 _ 1) e—sech_l(a+hx)

—PolyLog|2, -

- PolyLog| 2,

time = 0.191604, size = 332, normalized size = 1.95

(\/1_—512 + 1) e—sech_l(a+bx)

1 -1
+ —PolvL (2,_ —2sech ~(a+!
P 7 5 OlyL.og e

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[a + b*x]/x,x]

[Out] (-4*I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*ArcTanh[((1 + a)*Tanh[ArcSech[a + b
*x]/2])/Sqrt[1 - a~2]] - ArcSech[a + b*x]x*Log[l + E~(-2*ArcSech[a + bxx])]

+ ArcSech[a + b*x]*Log[l + (-1 + Sqrt[1 - a~2])/(a*E~ArcSech[a + b*x])] + (
2xI)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Logl[l + (-1 + Sqrt[l - a~2])/(a*E~Arc
Sech[a + b*x])] + ArcSech[a + b*x]*Log[l - (1 + Sqrt[l - a~2])/(a*E~ArcSech

[a + bxx])] - (2%I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Logl[l - (1 + Sqrt[1l -
a~2])/(axE"ArcSech[a + b*x])] + PolyLog[2, -E~(-2*ArcSech[a + b*x])]/2 - Po
lyLog[2, -((-1 + Sqrt[1 - a”2])/(a*E~ArcSech[a + b*x]))] - PolyLogl[2, (1 +
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Sqrt[1 - a~2])/(a*E"ArcSech[a + bxx])]

Maple [C] time = 0.352, size = 886, normalized size = 5.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)/x,x)

[Out] 1/2*arcsech(b*x+a)*1n((-a*(1/(b*x+a)+(1/(bxx+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2
M+(-a”2+1) " (1/2)+1) /(1+(-a~2+1)~(1/2)))+1/2*arcsech(b*x+a) *1n((a* (1/ (b*x+a
)+(1/ (bxx+a)-1)~(1/2)*(1/ (bxx+a)+1) " (1/2) )+(-a~2+1) " (1/2)-1) / (-1+(-a"2+1) " (
1/2)))-1/2x(-a"2+1)~(1/2)/(a"2-1) *arcsech (b*x+a) *1n((-a* (1/ (b*x+a)+(1/ (b*x+
a)-1)"(1/2)*x(1/ (b*x+a)+1)~(1/2))+(-a~2+1) " (1/2)+1) / (1+(-a~2+1)~(1/2) ) ) +1/2%
(-ma"2+1)~(1/2)/(a"2-1) *arcsech(b*x+a) *1n((ax(1/(b*x+a)+(1/(b*x+a)-1) " (1/2) *
(1/(b*xx+a)+1)~(1/2))+(-a"2+1)~(1/2)-1) /(-1+(-a"2+1)~(1/2)))+dilog((-a*x(1/(b
xx+a)+(1/ (b*x+a)-1) " (1/2)*(1/ (b*x+a)+1) ~(1/2))+(-a~2+1) " (1/2)+1) / (1+(-a"2+1
)~ (1/2)))+dilog((a*x(1/ (b*x+a)+(1/(bxx+a)-1)~(1/2)*(1/(b*xx+a)+1) " (1/2))+(-a”
2+1)7(1/2)-1)/(-1+(-a~2+1)~(1/2)) ) -arcsech(b*x+a) *1n (1+I* (1/ (b*x+a)+(1/ (b*x
+a)-1)"(1/2)*x(1/(bxx+a)+1)~(1/2)))-arcsech(b*x+a)*1n(1-I* (1/(b*x+a)+(1/(b*x
+a)-1)"(1/2) % (1/ (b*xx+a)+1) ~(1/2)))-dilog (1+I*(1/ (bxx+a)+(1/ (b*x+a)-1)~(1/2)
*x(1/(b*xx+a)+1)~(1/2)))-dilog(1-I*(1/(b*x+a)+(1/(b*xx+a)-1)~(1/2)*(1/(b*x+a)+
1)°(1/2)))+1/2%(a"2-1-(-a"2+1) " (1/2))/a"2/(a"2-1) *arcsech (b*x+a) *(In((ax(1/
(bxx+a)+(1/ (b*xx+a)-1) ~(1/2)*(1/ (b*x+a)+1)~(1/2))+(-a~2+1)~(1/2)-1)/ (-1+(-a~
2+1)7(1/2)))*a"2+1In((~a*x(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2) % (1/ (b*x+a)+1)~(1/2))
+(-a”2+1)"(1/2)+1)/(1+(-a"2+1) "~ (1/2)) ) *a"~2-2*x1n((-ax (1/ (b*x+a)+(1/ (b*x+a) -1
)T (1/2)*%(1/ (bxx+a)+1) " (1/2) )+(-a"2+1) " (1/2)+1) / (1+(-a"2+1) ~(1/2) ) ) +2*1n((-a
*(1/ (bxx+a)+(1/ (b*x+a)-1) ~(1/2)*(1/ (bxx+a)+1) ~(1/2) )+(-a~2+1) " (1/2)+1) / (1+(
—a”2+1)7(1/2)))*(-a~2+1)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x,x, algorithm="maxima"
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[Out] integrate(arcsech(b*x + a)/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a) x)
x 4

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x,x, algorithm="fricas")

[Out] integral(arcsech(b*x + a)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f asech (a + bx) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)/x,x)

[Out] Integral(asech(a + b*x)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (bx + a) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)/x, x)
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-1
36 fsech (a+bx) dx

x2

Optimal. Leaf size=70

2btanh™}

[ Va+1 tanh(%sech_l(a+bx))

1-a bsech ™ (a+bx) sech (a+ bx)

avl1 - a? a x

[Out] -((b*ArcSech[a + b*x])/a) - ArcSech[a + b*x]/x + (2xb*ArcTanh[(Sqrt[1 + alx*
Tanh[ArcSech[a + b*x]/2])/Sqrt[l - all)/(a*Sqrt[l - a~2])

Rubi [A] time = 0.105885, antiderivative size = 70, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, e o e

0.5, Rules used = {6321, 5468, 3783, 2659, 208}

integrand size

\/ﬁtanh(%sech_l(a+bx))
1-a bsech ™ (a+bx) sech (a+ bx)

avl1 - a? a x

2btanh™!

Antiderivative was successfully verified.

[In] Int[ArcSechl[a + b*x]/x"2,x]

[Out] -((b*ArcSech[a + b*x])/a) - ArcSech[a + b*x]/x + (2xb*ArcTanh[(Sqrt[1 + alx*
Tanh[ArcSech[a + b*x]/2])/Sqrt[l - all)/(a*Sqrt[l - a~2])

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*x(b_.))"(p_.)*((e_.) + (£f_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (f_)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x )]Ix((a_) + (b_.)*Sech[
(c_.) + (d_)*x(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x)m*x(a + b*Sech[c + d*x])~(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + bxSech[c + d*x])~(n + 1), x], x] /;
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FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3783

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sin[c + d*x])/b), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e™2%x~2), x], x, Tan[(c + dx*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rubi steps

sech_l(a + bx) xsech(x) tanh(x) 1
T Ay = — h
f 2 dx (b Subst ( (a1 + sech()? dx,x,sech ~(a + bx)
h'(a+b 1 .
= —w + b Subst f ———dx,x,sech 1(a + bx)
X —a + sech(x)
1 -1
3 _bsech_l(a + bx) B sech_l(a + bx) N bSubst (f 1-a cosh(x) dx, x,sech “(a + bx))
- a X a
1 1 -1
_bsech_l(a + bx) B sech_l(a + bx) N (2b) Subst (f 1-a—(1+a)x2 dx, x, tanh (Esech (a+ bx))
B a X a
1 \/Etanh(%sech_l(a+bx))
4 i 2btanh
_bsech (a+bx) sech (a+bx) . 1-a
a x avl - a?

Mathematica [B] time = 0.215134, size = 244, normalized size = 3.49

b (\/1 —a?log(a + bx) — V1 - a2 log (a\/—u+bx_1 + bx\/— bl \/ bl 1) + log (\/1 ~@2a - g

a+bx+1 a+bx+1 T atbx+l

a+bx+1

avl - a?
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Antiderivative was successfully verified.

[In] Integrate[ArcSech[a + b*x]/x"2,x]

[Out] -(ArcSech[a + b*x]/x) + (b*(-Logl[x] + Sqrt[1l - a~2]*Logla + b*x] - Sqrt[l -
a~2]*Log[1l + Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + axSqrt[-((-1 + a + bx
x)/(1 + a + bkx))] + bxxxSqrt[-((-1 + a + b*x)/(1 + a + b*x))]] + Logl[l - a

72 - axb*x + Sqrt[l - a”2]xSqrt[-((-1 + a + b*x)/(1 + a + bxx))] + axSqrt[1

- a”2]*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + Sqrt[l - a~2]*b*x*Sqrt[-((-

1 +a+bxx)/(1 +a+ b*xx))]]))/(axSqrt[1 - a~2])

Maple [B] time = 0.252, size = 542, normalized size = 7.7

Artanh

arcsech (bx + a) ab®x \/ bx +a —1\/bx+a +1
X T+a)(a-1) bx+a bx+a

1 1 a*b
Ji-r+ap ) J1-reap GHOE
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)/x"2,x)

[Out] -arcsech(b*x+a)/x-(-(b*x+a-1)/(b*x+a)) " (1/2)*((b*x+a+1)/(b*x+a)) " (1/2)/(1-(
b*x+a)~2) "~ (1/2)*a/(a-1)/(1+a) *arctanh(1/(1-(b*x+a) ~2) " (1/2)) *x*b~2-b* (- (b*x
+a-1) /(bxx+a) )~ (1/2) * ((b*x+a+1) / (b*x+a)) ~(1/2) / (1-(b*x+a) ~2) "~ (1/2)*a"2/(a-1
)/ (1+a)*arctanh(1/(1-(b*x+a)~2)~(1/2))-(-(b*x+a-1)/(b*x+a) )~ (1/2) * ((b*x+a+1
)/ (b*xx+a))~(1/2)/(1-(b*x+a)~2)~(1/2)/a/(a-1)/(1+a)*1n(2* ((-a~2+1) ~(1/2) *(1-
(bxx+a)~2) " (1/2)-a*x(b*x+a)+1) /b/x)* (—a~2+1) " (1/2) *x*b~ 2+ (- (b*x+a-1) / (b*x+a)
)" (1/2) % ((b*x+a+1) /(bxx+a)) ~(1/2)/(1-(b*x+a) "2)~(1/2)/a/(a-1)/(1+a) *arctanh
(1/(1-(b*x+a) ~2) " (1/2) ) *x*b~2-b* (- (b*x+a-1) / (bxx+a) ) " (1/2) * ((b*x+a+1) / (b*x+
a))~(1/2)/(1-(b*x+a)~2)~(1/2)/(a-1)/(1+a) *1n(2x ((-a~2+1) " (1/2) * (1- (b*x+a) "2
)~ (1/2)—ax(b*x+a)+1) /b/x)*(-a~2+1) " (1/2) +b* (- (b*x+a-1) / (b*x+a) ) = (1/2) * ((b*x
+a+1) /(bxx+a))~(1/2)/ (1-(b*x+a) ~2)~(1/2)/(a-1)/(1+a) *arctanh (1/ (1-(b*x+a) "2
)=(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

blog (x) (azb - ab)xlog (bx+a+1)+ (azb + ab)xlog (<bx—a+1)+2 (a3 - a) log (\/bx +a+1V-bx—a+1bx +

B—a 2(u3—a)x
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x"2,x, algorithm="maxima"

[Out] bxlog(x)/(a”3 - a) - 1/2x((a"2*b - axb)*xxlog(b*x + a + 1) + (a”2%b + axb)x
xxlog(-b*x - a + 1) + 2%x(a”3 - a)*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)x

b*x + sqrt(b*x + a + 1)*sqrt(-b*xx - a + 1)*a + bxx + a) - 2x(a”3 + (a"2*xb -

b)*x - a)*xlog(bxx + a) - 2*(a”3 - a)*log(b*x + a))/((a”3 - a)*x) - integra
te((b™2*%x + axb)/(b"2*%x"3 + 2ka*xb*x™2 + (a”2 - 1)*x + (b72*x"3 + 2kaxb*x"2

+ (@72 - D*x)*xe”(1/2x1log(bxx + a + 1) + 1/2xlog(-b*x - a + 1))), x)

Fricas [B] time = 2.19925, size = 1462, normalized size = 20.89

[ b2x2+2 abx+a2-1 b2x2+2 abx+a?-1
(bx-+a)y |- or2abera™ 1 |y (bx+a), |- Lar2abeva” 1 4 (2a2-1)p2a2+2 a4+
b2x2+2 abx-+a2 b2x2+2 abx+a2
(a2 —1)bxlog — — (a% -1)bx1log S +V-a2 + lbxlog| —————

X X

2 (u3 - a)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x"2,x, algorithm="fricas")

[Out] [-1/2%x((a"2 - 1)*b*x*log(((b*x + a)*sqrt(-(b~2*x"2 + 2*xa*xb*x + a”2 - 1)/(b~
2%x72 + 2%axbxx + a”2)) + 1)/x) - (a”2 - D) *b*xx*xlog(((b*x + a)*sqrt(-(b~2*x
T2 + 2xaxbxx + a”2 - 1)/(b72*x72 + 2%a*xbxx + a”2)) - 1)/x) + sqrt(-a”2 + 1)
xb*xx*xlog(((2*%a”2 - 1)*b72%x72 + 2*xa”4 + 4*x(a”3 - a)*bxx - 4%a”2 - 2*x(axb~2x
X2 + a”3 + (2%a”2 - 1)*b*xx - a)*sqrt(-a”2 + 1)*sqrt(-(b"2*x"2 + 2*axb*x +
a”2 - 1)/(b72xx"2 + 2%axb*x + a”2)) + 2)/x72) + 2x(a”3 - a)*log(((b*x + a)*
sqrt (- (b72xx"2 + 2*axb*x + a”2 - 1)/(b72%x"2 + 2*axb*x + a~2)) + 1)/(b*x +
a)))/((a”3 - a)*x), -1/2x((a”2 - 1)*b*xxxlog(((b*x + a)*sqrt(-(b~2*x"2 + 2xa
*bxx + a”2 - 1)/(b72%x"2 + 2*kaxb*x + a”2)) + 1)/x) - (272 - 1)*b*x*log(((b*
x + a)*sqrt(-(b72%x72 + 2*%axb*xx + a”2 - 1)/(b72%x72 + 2*%axb*x + a”2)) - 1)/
x) + 2*xsqrt(a”2 - 1)*b*xxxarctan((axb”™2*x"2 + a”3 + (2%a”2 - 1)*b*x - a)*sqr
t(a™2 - 1)*sqrt(-(b7™2xx"2 + 2*axb*x + a2 - 1)/(b72*x"2 + 2*axb*xx + a~2))/(
(™2 - D*b72*%x72 + a4 + 2x(a”™3 - a)*bxx - 2*%a”2 + 1)) + 2x(a™3 - a)*log((
(b*x + a)*sqrt(-(b"2*x"2 + 2%axbxx + a2 - 1)/(b72*%x"2 + 2%a*bxx + a~2)) +
1)/(bxx + a)))/((a”3 - a)*x)]




Sympy [F] time = 0., size = 0, normalized size = 0.

f asech (a + bx) i

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)/x**2,x)

[Out] Integral(asech(a + b*x)/x**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)
f ————dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)/x"2, x)
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-1
3.7 fsech (a+bx) dx

x3

Optimal. Leaf size=133

Va+1tanh lsech_1(11+bx)
-1 (1 - 2612) b2 tanh_l (2 ) —a—bx+1 =]
PPsech ™ (a+bx) 1-a . a0 D) sech™ (a + bx)
242 2 (1- u2)3/ 2 2a (1 - az) X 2x?

[Out] (b*Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x))/(2xax(1 - a~2)*x) + (b~
2xArcSech[a + bxx])/(2*a”2) - ArcSech[a + b*x]/(2%x72) - ((1 - 2*a~2)*b~2*A
rcTanh[(Sqrt[1 + al*Tanh[ArcSech[a + b*x]/2])/Sqrt[l - all)/(a"2x(1 - a~2)~
(3/2))

Rubi [A] time = 0.203781, antiderivative size = 133, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 10, LT

integrand size
0.7, Rules used = {6321, 5468, 3785, 3919, 3831, 2659, 208}

Va+1tanh lsech_l(a+bx)
i (l - 2{12) b tanh™ (2 ) —a-bx+1 )
b’sech™ (a + bx) 1-a o+ N bt (@+bx+1)  sech™(a+ bx)
2a2 P2 (1 _ a2)3/ 2 2a (1 —~ az) X 2x2

Antiderivative was successfully verified.

[In] Int[ArcSechl[a + b*x]/x~3,x]

[Out] (b*Sqrt[(1 - a - b*x)/(1 + a + b*x)]*x(1 + a + b*x))/(2*ax(1 - a~2)*x) + (b~
2xArcSech[a + bxx])/(2*a”2) - ArcSech[a + b*x]/(2%x72) - ((1 - 2*a~2)*b~2*A
rcTanh[(Sqrt[1 + a]*Tanh[ArcSech[a + b*x]/2])/Sqrt[l - all)/(a"2x(1 - a~2)~
(3/2))

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*x(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468
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Int[((e_.) + (f£_.)*(x_)) " (m_.)*Sech[(c_.) + (d_.)*x(x_)]*((a_) + (b_.)*Sechl[
(c_.) + (d_)*(x_)1)"(n_.)*Tanh([(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x) mx(a + bx*Sech[c + d*xx])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(bx*
dx(n + 1)), Intl[(e + f*x)"(m - 1)*(a + b*Sechlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3785

Int[(cscl(c_.) + (d_D)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2xCot
[c + d*x]*(a + b*Csc[c + d*x])"(n + 1))/(axd*x(n + 1)*(a"2 - b72)), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”2 - b
“2)x(n + 1) - a*xbx(n + 1)*Csclc + d*x] + b™2x(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2+n]

Rule 3919

Int[(cscl(e_.) + (f_.)x(x_)]*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x )1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSinle + f*x1)/b), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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sech ™ (a + bx xsech(x) tanh(x _
f + dx = — (b2 Subst ( Ca +(s)ech(x)()3) dx, x, sech™ (a + bx)))

sech (a + bx) 1 1
= b2 bst f ———dx,x,sech b
72 Subs ( (Ca + sech(n)? x,x,sech ~(a + bx)
1-a-b. 2 1-a?-asech(x) -1
) 1+Z+h’; (1+a+bx)  sech™(a + bx) b= Subst (f oreechG) dx,x,sech " (a + bx))
2a (1 - az) x 2x2 2a (1 - az)
1—a—b 2\ 12 sech(
_ 1+Z+b§ (1+a+bx) N bzsech_l(a + bx) sech_l(a + bx) ((1 24 )b ) Subst (f —a+sect
- 2a (1 - az) X 2a2 2x2 242 (1 -
T—a-b 2\ 2 1
_ 1+Z+b§ (1+a+bx) N b2sech™ (4 + bx) sech_l(a + bx) ((1 —2a ) b ) Subst (f 1-acos]
2a (1 - az) X 242 2x2 2a2 (1 -
T-—a-b 2\ 2 1
B 1+Z+b§ (1 +a+ bx) . bzsech_l(a + bx) sech_l(a + bx) ((1 ~2a )b ) Subst (f 1-a—(14
2a (1 - az) x 242 2x? a2
1-a-bx 1 1 (1 - 2112) b2 tanh™ @anh(
b tat ) p2sech(a+bx)  sech”(a+bx) ~
2a (1 - az) x 2a? 22 a2 (1 - a2)3/2

Mathematica [B] time = 0.907060, size = 315, normalized size = 2.37

a+bx-1 a+bx-1 2 >
(2‘1 - )bz log(x) b? log(a + bX) b? log (11 V_ a+bx +1 \/ a+bx+1 \/ a+bx+1 + 1) N (Za - 1) b"log (\/I

)3/2

1
2 a2 (1 - a?
Antiderivative was successfully verified.

[In] Integrate[ArcSech[a + b*x]/x"3,x]

[Out] (-((b*Sqrt[-((-1 + a + b*xx)/(1 + a + b*x))]*(1 + a + bxx))/((-1 + a)*ax(1 +
a)*x)) - ArcSech[a + bxx]/x72 - ((-1 + 2*xa~2)*b~2xLog[x])/(a"2*(1 - a~2)"(
3/2)) - (b™2xLogl[a + b*x])/a"2 + (b"2%Log[l + Sqrt[-((-1 + a + b*x)/(1 + a
+ b*x))] + axSqrt[-((-1 + a + b*x)/(1 + a + b*x))] + bxx*xSqrt[-((-1 + a + b
xx) /(1 + a + b*xx))]])/a"2 + ((-1 + 2xa"2)*b"2xLog[l - a”2 - a*b*x + Sqrt[1
- a”2]*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + a*Sqrt[1 - a~2]*Sqrt[-((-1 +
a+ bxx)/(1 + a + b*x))] + Sqrt[l - a™2]*bxx*Sqrt[-((-1 + a + b*x)/(1 + a
+ b*x))]]1)/(a"2%(1 - a”2)7(3/2)))/2
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Maple [B] time = 0.259, size = 1233, normalized size = 9.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)/x"3,x)

[Out] -1/2*arcsech(b*x+a)/x"2+1/2*%b~3* (- (b*x+a-1)/(bxx+a)) ~(1/2)*((b*x+a+1)/ (b*xx+
a))"(1/2)*x/(a"2-1)/(1+a)*a~2/(a-1)/ (1-(b*x+a)~2) " (1/2) *arctanh (1/(1- (b*x+a
)72)7(1/2))+1/2%b72x (- (bxx+a-1) / (bxx+a) ) " (1/2) * ((b*x+a+1) /(b*xx+a)) ~(1/2)/(a
~2-1)/(1+a)*a~3/(a-1)/(1-(b*x+a) ~2) " (1/2) *arctanh(1/(1-(b*x+a)~2)~(1/2))+b"
3% (- (b*xx+a-1)/(b*xx+a)) ~(1/2) * ((bxx+a+1l) / (bxx+a) )~ (1/2)*x/(a"2-1)/(1+a)/(a-1
)/ (1= (b*x+a)~2) " (1/2) *1n (2% ((-a~2+1) ~(1/2) * (1-(bxx+a) "2) " (1/2) —a* (b*x+a) +1)
/b/x)*(—a~2+1) " (1/2)-b~3* (- (b*x+a-1) / (bxx+a) ) " (1/2) * ((b*x+a+1) / (b*x+a)) ~(1/
2)*xx/(a"2-1)/(1+a)/(a-1)/(1-(b*x+a) "2) ~(1/2)*arctanh (1/(1-(b*x+a)~2) " (1/2))
+b~2% (- (b*x+a-1)/ (b*x+a)) =~ (1/2) * ((b*xx+a+1) /(b*xx+a)) ~(1/2) /(a~2-1)/(1+a) *a/(
a-1)/(1-(b*x+a) "2) " (1/2)*1n (2% ((-a~2+1) " (1/2) *(1-(b*x+a) ~2) " (1/2) —a* (b*x+a)
+1) /b/x)*(—a~2+1) ~(1/2) -b~ 2% (- (bxx+a-1) / (bxx+a) ) = (1/2) * ((b*x+a+1) / (b*x+a) )~
(1/2)/(a"2-1)/(1+a)*a/(a-1)/(1-(b*xx+a) ~2) " (1/2)*arctanh(1/(1-(b*xx+a) ~2) "~ (1/
2))-1/2%b"3% (- (b*x+a-1)/ (b*x+a)) ~(1/2) * ((bxx+a+1) / (b*xx+a)) ~(1/2)*x/(a"2-1)/
(1+a)/a"2/(a-1)/(1-(b*x+a)"2) " (1/2)*1In(2x ((-a~2+1) " (1/2) *(1-(b*x+a) ~2) " (1/2
)—ax (b*x+a)+1) /b/x)*(-a"2+1) " (1/2)-1/2%b"2* (- (b*x+a-1) / (b*x+a) ) ~(1/2) * ((b*x
+a+1) /(bxx+a))~(1/2)/(a"2-1)/(1+a) *a/ (a-1)+1/2*b~3* (- (b*x+a-1) / (b*xx+a)) ~(1/
2) * ((b*x+a+1) /(b*x+a)) ~(1/2)*x/(a"2-1)/(1+a)/a~2/(a-1) / (1-(b*x+a) "2) ~(1/2) *
arctanh(1/(1-(b*x+a)~2)~(1/2))-1/2*b" 2% (- (b*x+a-1)/ (b*x+a)) ~(1/2) * ((b*x+a+1
)/ (bxx+a))~(1/2)/(a"2-1)/(1+a)/a/(a-1) / (1-(b*x+a) ~2) " (1/2) *1n(2*x ((-a~2+1) ~(
1/2)*(1-(bxx+a)~2) " (1/2) —a*x(b*x+a)+1) /b/x)*(-a~2+1) ~(1/2) -1/2*b*x (- (b*x+a-1)
/ (bxx+a)) ~(1/2) * ((bxx+a+1) /(bxx+a) )~ (1/2)/x/(a~2-1) /(1+a)*a~2/(a-1)+1/2xb~2
* (= (bxx+a-1)/(b*xx+a)) ~(1/2) * ((b*xx+a+1) / (b*x+a)) ~(1/2)/(a~2-1)/(1+a)/a/(a-1)
/ (1-(b*x+a)~2) " (1/2)*arctanh(1/(1-(b*x+a) ~2) ~(1/2))+1/2*b~ 2% (- (b*x+a-1) / (b*
x+a)) " (1/2)*((b*x+a+1) /(b*x+a))~(1/2)/(a~2-1)/(1+a)/a/(a-1)+1/2%b* (- (b*x+a-
1)/ (b*xx+a)) ~(1/2) % ((bxx+a+1l) / (bxx+a)) ~(1/2) /x/(a"2-1)/(1+a) /(a-1)

Maxima [F] time = 0., size = 0, normalized size = 0.
(3 a?b? - bz) log (x) (a4b2 —2a%h% + azbz)xz log (bx +a+1) + (a4b2 + 2% + azbz)x2 log(~bx —a+1)-2 (a3b -
+
2(a6 -2a4 +u2)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arcsech(b*x+a)/x"3,x, algorithm="maxima")

[Out] -1/2%(3*a"2xb"2 - b"2)*log(x)/(a"6 - 2*xa”4 + a~2) + 1/4x((a"4xb~2 - 2*a”~3%b
T2 + a”2*%b"2)xx"2xlog(bxx + a + 1) + (a"4*b”"2 + 2%xa”3*b"2 + a”2xb~2)*x"2x1o
g(-bxx - a + 1) - 2x(a”3*%b - axb)*x - 2*(a”6 - 2*xa”4 + a~2)*log(sqrt(b*x +

a + 1)xsqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + bx

X +a) + 2¢(a”"6 - 2%a”4 - (a74%b72 - 2%a"2*%b"2 + b"2)*x72 + a"2)*log(b*x +

a) + 2x(a”6 - 2*¥a"4 + a"2)xlog(b*x + a))/((a”6 - 2*a”4 + a~2)*x”"2) - integr
ate(1/2x(b72xx + a*b)/(b72%x74 + 2xaxb*x”3 + (2”2 - 1)*x72 + (b™2%x74 + 2xa
*bxx”3 + (a2 - 1)*x72)*e”(1/2*%log(b*x + a + 1) + 1/2*log(-b*x - a + 1))),

x)

Fricas [B] time = 2.4814, size = 1912, normalized size = 14.38

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x"3,x, algorithm="fricas")

[Out] [-1/4*%((2%xa”2 - 1)*sqrt(-a”2 + 1)*b~2*xx"2xlog(((2*a”2 - 1)*xb~2*x"2 + 2%a~4
+ 4%(a”3 - a)*b*xx - 4*xa”2 + 2% (a*b”2%x”72 + a”3 + (2%xa”2 - 1)xb*x - a)*sqrt(
—a”2 + 1) *sqrt(-(b72%x72 + 2*axb*xx + a”2 - 1)/(b72%x"2 + 2*axb*x + a~2)) +
2)/x72) - (a4 - 2*%a”2 + 1)*b"2*xx"2*log(((b*x + a)*sqrt(-(b72*x"2 + 2xa*xb*x
+ 2”2 - 1)/(072*%x72 + 2xa*xb*xx + a”2)) + 1)/x) + (274 - 2*%a”2 + 1)*b"2xx"2%
log(((b*x + a)*sqrt(-(b~2*x"2 + 2*%axb*x + a”2 - 1)/(b72%x72 + 2%axb*x + a~2
)) - 1)/x) + 2x(a”6 - 2*¥a”4 + a~2)*xlog(((b*x + a)*sqrt(-(b~2%x72 + 2xaxb*x
+a”2 - 1)/(072%x"2 + 2*%axb¥x + a”2)) + 1)/(b*x + a)) + 2*x((a”3 - a)*b™2*x"
2 + (2”4 - a”2)*b*x)*sqrt (- (b"2%x"2 + 2xaxbxx + a”2 - 1)/(b72*x"2 + 2*axb*x
+a72)))/((a"6 - 2xa”4 + a”2)*x72), 1/4*%(2%(2*a"2 - 1)*sqrt(a™2 - 1)*b~2*x
“2%arctan((a*b”2*x72 + a”3 + (2*%a”2 - 1)*b*x - a)*sqrt(a”2 - 1)*sqrt(-(b~2x*
X72 + 2kaxbxx + a”2 - 1)/(b72*%x72 + 2*axbxx + a”2))/((a”2 - 1)*b"2*x"2 + a”
4 + 2%(a”3 - a)*b*x - 2%xa”2 + 1)) + (a™4 - 2*%a”2 + 1)*b"2*x"2*xlog(((b*x + a
)*ksqrt (- (b72%x72 + 2%axb*x + a”2 - 1)/(b72%x"2 + 2*axb*x + a”2)) + 1)/x) -
(a4 - 2*%a”2 + 1)*b~2*x"2*log(((b*x + a)*sqrt(-(b~2*x"2 + 2xa*b*x + a”2 - 1
)/ (b72%xx72 + 2*axb*x + a”2)) - 1)/x) - 2x(a”6 - 2*xa”4 + a~2)*log(((b*x + a)
xsqrt (- (b72*%x"2 + 2%a*xbxx + a”2 - 1)/(b72*x"2 + 2xa*xb*x + a~2)) + 1)/(b*x +
a)) - 2x((a”3 - a)*b™2*x72 + (a”4 - a"2)*b*x)*sqrt(-(b72%x"2 + 2*axb*x + a
"2 - 1)/(b72%x72 + 2xa*xbxx + a”2)))/((a”6 - 2*¥a"4 + a"2)*x"2)]




Sympy [F] time = 0., size = 0, normalized size = 0.

f asech (a + bx) i

x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)/x**3,x)

[Out] Integral(asech(a + b*x)/x**3, x)

80

Giac [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)
f ————dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x"3,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)/x"3, x)
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-1
38 fsech (a+bx) dx

x4

Optimal. Leaf size=197

Va+1tanh 1sech_l(a+b)c)
5\ 10 [-a—bx+1 1 (6614 —5a% + 2) b3 tanh™ (2 ) —a-
(2 —5a ) b i (@a+bx+1) pigech (a + bx) N 1-a . b —
- 2 - 3 5/2
6a2 (1 - az) X 3a 343 (1 - az) / 6

[Out] (b*Sqrt[(1 - a - b*x)/(1 + a + b*x)I*(1 + a + b*x))/(6xax(1 - a~2)*x72) - (
(2 - 5*a™2)*b~24Sqrt[(1 - a - b*xx)/(1 + a + bxx)]*(1 + a + b*x))/(6*xa"2x(1

- a”2)72*xx) - (b"3*ArcSech[a + b*x])/(3*a”3) - ArcSech[a + b*x]/(3*x73) + (

(2 - 5xa™2 + 6*%a~4)*b~3xArcTanh[(Sqrt[1 + al*Tanh[ArcSech[a + b*x]/2])/Sqrt

[1 - all)/(3*xa™3*(1 - a~2)7(5/2))

Rubi [A] time = 0.315907, antiderivative size = 197, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 10, e .

0.8, Rules used = {6321, 5468, 3785, 4060, 3919, 3831, 2659, 208}

integrand size

(6a4 —5a? + 2) b3 tanh™}

Va+1 tanh(%sech_l(a+bx)) )
b

—a—bx+1 —a-

(2-50) Py T @+ bx + 1) psech™(a + by) o A
- 2 - 3 5/2

642 (1 - az) X 3a 343 (1 - uz) ! 6

Antiderivative was successfully verified.

[In] Int[ArcSechl[a + b*x]/x"4,x]

[Out] (b*Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + bxx))/(6%a*x(1 - a~2)*x72) - (
(2 - 5xa”2)*b"2*Sqrt[(1 - a - b*x)/(1 + a + b*xx)]*x(1 + a + b*x))/(6*xa~2%(1

- a”2)72xx) - (b"3xArcSech[a + b*x])/(3*a"3) - ArcSech[a + b*x]/(3*x73) + (

(2 - 5*%a”2 + 6%a”4)*b~3*ArcTanh[(Sqrt[1 + al*Tanh[ArcSech[a + bx*x]/2])/Sqrt

[1 - al]l)/(3*a”3x(1 - a~2)~(5/2))

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£f_.)*x(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - c*f + fxSech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]
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Rule 5468

Int[((e_.) + (f_)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x)]1*((a_) + (b_.)*Sech[
(c_.) + (d_)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x)“m*(a + b*Sech[c + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*
d*x(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])~(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3785

Int[(cscl(c_.) + (d_D*x_)I*(M_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2x*Cot
[c + d*x]*(a + bxCsclc + d*x])"(n + 1))/(axd*(n + 1)*(a”2 - b"2)), x] + Dis
t[1/(ax(n + 1)*(a”2 - b72)), Int[(a + b*Csclc + d*x])"(n + 1)*Simp[(a”™2 - b
“2)*%(n + 1) - axbx(n + 1)*Csclc + d*xx] + b 2%(n + 2)*Cscl[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2+n]

Rule 4060

Int[((A_.) + cscl[(e_.) + (f_)*x(x )I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M*(cscl(e_.) + (£_D)*xDI*(_.) + (a_))"(m_), x_Symbol] :> Simp[((A*b~2 -
a*xb*B + a”"2+C)*Cot[e + f*x]*x(a + b*Cscle + f*x])"(m + 1))/(a*xfx(m + 1)*(a”
2 - b™2)), x] + Dist[1/(ax(m + 1)*(a"2 - b~2)), Int[(a + b*xCscl[e + f*x]) " (m
+ 1)*Simp[A*x(a”2 - b™2)*(m + 1) - ax(A*b - a*B + bxC)*(m + 1)*Cscle + fx*x]
+ (A*b~2 - axb*B + a”2%C)*(m + 2)*Cscle + f*xx]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 3919

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Intlcscl(e_.) + (f_.)*(x_)]/(cscl(e_.) + (£_.)*(x )]1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sinl[e + f*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx”2), x], x, Tan[(c + dx*x)/2]1/e], x1] /; FreeQ[{a, b, c, d}, x]
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&& NeQ[a"2 - b~2, 0]
Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

f sech™'(a + bx) dr = (b3 Subst ( xsech(x) tanh(x)

x4 (—a + sech(x))* i sech™ (@ + bx)))

sech (a + bx) 3 1 1
= T gb Subst f m dx, X, sech (ﬂ + bX)
2(1—az)—Zasech(x)—sechz(x) -1

1-a-b 3

) 1+Z+bfc A+a+bY)  soch! (@ + b) b° Subst ( f Corsech) dx,x,sech “(a

- 6a (1 - az) x2 3x3 6a (1 - az)

2(1

Tab Tab b3 Subst| [ —
1+Z+bfc (1+a+b) (2 B 5‘12) b2 1+u+bx (1+a+Dbx) sech_l(a + bx) N s (f
6a (1 - az) x? 602 (1 _ az)z 3x3
1-a-b 1-a-b
1+Z+bi (I +a+bx) ~ (2 - 5”2) b? 1+a+bx (1 +a+Dbx) b 3sech™!(a + bx) _ sech™'(a + b:
6a (1 - az) x? 602 (1 _ az)z 3a3 3x3
1-a-b 1-a-b

_ 1+Z+b§ (1+a+bx) ~ (2 - 542) b? 1+a+bx (1 +a+bx) b sech_l(a + bx) _ sech_l(a + b:
6a (1 —~ az) x2 642 (1 _ az) 343 3x3
1-a-b 1-a-b

O rarb  (2-50)0\ A4+t psecha+by) sech(a+ b
6a (1 - az) x2 602 (1 _ az)z x 343 3x3
T—a—b T—a—b

_ 1+Z+bi (1 +a+bx) ~ (2 - 5a2) e x(l +a+ bx) b 3sech™!(a + bx) _ sech™'(a + b:
oo ) e

Mathematica [A] time = 0.402399, size = 368, normalized size = 1.87

b /——ZLZC: (a2 (szx2 + 5bx + 1) + a3(4bx — 1) — a* — abx + a — 2bx(bx + 1)) (6u4 52+ 2) Plogx) 2% log
- +

N =

(a—1)%a%(a +1)%x? e (1 _ a2)5/2

(
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Antiderivative was successfully verified.

[In] Integrate[ArcSech[a + b*x]/x74,x]

[Out] ((b*Sqrt[-((-1 + a + b*x)/(1 + a + bxx))]*x(a - a4 - axbxx - 2*b*x*x(1 + b*x
) + a”3%(-1 + 4xb*xx) + a”2x(1 + Bxbxx + 5*xb72xx72)))/((-1 + a)™2*a"2x(1 + a
)"2xx72) - (2xArcSech[a + b*x])/x73 - ((2 - 5%a”™2 + 6%a~4)*b~3xLoglx])/(a"3

x(1 - a”2)7(6/2)) + (2%b~3xLogla + bxx])/a~3 - (2%b~3*Logl[1l + Sqrt[-((-1 +

a + b*x)/(1 + a + b*xx))] + a*xSqrt[-((-1 + a + b*x)/(1 + a + b*x))] + b*xxSq
rt[-((-1 + a + b*x)/(1 + a + bxx))]])/a"3 + ((2 - 5*xa~2 + 6%a~4)*b~3*Log[1

- a”2 - axb*xx + Sqrt[l - a”2]*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + a*Sqr

t[1 - a”2]*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + Sqrt[l - a~2]*b*x*Sqrt[-

(-1 +a+Dbxx)/(1 + a+ b*x))]])/(a"3%x(1 - a~2)7(5/2)))/6

Maple [B] time = 0.256, size = 1946, normalized size = 9.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)/x"4,x)

[Out] -1/3*arcsech(b*x+a)/x~3-1/3*%b"4*(-(b*x+a-1)/(b*x+a))~ (1/2) *((b*x+a+1) / (b*xx+
a)) "~ (1/2)*x/(a"2-1)"2/(1+a)/(a-1) /(1-(b*x+a) "2) "~ (1/2)*a~3*arctanh (1/ (1-(b*x
+a)"2) 7 (1/2))-b"4x (- (b*x+a-1) / (b*x+a)) " (1/2) * ((b*xx+a+l) /(b*x+a) )~ (1/2)*x/(a
~2-1)"2/(1+a)/(a-1) / (1-(b*x+a) "2) " (1/2) *a* (-a~2+1) " (1/2)*1n (2% ((-a~2+1) ~(1/
2) % (1-(b*x+a) ~2) " (1/2) —ax (b*x+a)+1) /b/x)-1/3*b~3* (- (b*x+a-1) / (b*x+a)) ~(1/2)
*((b*x+a+1) /(bxx+a))~(1/2)/(a"2-1)"2/(1+a) /(a-1) / (1-(bxx+a) ~2) ~(1/2) *a"4*ar
ctanh (1/(1-(b*x+a) ~2) " (1/2))-b~3x (- (b*x+a-1) / (b*x+a)) " (1/2) * ((b*x+a+1) / (b*x
+a))~(1/2)/(a"2-1)"2/(1+a) /(a-1) / (1-(b*xx+a) "2) ~(1/2) *a"2* (-a~2+1) " (1/2) *1n(
2x ((—a™2+1) 7 (1/2) * (1-(b*x+a) "2) ~(1/2) —a* (b*xx+a)+1) /b/x) +b~4* (- (b*x+a-1) / (b*
x+a)) " (1/2)*x((b*x+a+1) /(b*x+a) )~ (1/2)*x/(a"2-1)"2/(1+a) /(a-1) / (1-(b*x+a) ~2)
~(1/2) *a*arctanh(1/(1-(b*x+a)~2)~(1/2))+5/6*b"4*x (- (b*x+a-1)/ (b*x+a)) ~(1/2) *
((b*x+a+1)/(b*x+a)) ~(1/2)*x/(a"2-1)"2/(1+a) /(a-1) / (1-(bxx+a) "2) " (1/2) /ax(-a
~2+1) 7 (1/2)*1n (2% ((—a™2+1) "~ (1/2) * (1-(b*x+a) "2) ~ (1/2) —a* (b*x+a)+1) /b/x) +b~ 3%
(= (b*xx+a-1)/(b*xx+a) )~ (1/2) * ((bxx+a+l) /(b*xx+a) )~ (1/2)/(a~2-1)"2/(1+a) /(a-1)/
(1-(b*x+a)~2)~(1/2)*a"2*arctanh(1/(1-(b*x+a) ~2) ~(1/2) ) +5/6*b~3* (- (b*x+a-1)/
(bxx+a)) ~(1/2)*((b*x+a+1)/(b*xx+a))~(1/2)/(a"2-1)"2/(1+a) /(a-1)*a~2+5/6%b" 3%
(- (b*x+a-1)/(b*x+a) )~ (1/2) * ((b*xx+a+1) /(b*x+a)) ~(1/2)/(a"2-1)"2/(1+a) /(a-1)/
(1-(b*x+a)~2) " (1/2)*(-a~2+1) " (1/2)*1n(2*x ((-a~2+1) " (1/2) * (1-(b*x+a) "2) ~(1/2)
—a* (b*x+a)+1) /b/x) -b~4x* (- (b*x+a-1)/ (b*x+a) )~ (1/2) * ((b*x+a+1) / (b*x+a)) ~(1/2)
*x/(a"~2-1)"2/(1+a)/(a-1)/ (1-(b*x+a) ~2) ~(1/2) /axarctanh(1/(1-(b*x+a) ~2) ~(1/2
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))+2/3xb~ 2% (- (b*x+a-1) / (b*x+a) )~ (1/2) * ((b*x+a+1) /(b*x+a)) ~(1/2)/x/(a"2-1)"2
/(1+a)/(a-1)*a~3-1/3*b~4* (- (b*x+a-1) / (b*x+a)) " (1/2) * ((b*x+a+1)/(b*xx+a)) ~(1/
2)xx/(a"2-1)"2/(1+a) /(a-1)/(1-(b*x+a)~2) " (1/2) /a~3*(-a"2+1) " (1/2) *1n(2* ((-a
~2+1) 7 (1/2) *(1-(b*x+a) "2) ~(1/2) —a* (b*x+a)+1) /b/x) -b~3* (- (b*x+a-1) / (b*x+a) )~
(1/2)*((bxx+a+1) /(bxx+a) )~ (1/2)/(a~2-1)"2/(1+a)/(a-1) / (1-(b*x+a) "2) " (1/2) *a
rctanh(1/(1-(b*x+a) ~2)~(1/2))-7/6*%b~ 3% (- (b*x+a-1) / (b*x+a) )~ (1/2) * ((b*x+a+1)
/(b*xx+a))~(1/2)/(a"2-1)"2/(1+a) /(a-1)-1/6xb* (- (b*x+a-1) / (b*x+a) )~ (1/2) * ((b*
x+a+1)/(b*x+a) )~ (1/2)/x"2/(a"2-1)"2/(1+a)/(a-1)*a~4-1/3*%b"3* (- (b*x+a-1) / (b*
x+a)) " (1/2)* ((b*x+a+1) /(b*x+a))~(1/2)/(a~2-1)"2/(1+a)/(a-1) / (1-(b*x+a) "2) ~(
1/2)/a"2x(-a~2+1) " (1/2) *In(2x((-a~2+1) ~(1/2) * (1- (b*x+a) "2) ~(1/2) —a*x (b*x+a) +
1)/b/x)+1/3*%b~4x (- (b*x+a-1) /(b*x+a)) " (1/2) * ((b*x+a+1)/(b*x+a)) ~(1/2)*x/(a"~2
-1)"2/(1+a)/(a-1)/(1-(bxx+a) ~2)~(1/2)/a~3*arctanh(1/(1-(bxx+a) ~2)~(1/2))-5/
6*%b~ 2% (- (bxx+a-1) /(b*x+a)) ~(1/2) * ((b*x+a+1) /(b*x+a) )~ (1/2)/x/(a"2-1)"2/(1+a
)/ (a-1)*a+1/3xb"3* (- (b*x+a-1)/(bxx+a)) "~ (1/2) *((b*x+a+1)/(bxx+a)) ~(1/2)/(a"2
-1)"2/(1+a)/(a-1)/(1-(b*xx+a) "2) "~ (1/2)/a~2*arctanh(1/(1-(bxx+a) ~2)~(1/2))+1/
3*xb"3* (- (b*x+a-1)/(b*x+a)) ~(1/2) *((bxx+a+1)/(b*x+a)) "~ (1/2)/(a"2-1)"2/(1+a)/
(a-1)/a"2+1/3*b* (- (b*x+a-1) / (b*x+a) ) ~(1/2) * ((b*x+a+1) / (b*x+a)) ~(1/2) /x"2/(a
~2-1)"2/(1+a)/(a-1)*a"2+1/6*%b~2x (- (b*x+a-1) / (b*x+a) ) ~(1/2) * ((b*x+a+1) / (b*x+
a))~(1/2)/x/(a~2-1)"2/(1+a) /(a-1) /a-1/6%b* (- (b*x+a-1) / (b*x+a) )~ (1/2) * ((b*xx+
a+1)/(bxx+a))~(1/2)/x72/(a"2-1)"2/(1+a) /(a-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

(6 a*b® - 3a%0% + b3) log (x) (a6b3 -3a°® +3a*b® - a3b3)x3 log (bx +a+1) + (u6b3 +3a%0° + 3a%h® + a3b3)x3 ¢

3(a9—3a7+3a5—a3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x"4,x, algorithm="maxima"

[Out] 1/3%(6*a~4%b~3 - 3*a”2*b~3 + b~3)*log(x)/(a”9 - 3*a”7 + 3*xa”5 - a~3) - 1/6%
((a”6%b~3 - 3*a"b*b~3 + 3*a”"4xb”3 - a~3*b~3)*x"3xlog(b*x + a + 1) + (a~6%b~
3 + 3*%a”b5*b"3 + 3*a"4*b"3 + a”3*b~3)*x"3xlog(-b*x - a + 1) - 2%(3*a"5*xb”2 -
4%a~3%b72 + axb”2)*x"2 + (a”6*b - 2xa”4*b + a"2%b)xx + 2*%(a”9 - 3*a”7 + 3%
a”b - a”3)*xlog(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)
*sqrt(-b*x - a + 1)*a + b*xx + a) - 2%(a”9 - 3*%a”7 + 3*¥a”"5 + (a"6%b"3 - 3*a”
4%b~3 + 3*%a”2*%b"3 - b~3)*x"3 - a"3)*log(bxx + a) - 2x(a”9 - 3*a”7 + 3*a’b -
a~3)xlog(bxx + a))/((a”9 - 3*a”7 + 3*¥a”5 - a"3)*x"3) - integrate(1/3*(b~2x%
x + axb)/(b72xx75 + 2*xaxb*xx"4 + (2”2 - 1)*x”3 + (b72%x75 + 2*xaxb*xx"4 + (a~2
- 1)*x73)*e” (1/2*log(b*x + a + 1) + 1/2%¥log(-b*x - a + 1))), x)
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Fricas [B] time = 2.66797, size = 2163, normalized size = 10.98

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x"4,x, algorithm="fricas")

[Out] [-1/12%((6*a"4 - 5xa”2 + 2)*sqrt(-a”2 + 1)*b~3*x"3*log(((2*a~2 - 1)*b~2*%x"2
+ 2%xa”4 + 4x(a”3 - a)*bxx - 4%a”2 - 2x(axb”2%x”2 + a”3 + (2%a”2 - 1)*b*x -
a)*sqrt(-a”2 + 1) *sqrt(-(b~2*x"2 + 2%a*xb*x + a”2 - 1)/(b72*x72 + 2xa*xb*x +
a"2)) + 2)/x72) + 2x(a”6 - 3*%a"4 + 3*xa”2 - 1)*b"3*xx"3*log(((b*x + a)*sqrt(
-(b72%x72 + 2xa*xb*xx + a”2 - 1)/(b72%x72 + 2*xaxb*x + a”2)) + 1)/x) - 2x(a”6
- 3%a"4 + 3*%a”2 - 1)*b73*x"3*log(((b*x + a)*sqrt(-(b72*x"2 + 2*axbxx + a~2
- 1)/ (072%x72 + 2*%axb*x + a”2)) - 1)/x) + 4x(a”9 - 3*a”7 + 3*a”5 - a~3)*log
(((b*xx + a)*sqrt(-(b72%x72 + 2*%axb*x + a”2 - 1)/(b72%x"2 + 2%axb*x + a~2))
+ 1)/(b*x + a)) - 2x((5*%a”™b - 7*a™3 + 2*a)*b~3*x"3 + (4*¥a”6 - 5*¥a"4 + a~2)x
b~2*x72 - (277 - 2*xa”5 + a”3)*bxx)*sqrt(-(b72*x"2 + 2*axb*xx + a”2 - 1)/(b"2
*x"2 + 2xaxb*x + a”2)))/((a”9 - 3*a”7 + 3xa”b - a”3)*x73), -1/6%x((6*%a”4 - 5
*a”"2 + 2)*sqrt(a”2 - 1)*b"3*xx"3*arctan((a*b”2*x"2 + a”3 + (2*%a”2 - 1)*b*x -
a)*sqrt(a”2 - 1) *sqrt(-(b7"2%x"2 + 2*axb*xx + a2 - 1)/(b72*x"2 + 2%axb*x +
a”2))/((a”2 - 1)*b"2*x"2 + a”4 + 2x(a”3 - a)*bxx - 2*a”2 + 1)) + (a”6 - 3*a
T4 + 3%a”2 - 1)*b73*x"3*log(((b*x + a)*sqrt(-(b72*x"2 + 2*axbxx + a”2 - 1)/
(b™2%x72 + 2%axbxx + a”2)) + 1)/x) - (a6 - 3*¥a"4 + 3*%a”2 - 1)*b~3*x"3*log(
((bxx + a)*sqrt(-(b~2*x"2 + 2xa*xb*x + a”2 - 1)/(b72%x72 + 2*xa*xb*x + a~2)) -
1/x) + 2x(a”9 - 3*xa”7 + 3*%a”5 - a”3)*xlog(((b*x + a)*sqrt(-(b~2*x"2 + 2%ax
bxx + a”2 - 1)/(b72*%x"2 + 2%a*xb*xx + a”2)) + 1)/(b*x + a)) - ((5%a”6 - 7*a”3
+ 2%a)*b73%x73 + (4*a”6 - 5*¥a"4 + a”2)*b"2*x"2 - (277 - 2%a”5 + a”3)*b*x)*
sqrt (- (b7™2%x72 + 2*axb*x + a”2 - 1)/(b7™2%x"2 + 2*axb*x + a~2)))/((a”9 - 3*a
7 + 3*a”b - a”3)*x73)]

Sympy [F] time = 0., size = 0, normalized size = 0.

asech (a + bx)
f ———dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)/x**4,x)



[Out] Integral(asech(a + b*x)/x**4, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)
f — dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/x"4,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)/x"4, x)
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-1
3.9 f x’sech™ (a + bx)? dx
Optimal. Leaf size=279

2ia*PolyLog (2, —ieseCh_l(“bx)) 2ia®PolyLog (2, ieseCh_l(a+bx)) iPolyLog (2, —ieseCh_l(“+bx)) iPolyLog (2, iesech
P } 2 ’ 307 } 307

[Out] -x/(3*b~2) + (2xa*xSqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x)*ArcSech[a
+ b*x])/b"3 - ((a + b*xx)*Sqrt[(1 - a - b*x)/(1 + a + bxx)]*(1 + a + b*x)*A
rcSech[a + b*x])/(3*%b"3) + (a~3*ArcSech[a + b*x]~2)/(3*b~3) + (x"3*ArcSechl[

a + b*x]72)/3 - (2xArcSech[a + b*x]*ArcTan[E"ArcSech[a + b*x]])/(3*%b~3) - (
4xa~2*ArcSech[a + b*x]*ArcTan[E"ArcSech[a + b*x]])/b~3 + (2%a*Logla + b*x])

/b~3 + ((I/3)*PolyLogl[2, (-I)*E~ArcSech[a + bx*x]])/b"3 + ((2*I)*a”2xPolyLog

[2, (-I)*E~ArcSech[a + b*x]])/b"3 - ((I/3)*PolyLog[2, I*E~ArcSech[a + b*x]]

)/b"3 - ((2*I)*a~2%PolyLog[2, I*E"ArcSechla + b*x]])/b~3

Rubi [A] time = 0.241625, antiderivative size = 279, normalized size of antiderivative =
1., number of steps used = 17, number of rules used = 9, integrand size = 12, number of rules _

0.75, Rules used = {6321, 5468, 4190, 4180, 2279, 2391, 4184, 3475, 4185}

integrand size

2ia®PolyLog (2, —iese‘:hfl(“bx)) 2ia?PolyLog (2, ieseChfl(“bx)) iPolyLog (2, —ieseChfl(“bx)) iPolyLog (2, fesech
g } I ’ 307 } 307

Antiderivative was successfully verified.

[In] Int[x"2*%ArcSechl[a + b*x]~2,x]

[Out] -x/(3*%b~2) + (2*%a*xSqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x)*ArcSech[a
+ b*x]) /b3 - ((a + b*x)*Sqrt[(1 - a - b*x)/(1 + a + bxx)]*(1 + a + b*xx)*A
rcSech[a + bxx])/(3*%b~3) + (a”3%ArcSech[a + b*x]72)/(3*%b~3) + (x~3*ArcSech[

a + bxx]~2)/3 - (2*%ArcSech[a + b*x]*ArcTan[E~ArcSech[a + b*x]])/(3*%b~3) - (
4xa”2xArcSech[a + b*x]*ArcTan[E~ArcSech[a + b*x]])/b~3 + (2*axLogla + b*x])

/b3 + ((I/3)*PolyLogl[2, (-I)*E~ArcSechla + b*x]])/b~3 + ((2*I)*a~2*PolyLog

[2, (-I)*E"ArcSech[a + b*x]])/b~3 - ((I/3)*PolyLogl[2, I*E~ArcSech[a + bx*x]]

)/b~3 = ((2xI)*a~2*PolyLog[2, I*E"ArcSech[a + b*x]])/b~3

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - c*f + fxSech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
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b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x )I*x((a_) + (b_.)*Sech[
(c_.) + (d_.)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x) "mx(a + b*Sech[c + d*x])"(n + 1))/(b*dx(n + 1)), x] + Dist[(f*xm)/(b*
dx(n + 1)), Int[(e + fxx)"(m - 1)*x(a + b*Sech[c + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4180

Int[csc[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_.)*(x )]1*((c_.) + (d_.)*(x_
)" (m_.), x_Symbol] :> Simp[(-2*(c + d*x) “m*ArcTanh[E~(-(Ixe) + fxfzxx)/E~(
Ixk*Pi)])/(£x£fz*I), x] + (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)~(m - 1)*Logl[1l
- E~(-(Ixe) + fxfzxx)/E~(I*k*Pi)], x], x] + Dist[(d*m)/(fxfz*I), Int[(c +
d*x)~(m - 1)*Logl[l + E7(-(Ixe) + fxfzxx)/E~(I*kxPi)], x], x]) /; FreeQ[{c,
d, e, £, fz}, x] &% IntegerQ[2xk] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3475
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Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl[{c, d}, x]

Rule 4185

Int[(cscl(e_.) + (£_)*xD1*(M_.))"(n_ )*((c_.) + (d_.)*(x_)), x_Symbol] :>
=Simp [(b~™2*(c + d*x)*Cot[e + f*x]*(bxCscle + fxx])~(n - 2))/(fx(n - 1)), x
] + (Dist[(®™2%(n - 2))/(n - 1), Int[(c + d*x)*(b*Cscle + f*xx]) " (n - 2), x]
, x] = Simp[(b~2*xd*(b*Cscle + f*x])"(n - 2))/(f"2x(n - Dx*(n - 2)), x]) /;

FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2]

Rubi steps

Subst ( [ x2sech(x)(-a + sech(x))? tanh(x) dx, x, sech '(a + bx))

fxzsech_l(a +bx)%dx = -

13
1 ~ 2 Subst ( [ x(~a + sech(x))? dx, x, sech_l(a + bx)
= Zx3sech™ (a + bx)? - (f )
3 3p3
1 9 2 Subst ( f (—u3x + 3a2xsech(x) — 3axsech?(x) + xsechs(x)) dx, x, se
= —x3sech” (a + bx)? -
3 3p3
3sech ™! bx2 1 2 Subst ( [ xsech®(x)dx, x, sech  (a + bx p
_ @sech (a+bx) + —x3sech™ (a + bx)? — (f ) ( )) + (—
3b3 3 3b3
x a ;Z;ZJ; (1+a+bx)sech ™ (a+bx) (a+bx) ;Z;Zi (1 + a + bx)sech™ (a + bx)
S b B 365
v 20T+ a+ b)sech a4+ bx)  (a+ bx)\| (1 + a + by)sech™ (a + ba)
R b B 315
x ;Z;’Z (1+a+bx)sech *(a+bx) (a+bx) ;Z;Zi (1 + a + bx)sech ™ (a + bx)
e 2 } 303
_x 2a ;Z;Zi (1 + a + bx)sech *(a + bx) ) (a + bx) ;zj; (1 + a + bx)sech *(a + bx)
3p? b 33

Mathematica [A] time = 1.91494, size = 305, normalized size = 1.09

—(6a% + 1) (ZiPolyLog (2, —ieS“h_l(“bx)) — 2iPolyLog (2, ieS“h_l(“*bx)) — 2isech™ (a + bx) log (1 - ieseCh_l(“bx)) +7

Warning: Unable to verify antiderivative.
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[In] Integrate[x~2*ArcSech[a + b*x]~2,x]

[Out] -(2*(a + b*x)*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x)*ArcSech[a
+ bxx] + 6%ax(a + b*x) 2*ArcSech[a + b*x]~"2 - 2x(a + b*x) 3*ArcSech[a + Dbx

x]72 + 2x(a + b*x - 6*%axSqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x)
xArcSech[a + b*xx] - 3*%a”2%(a + b*x)*ArcSech[a + bxx]~2) + 12*%axLogl[(a + b*x

)7 (-1)] - (1 + 6%a~2)*(PixLog[1 - I*E~ArcSech[a + b*x]] - (2*I)*ArcSech[a +
b*x]*Log[1 - I*E"ArcSechla + b*x]] - PixLog[l + I*E~ArcSech[a + b*x]] + (2
xI)xArcSech[a + b*x]*Log[l + I*E~ArcSech[a + b*x]] - PixLog[Cot[(Pi + (2xI)
xArcSech[a + bx*x])/4]] + (2xI)*PolyLog[2, (-I)*E~ArcSech[a + b*x]] - (2*I)x
PolyLog[2, I*E"ArcSech[a + b*x]]))/(6%b~3)

Maple [A] time = 0.483, size = 655, normalized size = 2.4

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arcsech(b*x+a)”~2,x)

[Out] -1/3/b"3*a-1/3*x/b"2-1/3/b*arcsech(b*x+a)*((bxx+a+1)/(b*x+a)) " (1/2) * (- (b*xx+
a-1)/(b*x+a)) " (1/2)*x"2-2xI/b"3*a"2*arcsech (b*x+a) *1n(1-I*(1/ (bxx+a)+(1/ (b*
x+a)-1)"(1/2)*x(1/(bxx+a)+1) " (1/2)))+1/3*xI/b"3*arcsech(b*x+a) *1n (1+I*(1/ (b*x
+a)+(1/(bxx+a)-1)"(1/2)*(1/ (b*x+a)+1) " (1/2)))+5/3/b"3*arcsech (b*x+a) * ((b*xx+
a+1)/(b*xx+a))~(1/2) * (- (b*x+a-1) /(b*x+a)) " (1/2)*a~2-1/3*I/b"3*arcsech (b*x+a)
*In(1-I*(1/(b*x+a)+(1/(bxx+a)-1)"(1/2)*(1/(b*x+a)+1)~(1/2)))+1/3*I/b"3*dilo
g(1+I*(1/ (bxx+a)+(1/ (b*xx+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2)))-2*I/b~3*a"2*dilo
g(1-Ix(1/ (bxx+a)+(1/ (b*xx+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2)))+1/3*x"3*arcsech(
b*x+a) "2+2*xI /b~ 3*a"2*arcsech(b*x+a)*1n(1+I*(1/ (b*x+a)+(1/(b*xx+a)-1)"(1/2)*(
1/ (bxx+a)+1)~(1/2)))+4/3/b"2*xarcsech(b*x+a)* ((b*x+a+1) /(b*xx+a)) "~ (1/2) * (- (b*
x+a-1)/(bxx+a)) ~(1/2)*x*a+1/3*a"3*arcsech(b*x+a) "2/b~3-2/b” 3*a*arcsech (b*xx+
a)+2*I/b"3*a"2+dilog (1+I*(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(bxx+a)+1)~(1/2)
))=2/b"3*a*x1ln(1+(1/ (b*xx+a)+(1/(b*x+a)-1)"(1/2)*(1/(b*x+a)+1)~(1/2))"2)+4/b"
3xax1n(1/ (b*xx+a)+(1/(b*xx+a)-1)~(1/2)*(1/(bxx+a)+1)~(1/2))-1/3%I/b"3*dilog(1
-Ix(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*xx+a)+1)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 2 2(6(b3x° +3ab®x* + (3a%b - b
§x3log(\/bx+a+1\/—bx—a+1bx+\/bx+a+1\/—bx—a+1a+bx+a) —f— ( ( ( )
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsech(b*x+a)”~2,x, algorithm="maxima"

[Out] 1/3*x"3*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a +
rt(-b*x - a + 1)*a + b*x + a)”2 - integrate(-2/3*%(6*%(b"3*x"5 + 3*axb~2*xx"4

+ (3*%a”2%b - b)*x"3 + (a”3 - a)*x"2)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)x*1
og(b*xx + a)”2 + 6x(b73%x”5 + 3*a*xb™2xx"4 + (3*%a"2%b - b)*x"3 + (2”3 - a)*x”
2)*log(b*x + a)”2 - (b73*x"5 + 2%a*b”2*x"4 + (a"2%b - b)*x"3 + 6%(b~3*x"5 +
3kaxb~2+x"4 + (3*%a"2xb - b)*x"3 + (a3 - a)*x"2)*log(bxx + a) + (3*x(b~3*x"
5 + 3%axb”2*x74 + (3*%a”2%b - b)*x73 + (a”3 - a)*x"2)*sqrt(bxx + a + 1)*log(
bxx + a) + (2¥b7~3%x"5 + 4*xa*b”2*x"4 + (2%a"2xb - b)*x”3 + 3*(b"3*x"5 + 3kax
b~2*%x74 + (3*%a”2*%b - b)*x73 + (a”3 - a)*x"2)xlog(b*x + a))*sqrt(b*x + a + 1
))*sqrt(-b*x - a + 1))xlog(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(
bxx + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))/(b"3*x"3 + 3*%axb™2%x"2 + a3

+ (b73%x73 + 3*a*xb”2%x72 + a”3 + (3*%a"2%b - b)*x - a)*sqrt(bxx + a + 1)*sqr
t(-b*x - a + 1) + (3%¥a”2%b - b)*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (xz arsech (bx + a)?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsech(b*x+a)”~2,x, algorithm="fricas")

[Out] integral(x~2*arcsech(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x2 asech® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*asech(bxx+a)**2,x)

[Out] Integral(x**2*asech(a + b*x)**2, x)

1) *sq
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Giac [F] time = 0., size = 0, normalized size = 0.

f x2 arsech (bx + a)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsech(b*x+a)”~2,x, algorithm="giac")

[Out] integrate(x~2*arcsech(b*x + a)~2, x)
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310  [xsech™ (a+bx)*dx

Optimal. Leaf size=149

. . -1 . . -1 —a-b
2iaPolyLog (2, —jesech (“+bx)) . 2iaPolyLog (2, iesech (“+bx)) a?sech™}(a + bx)? log(a + bx) :T:;(ﬂ + b

b? b? 2b? b?

[Out] -((Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x)*ArcSech[a + b*x])/b~2) -
(a”2xArcSech[a + b*x]~2)/(2%b~2) + (x"2xArcSechl[a + b*x]72)/2 + (4*xaxArcSe
chla + b*x]*ArcTan[E"ArcSech[a + b*x]])/b~2 - Logla + b*x]/b”~2 - ((2%I)*ax*P
olyLog[2, (-I)*E~ArcSech[a + b*x]])/b~2 + ((2*I)*a*PolyLog[2, I*E~ArcSech[a

+ bxx]])/b"2

Rubi [A] time = 0.138342, antiderivative size = 149, normalized size of antiderivative

1., number of steps used = 11, number of rules used = 8, integrand size = 10, number of rules _

integrand size
0.8, Rules used = {6321, 5468, 4190, 4180, 2279, 2391, 4184, 3475}
; : sech ™! ; : sech ™! —a-
Mﬁdﬂﬁg@ﬁ% h(HM) mﬁmﬂmg@ﬁeh(ﬁm) a®sech™(a +bx)?  log(a + bx) ;K:W+w
- 7 + 7 - Te — ® —

Antiderivative was successfully verified.

[In] Int[x*ArcSech[a + b*x]~2,x]

[Out] -((Sqrt[(1 - a - bxx)/(1 + a + b*x)]*(1 + a + b*x)*ArcSech[a + b*x])/b"2) -
(a”2*%ArcSech[a + b*x]~2)/(2¥b~2) + (x"2xArcSech[a + b*x]~2)/2 + (4*axArcSe
chla + b*x]*ArcTan[E"ArcSech[a + b*x]])/b~2 - Logla + b*x]/b~2 - ((2%I)*ax*P
olyLogl[2, (-I)*E~ArcSech[a + b*x]])/b~2 + ((2*I)*a*PolyLog[2, I*E~ArcSech[a

+ b*x]])/b"2

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))7(-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x]) ™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,

b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)]1*x((a_) + (b_.)*Sech[
(c_.) + (d_)*(x_)1)~(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symboll :> -Simp[((e
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+ fxx)"m*(a + bxSech[c + d*x])"(n + 1))/(bxd*(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + f*xx)"(m - 1)*x(a + b*Sech[c + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(m_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4180

Int[csc[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_.)*(x_)]1*((c_.) + (d_.)*(x_
)" (m_.), x_Symbol] :> Simp[(-2*(c + d*x) “m*ArcTanh[E~(-(Ixe) + fxfzxx)/E~(
Ixk*Pi)])/(£x£fz*I), x] + (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)~(m - 1)*Logl[1
- E7(-(Ixe) + fxfz*x)/E~(Ix*kxPi)], x], x] + Dist[(d*m)/(fxfz*I), Int[(c +
d*x)~(m - 1)*Log[1l + E~(-(Ixe) + f*fz*x)/E~(I*kxPi)], x], x]) /; FreeQ[{c,
d, e, £, fz}, x] &% IntegerQ[2xk] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*x], x]1/d, x] /; FreeQl{c, d}, x]

Rubi steps
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Subst ( f x?sech(x)(-a + sech(x)) tanh(x) dx, x, sech_l(a + bx))

fxsech_l(a +bx)?dx = -

12
1 ~ Subst ( [ x(-a + sech(x))? dx, x, sech (a + bx
= Exzsech (a +bx)? - (f ( (b)z) ( ))
Subst (f (azx — 2axsech(x) + xsechz(x)) dx, x,sech ' (a + bx))

B2
Subst ( f xsechZ(x) dx, x, sech™ (a+ bx)) (2¢
+ JEN—

1 _
= Exzsech Ya+bx)? -

a 2sech ™ (a + bx)?

+ x 2sech™ (a + bx)? —

2b? 2 b2

1-a—b _ 9
- 1+Z+bz(1 + a + bx)sech 1(a + bx) _a 2sech” (a + bx)? N - ( b2 4asech
= 72 T 2x sech “(a + bx

1-a—b _ 9
— 1+Z+bz(1 + a + bx)sech 1(a + bx) o a 2sech” (a + bx)? N - ( e b2 4asech
= 72 2 Zx sech “(a + bx

;Z;Zi 1+a+ bx)sech_l(a + bx) a 25ech” (a + bx)? 4asech™

2,
® TR + Zx 2sech” (a + bx)* +

Mathematica [A] time = 0.417642, size = 172, normalized size = 1.15

—4ia (PolyLog (2, —ie‘se‘:h_l(“bx)) - PolyLog (2, ie‘seCh_l(“bx))) +2 log( ) + (a + bx)?sech” ' (a + bx)? — 2a(a + b

Warning: Unable to verify antiderivative.

[In] Integrate[x*ArcSech[a + b*x]~2,x]

[Out] (-2*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x)*ArcSech[a + b*x] -
2*%ax(a + bxx)*ArcSech[a + b*x]~2 + (a + b*x)"2xArcSech[a + b*x]~2 - (4xI)*a
xArcSech[a + b*x]*(Log[l - I/E"ArcSech[a + bxx]] - Log[l + I/E"ArcSech[a +
b*x]]) + 2*Logl(a + bxx)~(-1)] - (4*xI)*ax(PolyLog[2, (-I)/E"ArcSech[a + b*x

11 - PolyLog[2, I/E"ArcSech[a + bx*x]]))/(2%b~2)

Maple [A] time = 0.392, size = 396, normalized size = 2.7

x% (arcsech (bx + a))2 xarcsech (bx + a) bx+a-1 \/ bx+a+1 a?(arcsech (bx + a))2 arcsech (bx + a)a \/
2 b bx +a bx +a 2b? b2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsech(b*x+a)”2,x)

[Out] 1/2*x"2*arcsech(b*x+a) ~2-1/b*arcsech(b*x+a)* (- (b*x+a-1)/(b*x+a)) ~(1/2)*((b*
x+a+1) /(bxx+a) )~ (1/2)*x-1/2*a"2*arcsech(b*x+a) "2/b"2-1/b " 2*arcsech (bxx+a) * (

- (b*xx+a-1)/(bxx+a)) "~ (1/2)*((b*x+a+1) / (b*xx+a)) " (1/2)*a+1/b"2*arcsech (b*x+a) -
2/b72x1n(1/ (bxx+a)+(1/ (bxx+a)-1) " (1/2)*(1/ (b*x+a)+1) " (1/2))+1/b"2*xIn(1+(1/(
bxx+a)+(1/(bxx+a)-1) " (1/2)*(1/(b*x+a)+1)~(1/2))"2)-2+I /b~ 2*a*arcsech (b*x+a)

*1n (1+I* (1/ (bxx+a)+(1/ (bxx+a)-1) " (1/2)*(1/(b*x+a)+1) ~(1/2)))+2*xI /b~ 2*a*arcs
ech(b*x+a)*In(1-I*(1/(bxx+a)+(1/(b*x+a)-1)"(1/2)*(1/(bxx+a)+1)~(1/2)))-2*I/

b~ 2*axdilog (1+I*(1/ (bxx+a)+(1/(b*xx+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2)))+2*I/b~
2*a*dilog(1-T*(1/(b*x+a)+(1/ (b*x+a)-1)"(1/2)*x(1/(b*x+a)+1)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 2 4 (b3x* + 3ab*x® + (3a%b — b)x?
Eleog(\/bx+a+1\/—bx—a+1bx+\/bx+a+1\/—bx—a+1a+bx+a) —f— ( ( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a)”2,x, algorithm="maxima"

[Out] 1/2*x72%log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sq
rt(-b*x - a + 1)*a + b*x + a)”2 - integrate(-(4*(b~3*x"4 + 3*a*b”™2*x"3 + (3
*a”"2%b - b)*x"2 + (a”3 - a)*x)*sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*log(b*x
+ a)72 + 4x(b73*%x"4 + 3*axb”2*x"3 + (3*%a”2*b - b)*x"2 + (a”3 - a)*x)*log(b
*x + a)”2 - (b73*%x74 + 2%axb”2*x"3 + (a”2%b - b)*x"2 + 4%(b"3*x"4 + 3*axb”2
*x73 + (3%a”2*%b - b)*x72 + (a”3 - a)*x)*xlog(b*x + a) + (2x(b"3*x"4 + 3*a*b”
2%x73 + (3*a”2%b - b)*x72 + (a”3 - a)*x)*sqrt(bxx + a + 1)*log(b*x + a) + (
2%b73%x74 + 4%a*xb”2+x73 + (2%a"2%b - b)*x72 + 2% (b"3*x74 + 3*a*xb”2*x"3 + (3
*a”"2%b - b)*x"2 + (a”3 - a)*x)*log(bxx + a))*sqrt(b*x + a + 1))*sqrt(-b*x -
a + 1))xlog(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*s
qrt(-b*x - a + 1)*a + b*x + a))/(b73*x”3 + 3*%a*xb™2xx"2 + a”3 + (b7™3*x"3 + 3
*axb~2*%x”"2 + a”3 + (3*%a”2*%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1
) + (3%a”2%b - b)*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x arsech (bx + a)2 , x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a)”2,x, algorithm="fricas")

[Out] integral(x*arcsech(b*x + a)~2, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f xasech? (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asech(bxx+a)**2,x)

[Out] Integral(x*asech(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x arsech (bx + tz)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a)”2,x, algorithm="giac")

[Out] integrate(x*arcsech(b*x + a)~2, x)
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311  [sech ' (a+bx)dx

Optimal. Leaf size=80

2iPolyLog (2, —ieseCh_l(“bx)) 2iPolyLog (2, ieseCh_l(“bx)) (@ + bx)sech ™ (a + bx)? 4sech™ (a + bx) tan™! (ese‘

b b b b

[Out] ((a + bxx)*xArcSech[a + b*x]"2)/b - (4xArcSechl[a + b*x]*ArcTan[E"ArcSechl[a +
b*x]]1)/b + ((2%I)*PolyLog[2, (-I)*E~ArcSech[a + b*x]])/b - ((2*I)*PolyLogl
2, I*E"ArcSech[a + b*x]])/b

Rubi [A] time = 0.067922, antiderivative size = 80, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 8, e o e

0.75, Rules used = {6315, 6279, 5418, 4180, 2279, 2391}

integrand size

2iPolyLog (2, _iesechfl(u+bx)) 2iP01yL0g (2/ iesechfl(zﬁbx)) (a+ bx)sech_l (a+ bx)2 486(:1’1_1 (a + bx) tan™! (ese(
— + —_
b b b b

Antiderivative was successfully verified.

[In] Int[ArcSechl[a + b*x]~2,x]

[Out] ((a + b*x)*ArcSech[a + b*x]~2)/b - (4*ArcSech[a + b*x]*ArcTan[E"ArcSech[a +
b*x]])/b + ((2%I)*PolyLog[2, (-I)*E~ArcSech[a + b*x]])/b - ((2*I)*PolyLogl
2, I*E"ArcSechla + b*x]])/b

Rule 6315

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcSech[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d}
, x] && IGtQ[p, 0]

Rule 6279

Int[((a_.) + ArcSech[(c_.)*(x_)]*(b_.))"(n_), x_Symbol] :> -Dist[c™(-1), Su
bst[Int[(a + b*x) n*Sech[x]*Tanh([x], x], x, ArcSech[c*x]], x] /; FreeQ[{a,
b, ¢, n}, x] && IGtQ[n, 0]

Rule 5418
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Int[(x_ )" (m_.)*Sech[(a_.) + (b_)*(x_ )" (n_.)]1"(p_.)*Tanh[(a_.) + (b_.)*(x_)
“(n_.)]1"(q_.), x_Symbol] :> -Simp[(x~(m - n + 1)*Sech[a + bxx"n] p)/(b*n*p)
, x] + Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Sech[a + b*x"n]"p, x], x] /;
FreeQ[{a, b, p}, x] && RationalQ[m] && IntegerQ[n] && GeQ[m - n, 0] && EqQ
[q, 1]

Rule 4180

Int[csc[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_.)*(x )]1*((c_.) + (d_.)*(x_
)" (m_.), x_Symbol] :> Simp[(-2*(c + d*x) “m*ArcTanh[E~(-(Ixe) + fxfzxx)/E~(
Ixk*Pi)])/(£xfz*I), x] + (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[1
- E~(-(Ixe) + fxfzxx)/E~(I*kxPi)], x], x] + Dist[(d*m)/(f*fz*I), Int[(c +
d*x)~(m - 1)*Logl[l + E~(-(I*xe) + fxfz*x)/E~(I*k*Pi)], x], x]) /; FreeQl{c,
d, e, £, fz}, x] &% IntegerQ[2xk] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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Subst ( f sech ' (x)2dx, x, a + bx)

f sech™(a + bx)? dx =

b

~ Subst ( f x%sech(x) tanh(x) dx, x, sech™’ (a+ bx))
- b
C(a+ bx)sech_l(g +bx)2  2Subst (f xsech(x)dx, x, sech_l(u + bx))
- b b

-1 -1 ( sech™ X

(a+bx)sech \(a + byy?  4sech (@ +bx)tan™! (6 bl ’) (21) Subst ([ log (1 - ie*)

B b ) b " b
1 > 4sech™(a + bx)tan™ gsech” (a+by) (2i) Subst 1081719 1y, x

(a + bx)sech ~(a + bx) x
- b ) b " b

(a+ bx)sech_l (a+ bx)z 4sech_1(a + bx) tan~! (esech_l(u+bX)) 2iLi, (_iesech_l(a+bx)) 2
= — + —_—

b b b

Mathematica [A] time = 0.21023, size = 105, normalized size = 1.31

i(ZPolyLog (2, —ie‘S“h_l(“b")) — 2PolyLog (2, ie‘seCh_l(“b")) + sech™ (a + bx) (—i(a + bx)sech™ (a + bx) + 2log (1
b

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[a + b*x]~2,x]

[Out] (Ix(ArcSechla + b*x]*((-I)*(a + b*x)*ArcSech[a + b*x] + 2*Log[l - I/ETArcSe
chla + b*x]] - 2xLog[l + I/E"ArcSech[a + b*x]]) + 2*PolyLog[2, (-I)/E"ArcSe
chla + b*x]] - 2*PolyLog[2, I/E~ArcSech[a + bx*x]]))/b

Maple [A] time = 0.285, size = 209, normalized size = 2.6

2 .
x (arcsech (bx + a))2 + (arcsech (bx + @))” a + 2 farcsech (bx + a) In (1 + i((bx + a)_1 + \/(bx + a)_l - 1\/(bx + a)_l

b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)~2,x)
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[Out] x*arcsech(b*x+a) " 2+1/b*arcsech(b*x+a) “2*a+2*I/b*arcsech(b*x+a)*1n(1+I*(1/(b
*x+a)+(1/ (b*xx+a)-1) " (1/2)*x(1/ (b*x+a)+1) ~(1/2)))-2*I/b*arcsech(b*x+a)*1n(1-I

*(1/ (b*xx+a)+(1/(bxx+a)-1) " (1/2) *(1/ (bxx+a)+1)~(1/2)))-2*I/bxdilog(1-I*(1/ (b
xx+a)+(1/ (b*xx+a)-1)~(1/2) *(1/ (b*x+a)+1) ~(1/2)) ) +2xI/b*dilog (1+I* (1/ (bxx+a)+

(1/ (b*xx+a)-1)"(1/2)*(1/ (b*xx+a)+1)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2 2(2(b3x +3ab®x® +a + (3a?b - b
xlog(\/bx+a+1\/—bx—a+1bx+\/bx+a+1\/—bx—a+1a+bx+a) —f— ( ( ( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2,x, algorithm="maxima"

[Out] x*log(sqrt(bxx + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*
X —a+ 1)*a + b*x + a)”2 - integrate(-2*(2%(b~3*x"3 + 3*axb™2*x"2 + a”3 +
(3¥a”2xb - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(b*x + a)~2 +
2% (b73%x73 + 3*%axb”"2*x"2 + a”3 + (3*%a"2xb - b)*x - a)*log(bxx + a)”2 - (b~3
*x"3 + 2xaxb”2xx"2 + (a”2%b - b)*x + 2%(b73%x73 + 3xaxb”2xx"2 + a”3 + (3*a”
2%b - b)*x - a)*log(b*x + a) + ((b73*x"3 + 3*%axb™2*x"2 + a”3 + (3*%a"2*xb - b
)*¥x — a)*sqrt(b*x + a + 1)*xlog(b*xx + a) + (2%b73%x73 + 4*xa*xb™2xx"2 + (2%a”2
xb — b)*x + (b73%x73 + 3*%axb”"2%x"2 + a3 + (3*%a"2%b - b)xx - a)*log(b*x + a
))*sqrt(bxx + a + 1))*sqrt(-bxx - a + 1))*log(sqrt(b*xx + a + 1)*sqrt(-b*x -
a + 1)*bxx + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))/(b73%x"3 +
3xaxb"2xx"2 + a”3 + (b7"3*x73 + 3*axb”2*x"2 + a”3 + (3*¥a"2%b - b)*x - a)*sq
rt(b*x + a + 1)*sqrt(-b*x - a + 1) + (3*a”2*%b - b)*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (arsech (bx + a)2 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2,x, algorithm="fricas")

[Out] integral(arcsech(b*x + a)~2, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f asech? (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)**2,x)

[Out] Integral(asech(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (bx + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)~2, x)
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-1
319 fsech (a+bx)? dx

X

Optimal. Leaf size=274

sechfl(a+bx) aesechfl(a+bx) \

———— |- 2PolyLog |3, ———
Vl—a2+1) ! g[ 1-V1-a?,

sechfl(a+bx)

1-+vV1-a?

2sech™!(a + bx)PolyLog [2, ] +2sech™ (a + bx)PolyLog (2,

[Out] ArcSech[a + b*x] 2*Logl[l - (a*E~ArcSech[a + b*x])/(1 - Sqrt[1l - a"2])] + Ar
cSech[a + b*x]~2xLog[l - (a*E~ArcSech[a + bx*x])/(1 + Sqrt[1 - a”2])] - ArcS

ech[a + b*x]"2%Log[l + E~(2xArcSech[a + b*x])] + 2*ArcSech[a + b*x]*PolyLog

[2, (axE"ArcSech[a + b*x])/(1 - Sqrt[l - a”2])] + 2*ArcSech[a + b*x]*PolyLo

gl[2, (a*E"ArcSechla + b*x])/(1 + Sqrt[l - a~2])] - ArcSech[a + b*x]*PolyLog

[2, -E~(2*ArcSech[a + b*x])] - 2*PolyLogl[3, (a*E"ArcSech[a + b*x])/(1 - Sqr

t[1 - a~2])] - 2*PolyLog[3, (a*E"ArcSech[a + b*x])/(1 + Sqrt[l - a~2])] + P
olyLog[3, -E~(2xArcSech[a + b*x])]/2

Rubi [A] time = 0.463482, antiderivative size = 274, normalized size of antiderivative =
1., number of steps used = 17, number of rules used = 9, integrand size = 12, number of rules _

integrand size
0.75, Rules used = {6321, 5595, 5570, 3718, 2190, 2531, 2282, 6589, 5562}

aesech_l(a+bx) aesech_l(a+hx) \

+2sech_1(a+bx)Pol Log|2, ———|—-2PolyLog |3, ————
] Y g( Vl—a2+1) Y g[ 1-V1-a®,

aesech_l(a+bx)

1-vV1-42

2sech™ (a + bx)PolyLog [2,

Antiderivative was successfully verified.

[In] Int[ArcSechla + b*x]~2/x,x]

[Out] ArcSech[a + b*x]~2*Logl[l - (a*E~ArcSech[a + b*x])/(1 - Sqrt[l - a"2])] + Ar
cSech[a + b*x]~"2xLogl[l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[l - a”2])] - ArcS

ech[a + b*x]"2+Log[1l + E~(2xArcSech[a + b*x])] + 2*ArcSech[a + b*x]*PolyLog

[2, (a*E"ArcSechla + b*x])/(1 - Sqrt[l - a~2])] + 2*xArcSech[a + b*x]*PolyLo

gl[2, (a*xE"ArcSechla + b*x])/(1 + Sqrt[l - a~2])] - ArcSech[a + b*x]*PolyLog

[2, -E"(2*ArcSech[a + b*x])] - 2xPolyLogl[3, (a*E~ArcSech[a + b*x])/(1 - Sqr

t[1 - a”2])] - 2xPolyLog[3, (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a~2])] + P
olyLog[3, -E~(2*ArcSech[a + bx*x])]/2

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
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nh[x]*(d*xe - c*xf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5595

Int[(((e_.) + (£_)*(x_))"(m_D)*(F_)[(c_.) + (d_.)*(x_ )17 (n_.)*(G_) [(c_.) +

(d_D)*x)]1"(p_.))/((a_) + (b_.)*Sech[(c_.) + (d_.)*(x_)]), x_Symbol] :> I
nt[((e + f*x) m*Cosh[c + d*x]*F[c + d*x] n*G[c + d*x]"p)/(b + a*Cosh[c + dx
x]), x] /; FreeQ[{a, b, c, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, p]

Rule 5570

Int[((Ce_.) + (f_.)*(x_))"(m_.)*Tanh[(c_.) + (d_.)*(x_)]"(n_.))/(Cosh[(c_.)

+ (d_)*x_)I*M_.) + (a_)), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Tanh[c
+ d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Sinh[c + d*x]*Tanh[c + d*x]~
(n - 1))/(a + bxCosh[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && I
GtQ[m, O] && IGtQ[n, O]

Rule 3718

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz ])*(f_.)*(x )], x
_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2+I, Int[((c
+ d¥x) Tm*E” (2% (= (I*e) + fxfzxx)))/(1 + E"(2%(-(Ixe) + fxfzxx))), x], x] /;
FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (_)*((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*xf*gxnxLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_)*(x_))))"(a_)I*x((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nY, x] && GtQ[m, 0]

Rule 2282
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)x((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 5562

Int[((Ce_.) + (f_.)*(x_))"(m_.)*Sinh[(c_.) + (d_.)*(x_)1)/(Cosh[(c_.) + (d_
Ix(x )]x(_.) + (a_)), x_Symbol] :> -Simp[(e + f*x)"(m + 1)/(b*f*x(m + 1)),
x] + (Int[((e + f*x)"m*xE~(c + d*x))/(a - Rt[a”2 - b~2, 2] + b*E~(c + d*x))
, x] + Int[((e + f*x)"m*E~(c + d*x))/(a + Rt[a"2 - b~2, 2] + b*E~(c + d*x))
, x1) /; FreeQ[{a, b, ¢, 4, e, £}, x] && IGtQ[m, 0] && NeQ[a~2 - b2, 0]

Rubi steps



sech™'(a + bx)?

S5

x%sech(x) tanh(x)
dx = = Subst (f —a + sech(x)

_ _Subst (f 1x 2 tanh(x)

— a cosh(x)

x? sinh(x)
(a Subst (f 1 —acosh(x)

2x 2
(2 Subst ( f ,n

dx,x,sech”

> dx, x,sech (a + bx))) —a Subst (

dx, x, sech_l(a + bx))

1(a + bx))
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f eXx?
1-V1-a?—ge~

dx, x, sech_l(a + bx))) — Subst (f x% tanh(x) dx, x, sech_l(a s

dx, x, sech_l(A

h—l( ) )21 aesech_l(a+bx) h—l( ) )21 aesech_l(a+bx) h—l(
=sech (a+bx)*log|1 - ————|+sech (a + bx)*log|1 - ————|-sech (a
1-vV1-a? 1+V1-a?

-1 -1
4 aesech (a+bx) 4 aesech (a+bx) 4
=sech (a+ bx)?log|1 - ——|+sech "(a + bx)?*log|1 - ————|-sech (a
1-V1-42 1+ V1-a?
-1 -1
1 aesech (a+bx) 1 aesech (a+bx) 1
=sech  (a + bx)?log|1 - ————|+sech  (a + bx)*log|1 - ———|-sech  (a
- V1 —a? 1+V1-a?
-1 -1
1 aesech (a+bx) . aesech (a+bx) 4
=sech (a+ bx)?log|1 - ———|+sech "(a + bx)?log|1 - ————|-sech (a
1-V1-42 1+ V1-a?
Mathematica [A] time = 0.294566, size = 280, normalized size = 1.02
1 a sech (u+bx) 1 aesech_l(a+bx) aesech_l(a
2sech “(a + bx)PolyLo + 2sech " (a + bx)PolyLog|2, ————|—-2PolyLog|3, -
8|2 V1 —az 1 s V1-a2+1 8 1-a?

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[a + b*x]~2/x,x]

[Out] (-2*ArcSech[a + b*x]~3)/3 - ArcSech[a + b*x] 2*Log[l + E~(-2%ArcSech[a + bx*

x])] + ArcSechla + b*x]~2*xLog[l + (a*E"ArcSech[a + b*x])/(-1 + Sqrt[l - a~2

1)] + ArcSech[a + b*x]~2xLog[1l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])

] + ArcSech[a + b*x]*PolyLog[2, -E~(-2*ArcSech[a + b*x])] + 2%ArcSech[a + b
*x]*PolyLog[2, -((a*E"ArcSech[a + b*x])/(-1 + Sqrt[1 - a”2]))] + 2xArcSech[

a + b*x]*PolyLog[2, (a*E"ArcSech[a + b*x])/(1 + Sqrt[l - a~2])] + PolyLogl[3

, "E7(-2%ArcSech[a + b*x])]/2 - 2*PolyLog[3, -((a*E~ArcSech[a + b*x])/(-1 +
Sqrt[1 - a~2]))] - 2xPolyLogl[3, (a*E~ArcSech[a + bxx])/(1 + Sqrt[1l - a~2])

]
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Maple [F] time = 0.392, size = 0, normalized size = 0.

(arcsech (bx + a))2
f " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)”~2/x,x)

[Out] int(arcsech(b*x+a)”~2/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)2
f " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x,x, algorithm="maxima")

[Out] integrate(arcsech(b*x + a)~2/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)2 x)
x 4

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(arcsech(b*x + a)~2/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

asech? (a + bx)
f — dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)**2/x,x)

[Out] Integral(asech(a + b*x)**2/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)2
f ” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)~2/x, x)
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-1 )
313 fsech (a+bx) dx

X2

Optimal. Leaf size=224

aesech_1 (a+bx) aesech_1 (a+bx) aesech_1 (a+bx)

2bPolyLog (2, W) 2bPolyLog (2, Vi 1-Via2
aV1-a? av1 - a? aVl1 - a? "

[Out] -((b*ArcSech[a + b*x]~2)/a) - ArcSechl[a + b*x]~2/x + (2*¥bxArcSech[a + b*x]x*
Log[l - (a*E"ArcSech[a + b*x])/(1 - Sqrt[l - a~2])])/(a*Sqrt[1 - a~2]) - (2
*xbxArcSech[a + b*x]*Log[1l - (a*E"ArcSech[a + bxx])/(1 + Sqrt[l - a”2])]1)/(a
*Sqrt[1 - a~2]) + (2xbxPolyLog[2, (a*E~ArcSech[a + b*x])/(1 - Sqrt[l - a~2]
)1)/(axSqrt[1 - a~2]) - (2xb*PolyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1

- a”2])])/(a*Sqrt[1 - a~2])

) 2bsech ' (a + bx

) stech_l(a + bx) log (1 -
+

Rubi [A] time = 0.388906, antiderivative size = 224, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 8, integrand size = 12, Rumber of rules _

0.667, Rules used = {6321, 5468, 4191, 3320, 2264, 2190, 2279, 2391}

integrand size

aesech_l(u+bx) aesech_l(a+bx) 1 aesech_l(a+bx) 1 ‘
ZbPOIYLOg 2, W ZbPOIYLOg 2, ﬁ 2bsech (El + bX) lOg 1- W 2bsech (a + bx,
— —q —a%+ - —a
— + —
av1 —a? av1 —a? av1 —a? a

Antiderivative was successfully verified.

[In] Int[ArcSechla + b*x]~2/x"2,x]

[Out] -((b*ArcSech[a + b*x]~2)/a) - ArcSechla + bxx]~2/x + (2*%b*ArcSech[a + b*x]*
Log[l - (axE~ArcSech[a + b*x])/(1 - Sqrt[1l - a~2])])/(a*Sqrt[1l - a~2]) - (2
xb*ArcSech[a + b*x]*Log[l - (a*E~ArcSech[a + bxx])/(1 + Sqrtl[l - a~2])]1)/(a
xSqrt[1 - a”2]) + (2xb*PolyLogl[2, (a*E~ArcSech[a + b*x])/(1 - Sqrt[l - a~2]
)1)/(axSqrt[1 - a~2]) - (2*b*PolyLogl[2, (a*E~ArcSech[a + bxx])/(1 + Sqrt[1

- a”2])]1)/(a*8qrt[1 - a™2])

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*x(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh([x]*(d*xe - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]
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Rule 5468

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)]1x((a_) + (b_.)*Sech[
(c_.) + (d_)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x)“m*(a + b*Sech[c + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*
d*x(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (@)~ (n_)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3320

Int[((c_.) + (A_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (Comple
x[0, fz_1)*(f_.)*(x_)]), x_Symbol] :> Dist[2, Int[((c + d*x) "m*E~(-(I*e) +
fxfzxx))/(E™(I*Pix(k - 1/2))*(b + (2%axE~(-(I*e) + f*xfz*x))/E~(I*Pix(k - 1/
2)) - (b*E~(2%(-(I*e) + fxfz*x)))/E~(2xI*k*Pi))), x], x] /; FreeQ[{a, b, c,
d, e, f, £z}, x] && IntegerQ[2xk] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*xx))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkFu)/(b - q + 2*xc*F"u), x], x] - Dist[(2*c)/q, Int[((f + gkx)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2*%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(m_)*((c_.) + (d_)*x_D)"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*xgxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*xn*Log[F]), Subst[Int[Logla + bxx]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]
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Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps
sech™ (a + bx)? x%sech(x) tanh(x) 1
f 2 dx = - (b Subst ( (i + sech()? dx,x,sech (a + bx)))
h™'(a + bx)? .
- ¢ @+ bx) + (2b) Subst f _ dx, x, sech 1(a + bx)
X —a + sech(x)
h™'(a + bx)? .
- _X¢ @+ bx) + (2b) Subst f I dx, x,sech 1(a + bx)
X a(l — a cosh(x))
bsech™ (a + bx)? sech_l(u + bx)? (2b) Subst (f 1- acosh( x) dx, x, sech (a + bx))
B a - X * a
prech™ o+ b sech(a+bp_ D)SUDS (f o i sech™ (@ + )
B a - X a

e*x -1
bsech—l (ﬂ + bx)Z Sech_l(a + bX)2 (4:b) Subst (f m dx, X, sech (a + bX)) (

- v i X ) V1 - a2 T
sech (a+bx) -1
- - 2 h™ log|l - =——— 2 h
bsech ' (a+bx)2  sech™'(a + bx)? .\ bsech™ (a+ bx) log N ) bsech "(a

a X \/ —El
-1
uesech (a+bx)

-1
2bsech “(a + bx)log|1 - e

) 2bsech_1(a

bsech (2 + bx)?> sech™(a + bx)? .
a X

sech a+bx)

Vi-a?
2bsech (u + bx) log (1 e

) 2bsech_1(a

bsech (a + bx)?>  sech™(a + bx)? .

a x av1 - a?

Mathematica [C] time = 2.62484, size = 678, normalized size = 3.03

( 1-iVa2- )( iVa2— tanh( sech™ (a+bx))+a 1) (V +z)( iVa2— tanh( sech™ (a+bx))+a 1) }
2b [PolyLog[ ] PolyLog[ ]]+25ech
_(a+bx)sech71(a+bx)2 .\ a(zVu tanh( sech™ (u+bx))+a—1) (V tanh( sech™ (a+bx)) i(a— 1))

X

Antiderivative was successfully verified.
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[In] Integrate[ArcSech[a + b*x]~2/x72,x]

[Out] (-(((a + b*x)*ArcSech[a + b*x]~2)/x) + (2xbx(2xArcSech[a + b*x]*ArcTan[((-1
+ a)*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] - (2*xI)*ArcCos[a~(-1)]*ArcT
an[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] + (ArcCos[a”(-1)] + 2
*(ArcTan[((-1 + a)*Coth[ArcSech[a + bxx]/2])/Sqrt[-1 + a~2]] + ArcTan[((1 +
a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]]))*Logl[Sqrt[-1 + a~2]/(Sqrt[2]
xSqrt [a] *E~ (ArcSech[a + b*x]/2)*Sqrt[-((b*x)/(a + b*x))])] + (ArcCos[a”(-1)
] - 2x(ArcTan[((-1 + a)*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] + ArcTan[
((1 + a)*Tanh[ArcSech[a + bx*x]/2])/Sqrt[-1 + a~2]]))*Logl[(Sqrt[-1 + a"2]*E~
(ArcSech[a + b*x]/2))/(Sqrt[2]*Sqrt[al*Sqrt[-((b*x)/(a + b*x))])] - (ArcCos
[a”(-1)] + 2*%ArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]])*Log
[-(((-1 + a)*(1 + a - IxSqrt[-1 + a~2])*(-1 + Tanh[ArcSech[a + b*x]/2]))/(a
x(-1 + a + I*xSqrt[-1 + a"2]*Tanh[ArcSech[a + b*x]/2])))] - (ArcCos[a~(-1)]
- 2xArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]1])*Log[((-1 + a
)*(1 + a + IxSqrt[-1 + a”2])*(1 + Tanh[ArcSech[a + b*x]/2]))/(a*(-1 + a + I
xSqrt[-1 + a”2]*Tanh[ArcSech[a + b*x]/2]))] + I*(PolyLogl[2, ((-1 - IxSqrtl[-
1 + a”2])*(-1 + a - IxSqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))/(a*x(-1 + a
+ IxSqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))] - PolyLog[2, ((I + Sqrt[-1 +
a”2])x(-1 + a - IxSqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))/(ax((-I)*(-1 +
a) + Sqrt[-1 + a"2]*Tanh[ArcSechl[a + b*x]1/2]1))1)))/Sqrt[-1 + a"2])/a

Maple [A] time = 0.357, size = 367, normalized size = 1.6

3 -1, -1_4
_b (arcsech (bx + a))2 B (arcsech (bx + a))2 9 bV—-a? + 1arcsech (bx + a) n ¢ ((bx ta) Ay bx+a) \/&
a X a(az—l) 14+ Va2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)”2/x"2,x)

[Out] -b*arcsech(b*x+a) ~2/a-arcsech(b*x+a) ~2/x+2*xbx(-a~2+1)~(1/2)/a/(a"2-1) *arcse
ch(b*x+a)*1n((-a*(1/(bxx+a)+(1/(b*x+a)-1)"(1/2)*(1/(b*x+a)+1)~(1/2))+(-a"2+
D-/2)+1)/(1+(-a~2+1) " (1/2))) -2*xbx(-a~2+1)~(1/2) /a/(a"2-1) *arcsech (b*x+a)
*1n((a*x(1/(bxx+a)+(1/ (b*xx+a)-1)~(1/2)*(1/(b*x+a)+1) ~(1/2))+(-a"2+1) " (1/2)-1

)/ (~1+(-a"2+1)~(1/2)) ) +2xbx (~a~2+1) " (1/2) /a/(a"2-1)*dilog ((-a* (1/ (b*x+a)+(1

/ (oxx+a)-1)~(1/2)*x(1/ (b*xx+a)+1) ~(1/2))+(-a"2+1) " (1/2)+1) / (1+(-a~2+1)~(1/2))
)=2xbx(-a~2+1)~(1/2)/a/(a"2-1)*dilog((a*(1/ (bxx+a)+(1/ (b*x+a)-1)~(1/2)*(1/(
b*xx+a)+1)~(1/2))+(-a"2+1)~(1/2)-1)/(-1+(-a"2+1)~(1/2)))
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Maxima [F] time = 0., size = 0, normalized size = 0.

2
log(\/bx+a+1\/—bx—a+1bx+\/bx+a+1\/—bx—a+1a+bx+a> f 2(2(b3x3+3ab2x2+a3+(3a2b—b]

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x72,x, algorithm="maxima")

[Out] -log(sqrt(bxx + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x
- a + 1)*a + b*x + a)”2/x - integrate(-2*x(2*(b~3*x"3 + 3*a*xb”2*x"2 + a~3 +
(3*xa™2%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*log(bxx + a)~2 +
2x(b73%x73 + 3*%a*xb”2xx"2 + a”3 + (3*%a"2%b - b)*x - a)xlog(b*x + a)”2 + (b~
3%x73 + 2%a*xb”2xx"2 + (a”2%b - b)*x - 2% (b73%x73 + 3xaxb”2*x"2 + a”3 + (3*a
“2%b - b)*x - a)*xlog(b*x + a) - ((b73*x"3 + 3*a*b™2*x"2 + a”3 + (3*xa"2*b -
b)*x - a)*sqrt(b*x + a + 1)*log(bxx + a) - (2%b73*x73 + 4*xa*xb”™2*xx"2 + (2%a”
2%b - b)*x - (b73*x73 + 3*%axb”2*x”2 + a”3 + (3*%a”2%b - b)*x - a)*xlog(b*x +
a))*sqrt(bxx + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(b*x + a + 1)*sqrt(-b*x
- a + 1)*bxx + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*xx + a))/(b~3*x"5
+ 3%axb”2*%x74 + (3*%a”2%b - b)*x”3 + (a”3 - a)*x"2 + (b73%x”5 + 3xaxb”2*x"4
+ (3*%a"2xb - b)*x"3 + (a3 - a)*x"2)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)),

X)

Fricas [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)2 ]
,X

integral ( >
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x72,x, algorithm="fricas")

[Out] integral(arcsech(b*x + a)~2/x72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

asech? (a + bx)
f — = dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)**2/x**2,x)

[Out] Integral(asech(a + b*x)**2/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)2
f 5 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x72,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)~2/x72, x)
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-1
314 f sech™ (a+bx)? dx

x3

Optimal. Leaf size=537

sech_l(ﬂ+bx) sech_l(ﬂ+bx) sech_l(a+hx) sech_l(a+k

20%PolyLog (2, “———| F*PolyLog (2, “———| 2b*PolyLog(2, “——|] ©?PolyLog|2, “——

> Og(’ e )+ i Og(’ i ) TR A olybog|2
V1 - a2 2(1-a)" @Vl -a? 2(1-a)"

[Out] (b™2%Sqrt[(1 - a - b*x)/(1 + a + bxx)]*(1 + a + b*x)*ArcSech[a + bx*x])/(ax(
1 - a™2)*x(a + b*x)*(1 - a/(a + b*x))) + (b"2*%ArcSech[a + b*x]~2)/(2%¥a"2) -
ArcSech[a + bxx]72/(2*x72) + (b"2xArcSech[a + b*x]*Logl[l - (a*E"ArcSech[a +
bxx])/(1 - Sqrtl[1 - a~2])]1)/(a"2+x(1 - a~2)~(3/2)) - (2xb~2xArcSech[a + b*x
1*Log[1 - (axE"ArcSech[a + b*x])/(1 - Sqrt[1 - a”2])])/(a"2*Sqrt[1 - a~2])
- (b72xArcSech[a + b*x]*Logl[l - (a*E~ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])]
)/ (a™2x(1 - a”2)7(3/2)) + (2%b~2xArcSech[a + b*x]*Log[l - (a*E"ArcSech[a +
b*xx])/(1 + Sqrt[l - a~2])]1)/(a"2*Sqrt[1 - a~2]) + (b"2xLogl[x/(a + bxx)])/(a
“2%(1 - a”2)) + (b"2*PolyLogl[2, (a*E~ArcSechl[a + b*x])/(1 - Sqrt[1l - a~2])]
)/ (@"2x(1 - a~2)7(3/2)) - (2*b"2*PolyLog[2, (a*E~ArcSech[a + b*x])/(1 - Sqr
t[1l - a”2])])/(a"2xSqrt[1 - a”2]) - (b~2*PolylLog[2, (a*E~ArcSechl[a + bx*x])/
(1 + Sqrtll - a~2])]) /(@™ 2x(1 - a~2)7(3/2)) + (2%b~2xPolyLog[2, (a*E~ArcSec
hla + b*x])/(1 + Sqrt[l - a~2])])/(a"2xSqrt[1 - a~2])

Rubi [A] time = 0.749842, antiderivative size = 537, normalized size of antiderivative =
1., number of steps used = 23, number of rules used = 11, integrand size = 12, M
integrand size

= 0.917, Rules used = {6321, 5468, 4191, 3324, 3320, 2264, 2190, 2279, 2391, 2668, 31}

aesech_l(ﬂ+bx) aesech_l(ﬂ+bx) aesech_l(a+hx) aesech_l(rﬁk

2 A 2 N a——— 2 T ? 2
2b*PolyLog (2, e ) ) b“PolyLog (2, s ) ) 2b*PolyLog (2, New 0 ) b*PolyLog (2, —
21 - a2 a (1~ 612)3/2 V1 -a? @ (1- ”2)3/2

Antiderivative was successfully verified.

[In] Int[ArcSechl[a + b*x]~2/x"3,x]

[Out] (b72%Sqrt[(1 - a - b*x)/(1 + a + bxx)]*(1 + a + b*x)*ArcSech[a + bx*x])/(a*(
1 - a™2)x(a + bxx)*(1 - a/(a + b*x))) + (b"2*ArcSech[a + bxx]~2)/(2%a"2) -
ArcSech[a + b*x]~2/(2xx72) + (b~2*ArcSech[a + bxx]*Log[l - (a*E~ArcSech[a +
bxx])/(1 - Sqrt[l - a”2])])/(a"2*(1 - a~2)7(3/2)) - (2¥b~2xArcSech[a + bx*x
1*Log[1 - (a*E"ArcSech[a + bx*x])/(1 - Sqrtl[l - a~2])])/(a"2*Sqrt[1 - a~2])

- (b72xArcSech[a + b*x]*Logl[l - (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a~2])]
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)/ (@"2x(1 - a~2)7(3/2)) + (2*b~2*ArcSech[a + b*x]*Log[1l - (a*E~ArcSech[a +

bxx])/(1 + Sqrt[1l - a”2])])/(a"2xSqrt[1 - a”2]) + (b~ 2xLogl[x/(a + b*x)])/(a
“2%(1 - a”2)) + (b"2xPolyLog[2, (a*E~ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])]
)/ (a™2x(1 - a”2)7(3/2)) - (2%b~2xPolyLog[2, (a*E~ArcSech[a + b*x])/(1 - Sqr
t[1 - a”2])]1)/(a"2xSqrt[1 - a”2]) - (b~2xPolyLogl[2, (a*E~ArcSech[a + b*x])/
(1 + Sqrtll - a”2])])/(@™2*%(1 - a~2)~(3/2)) + (2%b~2*PolyLog[2, (a*E~ArcSec
hla + b*x])/(1 + Sqrt[l - a~2])])/(a"2*Sqrt[1 - a~2])

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£f_.)*x(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - c*f + fxSech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,

b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (f_.)*(x )) " (m_.)*Sech[(c_.) + (d_.)*(x )I*x((a_) + (b_.)*Sech[
(c_.) + (d_)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x)“m*(a + b*Sech[c + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])~(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_)*(x_)1x(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Rule 3324

Int[((c_.) + (A_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(fx(a”2 - b~2)*(a + bxSin[e +
fxx])), x] + (Distl[a/(a”2 - b72), Int[(c + d*x)"m/(a + b*Sinl[e + fx*xx]), x],
x] - Dist[(b*d*m)/(f*x(a”2 - b~2)), Int[((c + d*x)~(m - 1)*Cos[e + f*xx])/(a
+ bxSinfe + fxx]), x], x1) /; FreeQ[{a, b, ¢, d, e, £}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3320

Int[((c_.) + (Ad_)*x))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (Comple
x[0, fz_1)*(f_.)*(x_)]), x_Symbol] :> Dist[2, Int[((c + d*x) m*E~(-(Ixe) +
fxfzxx))/(E-(I*Pix(k - 1/2))*(b + (2*xa*xE~(-(I*e) + f*xfz*xx))/E~(I*Pix(k - 1/
2)) - (b*E~(2%(-(I*e) + fxfz*x)))/E~(2xI*k*xPi))), x], x] /; FreeQ[{a, b, c,
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d, e, f, fz}, x] &% IntegerQ[2xk] && NeQ[a"2 - b2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*xx))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2%c)/q, Int[
((f + gxx) " mkF u)/(b - q + 2xcxF u), x], x] - Dist[(2xc)/q, Int[((f + gkx)"
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + fx*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, nt, x] && GtQ[a, O]

Rule 2391

Int[Logl[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 2668

Int[cos[(e_.) + (£_D)*x D] (p_.)*((a_) + (b_.)*sinl(e_.) + (£_)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"m*x(b"2 - x"2)"((p - 1)/
2), x], x, b*Sinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b"2, 0]

Rule 31
Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps



sech™(a + bx)?
f x3 d

Mathematica [C]

X =- (b2 Subst (

B sech™'(a + bx)?

x%sech(x) tanh(x)

(—a + sech(x))3

B sech™'(a + bx)?

> + b2 Subst (

B b2sech ™ (a + bx)? B sech™(a + bx)? . b? Subst (f

2x2

x
f (—a + sech(x))?

+bZSubst(f(x

a2 a2(-1 + acosh(x))?

dx, x, sech_l(a + bx)))

X
=+
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dx, x, sech_l(a + bx))

2x

(=1+a cosh(x))?

" a2(-1+a cosh(x))) 4%, %, se

dx, x, sech_l(a + bx)) (i

2

+ —
a2

(1+a+bx)sech™ (a + bx) b?sech ' (a+bx)2  sech™'(a + bx)? N (4b2) Subs

2

2a? 2x2
1-a-bx
1+a+bx
a (1 - a2) (a + bx) (1 - gfbx)
1-a-bx

1+a+bx

242

2x2

(1+ a + bx)sech™ (a + bx) N Psech™ (a + bx)? ) sech™(a + bx)? . b? Subst (J

1+a+bx

a(1-a)(a+bx) (1- 23) 24 22 2
T-a-b 9 ) ) _
Vi (L +a+bxsech (@ +b%)  2sech(a+bx)?  sech™(a + bx)? 2b7sech
a (l - az) (a + bx) (1 - afbx) 242 22
1-a—bx 1 ) 4
_ i 1+Z+bx (I+a+bx)sech (a+Dbx) p2sech™ (a+bx)?2 sech™ (a + bx)? + e @
1-a-b _ 5 4
_ *Vizam (L +4 + bx)sech Yo+ by) P?sech™'(a +bx)>  sech™ (a + bx)? . bsech ~(a
a (1 - az) (a + bx) (1 —~ afbx) 22 22
1-a-bx _ ) 4
2 (1 + a + bx)sech 1(11 + bx) bzsech_l(a + bx)? sech_l(a + bx)? . b°sech " (a

time = 7.76266, size = 1439, normalized size = 2.68

a (1 B aZ) (Il + bx) (1 B afbx)

242

result too large to display

Antiderivative was successfully verified.

[In] Integrate[ArcSech[a + b*x]~2/x73,x]

2x2



120

[Out] -((a + bxx)~2*ArcSech[a + b*x]~2)/(2*a"2*x"2) + (b*ArcSech[a + bxx]*(-(a*Sq
rt[-((-1 + a + bxx)/(1 + a + bxx))]*(1 + a + b*xx)) + (-1 + a”2)*(a + b*x)*A
rcSechla + b*x]))/((-1 + a)*a”2x(1 + a)*x) + (b"2xLog[(b*x)/(a + bxx)])/(a”
2 - a”4) - (2xb~2x(2xArcSech[a + b*x]*ArcTan[((-1 + a)*Coth[ArcSech[a + b*x
1/21)/Sqrt[-1 + a~2]] - (2xI)*ArcCos[a”(-1)]1*ArcTan[((1 + a)*Tanh[ArcSech[a
+ b*x]/2])/Sqrt[-1 + a~2]] + (ArcCos[a”(-1)] + 2*(ArcTan[((-1 + a)*Coth[Ar
cSech[a + b*x]/2])/Sqrt[-1 + a~2]] + ArcTan[((1 + a)*Tanh[ArcSech[a + bx*x]/
2])/Sqrt[-1 + a~2]]))*Log[Sqrt[-1 + a~2]/(Sqrt[2]*Sqrt[al*E~(ArcSech[a + bx
x]/2)*Sqrt [-((b*x)/(a + b*x))])] + (ArcCos[a~(-1)] - 2x(ArcTan[((-1 + a)*Co
th[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] + ArcTan[((1 + a)*Tanh[ArcSech[a +
b*x]/2]1)/Sqrt[-1 + a~2]]))*Log[(Sqrt[-1 + a"2]*E~(ArcSech[a + b*x]/2))/(Sqr
t [2]1*Sqrt [al *Sqrt [-((b*x)/(a + b*x))])] - (ArcCos[a”(-1)] + 2*ArcTan[((1 +
a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a"2]])*Log[-(((-1 + a)*(1 + a - IxSq
rt[-1 + a”2])*(-1 + Tanh[ArcSech[a + b*x]/2]))/(a*x(-1 + a + I*Sqrt[-1 + a2
]1*Tanh[ArcSech[a + b*x]/2])))] - (ArcCos[a”(-1)] - 2*ArcTan[((1 + a)*Tanh[A
rcSechl[a + b*x]/2])/Sqrt[-1 + a~2]])*Log[((-1 + a)*(1 + a + I*Sqrt[-1 + a~2
1)*(1 + Tanh[ArcSech[a + b*x]/2]))/(ax(-1 + a + I*Sqrt[-1 + a~2]*Tanh[ArcSe
chla + b*x]/2]))] + I*(PolyLogl[2, ((-1 - IxSqrt[-1 + a~2])*(-1 + a - I*Sqrt
[-1 + a"2]*Tanh[ArcSech[a + b*x]/2]))/(a*x(-1 + a + I*Sqrt[-1 + a~2]*Tanh[Ar
cSech[a + b*x]/2]))] - PolyLog[2, ((I + Sqrt[-1 + a”2])*(-1 + a - IxSqrt[-1
+ a”2]*Tanh[ArcSech[a + bxx]/2]))/(ax((-I)*(-1 + a) + Sqrt[-1 + a~2]*Tanh[
ArcSechla + b*x]1/2]1))1)))/(-1 + a~2)~(3/2) + (b~2*(2*ArcSech[a + b*x]*ArcTa
n[((-1 + a)*Coth[ArcSech[a + bx*x]/2])/Sqrt[-1 + a~2]] - (2xI)*ArcCos[a”(-1)
IxArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] + (ArcCos[a”(-1
)] + 2x(ArcTan[((-1 + a)*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] + ArcTan
[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]]1))*Logl[Sqrt[-1 + a~2]/(S
grt [2]*Sqrt [a] *E~ (ArcSech[a + b*x]/2)*Sqrt[-((b*x)/(a + b*x))])] + (ArcCos[
a~(-1)] - 2x(ArcTan[((-1 + a)*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] + A
rcTan[((1 + a)*Tanh[ArcSech[a + bx*x]/2])/Sqrt[-1 + a~2]]))*Log[(Sqrt[-1 + a
~2]*E~ (ArcSech[a + b*x]/2))/(Sqrt[2]*Sqrt[al*Sqrt[-((b*x)/(a + b*x))])] - (
ArcCos[a~(-1)] + 2#ArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]
1) *Log[-(((-1 + a)*(1 + a - IxSqrt[-1 + a"2])*(-1 + Tanh[ArcSech[a + b*x]/2
1))/(ax(-1 + a + IxSqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]1)))] - (ArcCosl[a”
(-1)] - 2%ArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]])*Log[((
-1 + a)*x(1 + a + I*Sqrt[-1 + a”2])*(1 + Tanh[ArcSech[a + b*x]/2]))/(ax(-1 +
a + IxSqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))] + I*(PolyLogl[2, ((-1 - Ix
Sqrt[-1 + a”2])*(-1 + a - IxSqrt[-1 + a~2]x*Tanh[ArcSech[a + bx*x]/2]))/(ax(-
1 + a + IxSqrt[-1 + a"2]*Tanh[ArcSech[a + b*x]/2]))] - PolyLogl[2, ((I + Sqr
t[-1 + a”2])*(-1 + a - IxSqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))/(a*x((-I)
x(-1 + a) + Sqrt[-1 + a"2]x*Tanh[ArcSech[a + b*x]/2]))]1)))/(a"2*x(-1 + a~2)"(
3/2))
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Maple [A] time = 0.563, size = 1026, normalized size = 1.9

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)~2/x"3,x)

[Out] -b~2*arcsech(b*x+a)/a/(a~2-1)*(-(b*x+a-1)/(b*x+a)) (1/2)*((b*x+a+1)/(b*x+a)
)~ (1/2)+1/2%b"2*arcsech(b*x+a) ~2/(a”2-1) -b*arcsech(b*x+a) /x/(a~2-1) * (- (b*x+
a-1)/(b*x+a)) " (1/2) *((b*x+a+1)/(b*x+a)) ~(1/2)-1/2*xb"2*arcsech (b*x+a) ~2/a"2/
(a~2-1)-1/2*arcsech(b*x+a) "2*xa~2/x"2/(a"2-1)-b"2*arcsech(b*x+a)/a~2/(a~2-1)
+1/2*arcsech(b*x+a)~2/x"2/(a"2-1)-b"2/a"2/(a"2-1)*1n(a* (1/ (b*x+a)+(1/ (b*xx+a
)-1)7(1/2) % (1/ (bxx+a)+1) ~(1/2)) "2+a-2/ (b*x+a) -2* (1/ (b*xx+a)-1) ~(1/2) * (1/ (b*x
+a)+1)7(1/2))+2xb"2/a"2/(a"2-1) *1n(1/ (bxx+a)+(1/ (bxx+a)-1) " (1/2) *(1/ (b*x+a)
+1)7(1/2))+b"2x(-a~2+1)~(1/2) /a~2/(a"2-1) "2*xarcsech (b*x+a) *1n((-a* (1/ (b*xx+a
)+(1/ (bxx+a)-1)"(1/2)*(1/ (b*xx+a)+1)~(1/2) )+(-a"2+1)~(1/2)+1) / (1+(-a~2+1) "~ (1
/2)))-b"2%(-a"2+1)"(1/2)/a~2/(a~2-1) "2*arcsech(b*x+a) *1n((a*x (1/ (b*x+a)+(1/(
b*x+a)-1)7(1/2)*(1/(b*xx+a)+1)~(1/2))+(-a~2+1)~(1/2)-1)/ (-1+(-a"2+1)~(1/2)))
+b72x(-a"2+1) "~ (1/2) /a"2/(a"2-1)"2*dilog((-a*(1/(b*x+a)+(1/ (b*x+a)-1)~(1/2)*
(1/(b*x+a)+1)~(1/2))+(-a~2+1)~(1/2)+1) /(1+(-a~2+1) " (1/2)) ) -b"2x(-a"2+1) ~(1/
2)/a”~2/(a"2-1)"2xdilog((a*x(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(bxx+a)+1)~(1/2
N+(-a”2+1)7(1/2)-1)/(-1+(-a"2+1) " (1/2))) -2%b~2* (-a"2+1) " (1/2) / (a~2-1) "2*ar
csech(b*x+a) *1In((-ax(1/ (bxx+a)+(1/(b*x+a)-1) " (1/2) *(1/(b*x+a)+1)~(1/2))+(-a
“2+1)7(1/2)+1) / (1+(-a~2+1) " (1/2)) ) +2xb~2x (-a~2+1) ~(1/2) / (a~2-1) "2*arcsech(b
*x+a)*In((a*x(1/(bxx+a)+(1/(bxx+a)-1) " (1/2)*(1/(b*x+a)+1)~(1/2))+(-a"2+1)~ (1
/2)-1)/(-1+(-a"2+1)~(1/2)))-2%b~2x(-a"2+1) ~(1/2) /(a~2-1) "2*dilog ((-a* (1/ (bx*
x+a)+(1/(b*xx+a)-1)~(1/2)*(1/(b*xx+a)+1) " (1/2))+(-a~2+1)~(1/2)+1)/ (1+(-a~2+1)
~(1/2)))+2xb"2x(-a"2+1) " (1/2) /(a"2-1) "2*dilog((a*x (1/ (b*x+a)+(1/(b*x+a)-1)~(
1/2)*(1/ (bxx+a)+1)~(1/2))+(-a~2+1)~(1/2)-1)/(-1+(-a~2+1)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2
log(\/bx+a+1\/—bx—a+1bx+ Vox +a +1\/—bx—a+1a+bx+a> 4(b3x3 +3ab?x* + a® + (3a2b—b))
— I

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x73,x, algorithm="maxima"

[Out] -1/2x%log(sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*bxx + sqrt(b*x + a + 1)*sqrt(
-b*x - a + 1)*a + b*x + a)~2/x72 - integrate(-(4*(b~3*x"3 + 3*axb™2*x"2 + a
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73 + (3%a”2%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)xlog(b*x + a)
T2 + 4% (b73%x73 + 3*a*xb”2%x72 + a”3 + (3%a”2*b - b)*x - a)*log(b*x + a)”2 +
(b73%x73 + 2%a*b”2%x”2 + (a"2%b - b)*x - 4x(b73*x"3 + 3xa*b"2%x”2 + a”3 +
(3¥a”2xb - b)*x - a)*log(b*x + a) - (2%(b~3*x"3 + 3*a*xb™2*x"2 + a~3 + (3*a”
2¥b - b)*x - a)*sqrt(bxx + a + 1)*log(b*xx + a) - (2%b73*x"3 + 4*a*b™2*x"2 +
(2*%a”2*%b - b)*x - 2x(b73*x73 + 3*axb"2%x"2 + a”3 + (3*%a"2*b - b)*x - a)x*lo
g(b*x + a))*sqrt(b*xx + a + 1))*sqrt(-bxx - a + 1))*log(sqrt(b*x + a + 1)*sq
rt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))/(
b~3*x76 + 3xa*xb"2%x”5 + (3*%a"2%b - b)*x"4 + (273 - a)*x”3 + (b73*x"6 + 3*ax
b~2xx75 + (3*%a"2*%b - b)*x"4 + (2”3 - a)*x”3)*sqrt(b*x + a + 1)*sqrt(-b*x -

a+ 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)2 )
3 X
X

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x73,x, algorithm="fricas")

[Out] integral(arcsech(b*x + a)~2/x73, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

asech? (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)**2/x**3,x)

[Out] Integral(asech(a + b*x)**2/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)2
f 3 dx
X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~2/x73,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)~2/x73, x)
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315  [xsech™ (a+bx)’dx

Optimal. Leaf size=260

6iasech™ (a + bx)PolyLog (2, —ieseCh_l(“bx)) 6iasech ' (a + bx)PolyLog (2, ieseCh_l(“b")) 3PolyLog (2, —e2sech

- 2 * B2 * 20

[Out] (-3%ArcSech[a + b*x]~2)/(2*%b"2) - (3*Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 +
a + bxx)*ArcSech[a + bxx]72)/(2%b”2) - (a"2*ArcSech[a + b*x]~3)/(2%xb~2) +
(x72%ArcSech[a + b*x]~3)/2 + (6%axArcSech[a + b*x] 2*ArcTan[E~ArcSech[a + b
*x]])/b~2 + (3*ArcSech[a + b*x]*Logl[l + E~(2xArcSech[a + b*x])])/b~2 - ((6%
I)*axArcSech[a + b*x]*PolyLog[2, (-I)*E"ArcSech[a + b*x]])/b~2 + ((6%I)*axA
rcSech[a + bxx]*PolyLog[2, I*E"ArcSech[a + b*x]])/b~2 + (3*PolyLogl[2, -E~(2
xArcSech[a + b*xx])])/(2xb~2) + ((6%I)*a*xPolyLogl[3, (-I)*E"ArcSech[a + bx*x]]

)/b"2 - ((6*I)*a*PolyLog[3, I*E~ArcSech[a + bxx]])/b~2

Rubi [A] time = 0.257207, antiderivative size = 260, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 12, integrand size = 10, e o TR
integrand size

= 1.2, Rules used = {6321, 5468, 4190, 4180, 2531, 2282, 6589, 4184, 3718, 2190, 2279, 2391}

6iasech™ (a + bx)PolyLog (2, —ieseCh_l(“bx)) 6iasech™ (a + bx)PolyLog (2, ieseCh_l(“b")) 3PolyLog (2, —e2sech

) * ) * 202

Antiderivative was successfully verified.

[In] Int[x*ArcSech[a + b*xx]~3,x]

[Out] (-3%ArcSechla + b*x]~2)/(2%b"2) - (3*Sqrt[(1 - a - b*x)/(1 + a + bxx)]*(1 +
a + b*x)*ArcSech[a + b*x]~2)/(2%¥b~2) - (a~2xArcSech[a + bxx]73)/(2*¥b72) +
(x72%ArcSech[a + b*x]~3)/2 + (6%a*ArcSech[a + b*x] 2*ArcTan[E"ArcSech[a + b

*xx]]) /"2 + (3%ArcSech[a + b*x]*Log[l + E~(2%ArcSechla + b*x])])/b~2 - ((6%
I)*axArcSech[a + b*x]*PolyLog[2, (-I)*E"ArcSech[a + b*x]])/b~2 + ((6%I)=*ax*A
rcSech[a + b*x]*PolyLog[2, I*E~ArcSech[a + b*x]])/b"2 + (3*PolyLog[2, -E~(2
xArcSech[a + b*x])])/(2¥b~2) + ((6%I)*axPolyLogl[3, (-I)*E~ArcSech[a + bxx]]

)/b~2 - ((6xI)*axPolyLog[3, I*E"ArcSech[a + b*x]])/b~2

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - c*f + fxSech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
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b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x )I*x((a_) + (b_.)*Sech[
(c_.) + (d_.)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ fxx)"mx(a + bxSech[c + d*x])"(n + 1))/(bxd*(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + fxx)"(m - 1)*x(a + b*Sech[c + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4180

Int[csc[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_.)*(x )]1*((c_.) + (d_.)*(x_
)" (m_.), x_Symbol] :> Simp[(-2*(c + d*x) “m*ArcTanh[E~(-(Ixe) + fxfzxx)/E~(
Ixk*Pi)])/(£x£fz*I), x] + (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)~(m - 1)*Logl[1l
- E(-(I%e) + f*fz*x)/E~(Ixk*Pi)], x], x] + Dist[(d*m)/(f*fz*I), Int[(c +
d*x)~(m - 1)*Logl[l + E7(-(Ixe) + fxfzxx)/E~(I*kxPi)], x], x]) /; FreeQ[{c,
d, e, £, fz}, x] &% IntegerQ[2xk] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_D)*(x_)))) " (n_D1*x((£f_.) + (g_.)
*x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLog[n + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, ¢, d
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, €, n, pt, x] & EqQ[b*d, axe]

Rule 4184

Int[csc[(e_.) + (£_)*(x )17 2x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pL((c + d*x)"m*Cot[e + f*xx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3718

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz ])*(f_.)*(x )], x
_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*x(m + 1)), x] + Dist[2*I, Int[((c
+ d*x) "m*E7 (2% (- (Ixe) + fxfzxx)))/(1 + E7(2x(-(Ixe) + fxfzxx))), x], x] /;
FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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Subst ( f x3sech(x)(-a + sech(x)) tanh(x) dx, x, sech_l(a + bx))

fxsech_l(a +bx)3dx = -

2
1 ~ 3Subst ( [ x2(=a + sech(x))? dx, x, sech (a + bx
= Zx2sech ™' (a + bx)® - K il ( )
2 2b?
1 ~ 3Subst ( [ (a2x? - 2ax?sech(x) + x2sech?(x)) dx, x, sech *(a + bx
= —x2sech ™ (a + bx)3 — (f( ® ( )) ( ))
2 2b?
2 -1
a 2gech” (a + bx)? 3 3 Subst (fxzsech (x)dx,x,sech "(a + bx))
e + 2x 2sech” (a + bx)° — e s
La-by (1 + a + bx)sech *(a + bx)? 3 basec
3 Tratbe _a 2sech” (a + bx) 3.
=- TR e + 2x 2sech” (a + bx)° +
_E’)sech_1 (a+bxp? 3N Toorm (1 +a+ by)sech™ (a + bx)? azsech_1 (a + bx)® s lxzsec}
2b? 2b? 2b? 2
_BSech_l(a +bx)* 3N Toorm (1 +a+ by)sech™ (a + bx)? _ a’sech” Ya + o)’ s x 2sec]
2b? 2b? 2b? 2
_ _3sech_1(a +bx)* 3N Toorm (1 +a+ by)sech™ (a + bx)? _ a’sech” Ya+ o)’ s x 2soc]
2b? 2b? 2b? 2
_3sech_1 (a+Dbxp? N1 (1 +a + bx)sech™ (a + bx)? _ a’sech” Ya + b’ s x 2sec]
2b? 2b? 2b? 2

Mathematica [A] time = 0.552299, size = 254, normalized size = 0.98

—3PolyLog (2, —e‘zseCh_l(“b")) + 6ia ( ~2sech ™ (a + bx) (PolyLog ( gsech” (‘”b")) PolyLog (2, ie‘seCh_l(“b’C)))

Warning: Unable to verify antiderivative.

[In] Integrate[x*ArcSech[a + bxx]~3,x]

[Out] (-3*%Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x)*ArcSech[a + b*xx]~2
- 2xax(a + bxx)*ArcSech[a + bxx]~3 + (a + b*x) 2*ArcSech[a + b*x]~3 + 3xArc
Sech[a + bxx]*(ArcSech[a + b*x] + 2+Log[l + E~(-2%ArcSech[a + bxx])]) - 3xP
olyLog[2, -E~(-2%ArcSech[a + b*x])] + (6%I)*a*x(-(ArcSech[a + b*x]~2*(Logl[1

- I/E"ArcSech[a + b*x]] - Log[l + I/E"ArcSech[a + b*x]])) - 2*ArcSech[a + b
*xx]*(PolyLog[2, (-I)/E"ArcSech[a + bxx]] - PolyLog[2, I/E"ArcSech[a + bx*x]]

) - 2*PolyLog[3, (-I)/E~ArcSech[a + b*x]] + 2*PolyLog[3, I/E"ArcSech[a + Dbx
x]1))/(2%b72)
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Maple [F] time = 0.559, size = 0, normalized size = 0.

f x (arcsech (bx + a))3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsech(b*x+a)”~3,x)

[Out] int(x*arcsech(b*x+a)~3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a)~3,x, algorithm="maxima"

[Out] 1/2*x72%log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sq
rt(-b*x - a + 1)*a + b*x + a)”3 - integrate(1/2x(16%(b"3*x"4 + 3*axb~2*x"3
+ (3*a”2*%b - b)*x"2 + (a”3 - a)*x)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log
(bxx + a)~3 + 16%(b~3%x74 + 3*axb”2*x”"3 + (3*a™2%b - b)*x72 + (a”3 - a)*x)*
log(b*x + a)~3 + 3*%(b73*x"4 + 2*a*b™2*x"3 + (a”2*b - b)*x"2 + 4*x(b~3*x74 +
3%axb"2%x73 + (3*%a"2xb - b)*x"2 + (a3 - a)*x)*log(b*x + a) + (2x(b"3*x"4 +
3*%a*xb”2*x73 + (3*a”2xb - b)*x"2 + (a”3 - a)*x)*sqrt(b*x + a + 1)*log(b*x +
a) + (2%b73%x74 + 4*a*xb”2*xx"3 + (2%a”2*b - b)*x"2 + 2% (b73*x74 + 3xaxb”2x*x
3 + (3%a”2*%b - b)*x"2 + (a”3 - a)*x)*log(bxx + a))*sqrt(b*x + a + 1))*sqrt
(-bxx - a + 1))*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*bxx + sqrt(b*x + a
+ 1D*sqrt(-b*xx — a + 1)*a + b*x + a)”2 - 24*x((b73*x74 + 3*a*b™2%x"3 + (3*a
“2%b - b)*x72 + (a”3 - a)*x)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(b*x +
a)”2 + (b73*%x74 + 3*axb”2*x"3 + (3*%a”2*b - b)*x72 + (a”3 - a)*x)*log(b*xx +
a)~2)*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)xb*x + sqrt(b*x + a + 1)*sqr
t(-b*x - a + 1)*a + bxx + a))/(b73*x"3 + 3*a*b™2*x"2 + a”3 + (b73*x"3 + 3*a
*b72%x72 + a”3 + (3*¥a”2*%b - b)*x - a)*sqrt(bxx + a + 1)*sqrt(-b*x - a + 1)
+ (3%a”2*b - b)*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x arsech (bx + a)3 , x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a)~3,x, algorithm="fricas")

[Out] integral(x*arcsech(b*x + a)~3, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f xasech® (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asech(b*x+a)**3,x)

[Out] Integral(x*asech(a + b*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x arsech (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(b*x+a)~3,x, algorithm="giac")

[Out] integrate(x*arcsech(b*x + a)~3, x)
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316  [sech™'(a+bx)’dx

Optimal. Leaf size=136

6isech™ (2 + bx)PolyLog (2, —ieseCh_l(“bx)) 6isech™ (2 + bx)PolyLog (2, ieseCh_l(”“Lb")) 6iPolyLog (3, —jgsech” (a+

b b b

[Out] ((a + b*x)*ArcSech[a + b*x]~3)/b - (6%ArcSech[a + bxx] 2xArcTan[E~ArcSech[a
+ b*x]])/b + ((6*I)*ArcSech[a + b*x]*PolyLog[2, (-I)*E~ArcSech[a + b*x]])/

b - ((6*I)*ArcSech[a + b*x]*PolyLog[2, I*E~ArcSech[a + b*x]])/b - ((6%I)*Po
lyLog[3, (-I)*E"ArcSech[a + bx*x]])/b + ((6%I)*PolyLog[3, I*E"ArcSech[a + bx
x]1)/b

Rubi [A] time = 0.104783, antiderivative size = 136, normalized size of antiderivative =

. . b f rul
1., number of steps used = 10, number of rules used = 7, integrand size = 8, e L

0.875, Rules used = {6315, 6279, 5418, 4180, 2531, 2282, 6589}

integrand size

6isech_1(a + bx)PolyLog (2, —ieseCh_l(“b")) 6isech_1(a + bx)PolyLog (2, ieseCh_l(“bx)) 6iPolyLog (3, _jesech” (a4

b b b

Antiderivative was successfully verified.

[In] Int[ArcSechl[a + b*x]~3,x]

[Out] ((a + b*x)*ArcSech[a + bxx]~3)/b - (6%ArcSech[a + b*x] 2*ArcTan[E"ArcSech[a
+ bxx]]1)/b + ((6%I)*ArcSech[a + b*x]*PolyLog[2, (-I)*E~ArcSech[a + b*x]])/

b - ((6%I)*ArcSech[a + b*x]*PolyLog[2, I*E~ArcSech[a + bxx]])/b - ((6*I)*Po
lyLog[3, (-I)*E"ArcSech[a + b*x]])/b + ((6*I)*PolyLogl[3, I*E"ArcSech[a + bx
x]1)/b

Rule 6315

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcSech[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d}
, x] && IGtQ[p, 0]

Rule 6279

Int[((a_.) + ArcSech[(c_.)*(x_)1*(b_.))"(n_), x_Symbol] :> -Dist[c~(-1), Su
bst[Int[(a + b*x) n*Sech[x]*Tanh([x], x], x, ArcSech[c*x]], x] /; FreeQ[{a,
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b, ¢, n}, x] && IGtQ[n, 0]

Rule 5418

Int[(x )~ (m_.)*Sech[(a_.) + (b_.)*(x_ )" (n_.)]"(p_.)*Tanh[(a_.) + (b_.)*(x_)
“(n_.)]17(q_.), x_Symbol] :> -Simp[(x~"(m - n + 1)*Sech[a + b*xx"n] p)/(b*n*p)
, x] + Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Sech[a + b*x"n] p, x], x] /;
FreeQ[{a, b, p}, x] && RationalQ[m] && IntegerQ[n] && GeQ[m - n, 0] && EqQ
[q, 1]

Rule 4180

Int[csc[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_.)*(x_)]1*((c_.) + (d_.)*(x_
)" (m_.), x_Symbol] :> Simp[(-2*(c + d*x) “m*ArcTanh[E~(-(Ixe) + fxfzxx)/E~(
Ixk*Pi)])/(£x£fz*I), x] + (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)~(m - 1)*Logl[1
- E7(-(Ixe) + fxfz*x)/E~(Ix*kxPi)], x], x] + Dist[(d*m)/(fxfz*I), Int[(c +
d*x)~(m - 1)*Log[1l + E~(-(Ixe) + f*fz*x)/E~(I*kxPi)], x], x]) /; FreeQ[{c,
d, e, £, fz}, x] &% IntegerQ[2xk] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_)))) " (m_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)]1)/(b*cxn*xLog[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential([u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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Subst ( il sech™ (x)3dx, x,a + bx)

fsech_l(a +bx)3dx =

b
Subst ( f x3sech(x) tanh(x) dx, x, sech™ (a+ bx))
b

(a + bx)sech *(a + bx)> 3Subst ( f x2sech(x) dx, x, sech™ (a + bx))
b b

(a+ bx)sech_l(a + bx)? 6sech_1(a + bx)2 tan”" ( sech (be)) (61) SUbSt f xlog (1 —ie*)
b b

(a+ bx)sech_l(g + bx)3 6sech” (a + bx)2 tan™! (eseCh (“+bx)) bisech™ (a + bx)Li, ( Sec
b b

(a+ bx)sech_l(g + bx)3 6sech™ (a + bx)2 tan™! (eseCh (“+bx)) bisech (a + bx)Li, ( Sec
b b

(a + bx)sech ' (a + bx)* 6sech™ (a + bx)Z tan™" (eseCh (“+bx)) 6isech™ (a + bx)Li, ( fa
b b

Mathematica [A]

—(a + bx)sech_l (a+ bx)3 + 3i ( —2sech” (a + bx) (PolyLog (

time = 0.140201, size = 153, normalized size = 1.12

sech (a+bx)) PolyLog (2/ ie—sech_l(a+bx))) -2 (PO

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[a + b*x]~3,x]

[Out] -((-((a + bxx)*ArcSech[a + b*x]~3) + (3*I)*(-(ArcSechla + b*x] 2x(Log[l - I
/E"ArcSech[a + b*x]] - Logl[l + I/E"ArcSech[a + b*x]])) - 2%ArcSech[a + Db*x]

*(PolyLog[2,
2% (PolyLog[3,
))/b)

(-I)/E"ArcSech[a + b*x]] - PolyLog[2, I/E"ArcSech[a + b*x]]) -
(-I)/E"ArcSech[a + b*x]] - PolyLogl[3,

I/E"ArcSech[a + b*xx]])

Maple [F]

time = 0.353, size = 0, normalized size = 0.

f (arcsech (bx + a))3 dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arcsech(b*x+a)~3,x)

[Out] int(arcsech(b*x+a)”~3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

3 8(b3x3 +3ab’x® + a® + (3a%b — b)x -
xlog(\/bx+a+1\/—bx—a+1bx+\/bx+a+1\/—bx—a+1a+bx+a) —f ( ( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3,x, algorithm="maxima")

[Out] xxlog(sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*bxx + sqrt(b*x + a + 1)*sqrt(-bx*
X —a+ 1)*a + bxx + a)”3 - integrate((8*(b~3*x"3 + 3*axb~2*x"2 + a~3 + (3%
a"2%b - b)*x - a)xsqrt(b*x + a + 1)*sqrt(-b*x - a + 1)xlog(b*x + a)~3 + 8x(
b73*x"3 + 3*a*b"2*x"2 + a”3 + (3*a"2xb - b)*x - a)*log(b*x + a)”3 + 3x (b3
X73 + 2%axb"2%x"2 + (a”2%b - b)*x + 2%(b73%x73 + 3*axb"2xx72 + a”3 + (3*a”2
xb - b)*x - a)*log(b*x + a) + ((b73%x73 + 3*%a*xb”™2xx"2 + a~3 + (3*a"2%b - b)
xx — a)*sqrt(b*x + a + 1)*log(b*x + a) + (2%xb73*x"3 + 4*axb™2*x"2 + (2*a~2x
b - b)*x + (b73%x73 + 3xaxb”2*x"2 + a”3 + (3*%a"2*%b - b)*x - a)xlog(b*x + a)
)*ksqrt(b*x + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(b*x + a + 1)*sqrt(-b*x -
a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a)72 - 12%x((b~3
*x"3 + 3*%axb”2*x"2 + a”3 + (3*%a”"2%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x
- a + 1)*xlog(b*x + a)”2 + (b73%x"3 + 3*%axb™2*x"2 + a”3 + (3*%a"2xb - b)*x -
a)*log(b*x + a)~2)*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x
+ a + 1)xsqrt(-bxx - a + 1)*a + b*x + a))/(b™3*x"3 + 3*a*b™2*x"2 + a~3 + (
b~3*x"3 + 3*axb"2*x"2 + a~3 + (3*a”2%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-
bxx — a + 1) + (3*a”2%xb - b)*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (arsech (bx + a)3 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3,x, algorithm="fricas")
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[Out] integral(arcsech(b*x + a)~3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f asech® (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)**3,x)

[Out] Integral(asech(a + b*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)~3, x)
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-1 3
317 fsech (a+bx) dx

X

Optimal. Leaf size=378

sechfl(a+bx) aesechfl(a+bx)
3sech™!(a + bx)2PolyLog [ 2, ————— | + 3sech™ (a + bx)2PolyLog | 2, ————— | - 6sech™*(a + bx)PolyLo
o8 1-vV1-a2 o8 V1-a2+1 Y

[Out] ArcSech[a + b*x]~3*Logl[l - (a*xE~ArcSech[a + b*x])/(1 - Sqrt[l - a"2])] + Ar
cSech[a + b*x]~3xLog[l - (a*E~ArcSech[a + bx*x])/(1 + Sqrt[1 - a”2])] - ArcS
ech[a + b*x]"3*%Log[l + E~(2xArcSech[a + b*x])] + 3*%ArcSech[a + b*x] 2xPolyL
ogl2, (a*E"ArcSech[a + b*x])/(1 - Sqrt[l - a"2])] + 3*ArcSech[a + b*x] ~2xPo
lyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a”2])] - (3*%ArcSech[a + b*x]~
2*PolyLog[2, -E~(2*ArcSech[a + b*x])])/2 - 6*ArcSech[a + b*x]*PolyLog[3, (a
*E"ArcSech[a + b*x])/(1 - Sqrt[1l - a~2])] - 6*%ArcSech[a + b*x]*PolyLogl[3, (
a*E"ArcSech[a + bxx])/(1 + Sqrt[1 - a”2])] + (3*ArcSech[a + bxx]*PolyLogl3,
-E~(2*%ArcSech[a + b*x])])/2 + 6*%PolyLog[4, (a*E"ArcSech[a + b*x])/(1 - Sqr
t[1 - a~2])] + 6*PolyLogl[4, (a*E"ArcSech[a + b*x])/(1 + Sqrt[l - a~2])] - (
3*PolyLog[4, -E~(2xArcSech[a + bxx])])/4

Rubi [A] time = 0.51077, antiderivative size = 378, normalized size of antiderivative =
1., number of steps used = 20, number of rules used = 10, integrand size = 12, M
integrand size

= 0.833, Rules used = {6321, 5595, 5570, 3718, 2190, 2531, 6609, 2282, 6589, 5562}

aesechfl(a+bx)

V1-a2+1

aesechfl(a+bx)

1-V1-a?

3sech™'(a + bx)?PolyLog [2, ] + 3sech™!(a + bx)?PolyLog {2, ] — 6sech™(a + bx)PolyLo

Antiderivative was successfully verified.

[In] Int[ArcSech[a + b*x]~3/x,x]

[Out] ArcSech[a + b*x]~3*Logl[l - (a*E"ArcSech[a + b*x])/(1 - Sqrt[l - a"2])] + Ar
cSech[a + b*x]~3*Log[l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[1l - a”2])] - ArcS

ech[a + b*x]~3%Log[l + E~(2xArcSech[a + b*x])] + 3%ArcSech[a + b*x] 2*PolyL

og[2, (a*xE"ArcSech[a + b*x])/(1 - Sqrt[l - a”2])] + 3xArcSech[a + bxx] 2*Po
lyLog[2, (a*E"ArcSech[a + bxx])/(1 + Sqrt[1 - a~2])] - (3xArcSech[a + b*x]"
2*PolyLog[2, -E~(2*ArcSech[a + b*x])])/2 - 6%ArcSech[a + b*x]*PolyLogl[3, (a
xE"ArcSech[a + b*x])/(1 - Sqrt[1 - a”2])] - 6%ArcSech[a + bxx]*PolyLogl[3, (
a*E"ArcSech[a + bxx])/(1 + Sqrt[1 - a”2])] + (3*ArcSech[a + bxx]*PolyLogl[3,
-E~(2xArcSech[a + b*x])])/2 + 6*PolyLogl[4, (a*E~ArcSech[a + bx*x])/(1 - Sqr

t[1 - a~2])] + 6*PolylLogl[4, (a*E"ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])] - (
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3%PolyLog[4, -E~(2xArcSech[a + bxx])])/4

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))7(-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - c*f + fxSech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5595

Int[((Ce_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_)*(x_)1"(_.)*(G_)[(c_.) +

(d_)*x)]1"(p_.))/((a_) + (b_.)*Sech[(c_.) + (d_.)*(x_)]), x_Symbol] :> I
nt[((e + f*x) m*Cosh[c + d*x]*F[c + d*x] n*G[c + d*x]"p)/(b + a*Cosh[c + dx
x]), x] /; FreeQ[{a, b, c, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, pl

Rule 5570

Int[((Ce_.) + (f_.)*(x_))"(m_.)*Tanh[(c_.) + (d_.)*(x_)]"(n_.))/(Cosh[(c_.)
+ (d_D)*x)I*M_.) + (a_)), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Tanh[c
+ d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Sinh[c + d*x]*Tanh[c + d*x]~
(n - 1))/(a + b*Cosh[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && I
GtQ[m, 0] && IGtQ[n, O]

Rule 3718

Int[((c_.) + (d_)*(x_))"(m_.)xtan[(e_.) + (Complex[0, fz ])*x(f_.)x(x)], x
_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2*I, Int[((c
+ d*x) “m*E” (2% (- (Ixe) + f*xfzxx)))/(1 + ET(2x(-(Ixe) + f*xfz*x))), x], x] /;
FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x]1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logl[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_)))) " (n_D1*x((£f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Logl[F]), Int[(f + g*x) " (m -
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1)*PolyLogl2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, &, n}r, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (f_.)*(x_))~(m_.)*PolyLogln_, (d_.)*((F)~((c_.)*((a_.) + (b_.
)x(x_))))~(p_.)]1, x_Symbol]l :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (b*ckpxLog[F]), x] - Dist[(f*m)/(bxc*pxLogl[F]), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, dx(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential([u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]l /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 5562

Int[((Ce_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) + (d_.)*(x_)1)/(Cosh[(c_.) + (d_
D*x(x )]*(b_.) + (a_)), x_Symbol] :> -Simp[(e + f*x)"(m + 1)/(bxf*(m + 1)),
x] + (Int[((e + f*x) " m*¥E~(c + d*x))/(a - Rt[a”2 - b2, 2] + b*E~(c + d*x))
, x] + Int[((e + f*x)"m*E"(c + d*x))/(a + Rt[a”™2 - b2, 2] + b*E~(c + d*x))
, x]) /; FreeQ[{a, b, ¢, d, e, f}, x] && IGtQ[m, 0] && NeQ[a~2 - b~2, 0]

Rubi steps



sech™'(a + bx)?

J==

Mathematica [A]

3sech™ (a + bx)?PolyLog [2

d :—Subst(fx

3sech(x) tanh(x)

~ Subst ( f :
(a Subst ( f

e~ X
—(ZSUbSt(fm

sech™(a + bx)®log|1 -
sech™'(a + bx)3 log|1 -

sech™ (a + bx)?log|1 -
sech™'(a + bx)3 log|1 -

sech™'(a + bx)3 log|1 -

esechfl(a+bx)

i-a2-1

—a + sech(x)
x3 tanh(x)
— a cosh(x)
x2 sinh(x)
1 — a cosh(x)

2X +-3

Warning: Unable to verify antiderivative.

dx, x, sech_l(a + bx))
dx, x, sech_l(a + bx))

dx, x, sech_l(a + bx))) — Subst
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(f 3 tanh(x) dx, x, sech ' (a +.

_ e*x3 _
dx, x,sech 1((1 + bx))) — aSubst (f dx, x,sech 1(a
1-V1-a2-qge*

gesech (a+bx)

aesech_l(a+bx)

aesech_l(a+bx)

—V1-2

aesech_l(a+hx)

] + 3sech™!(a + bx)?PolyLog (2

[In] Integrate[ArcSech[a + b*x]~3/x,x]

1-V1-a?
1-V1-a2

1-vV1-4?

aesechfl(a+bx)

1-V1-a?

+sech '(a + bx)® log
+ sech™(a + bx)®log

+ sech™(a + bx)® log

+sech ' (a + bx)% log

+ sech™(a + bx)®log

time = 0.318892, size = 384, normalized size = 1.02

1-

1-

1-

1-

1-

sechfl(a+bx)

"Vi-a2+1

aesech_l(a+bx)

1+ V1l-a?

aesech_l(a+bx)

1+ V1-a2

aesech_l(a+bx)

1+ V1 -a2

aesechfl(u+bx)

1+ V1-a2

aesech_l(a+bx)

1+ V1 -a?

—sech™’ (a+
-1
—sech (a+

—sech™ (a+

- sech_l(a +

- sech_l(a +

] - 6sech_1(a + bx)PolyLo;

[Out] -ArcSech[a + bxx]~4/2 - ArcSech[a + b*x] ~3*Log[l + E~(-2xArcSech[a + bx*x])]
+ ArcSech[a + bxx] " 3xLog[l + (a*E~ArcSech[a + b*x])/(-1 + Sqrt[l - a~2])]
+ ArcSech[a + bxx] 3*Log[l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[l - a”2])] +

(3*ArcSech[a + bxx]~2*PolyLogl2,
+ b*x] "2*PolyLog[2,
cSech[a + b*x]~2%PolyLogl[2,

3xArcSech[a + b*x]*PolyLogl3,

b*x]*PolyLog[3,

-E~(-2%ArcSech[a + b*x])])/2 + 3*ArcSechl[a
-((a*E"ArcSech[a + b*x])/(-1 + Sqrt[l - a~2]))] + 3*Ar
(axE~ArcSech[a + b*x])/(1 + Sqrt[1l - a~2])] + (

-E~(-2%ArcSech[a + b*x])])/2 - 6%ArcSechl[a +

-((a*E"ArcSech[a + b*x])/(-1 + Sqrt[1l - a2]))] - 6*ArcSech
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[a + b*x]*PolyLog[3, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])] + (3*PolyL
ogl4, -E~(-2xArcSech[a + b*x])])/4 + 6*PolyLogl[4, -((a*E"ArcSech[a + b*x])/
(-1 + Sqrt[1 - a”2]))] + 6%xPolyLogl[4, (a*E~ArcSech[a + b*x])/(1 + Sqrt[l -

a~2])]

Maple [F] time = 0.373, size = 0, normalized size = 0.

(arcsech (bx + a))3
f " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)”~3/x,x)

[Out] int(arcsech(b*x+a)”~3/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f arsech (bx + a)3
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3/x,x, algorithm="maxima"

[Out] integrate(arcsech(b*x + a)~3/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)° ]
,X
X

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3/x,x, algorithm="fricas")

[Out] integral(arcsech(b*x + a)~3/x, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

asech® (a + bx)
f EE— dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)**3/x,x)

[Out] Integral(asech(a + b*x)**3/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)3
f dx

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a) 3/x,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)~3/x, x)
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-1 3
318 fsech (a+bx) dx

2
Optimal. Leaf size=330

aesech_l(abe) aesech_l(aerx) aesech_l(a+bx) \

6bsech ™ (a + bx)PolyLog (2, ) 6bsech ™' (a + bx)PolyLog (2, ) 6bPolyLog (3,

1-V1-a2 V1-a2+1 1-V1-a2
avl - a? avl —a? avl —a?

[Out] -((bxArcSech[a + b*x]~3)/a) - ArcSech[a + b*x]73/x + (3*b*ArcSechla + b*x]~
2xLog[1 - (a*E~ArcSechla + b*x])/(1 - Sqrt[l - a~2])])/(a*xSqrt[l - a~2]) -
(3*b*ArcSech[a + b*x] 2xLog[l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[l - a~2])]

)/ (axSqrt[1 - a~2]) + (6xbxArcSech[a + b*x]*PolyLog[2, (a*E"ArcSech[a + b*x

1D/(1 - Sqrt[l - a~2])])/(a*xSqrt[1 - a~2]) - (6%b*ArcSech[a + b*x]*PolyLogl

2, (a*E"ArcSech[a + b*x])/(1 + Sqrt[l - a~2])]1)/(a*Sqrt[1 - a~2]) - (6*b*Po
lyLog[3, (a*E~ArcSech[a + b*x])/(1 - Sqrt[l - a~2])])/(axSqrt[1l - a~2]) + (
6*bxPolyLog[3, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1l - a"2])])/(axSqrt[1 - a~2

D

Rubi [A] time = 0.575216, antiderivative size = 330, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 9, integrand size = 12, number of rules _

0.75, Rules used = {6321, 5468, 4191, 3320, 2264, 2190, 2531, 2282, 6589}

integrand size

sech_l(cH—bx) sech_l(a+bx) sech_l(a+bx) \

6bsech ™ (a + bx)PolyLog |2, “———| 6bsech™}(a + bx)PolyLog (2, “——| 6bPolyLog (3, “———

sech "(a + bx)Poly. og( i . sech “(a + bx)PolyLog N i olyLog e
avl - a2 av1 - a? av1 - a?

Antiderivative was successfully verified.

[In] Int[ArcSechl[a + b*x]~3/x"2,x]

[Out] -((bxArcSech[a + bxx]~3)/a) - ArcSech[a + b*x]~3/x + (3*b*ArcSech[a + bx*x]~
2xLog[1 - (a*E~"ArcSechla + b*x])/(1 - Sqrt[l - a~2])])/(a*xSqrt[l - a~2]) -
(3*b*ArcSech[a + b*x]"2xLog[l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[l - a~2])]

)/ (axSqrt[1 - a~2]) + (6xbxArcSech[a + b*x]*PolyLog[2, (a*E"ArcSech[a + b*x

1D/ - Sqrtl1 - a”2])]1)/(axSqrt[1 - a”2]) - (6*b*ArcSech[a + bxx]*PolyLogl

2, (a*E"ArcSech[a + b*x])/(1 + Sqrt[1l - a~2])])/(a*xSqrt[1 - a~2]) - (6%b*Po
lyLog[3, (a*E~ArcSech[a + b*x])/(1 - Sqrt[l - a~2])])/(axSqrt[1l - a~2]) + (
6*bxPolyLog[3, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1l - a"2])])/(axSqrt[1 - a~2

D

Rule 6321
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Int[((a_.) + ArcSech[(c_) + (d_.)*x(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (£_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x)]1x((a_) + (b_.)*Sech[
(c_.) + (d_)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x)“m*(a + b*Sech[c + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*
dx(n + 1)), Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (@)~ (n_)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3320

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (Comple
x[0, fz_1)*(f_.)*(x_)]), x_Symbol] :> Dist[2, Int[((c + d*x) "m*E~(-(I*e) +
fxfzxx))/(E™(I*Pix(k - 1/2))*(b + (2*a*xE~(-(I*e) + f*fz*x))/E~(I*Pix(k - 1/
2)) - (b*E~(2%(-(I*e) + fxfz*x)))/E~(2xI*k*Pi))), x], x] /; FreeQ[{a, b, c,
d, e, f, fz}, x] && IntegerQ[2xk] && NeQ[a"2 - b2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*xx))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{g = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkF"u)/(b - q + 2*xc*F"u), x], x] - Dist[(2*c)/q, Int[((f + gkx)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2*%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_D)"(m_.))/
(a_) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
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Rule 2531

Int[Log[l + (e_.)*((F)"((c_)*((a_.) + (b_)*(x D))" (n_)I*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(ex(F~(cx(a + b*x
)))"n)1)/ (bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Logl[F]), Int[(f + g*x)"(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunctionlu, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLog[n + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}y, x] && EqQ[bxd, axe]

Rubi steps



sech™'(a + bx)?

J

x2

Mathematica [C]

dx = - (b Subst (

_ sech™'(a + bx)3

x3sech(x) tanh(x)
(—a + sech(x))?

—a+

+ (3b) Subst (f

2

-1 3
= _sech (5+ bx) + (3b) Subst (f (_x_ +

a

_bsech @+ by sech'(a+bv° (3b) Subst (f

X
sech(x)

dx, x, sech_l(u + bx)))

2

x2

a(l — a cosh(x))

1-a cosh(x)
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dx, x, sech_l(a + bx))

) dx, x, sech_l(a + bx))

2
—_dx,x, sech_l(a + bx))

a

X

_bsech @+ by} sech'(a+bv° (6b) Subst (f

a
ex?

—a+2e*—a

= dx, X, sech™'(a + bx))

a

&x2 -1
_bsech_l(a + bx)? ) sech_l(a + bx)? ) (6b) Subst (fmdx, x,sech “(a+ bx)) (

X

a

a

X

+ -

V1 - a2

3bsech ™' (a + bx)? log (1 -

sech™] (a+bx)

ae

o ) 3bsech_l(5
—Vl-a

a

_bsech_1 (a + bx)? ~ sech™'(a + bx)3 .

X

bsech ™ (a +bx)3 sech™ (a + bx)3 .\

av1l - a?

3bsech™ (a + bx)? log (

—_

aesech_l(a+bx)

= ) 3bsech_1(¢

1-Vl1-a

a

X

bsech ™ (a + bx)3 sech™ (a + bx)3 N

avl —a?

—

3bsech™ (a + bx)? log (

aesech_l(a+bx)

s ) Sbsech_l(c

a

X

bsech '(a + bx)> sech *(a + bx) .

avl —a?

3bsech ™' (a + bx)?log (1 -

esech_1 (a+bx)

a

= ) 3bsech_l(t
-Vl-a

a

X

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[a + b*x]~3/x72,x]

av1 - a?

time = 45.6533, size = 1849, normalized size = 5.6

[Out] -((-3*b*x*ArcCos[-a~(-1)]*ArcSech[a + b*x]~2 + a*Sqrt[-1 + a~2]*ArcSech[a +
b*x] "3 + Sqrt[-1 + a~2]*bxx*ArcSech[a + b*x]~3 + 12xb*x*xArcCos[-a~(-1)]*Ar
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cSech[a + b*x]*ArcTanh[Tanh[ArcSech[a + b*x]/2]] - 12*bxx*ArcCos[-a~(-1)]*A
rcTanh[Tanh[ArcSech[a + b*x]/2]]72 - 6%b*x*xArcCos[-a~(-1)]*ArcSech[a + b*x]
xLog[Sqrt[-1 + a~2]/(Sqrt[2]*Sqrt[a]*E~ (I*ArcTan[((1 + a)*Tanh[ArcSech[a +

b*x]/2])/Sqrt[-1 + a~2]])*Sqrt[1 + a*Cos[2*ArcTan[((1 + a)*Tanh[ArcSech[a +
b*x]1/2]1)/Sqrt[-1 + a~2]111)] + (12*I)*b*x*ArcSech[a + b*x]*ArcTanh[Coth[Ar
cSechl[a + b*x]/2]]*Logl[Sqrt[-1 + a~2]/(Sqrt[2]*Sqrt[a]*E~(I*ArcTan[((1 + a)
xTanh [ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]])*Sqrt[1 + a*Cos[2*ArcTan[((1 + a
)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a”2]]1]1]1)] - (12%I)*b*x*ArcSech[a + b*
x]*ArcTanh [Tanh[ArcSech[a + b*x]/2]]*Log[Sqrt[-1 + a~2]/(Sqrt[2]*Sqrt[a]l*E~
(IxArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]])*Sqrt[1 + a*Co
s[2xArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]1]1]11)] - 6xb*xx*A
rcCos[-a~(-1)]*ArcSech[a + b*x]*Logl[(Sqrt[-1 + a"2]*E~(I*ArcTan[((1 + a)*Ta
nh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]]1))/(Sqrt[2]*Sqrt[al*Sqrt[1 + a*Cos[2
xArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]1]]1]1)] - (12*I)*b*x
xArcSech[a + b*x]*ArcTanh[Coth[ArcSech[a + bxx]/2]]*Logl[(Sqrt[-1 + a~2]*E~(
IxArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]]))/(Sqrt[2]*Sqrt
[al*Sqrt[1 + a*Cos[2xArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~
2]111)]1 + (12x%I)*b*xxArcSech[a + b*x]*ArcTanh[Tanh[ArcSech[a + b*x]/2]]*Log
[(Sqrt[-1 + a”2]*#E~(I*ArcTan[((1 + a)*Tanh[ArcSech[a + bx*x]/2])/Sqrt[-1 + a
~211))/(Sqrt[2]*Sqrt[a]l*Sqrt[1 + a*Cos[2*ArcTan[((1 + a)*Tanh[ArcSech[a + b
*x]/2])/Sqrt[-1 + a”2]1]111)] + 6xbxx*ArcCos[-a~(-1)]*ArcSech[a + b*x]*Log[(S
grt[-1 + a”2] + I*(1 + a)*Tanh[ArcSech[a + b*x]/2])/(2*Sqrt[a]*Sqrt[-(((-1

+ a"2)*(a + bxx))/(bxx))]*Sqrt [-((b*x)/((-1 + a)*(1 + a + bxx)))])] + (12xI
) ¥bxx*ArcSech[a + bxx]*ArcTanh[Coth[ArcSech[a + b*x]/2]]*Log[(Sqrt[-1 + a~2
] + Ix(1 + a)*Tanh[ArcSech[a + b*x]/2])/(2*Sqrt[al*Sqrt[-(((-1 + a~2)x*(a +

b*x) )/ (bxx) )1 *Sqrt [-((b*x)/((-1 + a)*(1 + a + b*x)))])] - (12xI)*b*x*ArcSec
h[a + b*x]*ArcTanh[Tanh[ArcSech[a + b*x]/2]]*Log[(Sqrt[-1 + a”2] + I*(1 + a
)*Tanh [ArcSech[a + b*x]/2])/(2*Sqrt[a]l*Sqrt[-(((-1 + a~2)*(a + b*x))/(b*x))
I1xSqrt [-((bxx)/((-1 + a)*(1 + a + b*x)))])] + 6*xb*x*ArcCos[-a~(-1)]*ArcSech
[a + bxx]*Log[((-I)*(-1 + a~2)*Sqrt[-((b*x)/((-1 + a)*(1 + a + b*x)))])/(8q
rtlal*Sqrt[-(((-1 + a~2)*(a + b*x))/(b*x))]*((-I)*Sqrt[-1 + a~2] + (1 + a)x
Tanh[ArcSech[a + bxx]/2]))] - (12%I)*b*xxArcSech[a + b*x]*ArcTanh[Coth[ArcS
echla + b*x]/2]]1*Log[((-I)*(-1 + a”2)*Sqrt[-((b*x)/((-1 + a)*(1 + a + b*x))
)1)/(Sqrt[al*Sqrt[-(((-1 + a”2)*(a + b*x))/(b*x))]*((-I)*Sqrt[-1 + a”2] + (
1 + a)*Tanh[ArcSech[a + b*x]/2]))] + (12%I)*b*x*ArcSech[a + b*x]*ArcTanh[Ta
nh[ArcSech[a + b*x]/2]]1*Log[((-I)*(-1 + a~2)*Sqrt[-((b*x)/((-1 + a)*(1 + a

+ b*x)))]1)/(Sqrtlal*Sqrt[-(((-1 + a~2)*(a + b*x))/(b*x))]*((-I)*Sqrt[-1 + a
~2] + (1 + a)*Tanh[ArcSech[a + b*x]/2]))] - (3%I)*b*x*ArcSech[a + bxx] 2x*Lo
gl((-I + I*a + Sqrt[-1 + a”2])*(-I + ((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqr
t[-1 + a”2]))/(a*(1 + Tanh[ArcSech[a + b*x]/2]))] + (3*I)*b*x*ArcSech[a + b
*xx] "2*%Log[((I - I*xa + Sqrt[-1 + a”2])*(I + ((1 + a)*Tanh[ArcSech[a + b*x]/2
1)/Sqrt[-1 + a~2]))/(ax(1 + Tanh[ArcSech[a + bxx]/2]))] - (6*I)*b*x*ArcSech
[a + b*x]*PolyLog[2, ((1 - IxSqrt[-1 + a”2])*(1 - Sqrt[-((-1 + a + b*x)/(1

+a + bxx))]*(1 + a + bxx)))/(a*x(a + bxx))] + (6xI)*bxx*kArcSech[a + b*x]*Po
lyLog[2, ((1 + IxSqrt[-1 + a~2])*(1 - Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]
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*(1 + a + bxx)))/(ax(a + bxx))] - (6xI)*bxx*PolyLogl[3, ((1 - I*Sqrt[-1 + a”
2])*(1 - Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*x(1 + a + b*x)))/(ax(a + bxx)
)] + (6%I)*b*xx*PolyLog[3, ((1 + I*Sqrt[-1 + a”2])*(1 - Sqrt[-((-1 + a + b*x
)/ (1 + a + bxx))]*(1 + a + bxx)))/(ax(a + b*x))])/(axSqrt[-1 + a~2]*x))

Maple [F] time = 0.458, size = 0, normalized size = 0.

(arcsech (bx + a))3
> dx
b%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)~3/x"2,x)

[Out] int(arcsech(b*x+a)”~3/x"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

3
log(\/bx+a+1\/—bx—a+lbx+\/bx+a+1\/—bx—a+1u+bx+a> f8(b3x3+3ab2x2+a3+(3a2b—b)x—

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3/x72,x, algorithm="maxima")

[Out] -log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*xx + sqrt(b*x + a + 1)*sqrt(-b*x
- a+ 1)*a + b*x + a)”3/x - integrate((8%(b™3*x"3 + 3*a*b™2%x"2 + a”3 + (3
*a"2%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(b*x + a)~3 + 8%
(b™3%x73 + 3*a*xb”2*x72 + a”3 + (3*a”2*%b - b)*x - a)*log(b*x + a)~3 - 3*%(b”3
*x73 + 2%axb”2+x72 + (a”2%b - b)*x - 2% (b73%x73 + 3xaxb”2*x"2 + a3 + (3*a”
2%b - b)*x - a)*log(b*x + a) - ((b™3*x"3 + 3*axb™2*x"2 + a3 + (3*¥a™2xb - b
)*¥x - a)*sqrt(b*x + a + 1)xlog(b*x + a) - (2¥b73xx73 + 4*xaxb™2*x"2 + (2*a”2
*b = b)xx - (b73%x73 + 3*a*xb”2*%x"2 + a3 + (3*%a"2*b - b)*x - a)*log(b*x + a
))*sqrt(b*xx + a + 1))*sqrt(-bxx - a + 1))*log(sqrt(b*x + a + 1)*sqrt(-b*x -
a + 1)*b*xx + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a)”2 - 12x((b~
3*x73 + 3*axb”2*x"2 + a”3 + (3*xa"2*b - b)*x - a)*sqrt(b*x + a + 1)xsqrt(-bx
x - a + 1)*log(b*x + a)”2 + (b73%x73 + 3xa*xb”2*x"2 + a3 + (3*%a"2*b - b)*x
- a)*xlog(bxx + a)~2)*xlog(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(bx
X +a+ 1)*sqrt(-bxx - a + 1)*a + b*xx + a))/(b™3*x"5 + 3*axb™2*xx"4 + (3*a”2
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*b - b)*x"3 + (73 - a)*x”2 + (b73*x”5 + 3*axb"2*xx"4 + (3*%a"2*%b - b)*x"3 +

(a3 - a)*x"2)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)3 x)

integral ( 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3/x72,x, algorithm="fricas")

[Out] integral(arcsech(b*x + a)~3/x72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

asech® (a + bx)
[,

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)**3/x**2,x)

[Out] Integral(asech(a + b*x)**3/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)3
f dx

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3/x72,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)~3/x72, x)
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-1 3
319 fsech (a+bx) dx

x3

Optimal. Leaf size=965

result too large to display

[Out] (-3*b~2xArcSech[a + b*x]~72)/(2*a"2*(1 - a”2)) + (3*b~2*xSqrt[(1 - a - bx*x)/(
1+ a+ bxx)]*(1 + a + bxx)xArcSech[a + b*x]72)/(2%ax(1 - a”2)*(a + b*x)*(1
- a/(a + bxx))) + (b72%ArcSech[a + b*x]~3)/(2%a”2) - ArcSech[a + b*x]~3/(2
*x"2) + (3*b~2*xArcSech[a + b*x]*Log[l - (a*E~"ArcSech[a + b*x])/(1 - Sqrt[1
- a"2])1) /(@ 2x(1 - a~2)) + (3*b~2*xArcSech[a + b*x] 2*Log[1l - (a*E"ArcSech[
a + bxx])/(1 - Sqrt[l - a”2])1)/(2*¥a"2x(1 - a~2)~(3/2)) - (3*b~2xArcSech[a
+ b*x] "2xLog[1 - (a*E"ArcSech[a + b*x])/(1 - Sqrt[l - a”2])])/(a"2*Sqrt[1 -
a”2]) + (3xb~2%ArcSech[a + b*x]*Logl[l - (a*E~ArcSech[a + b*x])/(1 + Sqrt[1
- a"2])]) /(@ 2x(1 - a”2)) - (3*b~2*xArcSech[a + b*x] 2xLogl[l - (a*E~ArcSech
[a + b*x])/(1 + Sqrt[l - a~2])])/(2*a"2*x(1 - a~2)~(3/2)) + (3*b~2*ArcSech[a
+ bxx]"2xLog[1 - (a*E"ArcSech[a + bxx])/(1 + Sqrt[1 - a~2])])/(a"2*Sqrt[1
- a"2]) + (3xb~2*PolyLog[2, (a*E"ArcSech[a + b*x])/(1 - Sqrt[l - a"2])])/(a
“2%(1 - a”2)) + (3*b"2xArcSech[a + bxx]*PolyLog[2, (a*E~ArcSechl[a + bxx])/(
1 - Sqrtll - a~2])])/(a"2x(1 - a~2)7(3/2)) - (6%b~2xArcSech[a + b*x]*PolyLo
gl2, (a*xE"ArcSechla + b*x])/(1 - Sqrt[l - a~2])])/(a"2xSqrt[1 - a"2]) + (3%
b~2+PolyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a"2])]1)/(a"2x(1 - a~2))
- (3*%b~2xArcSech[a + b*x]*PolyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1l -
a~2])1) /(@ 2x(1 - a~2)7(3/2)) + (6+b~2xArcSech[a + b*x]*PolyLog[2, (a*xE~Arc
Sech[a + b*x])/(1 + Sqrt[1 - a~2])])/(a"2xSqrt[1 - a~2]) - (3*b~2*PolyLogl3
, (a*E"ArcSech[a + b*x])/(1 - Sqrt[l - a~2])])/(a"2*x(1 - a~2)~(3/2)) + (6*b
~2%PolyLog[3, (a*E~ArcSech[a + b*x])/(1 - Sqrt[l - a~2])])/(a"2xSqrt[1 - a~
2]) + (3*b~2%PolyLog[3, (a*xE~ArcSech[a + b*x])/(1 + Sqrt[l - a~2])]1)/(a~2*(
1 - a~2)7(3/2)) - (6*%b~2*PolyLogl[3, (a*xE"ArcSech[a + b*x])/(1 + Sqrt[1 - a~
2]1)1)/(a"2xSqrt[1 - a~2])

Rubi [A] time = 1.33793, antiderivative size = 965, normalized size of antiderivative = 1.,

. . ber of rul
number of steps used = 32, number of rules used = 13, integrand size = 12, > _
integrand size

1.083, Rules used = {6321, 5468, 4191, 3324, 3320, 2264, 2190, 2531, 2282, 6589, 5562, 2279,
2391}

sech_l(a+bx)
- - - 3b%log (1 - “———|sech ™ (a+bx)? 3b*log(1--
b2sech (2 + bx)®  sech™(a+bx)® 3b%sech ' (a + bx)? og( Ve | 5€¢ (@ + bx) . 0g
2a? 222 2a? (1 - az) 21 — 2

Antiderivative was successfully verified.
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[In] Int[ArcSechla + b*x]~3/x73,x]

[Out] (-3%b~2kArcSech[a + b*x]~2)/(2%a~2%(1 - a~2)) + (3xb~2*Sqrt[(1 - a - b*x)/(
1 + a + bxx)]*(1 + a + b*xx)*ArcSech[a + b*x]~2)/(2xa*x(1 - a~2)*(a + b*x)*(1
- a/(a + b*x))) + (b~ 2*ArcSech[a + b*x]~3)/(2*a~2) - ArcSech[a + bxx]~3/(2
*x"2) + (3*b~2xArcSech[a + b*x]*Log[l - (a*E~ArcSech[a + b*x])/(1 - Sqrt[1
- a"2])]) /(@ 2x(1 - a”2)) + (3*b~2*xArcSech[a + b*x] 2*xLog[l - (a*E"ArcSech[
a + bxx])/(1 - Sqrt[1 - a”2]1)])/(2*xa”2%(1 - a™2)7(3/2)) - (3*b"2xArcSech[a
+ b*x] "2xLog[1 - (a*E"ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])])/(a"2*Sqrt[1 -
a”2]) + (3xb~2*ArcSech[a + b*x]*Logl[l - (a*E~ArcSech[a + b*x])/(1 + Sqrt[1
- a”2])1)/(@™2x(1 - a~2)) - (3*b~2%ArcSech[a + b*x] 2*Log[1 - (a*E~ArcSech
[a + b*x])/(1 + Sqrt[l - a~2]1)])/(2*xa™2*%(1 - a~2)~(3/2)) + (3*b~2*ArcSechl[a
+ bxx] "2xLog[1 - (a*E"ArcSech[a + bx*x])/(1 + Sqrt[1l - a”2])])/(a"2*Sqrt[1
- a”2]) + (3*b~2*PolyLog[2, (a*xE~ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])]1)/(a
“2x(1 - a”2)) + (3*%b~2xArcSech[a + b*x]*PolyLog[2, (a*E"ArcSech[a + b*x])/(
1 - Sqrtll - a2])1) /(@ 2x(1 - a~2)7(3/2)) - (6*%b~2*ArcSech[a + b*x]*PolyLo
g2, (a*E”ArcSech[a + bxx])/(1 - Sqrt[l - a”2]1)1)/(a"2*Sqrt[1 - a~2]) + (3%
b~ 2*PolyLog[2, (a*E"ArcSechl[a + b*x])/(1 + Sqrt[l - a~2])]1)/(a"2*x(1 - a~2))
- (3*b~2*xArcSech[a + b*x]*PolyLog[2, (a*E~ArcSechl[a + b*x])/(1 + Sqrt[l -
a~2])1)/(a"2x(1 - a~2)7(3/2)) + (6xb~2*ArcSech[a + b*x]*PolyLog[2, (a*E~Arc
Sech[a + bxx])/(1 + Sqrt[1l - a”2])])/(a"2*Sqrt[1 - a”2]) - (3*b~2xPolyLogl3
, (a*E"ArcSech[a + b*x])/(1 - Sqrt[1 - a"2])])/(a™2x(1 - a”2)7(3/2)) + (6%b
“2%PolyLog[3, (a*E"ArcSechla + b*x])/(1 - Sqrt[l - a”2])])/(a"2#8qrt[1 - a~
2]1) + (3*b~2*PolyLogl[3, (a*E"ArcSech[a + b*x])/(1 + Sqrt[1 - a~2]1)1)/(a~2x(
1 - a”2)7(3/2)) - (6xb~2*PolyLog[3, (a*xE~ArcSech[a + b*x])/(1 + Sqrt[l - a~
21)1)/(a~2*Sqrt[1 - a~2])

Rule 6321

Int[((a_.) + ArcSech[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Sech[x]*Ta
nh[x]*(d*xe - cxf + f*Sech[x]) m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 5468

Int[((e_.) + (f_)*(x ))"(m_.)*Sech[(c_.) + (d_.)*(x )I*((a_) + (b_.)*Sech[
(c_.) + (d_)*(x_)1)"(n_.)*Tanh([(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[((e
+ f*x) mx(a + bx*Sech[c + d*xx])"(n + 1))/(bxdx(n + 1)), x] + Dist[(f*m)/(bx*
dx(n + 1)), Intl[(e + f*x)"(m - 1)*(a + b*Sechlc + d*x])"(n + 1), x], x] /;
FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191
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Int[(cscl(e_.) + (f_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, O]

Rule 3324

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(f*x(a”2 - b~2)*(a + bxSin[e +
f*x])), x] + (Distl[a/(a”2 - b"2), Int[(c + d*x)"m/(a + b*Sin[e + fx*x]), x],
x] - Dist[(b*d*m)/(f*(a"2 - b72)), Int[((c + d*x)~(m - 1)*Cos[e + f*x])/(a
+ bxSinf[e + f*x]), x], x]) /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3320

Int[((c_.) + (d_)*x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pi*x(k_.) + (Comple
x[0, fz_1)*(f_.)*(x_)]), x_Symbol] :> Dist[2, Int[((c + d*x) "m*E~(-(I*e) +
fxfzxx))/(E"(I*Pix(k - 1/2))*(b + (2%axE~(-(I*e) + f*xfz*x))/E~(I*Pix(k - 1/
2)) - (b*E~(2%(-(I*e) + fxfz*x)))/E~(2xI*k*Pi))), x], x] /; FreeQ[{a, b, c,
d, e, £, fz}, x] &% IntegerQ[2+k] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*¥F"u)/(b - q + 2%cxF~u), x], x] - Dist[(2*c)/q, Int[((f + g*x)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2*xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [CCCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_.)*(x_))))"(m_)I*((£_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*Log[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
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, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_ )" (n_ ))"(m_) /; FreeqQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx) pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 5562

Int[((Ce_.) + (f_.)*(x_))~(m_.)*Sinh[(c_.) + (d_.)*(x_)1)/(Cosh[(c_.) + (d_
Dx(x )Ix(b_.) + (a_)), x_Symbol]l :> -Simp[(e + f*x) " (m + 1)/(b*fx(m + 1)),
x] + (Int[((e + f*x)"m*¥E~(c + d*x))/(a - Rt[a"2 - b™2, 2] + b*E~(c + d*x))
, x] + Int[((e + f*x)"m*E~(c + d*x))/(a + Rt[a™2 - b~2, 2] + b*E~(c + d*x))
, x1) /; FreeQ[{a, b, c, 4, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 - b~2, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~"((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps



152

f sech™ (a + bx) e (bz Subst ( x®sech(x) tanh(x)

-1
v (—a + sech(x))3 dx,x,sech “(a + bx)))
_sech '(a+ b
) 2x2 (3172 Subst(

1
fmdx,x, sech (ﬂ + bX))

W 3 2 2 2
__sec (a+bX) (3b2) Subst (f(x . x s 2x )dx,x

2x2 a2 a%2(-1+ acosh(x))? = a%(-1 + a cosh(x))
2 ¥ -1
_ bsech ™ (a + bx)®  sech™ (a + bx) s (3b ) Subst (f (—1+a cosh(x))? dx, x,sech “(a + bx)) .
B 242 2x2 242
1-a-b -1 2 .
B 3b? 1+Z+bi (1 +a+ bx)sech™ (a + bx)? N bzsech_l(a + bx)3 sech™ (a + bx)® N (6b ) Subs

2a(1-a?)(a+bx)(1- =) 202 2x2

T-a—b -1
3 3b2sech™ (a + bx)? 3 1+Z+bz (1 +a+ bx)sech (ﬂ + bx)? b?sech™ (a + bx)®  sech’

242 (1 -~ az) * 2a (1 - az) (a+ bx) (1 -~ ) " 202

a+bx

1-a—bx -1
3b2sech ™ (a + bx)? 3 ——(1 +a+bx)sech (ll + bx)? b?sech™ (a + bx)®  sech

242 (1 - a2) * 2a (1 - az) (a + bx) (1 - ) " 202

a+bx

1-a-b -1
_ 3b2sech ' (a + bx)2 30 1+Z+b§ (1+a+bx)sech (a+0x)*  p2sech ™ (a+bx)® sech

+ +
242 (1 - uz) 2a (1 - az) (a + bx) (1 - +bx) 242
1-a-b -1
3 3b2sech™ (a + bx)? 3p? 1+Z+b§ (1+a+ bx)sech™ (a + bx)? b?sech™ (a + bx)®  sech
2a2 (1 -~ az) 2a (1 - az) (a+ bx) (1 -~ +bx) 202

1-a—bx -1
_ 3b?sech™ ! (a + bx)? 3 . (L+a+bx)sech "(a+ bx)? b2sech ™ (a + bx)®  sech

+ +
2a2 (1 - az) 2a (1 - az) (a+ bx) (1 -~ +bx) 242
1-a-bx -1
3b2sech ™ (a + bx)? 3 ——( +a+bx)sech (a+ bx)? . b?sech™ (a + bx)®  sech
2a2 (1 -~ a2) 2a (1 -~ az) (a+ bx) (1 -~ +bx) 202

Mathematica [F] time = 9.65002, size = 0, normalized size = 0.

sech (a2 + bx)?
f dx

x3
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Verification is Not applicable to the result.

[In] Integrate[ArcSech[a + b*x]~3/x73,x]

[Out] Integrate[ArcSechl[a + b*x]~3/x73, x]

Maple [F] time = 0.694, size = 0, normalized size = 0.

(arcsech (bx + a))3
3 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)~3/x"3,x)

[Out] int(arcsech(b*x+a)”~3/x73,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

3
log (\/bx +a+1V-bx—a+1bx+ Vbx +a+1V-bx—a+1la+bx + u) 16 (b3x3 +3ab?x® +a® + (3a2b — b)x
- 2 x2 _f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3/x73,x, algorithm="maxima")

[Out] -1/2%log(sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*bxx + sqrt(b*x + a + 1)*sqrt(
-b*x - a + 1)*a + b*x + a)~3/x72 - integrate(1/2*(16*(b~3*x"3 + 3*a*b~2%x"2
+ a”3 + (3*¥a”2*%b - b)*x - a)*sqrt(bxx + a + 1)*sqrt(-b*x - a + 1)*log(b*x
+ a)73 + 16%(b73*%x"3 + 3*a*xb"2*xx"2 + a”3 + (3*%a”2%b - b)*x - a)*log(b*x + a
)73 = 3*(b73%x73 + 2*%a*xb"2*x”2 + (a"2%b - b)*x - 4% (b73*x"3 + 3kaxb 2xx"2 +
a”3 + (3*%a”2*%b - b)*x - a)*log(b*x + a) - (2x(b73%x"3 + 3*%a*xb”™2*xx"2 + a~3
+ (3*a”2*%b - b)*x - a)*sqrt(b*x + a + 1)xlog(b*x + a) - (2*¥b73%x"3 + 4*axb”
2%x72 + (2%a”2%b - b)*x - 2% (b73*x73 + 3*ka*b”2xx"2 + a”3 + (3xa"2%b - b)*x
- a)*xlog(bxx + a))*sqrt(b*x + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(b*x + a
+ 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + bxx
+ a)”2 - 24x((b73%x73 + 3*kaxb”"2*x"2 + a”3 + (3*%a"2%b - b)*x - a)*sqrt(b*x +
a + 1)*sqrt(-b*x - a + 1)*log(b*x + a)”2 + (b7™3*%x"3 + 3*a*xb™2*x"2 + a~3 +
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(3*xa™2%b - b)*x - a)*log(b*x + a)~2)*xlog(sqrt(b*x + a + 1)*sqrt(-b*x - a +
1)*bxx + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))/(b"3*x"6 + 3xax
b~2*x75 + (3*%a”2*%b - b)*x74 + (2”3 - a)*x"3 + (b73%x76 + 3*xaxb”2xx"5 + (3*a
“2%b - b)*x"4 + (273 - a)*x”3)*sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arsech (bx + a)3 x]

integral ( 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3/x73,x, algorithm="fricas")

[Out] integral(arcsech(b*x + a)~3/x73, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

asech® (a + bx)
[,

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)**3/x**3,x)

[Out] Integral(asech(a + b*x)**3/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

arsech (bx + a)3
f x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)~3/x73,x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)~3/x73, x)
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320  [xsech” (Vx)dx

Optimal. Leaf size=164

1

“x4sech™! (\/E) +

4

1-x)* 3(1 - x)3 (1-x)?

i A W i

[Out] -(1 - x)/(4*xSqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) + (1 - x)~2/(
4xSqrt[-1 + 1/Sqrt[x]]*Sqrtl[1l + 1/Sqrt[x]]*Sqrt(x]) - (3*(1 - x)~3)/(20%Sqr

t[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrtlx]]*Sqrt[x]) + (1 - x)~4/(28*%Sqrt[-1 + 1/
Sqrt[x]1*Sqrt[1 + 1/Sqrtlx]]1*Sqrtl[x]) + (x~4*ArcSech[Sqrt[x]])/4

%I

Rubi [A] time = 0.0304525, antiderivative size = 164, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 10, e -

integrand size
0.3, Rules used = {6345, 12, 43}

1

“x4sech™! (\/g) +

4

1-x)* 3(1- x)3 (1-x)?
28 /—— —+1\/‘ 20 / 7 \/‘ llx—l /—

Antiderivative was successfully verified.

$|
l=
<|

[In] Int[x"3*ArcSech[Sqrt[x]],x]

[Out] -(1 - x)/(4xSqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) + (1 - x)~2/(
4x3qrt[-1 + 1/Sqrt[x]]1*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) - (3*(1 - x)~3)/(20*Sqr

t[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]*Sqrt(x]) + (1 - x)~4/(28*%Sqrt[-1 + 1/
Sqrt[x]]1*Sqrt[1 + 1/Sqrt[x]]*Sqrt(x]) + (x"4*ArcSech[Sqrt[x]])/4

Rule 6345

Int[((a_.) + ArcSech[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + bxArcSech[u]))/(d*(m + 1)), x] + Dist[(b*Sqrt[1
- u"2])/(d*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1 + 1/ul), Int[SimplifyIntegrand[(
(c + d*x)"(m + 1)*D[u, x])/(uxSqrt[1 - u2]), x], x], x] /; FreeQ[{a, b, c,
d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !'FunctionOfQ[(c
+ d*x)"(m + 1), u, x] & !FunctionOfExponentialQ[u, x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 43

Int[((a_.) + (b_)*(x_))"(@m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

V1-x
f sech™ (\/E) dx = }Lx‘*sech_ ( e H
\/—1 + —\/1 + —
V1-x
= }Lx‘*sech_ ( I % \/Tx
\/—1 + —\/1 + —
VI—x [[—= - 3V1 —x +3(1 - 0¥ - (1 - x)°?) dx
= }Lx‘lsech_1 (\/E) + f( Vix )

Yo

(1 -x)? 3(1 - x)° 1

e ﬁ‘mww N

Mathematica [A] time = 0.04074, size = 84, normalized size = 0.51

1 - 1-+x
4 1 7/2 3 5/2 2 3/2
2~ sech (\/E) 0 \/}+1(5x/ +5x% + 6x%2 + 6x2 + 8x%/ +8x+16\/§+16)

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcSech[Sqrt[x]],x]

[Out] -(Sqrt[(1 - Sqrtl[x])/(1 + Sqrt[x])]*(16 + 16xSqrt[x] + 8*x + 8*x~(3/2) + 6%
X"2 + 6%x7(5/2) + B*x"3 + b5xx7(7/2)))/140 + (x"4xArcSech([Sqrt[x]])/4
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Maple [A] time = 0.139, size = 54, normalized size = 0.3

xzarcsech (\/a—c) - X +6x +8x+16\/_(_1 + \/E) %\/E\/(l + \/E) %

140

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*arcsech(x”(1/2)),x)

[Out] 1/4*xx"4*arcsech(x”(1/2))-1/140%x(-(-1+x~(1/2))/x~(1/2))"(1/2)*x~ (1/2) *((1+x~
(1/2))/x~(1/2)) " (1/2) * (5*x~3+6*x~2+8*x+16)

Maxima [A] time = 0.982, size = 78, normalized size = 0.48
7 5 3
1 7(1 2 3 5(1 2 1 1 3(1 2 1 1
%xZ(;—l) ——x2(;—1) +1x4arsech(\/;)+1x2(;—1) _Z_L\/; ;—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsech(x~(1/2)),x, algorithm="maxima"

[Out] 1/28*x~(7/2)*x(1/x - 1)°(7/2) - 3/20*x"(5/2)*(1/x - 1)°(5/2) + 1/4*x"4*arcse
ch(sqrt(x)) + 1/4*x~(3/2)*(1/x - 1)7(3/2) - 1/4*sqrt(x)*sqrt(1/x - 1)

Fricas [A] time = 1.83839, size = 144, normalized size = 0.88

x-1
\/——+\/_ 1 -1
(523 + 632 +8x +16)yxy~——

w1
Bl T | 140 x

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~3*arcsech(x~(1/2)),x, algorithm="fricas")

[Out] 1/4*x"4xlog((x*sqrt(-(x - 1)/x) + sqrt(x))/x) - 1/140%(5*x"3 + 6%x”~2 + 8%*x

+ 16) *sqrt (x) *sqrt (-(x - 1)/x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asech(x**(1/2)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arsech (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3xarcsech(x~(1/2)),x, algorithm="giac")

[Out] integrate(x~3*arcsech(sqrt(x)), x)



159

321  [x%sech” (Vx)dx

Optimal. Leaf size=126

1 1-x)3 2(1 — x)?
~x3sech ™! - (-

¥ F —+1\/_ \/T +1\/_ 3\/7 +1\/_

[Out] -(1 - x)/(3*Sqrt[-1 + 1/Sqrt[x]]*Sqrtl[1l + 1/Sqrt[x]]*Sqrt(x]) + (2*(1
2)/(9*Sqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) - (1 - x)~3/(15%Sqr
t[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) + (x"3*ArcSech[Sqrt[x]])/3

Rubi [A] time = 0.0270286, antiderivative size = 126, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 10, e -

integrand size
0.3, Rules used = {6345, 12, 43}

1 1-x)3 2(1 — x)?
~x3sech ™! - (-9

3 F —+1\/_ 9\/; —+1\/_ 3\/7

Antiderivative was successfully verified.

<||

[In] Int[x"2*ArcSech[Sqrt[x]],x]

[Out] -(1 - x)/(3xSqrt[-1 + 1/Sqrt[x]]1*Sqrt[l + 1/Sqrt[x]]*Sqrt(x]) + (2*(1
2)/(9xSqrt[-1 + 1/Sqrt[x]]1*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) - (1 - x)~3/(15%Sqr
t[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrtlx]]*Sqrt[x]) + (x"3*ArcSech[Sqrt[x]])/3

Rule 6345

Int[((a_.) + ArcSech[u_J]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + bxArcSech[u]))/(d*(m + 1)), x] + Dist[(b*Sqrt[1
- u™2])/(d*x(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[l + 1/ul), Int[SimplifyIntegrandl[(
(c + d*x)"(m + 1)*D[u, x])/(uxSqrt[1 - u~2]), x]1, x], x] /; FreeQ[{a, b, c,
d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !'FunctionO0fQ[(c
+ d*x)"(m + 1), u, x] & !'FunctionOfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

- %"

- X)"‘
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Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#m + 4*n + 4, 0]1) || LtQ[9*m + 5(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

Vi-x [

J1+f$+—(

Vi-x [

J1+f¢+_

Vl—xf(——Z\/l—x+(1—x)3/2) dx

¢4+f¢+_

1- 2(1 — x)? 1-x)3 1 _
- _ X (1-x) - (1-x + —x3sech ™

1 1
3\/1+I 1*(‘/— \/“I\/ NG Vx 15\/—1+$ 1+$ﬁ

fxzsech_1 (\/E) dx = %x‘q’sech_ (

= %x‘q’sech_ (

= %x%ech_1 (\/E) +

Mathematica [A] time = 0.0395421, size = 72, normalized size = 0.57

_ 1-
~x3sech™ (\/E) 7 _:/; (3x5/2 +3x2 + 4x32 + 4x + 8x + 8)
x

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcSech[Sqrt[x]],x]

[Out] -(Sqrt[(1 - Sqrtl[x])/(1 + Sqrt[x])]1*(8 + 8*Sqrtlx] + 4xx + 4xx~(3/2) + 3*x~
2 + 3*%x7(5/2)))/45 + (x~3*ArcSech[Sqrt[x]])/3
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Maple [A] time = 0.126, size = 49, normalized size = 0.4

%arosech (\/E) - W\/—(—l + \/;) %\/}\/(1 + \/E) %

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*arcsech(x~(1/2)),x)

[Out] 1/3*x"3*arcsech(x~(1/2))-1/45%x(-(-1+x~(1/2))/x~(1/2))"(1/2)*x~ (1/2) *((1+x~(
1/2))/x7(1/2)) " (1/2) * (3*x~2+4*x+8)

Maxima [A] time = 0.982500, size = 62, normalized size = 0.49

5 3
1 5(1 \2 1 2 3 2
-—x2|=-1 +—x3arsech(\/§)+—x2 ——1] —=ry/=--1
x 3 9 x x

15
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsech(x~(1/2)),x, algorithm="maxima")

[Out] -1/15*x~(5/2)*(1/x - 1)7(5/2) + 1/3*x"3*arcsech(sqrt(x)) + 2/9*x~(3/2)*(1/x
- 1)7(3/2) - 1/3*sqrt(x)*sqrt(l/x - 1)

Fricas [A] time = 1.87177, size = 131, normalized size = 1.04

1 -V g 1
3 x 2 -
3¥ log| ——— _AE(?’X +4x+8)\/§ ——

x x
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*arcsech(x~(1/2)),x, algorithm="fricas")

[Out] 1/3*x73*log((x*sqrt(-(x - 1)/x) + sqrt(x))/x) - 1/45%(3*x"2 + 4xx + 8)*sqrt
(x)*sqrt(-(x - 1)/x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f x? asech (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*asech(x**(1/2)),x)

[Out] Integral (x*x2*asech(sqrt(x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x? arsech (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsech(x~(1/2)),x, algorithm="giac")

[Out] integrate(x~2*arcsech(sqrt(x)), x)
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322  [xsech™ (Vi) dx
Optimal. Leaf size=88

(1 -x)?

6\/7 +1\/_ ZF +1\/_

[Out] -(1 - x)/(2xSqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrtl[x]]*Sqrtlx]) + (1 - x)72/(
6xSqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrtlx]]=*Sqrt[x]) + (x"2%ArcSech[Sqrt[x]]
)/2

lxzsech_1 (\/E) +

2

Rubi [A] time = 0.0183515, antiderivative size = 88, normalized size of antiderivative =

. . number of rules
1., number of steps used = 4, number of rules used = 3, integrand size = 8, —————— =

integrand size
0.375, Rules used = {6345, 12, 43}

1, (1- x)
Ex sech™!
\/7

Antiderivative was successfully verified.

ok
-

[In] Int[x*ArcSech[Sqrt([x]],x]

[Out] -(1 - x)/(2*Sqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) + (1 - x)~2/(
6xSqrt[-1 + 1/Sqrt[x]]1*Sqrt[1 + 1/Sqrt[x]]1*Sqrt[x]) + (x"2*ArcSech[Sqrt[x]]
)/2

Rule 6345

Int[((a_.) + ArcSech[u_J]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + bxArcSech[u]))/(d*(m + 1)), x] + Dist[(b*Sqrt[1
- u™2])/(d*x(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[l + 1/ul), Int[SimplifyIntegrandl[(
(c + d*x)"(m + 1)*D[u, x])/(uxSqrt[1 - u~2]), x]1, x], x] /; FreeQ[{a, b, c,
d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !'FunctionO0fQ[(c
+ d*x)"(m + 1), u, x] & !'FunctionOfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]
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Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#m + 4*n + 4, 0]1) || LtQ[9*m + 5(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
V1-x
fxsech_1 (\/E) dx = %xzsech_l( f \/_
\/—1 + —\/1 + —
1 V1 - x
= —x?sech™” (\/E) +
2 4 /-1+= 1+ iﬁ
Vax Vx
V1-x L—\/l—x dx
= %xzsech_1 (\/E) + f (ﬂ )
4\/—1 + % 1+ %ﬁ
1-x (1-x)?

+ lxzsech_1 (\/E)

2

+
1 1 1 1
2\/—1+$ 1+$ﬁ 6\/—1+$\/1+$\/§

Mathematica [A] time = 0.0263739, size = 56, normalized size = 0.64

Antiderivative was successfully verified.

[In] Integrate[x*ArcSech[Sqrt[x]],x]

[Out] -(Sqrt[(1 - Sqrtlx])/(1 + Sqrtlx])]*(2 + 2xSqrtlx] + x + x~(3/2)))/6 + (x°2
xArcSech[Sqrt[x]])/2
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Maple [A] time = 0.13, size = 42, normalized size = 0.5

x?arcsech (\/E) _2 _g 2\/—(—1 + \/g) %\E\/(l + \/E) T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsech(x~(1/2)),x)

[Out] 1/2*x"2*arcsech(x~(1/2))-1/6%x(-(-1+x"(1/2))/x~(1/2))~(1/2)*x~(1/2)*((1+x~ (1
/2))/x~(1/2))~(1/2) * (x+2)

Maxima [A] time = 0.987311, size = 46, normalized size = 0.52

3
1 3/1 2 1 1 1
perY e 42 _ - —_
6x2(x 1) +2x arsech(\&) 2\/§ " 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(x”~(1/2)),x, algorithm="maxima")

[Out] 1/6*x~(3/2)*(1/x - 1)7(3/2) + 1/2*x"2xarcsech(sqrt(x)) - 1/2xsqrt(x)*sqrt(1
/x - 1)

Fricas [A] time = 1.86514, size = 116, normalized size = 1.32

xv__hf —1(x+2)\/‘ —x—l

- x2 log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(x~(1/2)),x, algorithm="fricas")

[Out] 1/2*x72%log((x*sqrt(-(x - 1)/x) + sqrt(x))/x) - 1/6*%(x + 2)*sqrt(x)*sqrt(-(
x - 1)/x)




Sympy [F] time = 0., size = 0, normalized size = 0.

f x asech (\/5) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asech(x**(1/2)),x)

[Out] Integral(x*asech(sqrt(x)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f x arsech (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsech(x~(1/2)),x, algorithm="giac")

[Out] integrate(x*arcsech(sqrt(x)), x)
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3.23 f sech™ (\/E) dx

Optimal. Leaf size=43

xsech™ (\/E) - 1-x
% -1 % +1yx

[Out] -((1 - x)/(Sqrt[-1 + 1/Sqrt[x]1]1*Sqrtl[1 + 1/Sqrt[x]]*Sqrt[x])) + x*ArcSech[S
qrt [x]]

Rubi [A] time = 0.0072149, antiderivative size = 43, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 6, number of rules

integrand size
0.5, Rules used = {6343, 12, 32}

xsech™ (\/E) - 1-x

Antiderivative was successfully verified.

[In] Int[ArcSech[Sqrt[x]],x]

[Out] -((1 - x)/(Sqrt[-1 + 1/Sqrtlx]]*Sqrt[1 + 1/Sqrt[x]]1*Sqrt[x])) + x*ArcSech[S
qrt [x]]

Rule 6343

Int[ArcSech[u_], x_Symbol] :> Simp[x*ArcSech[u], x] + Dist[Sqrt[1 - u~2]/(u
*Sqrt[-1 + 1/ul*Sqrt[1l + 1/ul), Int[SimplifyIntegrand[(x*D[u, x])/(u*xSqrt[1

- u~2]), x], x], x] /; InverseFunctionFreeQ[u, x] &% !'FunctionOfExponenti
alQlu, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 32

Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]
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Rubi steps
V1-x dx
fsech_1 (\/E) dx = xsech ™ (\/E) + f i
\/—1 + % 1+ %\/E
V1 -x L ix
= xsech™” (\/§) + f Viz
2\/ 1+ % 1+ }ﬁ
=- 1-x + xsech 1(\&)
\/ 14—i% 1*‘JFVQ

Mathematica [A] time = 0.0958415, size = 67, normalized size = 1.56

i \/;:ﬁ NN =
xsech (\/E) - \/1__\&

Antiderivative was successfully verified.

[In] Integrate[ArcSech[Sqrt[x]],x]

[Out] -((Sqrt[(1 - Sqrt[x])/(1 + Sqrtlx])]*Sqrt[1l + Sqrt[x]]*Sqrt[1 - x])/Sqrt[1
- Sqrt[x]]) + x*xArcSech[Sqrt[x]]

Maple [A] time = 0.123, size = 36, normalized size = 0.8

xarcsech (\/;) - \/(1 + \/E) %\/—(—1 + \/E) %\/&

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(x~(1/2)),x)

[Out] x*arcsech(x~(1/2))-((1+x~(1/2))/x~(1/2))~(1/2)*(-(-1+x~(1/2))/x~(1/2))~(1/2
)*x”(1/2)
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Maxima [A] time = 0.971505, size = 26, normalized size = 0.6

1

x arsech (\/E) - M 1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2)),x, algorithm="maxima"

[Out] x*arcsech(sqrt(x)) - sqrt(x)*sqrt(l/x - 1)

Fricas [A] time = 1.80622, size = 92, normalized size = 2.14

x-1
X X

xlog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2)),x, algorithm="fricas")

[Out] xxlog((x*sqrt(-(x - 1)/x) + sqrt(x))/x) - sqrt(x)*sqrt(-(x - 1)/x)

Sympy [F] time = 0., size = 0, normalized size = 0.
f asech (\/Z) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(x**(1/2)),x)

[Out] Integral(asech(sqrt(x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (\/E) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2)),x, algorithm="giac")

[Out] integrate(arcsech(sqrt(x)), x)
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3.24 dx

Optimal. Leaf size=46

sech_l(vg)
=
—PolyLog (2, —€ZSeCh71(ﬁ)) +sech™ (\/5)2 —2sech™ (\/;) log (eZSQChil(‘/E) + 1)

[Out] ArcSech[Sqrt[x]]~2 - 2*xArcSech[Sqrt[x]]*Logl[l + E~(2*ArcSech[Sqrt[x]])] - P
olyLog[2, -E~(2xArcSech[Sqrt[x]])]

Rubi [A] time = 0.0952382, antiderivative size = 46, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, e -

integrand size
0.6, Rules used = {6281, 5660, 3718, 2190, 2279, 2391}

—PolyLog (2, —€ZSeCh71(ﬁ)) +sech™" (\/;)2 —2sech™ (\/;) log (eZSQChil(‘/E) + 1)

Antiderivative was successfully verified.

[In] Int[ArcSech[Sqrt[x]]/x,x]

[Out] ArcSech[Sqrt[x]]~2 - 2*xArcSech[Sqrt[x]]*Logl[l + E~(2*ArcSech[Sqrt[x]])] - P
olyLog[2, -E~(2*ArcSech[Sqrt[x]])]

Rule 6281

Int[((a_.) + ArcSech[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5660

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Coth[x], x], x, ArcCosh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 3718

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz ])*(f_.)*(x_)], x
_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2*I, Int[((c
+ d¥x) Tm*E" (2% (- (I*e) + fxfzxx)))/(1 + ET(2x(-(Ixe) + fxfzxx))), x], x] /;
FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]
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Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_D)"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

-1
fwdx:ZSubst(fseCh (x)dxx \/—]

3 cosh™ (x) 1
- (2 Subst (f " dx, x, ﬁ)]

- (2 Subst (fxtanh(x) dx, x, cosh™ (%)))
x

2

1
= cosh™ (— —4 Subst f 5> dx,x,cosh ™ (—
Vx ( 1+ (\/_ ))
2
41 (1 h™(—= 1
= cosh™ (— ~2cosh™ —)log 1+ ZCOS (‘f) + 2 Subst (flog (1 +ezx) dx, x, cosh™ (—
Vi Vi
2
1 1 h™(— log(1 L
= cosh™! (— —2cosh™ T)log 1 +e2COS (‘/5) + Subst (IMdX,x,ezcos (‘&
X X
2 -1 1
1 1 h™(—= h™(—
= cosh™’ (— ~2cosh™ T)log 1 +e2COSI («/E) - Li, [—eZCOS («/E))
X x

Mathematica [A] time = 0.0359203, size = 45, normalized size = 0.98

PolyLog (2, —e_zseCh_l(‘/’_{)) ~sech™ (\/5) (sech_1 (\/E) +2log (e_zseCh_l(‘/;) + 1))
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Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[Sqrt[x]]/x,x]

[Out] -(ArcSech[Sqrt[x]]*(ArcSech[Sqrt[x]] + 2*Logl[l + E~(-2*xArcSech[Sqrt[x]]1)]1))
+ PolyLog[2, -E~(-2%ArcSech[Sqrt[x]])]

Maple [A] time = 0.16, size = 65, normalized size = 1.4

(aresech (VX)) - 2aresech (Vi) In [1 + [ \/ 1+ —\/1 . —J J— polylog[ [ \/ 1+ —\/1 * =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(x~(1/2))/x,x)

[Out] arcsech(x~(1/2))"2-2%arcsech(x~(1/2))*1n(1+(1/x~(1/2)+(-1+1/x~(1/2))~(1/2)*
(1+1/x7(1/2))~(1/2))"2) -polylog(2,-(1/x~ (1/2)+(-1+1/x~(1/2))~(1/2) * (1+1/x"(

1/2))7(1/2))72)

Maxima [F] time = 0., size = 0, normalized size = 0.

—31 log (x)* + log (x) log (\/\/E + 1\/—\/; +1+ 1) —log (\/E + 1) log (\/§) —log (\/E) log (—\/§ + 1) - Li, (—\/E) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x”(1/2))/x,x, algorithm="maxima")

[Out] -1/4xlog(x)~2 + log(x)*log(sqrt(sqrt(x) + 1)*sqrt(-sqrt(x) + 1) + 1) - log(
sqrt(x) + 1)*log(sqrt(x)) - log(sqrt(x))*log(-sqrt(x) + 1) - dilog(-sqrt(x)

) - dilog(sqrt(x)) + integrate(1/2*log(x)/((x - 1)*e~(1/2*log(sqrt(x) + 1)

+ 1/2%log(-sqrt(x) + 1)) + x - 1), %)
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Fricas [F] time = 0., size = 0, normalized size = 0.

(arseci(@x)

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2))/x,x, algorithm="fricas")

[Out] integral(arcsech(sqrt(x))/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f asech (\/E)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(x**(1/2))/x,x)

[Out] Integral(asech(sqrt(x))/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx
X

f arsech (\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2))/x,x, algorithm="giac")

[Out] integrate(arcsech(sqrt(x))/x, x)
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1
325 [,

x2

Optimal. Leaf size=98

_y \/1_xtanh (\/_) sech™! (\/E)

‘,— ‘[—+1x3/2 "l - T x

[Out] (1 - x)/(2%Sqrt[-1 + 1/Sqrtlx]]*Sqrt[1l + 1/Sqrt(x]]1*x~(3/2)) - ArcSech[Sqrt
[x]1/x + (Sqrt[1 - x]*ArcTanh([Sqrt[1 - x]])/(2%Sqrt[-1 + 1/Sqrt([x]]*Sqrt[1
+ 1/Sqrt[x]]*Sqrt[x])

g
<|

Rubi [A] time = 0.0233795, antiderivative size = 98, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, e .

0.5, Rules used = {6345, 12, 51, 63, 206}

—x \/1_xtanh (\/1_x) sech™ (ﬁ)

Antiderivative was successfully verified.

integrand size

[In] Int[ArcSech[Sqrt(x]]/x"2,x]

[Out] (1 - x)/(2%Sqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrtl[x]]*x~(3/2)) - ArcSech[Sqrt
[x]1/x + (Sqrt[1 - x]*ArcTanh([Sqrt[1 - x]])/(2*Sqrt[-1 + 1/Sqrt[x]]*Sqrt[1
+ 1/Sqrt[x]]*Sqrt[x])

Rule 6345

Int[((a_.) + ArcSech[u J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + bxArcSech[u]))/(d*(m + 1)), x] + Dist[(b*Sqrt[1
- u™2])/(d*x(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1 + 1/ul]), Int[SimplifyIntegrand[(
(c + d*x)"(m + 1)*D[u, x])/(uxSqrt[1 - u™2]), x1, x], x] /; FreeQ[{a, b, c,
d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !FunctionOfQ[(c
+ d*x)"(m + 1), u, x] & !FunctionOfExponentialQ[u, x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_)*x_))"(m )*x((c_.) + (d_)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"(n + 1))/ ((b*c - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*x(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, O] &% IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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f sech_l (\/;) SeCh_l (\/;) 1-x f 2 ll—xx2 dx
x2 X 1 1
\/—1 + 1 $\/§
~ sech™ (\/E) Vi —xfﬁdx
* 2\/—1 + %\/1 + %\/E
sech_ (\/E) V1 - xf \/ﬁx

X
= 1 3p _ = =
\/1+ \/1+ X 4\/1+ﬁ\/1+ﬁ X

- sech™ (\/}) V1 — x Subst (f 1_17 dx, x, \/1Tx)
- - +
S 1+7x3“ x 2 1
sech” (ﬁ) VTt v—)

1 Y] x
\/1+ \/1+ X 1+\/_ \/_

Mathematica [A] time = 0.0771281, size = 111, normalized size = 1.13

O 1) o8 i 1) ot (4
2x

Antiderivative was successfully verified.

[In] Integrate[ArcSech[Sqrt[x]]/x"2,x]

[Out] (Sqrt[(1 - Sqrtl[x])/(1 + Sqrtl[x])]=(1 + Sqrt[x]) - 2*ArcSech[Sqrt[x]] + xxL
ogll + Sqrt[(1 - Sqrtlx])/(1 + Sqrtlx])] + Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])

1*Sqrt[x]] - (xxLoglx])/2)/(2*x)

Maple [A] time = 0.134, size = 64, normalized size = 0.7

~Laresech (vE) + %\/—(—1 4 ) %\/(1 4 ) % (Artanh ( V;Tx)x . m) ix —
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(x~(1/2))/x"2,x)

[Out] -arcsech(x™(1/2))/x+1/2%(-(-1+x7(1/2))/x~(1/2))~(1/2) /x~(1/2)*((1+x~(1/2))/
x7(1/2)) 7 (1/2)*(arctanh (1/(1-x) 7 (1/2) ) *x+(1-x) ~(1/2)) / (1-x) " (1/2)

Maxima [A] time = 0.980277, size = 88, normalized size = 0.9

\/Ewll -1 arsech (vx) 1 1 1 1
X - (\/_)+110g[\/; ;—1+1)—Zlog[\/; ;-1-1)

_2(x(§ —1)—1) X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x”(1/2))/x"2,x, algorithm="maxima")

[Out] -1/2x*sqrt(x)*sqrt(l/x - 1)/(xx(1/x - 1) - 1) - arcsech(sqrt(x))/x + 1/4xlog
(sqrt(x)*sqrt(1/x - 1) + 1) - 1/4xlog(sqrt(x)*sqrt(l/x - 1) - 1)

Fricas [A] time = 1.87779, size = 111, normalized size = 1.13

(x-2) log[@] + \/L/—%

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x”(1/2))/x"2,x, algorithm="fricas")

[Out] 1/2*%((x - 2)*log((x*sqrt(-(x - 1)/x) + sqrt(x))/x) + sqrt(x)*sqrt(-(x - 1)/
x))/x

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f asech (\/E)

x2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(x**(1/2))/x**2,x)

[Out] Integral(asech(sqrt(x))/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arsech (\/E)

12
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2))/x"2,x, algorithm="giac")

[Out] integrate(arcsech(sqrt(x))/x"2, x)
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3.26 dx

Optimal. Leaf size=136

f sech™ (\/E)

x3

sech™! (\/f) 3v1 - xtanh™ (\/1Tx)

3(1 —x) 1-x
+ - ) + - -
L _q /L 3/2 L4 /L 5/2 11 /L
16 /ﬁ 1 /ﬁ+1x 8 /ﬁ 1 /ﬁ+1x 16 /ﬁ 1 ﬁ+1ﬁ

[Out] (1 - x)/(8*%Sqrt[-1 + 1/Sqrt[x]]*Sqrt[l + 1/Sqrtl[x]]*x~(5/2)) + (3*(1 - x))/
(16%Sqrt[-1 + 1/Sqrt[x]]*Sqrt[l + 1/Sqrt[x]]*x~(3/2)) - ArcSech[Sqrt[x]]/(2

xx"2) + (3*Sqrt[l - x]*ArcTanh[Sqrt[1 - x]])/(16*Sqrt[-1 + 1/Sqrt[x]]*Sqrt[

1 + 1/Sqrt[x]]*Sqrt[x])

Rubi [A] time = 0.0332407, antiderivative size = 136, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e -

0.5, Rules used = {6345, 12, 51, 63, 206}

integrand size

sech™! (\/E) 341 - xtanh ™ (\/1Tx)

3(1 —x) 1-x
" - 2x? " 1 1
1 4 /L 312 1 1 52 1 4 /L
16/\/§1/ﬁ+1x 8/‘/;1/X+1x 16\ ~ 1+ 1Vx

Antiderivative was successfully verified.

%

[In] Int[ArcSech[Sqrt[x]]/x"3,x]

[Out] (1 - x)/(8%Sqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]1*x"(5/2)) + (3x(1 - x))/
(16*%Sqrt[-1 + 1/Sqrt[x]]1*Sqrt[1 + 1/Sqrt[x]]1*x~(3/2)) - ArcSech[Sqrt[x]11/(2

*x72) + (3*Sqrt[1 - xI*ArcTanh[Sqrt[1 - x]1)/(16*Sqrt[-1 + 1/Sqrt[x]]*Sqrtl[

1 + 1/Sqrt[x]1]*Sqrt[x])

Rule 6345

Int[((a_.) + ArcSech[u_ J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + bxArcSech[u]))/(d*(m + 1)), x] + Dist[(b*Sqrt[1
- u™2])/(d*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1 + 1/ul), Int[SimplifyIntegrandl[(
(c + d*x)"(m + 1)*D[u, x])/(u*Sqrt[1 - u™2]), x]1, x], x] /; FreeQ[{a, b, c,
d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !FunctionOfQ[(c
+ d*x)"(m + 1), u, x] & !FunctionOfExponentialQ[u, x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"(n + 1))/((b*c - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*x(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, O] &% IntegerQ[nl))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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sech™ (\E) ~ sech™ (\/5) V1 - xf > 11_xx3
f x3 dx =~ 2w 2 fa+ L s iz
\/ + % + NE X
sech™? (\/g) V1- xf ﬁ dx
= 2 —_
2 4\/—1+%\/1+%ﬁ
~ 1—x sech_ (\/§) (3 V1 - x) f \/Txxz
= L
8\/ 1+( 1+ x5 2 16\/1+\/- \/_zﬁ
~ 1-x 3(1-x) sech_1 (\/5) (3vi-2) | & =
= 2
8\/ \/_ 1+ 7x5/2 \/—1 + —\/1 + —x3/2 o 32\/ -1+ — \/_ 1+ —\/_
31— %) sech_l (V%) ) (3V1 - x) Subst ( f —
2
\/ 1+ —\/1 + ol 16\/—1 + —\/1 + a2 o 16, /-1 + —\/7

3(1 —x)

sech_1 (\/E) 31— xtanh™

2x2

\/1+—\/1+ —x572 16\/1+—\/1+ —x372

Mathematica [A] time = 0.112036, size = 125, normalized size = 0.92

L[S (e ax a2y +2) ssech™ (1)

16 x2

Antiderivative was successfully verified.

[In] Integrate[ArcSech[Sqrt([x]]/x"3,x]

1-+/x 1—+/x 3log(x)
=2 +310g(\/§\/\/§+1+ \/§+1+1J_

Tl

2

[Out] ((Sqrt[(1 - Sqrtl[x])/(1 + Sqrtlx])]1*(2 + 2*Sqrt[x] + 3*x + 3*xx~(3/2)))/x"2
- (8%ArcSech[Sqrt[x]])/x"2 + 3*Logl[l + Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])] +

Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])]*Sqrt(x]] - (3*Loglx])/2)/16
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Maple [A] time = 0.133, size = 79, normalized size = 0.6

2
Verification of antiderivative is not currently implemented for this CAS.
[In] int(arcsech(x”(1/2))/x73,x)

[Out] -1/2*arcsech(x~(1/2))/x"2+1/16%x(-(-1+x~(1/2))/x~(1/2))"(1/2)/x~(3/2) *((1+x~
(1/2))/x~(1/2))"(1/2)*(3xarctanh(1/(1-x)~(1/2) ) *x"2+3% (1-x) ~(1/2) *x+2* (1-x)
“(1/2))/(1-x)"(1/2)

Maxima [A] time = 0.993, size = 124, normalized size = 0.91

3

371 5

x2 (‘ - ) -5 \/_\/ arsech (\/E) 3 1 3 1

X
| S | ~_1-
5 3 +32 og(x/& . 1+1) o og[\/} Z 1 1]
16 xz(— —1) —2x(; —1) +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2))/x73,x, algorithm="maxima")

[Out] -1/16%(3*x~(3/2)*(1/x - 1)7(3/2) - bxsqrt(x)*sqrt(l/x - 1))/ (x"2*(1/x - 1)~
2 - 2%xx(1/x - 1) + 1) - 1/2*arcsech(sqrt(x))/x"2 + 3/32xlog(sqrt(x)*sqrt (1
/x = 1) + 1) - 3/32xlog(sqrt(x)*sqrt(1/x - 1) - 1)

Fricas [A] time = 1.88476, size = 134, normalized size = 0.99

(Bx+ 2)\/5\/—7 3x% - log[ \/:h/_]

16 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2))/x73,x, algorithm="fricas")

1 1 ) = 1
_Z_arcsech(\/_) 16\/ ( 1+\/— \/_\/1+\/— (3Artanh(\/1_x)x +3VI—xx+2V1-x|x i

)
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[Out] 1/16%((3*x + 2)*sqrt(x)*sqrt(-(x - 1)/x) + (3*x"2 - 8)*log((x*sqrt(-(x - 1)
/x) + sqrt(x))/x))/x"2

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f asech (\/E)

x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(x**(1/2))/x**3,x)

[Out] Integral(asech(sqrt(x))/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arsech (\/E)

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x~(1/2))/x73,x, algorithm="giac")

[Out] integrate(arcsech(sqrt(x))/x"3, x)



185

1
3.27 f 'seChsz(\/;)

Optimal. Leaf size=172

5(1 - x) 51 - x) sech_1 (\/E) 5v1 - xtanh™ (\/i

+

3x3
48 /——1 /—+1x3/2 72 /——1 /—+1x5/2 18 /——1 /—+1x7/2 48 [~ -1 [+
Vx Vx

[Out] (1 - x)/(18xSqrt[-1 + 1/Sqrt[x]]1*Sqrt[l + 1/Sqrt[x]]1*x~(7/2)) + (5x(1 - x))
/(72%Sqrt [-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]1*x~(5/2)) + (6*x(1 - x))/(48%Sq

rt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]*x~(3/2)) - ArcSech[Sqrt[x]]/(3*x73)

+ (6xSqrt[1 - x]*ArcTanh[Sqrt[l - x]])/(48*Sqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/

Sqrt [x]]1*Sqrt[x])

dx

Rubi [A] time = 0.039765, antiderivative size = 172, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 5, integrand size = 10, number of rules _
0.5, Rules used = {6345, 12, 51, 63, 206}

5(1 - x) 5(1 - x) sech_1 (\/E) 5v1 - xtanh™" (\/i

/ / / / / / 3x3 *
L 3/2 1 5/2 712 1 _ 1
48 1 + 1x 72 1 + 1x + 1x 48 7 1 7 +

Antiderivative was successfully verified.

integrand size

[In] Int[ArcSech[Sqrt[x]]/x"4,x]

[Out] (1 - x)/(18xSqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt[x]]1*x~(7/2)) + (5x(1 - x))
/(72xSqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrtl[x]]1*x~(5/2)) + (5x(1 - x))/(48%xSq

rt[-1 + 1/Sqrt[x]1*Sqrt[1 + 1/Sqrt[x]]1*x~(3/2)) - ArcSech[Sqrt[x]]/(3*x~3)

+ (b*%Sqrt[1 - x]*ArcTanh[Sqrt[1 - x]])/(48xSqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/

Sqrt [x]]1*Sqrt [x])

Rule 6345

Int[((a_.) + ArcSech[u_J]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + bxArcSech[u]))/(d*(m + 1)), x] + Dist[(b*Sqrt[1
- u™2])/(d*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1 + 1/ul), Int[SimplifyIntegrand[(
(c + d*x)"(m + 1)*D[u, x])/(uxSqrt[1 - u™2]), x1, x], x] /; FreeQ[{a, b, c,
d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !'FunctionO0fQ[(c
+ d*x)"(m + 1), u, x] & !'FunctionOfExponentialQ[u, x]
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+bxx)"(m + 1)*x(c + d*x)"(n + 1))/ ((b*c - a*xd)*(m + 1)), x] - Dist[(dx(
m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && ! (LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps
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i () s () VRS
S e s fael 1+ L&
\/ AV
sech™ (\/i) Vi-x [ \/%x‘l dx
- 3x3 - 1 1
6\/—1 + $\/1 + T\/E
1—x sech™ (\/E) (5 V1 - x) J = \/_xx3
) 14+ L 1.7p 3x°
18\/1+\/§ 1+ —x 36 1+\/_ 1+\f\/_
— 1
5(1 - x) sech_1 (\/E) (5 1 _x)fﬁd‘
) Lr 1 sp 328 + L
\/1+ x\/1+\/3_cx 72\/1+\/_\/+ X 48 \f \/}
5(1 - x) 5(1 - x) ~sech” (.
3
\/—1 T ix 1+ P 72\/ . —\/ x5/2 \/ . —\/1 + L2 3
5(1 - x) 5(1 - x) _sech (
1 1 3x3
\/ 1+ —x\/l + ﬁxm 72\/ 1+ —\/ + —x5/2 48\/ 1+ —\/1 + x3/2
5(1 - x) 5(1 - x) sech™ (-
3x3

\/—1+—\/1+—x7/2 72\/ 1+—\/ +—x5/2 48\/ 1+—\/1+—x3/2

Mathematica [A] time = 0.128421, size = 140, normalized size = 0.81

1-/x 1-v/x 1-+/x 15 -1 ~
A /\/_x—:lc (153(5/2 +15x% +10x%2 + 10x + 8+/x + 8) +15x3 log (ﬁ, / \/;:16 + 4 /‘/_x—:lc + 1) -~ ?xe’ log(x) — 48sech (\/J—C

144x3
Antiderivative was successfully verified.

[In] Integrate[ArcSech[Sqrt[x]]/x"4,x]

[Out] (Sqrt[(1 - Sqrtl[x])/(1 + Sqrtl[x])]*(8 + 8*Sqrt[x] + 10*x + 10*x~(3/2) + 15%
X"2 + 15%x7(5/2)) - 48*%ArcSech[Sqrt[x]] + 156%x"3*Logl[l + Sqrt[(1 - Sqrt[x])
/(1 + Sqrt[x])] + Sqrt[(1 - Sqrtlx])/(1 + Sqrt[x])]*Sqrt[x]] - (15*x~3*Logl
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x1)/2)/(144%x73)

Maple [A] time = 0.141, size = 91, normalized size = 0.5

—;?arcsech (\/;) + 131—4\/—(—1 + \/E) %\/(l + \/Z) % (15 Artanh (\/11Tx)x3 +15V1 -2 +10 V1 - xx + 8V

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(x~(1/2))/x"4,x)

[Out] -1/3*arcsech(x”(1/2))/x"3+1/144x(-(-1+x~(1/2))/x~(1/2))~(1/2)/x~(5/2) *((1+x
~(1/2))/x°(1/2)) " (1/2)*(15*arctanh (1/(1-x) ~(1/2) ) *x~3+15x (1-x) "~ (1/2) *x~2+10
*(1-x) " (1/2) *x+8*x(1-x)~(1/2))/ (1-x)~(1/2)

Maxima [A] time = 0.989615, size = 157, normalized size = 0.91

501 ; 31 g 1
15 2 ;_c_l —40x2 ;—1 +33\/§ ;—1 arsech( 5 1
_ 3 2 - 3 +— log[Vx __1+1 log Vg2 -1-1
) ) 1 3x 96 X
144 x3(;—1) —3x2(;—1) +3x(;—1)—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x”(1/2))/x"4,x, algorithm="maxima"

[Out] -1/144%(15%x~(5/2)*(1/x - 1)7(5/2) - 40%x~(3/2)*(1/x - 1)7(3/2) + 33*sqrt(x
Yxsqrt(1/x - 1))/ (x"3*x(1/x - 1)73 - 3*x"2x(1/x - 1)72 + 3*xx(1/x - 1) - 1)

- 1/3*arcsech(sqrt(x))/x"3 + 5/96xlog(sqrt(x)*sqrt(1/x - 1) + 1) - 5/96x*log
(sqrt(x)*sqrt(1/x - 1) - 1)

Fricas [A] time = 1.92981, size = 153, normalized size = 0.89

(1532 +10x + 8)yTy - +3 (520 —16)log( FM)

144 x3
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arcsech(x~(1/2))/x"4,x, algorithm="fricas")

[Out] 1/144*%((15%x~2 + 10*x + 8)*sqrt(x)*sqrt(-(x - 1)/x) + 3*(5xx"3 - 16)*log((x
*xsqrt (-(x - 1)/x) + sqrt(x))/x))/x"3

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(x**(1/2))/x**4,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arsech (\/E)

A
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(x”(1/2))/x"4,x, algorithm="giac")

[Out] integrate(arcsech(sqrt(x))/x"4, x)
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-1 /1
3.28 fsech (—) dx
X
Optimal. Leaf size=21
X cosh_l(x) - Vx-1vVx+1

[Out] -(Sqrt[-1 + x]*Sqrt[1 + x]) + x*ArcCosh[x]

Rubi [A] time = 0.0069606, antiderivative size = 21, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 4, o -

integrand size
0.75, Rules used = {6327, 5654, 74}
X cosh_l(x) —Vx-1Vx+1

Antiderivative was successfully verified.

[In] Int[ArcSech[x~(-1)],x]
[Out] -(Sqrt[-1 + x]*Sqrt[1l + x]) + x*ArcCoshl[x]

Rule 6327

Int[ArcSech[(c_.)/((a_.) + (b_)*x(x_)"(n_.))]"(m_.)*(u_.), x_Symbol] :> Int
[uxArcCosh[a/c + (b*x"n)/c]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 5654

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcCoshlc*x])"n, x] - Dist[b*c*n, Int[(x*(a + b*ArcCosh[c*x])~(n - 1))/(Sqrt
[-1 + cxx]*Sqrt[1 + c*x]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

Rule 74

Int[((a_.) + (b_)*(x_))*x((c_.) + (d_)*x_))"(a_.)*x((e_.) + (£_)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D)*(e + f*x)"(p + 1))/(d*f*(n + p
+ 2)), x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ
[axd*f*(n + p + 2) - bx(dxex(n + 1) + c*xf*x(p + 1)), 0]

Rubi steps
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fsech_1 (j_c) dx = fcosh_l(x) dx

x
= xcosh }(x —f—dx
) V-1+xvl+x
=-V-1+xVl+x+ xcosh_l(x)

Mathematica [A] time = 0.0235574, size = 25, normalized size = 1.19

(1 -1
xsech 1(—)— i
X

Antiderivative was successfully verified.

[In] Integrate[ArcSech[x~(-1)],x]

[Out] -((-1 + x)/Sqrt[(-1 + x)/(1 + x)]) + x*xArcSech[x"(-1)]

Maple [A] time = 0.101, size = 29, normalized size = 1.4
xarcsech (x‘l) - \/— (x‘l - 1) x\/(x‘l + 1) x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(1/x),x)

[Out] x*arcsech(1/x)-(-(1/x-1)*x)~(1/2)*((1/x+1)*x)~(1/2)

time = 1.02406, size = 22, normalized size = 1.05

1
x arsech (—) - Va2 -1

X

Maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(1/x),x, algorithm="maxima")
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[Out] x*arcsech(1/x) - sqrt(x”2 - 1)

Fricas [A] time = 1.81089, size = 57, normalized size = 2.71

xlog(x+\/x2—1)—\/x2—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(1/x),x, algorithm="fricas")

[Out] x*log(x + sqrt(x™2 - 1)) - sqrt(x”2 - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

fasech (1) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(1/x),x)

[Out] Integral(asech(1/x), x)

Giac [F] time = 0., size = 0, normalized size = 0.
1
f arsech (—) dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(1/x),x, algorithm="giac")

[Out] integrate(arcsech(1/x), x)
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1, u
329 [ZR g,

X

Optimal. Leaf size=61

PolyLog (2, —ezsechfl(ﬂX”)) sech™ (ax") sech™ (ax") log (ezseChfl(“"") + 1)
— + —

2n 2n n

[Out] ArcSechla*x™n]~2/(2*n) - (ArcSech[a*x"n]*Log[l + E~(2%ArcSech[a*x™n])])/n -
PolyLog[2, -E~(2*ArcSech[a*x"n])]/(2+n)

Rubi [A] time = 0.105367, antiderivative size = 61, normalized size of antiderivative
1., number of steps used = 7, number of rules used = 6, integrand size = 10, number of rules_

integrand size
0.6, Rules used = {6281, 5660, 3718, 2190, 2279, 2391}

PolyLog (2, —ezseCh_l(ﬂx")) sech™! (ax")? sech™" (ax") log (ezseCh_l(”x") + 1)
— + —

2n 2n n

Antiderivative was successfully verified.

[In] Int[ArcSechla*x"n]/x,x]

[Out] ArcSech[a*x"n]~2/(2*n) - (ArcSech[a*x"n]*Log[l + E~(2%ArcSech[a*x"n])])/n -
PolyLog[2, -E~(2*xArcSech[a*x™n])]/(2*n)

Rule 6281

Int[((a_.) + ArcSech[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh[x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5660

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Coth[x], x], x, ArcCosh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 3718

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz ])*(f_.)*(x )], x
_Symbol] :> -Simp[(I*(c + d*x)~(m + 1))/(d*(m + 1)), x] + Dist[2*I, Int[((c
+ d*x) “m*E~ (2% (- (I*xe) + f*xfz*xx)))/(1 + ET(2x(-(I*xe) + fxfz*x))), x], x] /;
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FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*(F~(g*(e + f*x)))"n)/al)/(bxf*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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sech™? (ax)

dx, x, x”)

f sech™’ (ax™) Subst (f
dx =

X n

cosh (%
Subst ( f T(”) dx, x, x‘”)
T n
Subst ( f x tanh(x) dx, x, cosh™ (%))
T n
1 (x" 2 Xy 1 fx"
B cosh (7) 2 Subst (f T dx, x, cosh (7))
B 2n B n
—n\2 _ —n 2cosh™! S o
cosh™” (XT) cosh™ (XT) log (1 te ( ’ )) Subst (flog (1 + er) dx, x, cosh™ (x7
= 5 - +
n n n
1{x" 2 -1 (x" ZCOSh_l(ﬁ) log(1+x) 2c0sh_1(ﬂ)
cosh™ (_) cosh (7) log(1+e a Subst f — dx,x, e a
a
= - +
2n n 2n
-1 ({x" 2COSh_1(1) 2cosh_1(ﬂ)
cosh™] (_) cosh (—) log|1+e ) Li, (—e )

Mathematica [B] time = 0.956552, size = 219, normalized size = 3.59

o (V= @ (~apolyLog (2, 5 - 3VI = 827+ log? (24%) + 21g” (5 (VI - a2 +1)) - log (5 (VI =<

ax"+1

8 (n — anx™)
Antiderivative was successfully verified.

[In] Integrate[ArcSech[a*x"n]/x,x]

[Out] ArcSech[a*x"n]*Logl[x] + (Sqrt[(1 - a*x"n)/(1 + a*x"n)]*(4xSqrt[-1 + a~2*x"(
2*n) ] *ArcTan[Sqrt[-1 + a™2*x~(2+n)]]*(2*xn*xLog[x] - Logl[a™2*x~(2*n)]) + Sqrt

[1 - a™2%x~(2*n)]*(Logla™2*x~(2*n)] "2 - 4xLogla~2*x~(2*n)]*Log[(1 + Sqrt[1

- a”2*%x~(2*n)]1)/2] + 2*Log[(1 + Sqrt[l - a"2*x"(2xn)])/2]°2 - 4xPolyLogl[2,

1/2 - Sqrt[1l - a™2*x~(2*n)]/2])))/(8%(n - a*n*x"n))
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Maple [A] time = 0.333, size = 116, normalized size = 1.9

(arcsech (ax”))2 arcsech (ax”) 1 1 1
- ——1 —+1 ——polylogZ — 4 — -1\ —+
2n n ax" ax" ax" ax" ax"

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(a*x"n)/x,x)

[Out] 1/2*arcsech(a*x”n) ~2/n-arcsech(a*x™n)*1n(1+(1/a/(x"n)+(1/a/(x"n)-1)"(1/2)*(
1/a/(x"n)+1)~(1/2))72) /n-1/2*polylog(2,-(1/a/(x"n)+(1/a/(x"n)-1)"(1/2)*(1/a
/(x"n)+1)~(1/2))"2) /n

Maxima [F] time = 0., size = 0, normalized size = 0.

2111 | 1
x" log (x) dvin 2080 4o, L@dﬂlog(\/ﬁxnm

|
aZxx2" + (azxxzn - x)\/ax” +1V-ax" +1-x 2 (axx™ + x) 2 (axx" - x)

an

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(a*x"n)/x,x, algorithm="maxima"

[Out] a"2*n*integrate(x”(2*n)*log(x)/(a”2*x*x~(2*n) + (a~2*x*x~(2*%n) - x)*sqrt(ax
x"n + 1)*sqrt(-a*x”n + 1) - x), x) + nxintegrate(1/2*log(x)/(a*x*x™n + x),

x) - n*xintegrate(1/2*log(x)/(a*x*x™n - x), x) + log(sqrt(a*x™n + 1)*sqrt(-a

*x™n + 1) + 1)*log(x) - log(a)*log(x) - log(x)*log(x~n)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(a*x"n)/x,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError




Sympy [F] time = 0., size = 0, normalized size = 0.

f asech (ax™) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(a*x**n)/x,x)

[Out] Integral(asech(a*x**n)/x, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (ax™) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(a*x™n)/x,x, algorithm="giac")

[Out] integrate(arcsech(a*x™n)/x, x)
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sech ™ (ax®
330 [= g,

X

Optimal. Leaf size=54

1 - 1 _ 1 .
—EPolyLog (2, —e?sech 1(ax5)) + Esech ! (ax5)2 - gsech ! (ax5) log (eZSECh (o) + 1)

[Out] ArcSech[a*x~5]72/10 - (ArcSech[a*x~5]*Log[1 + E~(2%ArcSech[a*x"5])])/5 - Po
lyLog[2, -E~(2*ArcSech[a*x~5]1)1/10

Rubi [A] time = 0.107238, antiderivative size = 54, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, e -

integrand size
0.6, Rules used = {6281, 5660, 3718, 2190, 2279, 2391}

1 - 1 _ 1 .
—EPolyLog (2, —esech 1(ax5)) + Esech ! (ax5)2 - gsech ! (ax5) log (ezseCh (o) + 1)

Antiderivative was successfully verified.

[In] Int[ArcSech[a*x~5]/x,x]

[Out] ArcSech[a*x"5]72/10 - (ArcSech[a*x~5]*Log[1 + E~(2%ArcSech[a*x"5])])/5 - Po
lyLog[2, -E~(2*ArcSech[a*x~5])]1/10

Rule 6281

Int[((a_.) + ArcSech[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh[x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5660

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Coth[x], x], x, ArcCosh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 3718

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz ])*(f_.)*(x)], x
_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2*I, Int[((c
+ d¥x) Tm*E" (2% (- (I*e) + fxfzxx)))/(1 + ET(2x(-(Ixe) + fxfzxx))), x1, x] /;
FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]
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Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279
Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]

:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

1 (5 -1
fwdx = éSubst (fwdx,x,ﬁ]
1 cosh™ (g) 1
= - [g Subst [f T dX, X, ;)]
= - (1 Subst (fxtanh(X) dx, x,sech™ (ax5)))

= —sech 5—dx, x,sech” ( 5))

X

- —sech ! axS)z — —sech” ( log
( ZSech )_ lLl ( eZsech_l(ax5))

ax log

(
ax ( Qsech” )+1Sbt(flog(1+x)dxxe
1+

Mathematica [A] time = 0.0460431, size = 49, normalized size = 0.91

1 -1 _ 3 1
0 (PolyLog (2, —g 2sech (“x5)) —sech™ (ax5) (sech ! (ax5) +2log (e_zseCh (%) 1)))

1 —
ZseCh ) + = = Subst (f log 1 + er) dx, x, sech
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Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[a*x"5]/x,x]

[Out] (-(ArcSech[a*x~5]*(ArcSech[a*x~5] + 2*Log[l + E~(-2*ArcSech[a*x75])])) + Po
lyLog[2, -E~(-2*ArcSech[a*x"5])])/10

Maple [F] time = 0.284, size = 0, normalized size = 0.

5
f arcsech (ax ) 0
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(a*x”5)/x,x)

[Out] int(arcsech(a*x~5)/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f arsech (ax5)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(a*x~5)/x,x, algorithm="maxima")

[Out] integrate(arcsech(a*x~5)/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

5
[arsech (ax )’ x)
x

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arcsech(a*x~5)/x,x, algorithm="fricas")

[Out] integral(arcsech(a*x”5)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f asech (ax5)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(a*x**5)/x,x)

[Out] Integral(asech(a*x**5)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (ax5) i
— 2 dx

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(a*x”5)/x,x, algorithm="giac")

[Out] integrate(arcsech(a*x~5)/x, x)
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3.31 f sech™ (ce”*bx) dx

Optimal. Leaf size=77

~1( pa+bx _ —1( on+bx
POlyLOg (2, _625ech (ce b )) Sech_l (Ceu+bX)2 sech 1 (Cea+bx) log (eZSech (cg b ) + 1)

2b * 2D B b

[Out] ArcSech[c*E~(a + b*x)]172/(2%b) - (ArcSech[c*E~(a + b*x)]*Log[l + E~(2xArcSe
ch[c*E~(a + b*x)])])/b - PolyLogl[2, -E~(2%ArcSech[c*E~(a + b*x)])]1/(2%b)

Rubi [A] time = 0.101172, antiderivative size = 77, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 10, L

integrand size
0.7, Rules used = {2282, 6281, 5660, 3718, 2190, 2279, 2391}

-1( _a+bx _ 1) grbr
POlyLOg (2, —ezseCh (Ce ’ )) sech_l (Cea+bx)2 sech 1 (Cetl+bx) lOg (€ZSech (ce b ) " 1)

20 * 2D B b

Antiderivative was successfully verified.

[In] Int[ArcSech[c*E~(a + b*x)],x]

[Out] ArcSech[c*E~(a + b*x)]72/(2%b) - (ArcSech[c*E~(a + b*x)]*Log[l + E~(2*ArcSe
ch[c*E~(a + b*x)]1)]1)/b - PolyLogl[2, -E~(2xArcSech[c*E~(a + b*x)])]1/(2%Db)

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunctionl[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6281

Int[((a_.) + ArcSech[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5660

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Coth[x], x], x, ArcCosh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
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0]

Rule 3718

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz ])*(f_.)*(x )], x
_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2*I, Int[((c
+ d*x) "TmkET (2% (- (I*xe) + fxfz*x)))/(1 + E-(2x(-(I*xe) + fxfzxx))), x], x] /;
FreeQ[{c, d, e, £, fz}, x] && IGtQ[m, O]

Rule 2190

Int [(CCCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_D)"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x))) n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m)/ (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rubi steps
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-1
Subst ( f SeChx () dx, x, ea””‘)

h ! (et dx =
f sec (ce ) X ;
cosh (%
Subst ( f % dx, x, e‘”‘bx)
B b
—a—bx
Subst ( f x tanh(x) dx, x, cosh™! (e - ))
T b
-1 e—u—bx 2 erx -1 e—a—bx
cosh ( ) 2 Subst (fmdx, x, cosh ( - ))
- 2b - b
_qf e—a-bx
g (entx\2 cosh! (e_a_bx) log |1+ eZCOSh 1( )
cosh ( - ) c Subst ( f log (1 + ezx) dx, x, cosh
B 2 } b " b
—a-bx —
—a-bx 2cosh™}( & N 2 cosh™H &
= cob\2 cosh™! (%)log 1+e “ ( ) Subst flog(%)dx,x,e “ (
) cos ( - ) ) .
- 2b b 2b
—a—bx —a—bx
—a—bx 2cosh™!( & 2cosh™( ¢
cosh! (e—“—bX)z cosh™ (%)log 1+e ( ‘ ) Li, [—e ‘ ( ‘ )]
- 2b - b - 2b

Mathematica [B] time = 1.17138, size = 249, normalized size = 3.23

_pa+bx -
: ;ﬂcfbu N Veertbx 41 (4PolyLog (2, % (1 - V1 - 0262(“+b"))) - logz (Cz€2(a+bx)) -2 logz (% ( L-ce
xsech™ (ce“*bx) -

&

Antiderivative was successfully verified.

[In] Integrate[ArcSech[c*E~(a + b*x)],x]

[Out] x*ArcSech[c*E~(a + b*x)] - (Sqrt[(1 - c*E~(a + b*x))/(1 + c*E~(a + b*x))]*S
grt[1 + c*E~(a + b*x)]*(ArcTanh[Sqrt[1 - c™2*E~(2*(a + b*x))]]*(8*bxx - 4xL
oglc™2+4E~ (2% (a + b*x))]) - Loglc™2*E~(2x(a + bx*x))]"2 + 4*xLog[c™2+E~(2*x(a +
bxx))]*Log[(1 + Sqrt[1 - c™2+#E~(2%(a + bx*x))])/2] - 2*Logl[(1 + Sqrt[1l - c~

2*xE~ (2% (a + bx*x))]1)/2]72 + 4*PolyLog[2, (1 - Sqrt[l - c™2*E~(2x(a + b*x))])
/21))/(8xbxSqrt[1 - c*E~(a + b*x)])



205

Maple [A] time = 0.361, size = 140, normalized size = 1.8

2
(arcsech (cebx”‘)) arcsech (cebx”) 1 1 1 ’ 1 1
- In|1+ o + -1 cobrra +1 - ﬁpOIleg 2,— W + 1

2b b cebx+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(c*xexp(b*x+a)),x)

[Out] 1/2*arcsech(c*exp(b*x+a)) ~2/b-arcsech(c*xexp(b*x+a))*1n(1+(1/c/exp(b*x+a)+(1
/c/exp(b*x+a)-1)~(1/2)*(1/c/exp(b*x+a)+1)~(1/2))~2) /b-1/2*polylog(2,-(1/c/e
xp(b*x+a)+(1/c/exp(b*x+a)-1)~(1/2)*(1/c/exp(b*x+a)+1)~(1/2))"2) /b

Maxima [F] time = 0., size = 0, normalized size = 0.

(2bx+2a) 1
ald dx — 5 bx? — (a + log (c))x + xlog (‘Vce(bx+“) -

1 1
=1 (bx+a) 11)+ = log(—ce®*+a) +1 )
2p(2bx+2a) (Cze(be+2u) —1)6(2 og(ce + )+2 Og( ce + ) 1

bc?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(c*exp(b*x+a)),x, algorithm="maxima")

[Out] b*c~2*xintegrate(x*e”(2xbxx + 2*a)/(c™2%e” (2%b*x + 2xa) + (c™2xe” (2xbxx + 2%
a) - 1)xe”(1/2+log(cxe”(b*x + a) + 1) + 1/2xlog(-c*e”(b*x + a) + 1)) - 1),

x) - 1/2xb*x72 - (a + log(c))*x + x*xlog(sqrt(c*xe”™(b*x + a) + 1)*sqrt(-c*xe”(

b*x + a) + 1) + 1) - 1/2x(b*x*log(cxe”(b*x + a) + 1) + dilog(-c*e” (b*x + a)

))/b = 1/2%(b*xx*log(-cxe” (b*x + a) + 1) + dilog(cxe~(b*x + a)))/b

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(c*exp(b*x+a)),x, algorithm="fricas")



[Out] Exception raised: UnboundLocalError
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Sympy [F] time = 0., size = 0, normalized size = 0.

f asech (ce’”b") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(cxexp(b*x+a)),x)

[Out] Integral(asech(cxexp(a + b*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (ce(h"“’)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(cxexp(b*x+a)),x, algorithm="giac")

[Out] integrate(arcsech(c*e”(b*x + a)), x)
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3.32  [esech ayd gy

Optimal. Leaf size=64

-1 -1
X - X3eseCh “ - erseCh “ + x_4 + 1x5esech71(ax)
1543 1542 15a% 20a 5

[Out] (-2*E~ArcSech[a*x]*x)/(15%a~4) + x~2/(15%a"~3) - (E"ArcSech[a*x]*x~3)/(15*a"
2) + x~4/(20%a) + (E"ArcSechla*x]*x"5)/5

Rubi [A] time = 0.0384958, antiderivative size = 83, normalized size of antiderivative =

1.3, number of steps used = 5, number of rules used = 5, integrand size = 10, number of rules _

0.5, Rules used = {6335, 30, 100, 12, 74}

integrand size

PV1i-ax 2V1-ax 1* 1
- +— +—x

1543 IL 1545 L 20a 5
ax+1 ax+1

Warning: Unable to verify antiderivative.

5 esechfl(ax)

[In] Int[E"ArcSech[a*x]*x"4,x]

[Out] x~4/(20%a) + (E"ArcSech[a*x]*x75)/5 - (2+Sqrt[l - a*x])/(15*a"6*Sqrt[(1 + a
*x) 7 (-1)]) - (x"2*Sqrt[l - a*x])/(15%xa~3*Sqrt[(1 + axx)~(-1)])

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"p]l*Sqrt[1l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 100

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_)*x(x_))"(n_.)*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m - 1)*(c + d*x)"(n + 1)*(e + f*x
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) (p + 1))/(d*fx(m + n + p + 1)), x] + Dist[1/(d*fx(m + n + p + 1)), Int[(a

+ b*x) " (m - 2)*(c + d*x) nx(e + fxx) p*Simp[a~2*d*f*(m + n + p + 1) - b*(b
xckex(m - 1) + ax(d*ex(n + 1) + cxf*x(p + 1))) + bx(a*xd*f*x(2%m + n + p) - bx
(d*ex(m + n) + cxf*x(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n, p
}, x] && GtQ[m, 1] && NeQ[m + n + p + 1, 0] && IntegerQ[m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 74

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + Dx(e + £xx)"(p + 1))/(d*f*x(n + p
+ 2)), x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ
[a*xd*f*(n + p + 2) - bx(d*ex(n + 1) + c*xf*x(p + 1)), 0]

Rubi steps

3 1, V HX)
fesech_l(ax)x4 dx = 1 sech™ (ax) 54 fx dx ( f Vi- ax\/1+ax
5

L psech a5 XV ax (V 1+ax”+“x)f T

=—+=¢

3
20a 5 1543 [ 1 15a
1+ax

xt 1 sech_l(ax)xS _ X V1 —ax ( V1 1+ ax) f V1- ax\/l+ax

=— +=¢

20a 5 3 1 1543
15a 1+ax
4
3 x_ N 1esech-1(ux)x5 B 2V1 —ax x2\1 - ax

202 5 1505 —— 1503/
1+ax 1+ax

Mathematica [A] time = 0.0899093, size = 65, normalized size = 1.02

15a4%% + 44/ =% (ax + 1) (3a3x3 - 3a%x% + 2ax - 2)
ax+1
60a°

Warning: Unable to verify antiderivative.
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[In] Integrate[E~ArcSechl[ax*x]*x"4,x]

[Out] (15%a”4*x74 + 4xSqrt[(1 - a*x)/(1 + axx)]*(1 + a*xx)"2%(-2 + 2%a*xx - 3*a~2xx
~2 + 3*a”3%x73))/(60%a"5)

Maple [A] time = 0.189, size = 64, normalized size = 1.

x(a +2\/ ax — 1\/ax+1 x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))*x"4,x)

[Out] 1/15%(-(axx-1)/a/x) " (1/2)*x*x((axx+1)/a/x) " (1/2)*(a"2*x"2-1) *(3*xa~2*x"2+2) /a
~4+1/4xx"4/a

Maxima [A] time = 1.07833, size = 63, normalized size = 0.98

x4 (Bax — a2x? )\/ax+1\/—ax+1

4aq 15a°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"4,x, algorithm="maxima"
)

[Out] 1/4*x"4/a + 1/16*%(3*%a~4*x"4 - a”2*x"2 - 2)*sqrt(a*x + 1)*sqrt(-axx + 1)/a"5

Fricas [A] time = 1.71408, size = 135, normalized size = 2.11

ax+1 ax-1

15 a3x* +4(3a4 —a%x3 Zx)
60 a4

ax ax

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"4,x, algorithm="fricas"
)

[Out] 1/60%(15*%a~3*x~4 + 4*(3*a~4*x"5 - a~2*%x~3 - 2*x)*sqrt((axx + 1)/(a*xx))*sqrt
(-(axx - 1)/(a*x)))/a"4

Sympy [F] time = 0., size = 0, normalized size = 0.

fx3dx+ fax4\/—1 + l\/l + Sy
ax ax

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))*x**4 %)

[Out] (Integral(x**3, x) + Integral(axx*x4*xsqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)),
x))/a

Giac [F] time = 0., size = 0, normalized size =

T2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"4,x, algorithm="giac")

[Out] integrate(x~4*(sqrt(1/(axx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)
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3.33  [esech 3 gy

Optimal. Leaf size=84

1 .1
) V1 — ax N w/m‘/ﬂx +1sin (ax) 43 1 4 sech™ (a0

+— +—x
8as

1 8a4 12a 4

ax+1

[Out] x73/(12%a) + (E"ArcSechla*x]*x74)/4 - (x*Sqrt[l - a*x])/(8*a~3*Sqrt[(1 + ax
x)7(-1]1) + (Sqrt[(1 + a*x)~(-1)]1*Sqrt[1 + a*x]*ArcSin[ax*x])/(8xa"4)

Rubi [A] time = 0.0319382, antiderivative size = 84, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, e L

integrand size
0.5, Rules used = {6335, 30, 90, 41, 216}

[ 1 = . -1
_ xV1 —ax + ax+1 ax +1sin (le) X 1 4esech71(ax)

1 +—+-x
83 [ 8a 12a 4

ax+1

Antiderivative was successfully verified.

[In] Int[E"ArcSech[a*x]*x"3,x]

[Out] x73/(12%a) + (E"ArcSechla*x]*x74)/4 - (x*Sqrt[l - a*x])/(8*a~3xSqrt[(1 + ax
x)7(-1)1) + (Sqrt[(1 + a*x)~(-1)I*Sqrt[1 + a*x]*ArcSin[a*x])/(8*a"~4)

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSechl[a*x"p])/(m + 1), x] + (Dist[p/(ax(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx“pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1 - a*x7pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rule 90
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Int[((a_.) + (b_.)*x(x_))"2x((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.)*(x_))"
(p_.), x_Symbol] :> Simp[(b*(a + b*x)*(c + d*x)"(n + 1)*x(e + fxx)"(p + 1))/
(d*fx(n + p + 3)), x] + Dist[1/(d*f*x(n + p + 3)), Int[(c + d*x) nx(e + f*xx)
“p*Simp[a~2*xdxf*x(n + p + 3) - b*x(b*cxe + ax(d*ex(n + 1) + cxf*x(p + 1))) + b
*(axd*f*(n + p + 4) - bx(dxex(n + 2) + cxfx(p + 2)))*x, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, p}, x] && NeQ[n + p + 3, 0]

Rule 41

Int[((a_) + (b_)*(x )) " (m_.)*x((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Int[(
a*c + bxd*x"2)"m, x] /; FreeQ[{a, b, c, d, m}, x] && EqQ[b*c + axd, 0] && (
IntegerQ[m] || (GtQla, 0] && GtQlc, 01))

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQl[a, 0] && NegQ[b]

Rubi steps

2 \, V QX)
fesech_l(ax)x?a dx = 1 sech™ (ax) 44 fx dx ( f Vi- ax\/1+ax
4

EE g X‘Vl— (V1+ax '“”x)f \/1_\/T

84 3 8113

1+ax

N NT—=V1+ )
= x® +1esech71(ux)x4 xV1l-a ( 1+ax ax fm
1+ax

1

= x +1esech71(ax)x4_ xVil—ax \/ Ttax V1 + axsin™ (ax)

4
83— 8a
1+ax

Mathematica [C] time = 0.126645, size = 97, normalized size = 1.15

8a®x® - 3a,/ ! flc ( —2a%x* — 20%x3 + ax? + x) +3ilog (2
2404

1-ax .
" (ax +1) - 21ax)

Warning: Unable to verify antiderivative.
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[In] Integrate[E~ArcSechl[a*x]*x"3,x]

[Out] (8*%a™3*x"3 - 3xa*Sqrt[(1 - a*x)/(1 + a*x)]*(x + a*x™2 - 2%a"2*%x"3 - 2%a”3*x
~4) + (3*%I)*Logl[(-2*I)*a*xx + 2xSqrt[(1 - a*x)/(1 + a*xx)]*(1 + a*x)])/(24x*a"

4)

Maple [C] time = 0.179, size = 118, normalized size = 1.4

xcsgn(a) [ ax-1 fax+1 1
gn () \/ 2 csgn (a) 3a3V-a2x2 + 1 — xV-a222 + 1esgn (a) a + arctan [ xcsgn (2) 4 ——
8a° V-a?x% +1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)"(1/2))*x"3,x)

[Out] 1/8*(-(a*x-1)/a/x)~(1/2)*x*x((a*x+1)/a/x)~(1/2)*(2xcsgn(a)*x~3*xa~3*(-a"2*x"2
+1)7(1/2) —xx(-a"2*x"2+1) " (1/2) *csgn(a) *atarctan(csgn(a) *axx/(-a~2*x"2+1) " (1
/2)))*csgn(a)/(-a~2*x~2+1)~(1/2) /a~3+1/3*x"3/a

Maxima [F] time = 0., size = 0, normalized size = 0.

3 o[ a%x
(—a2x2+1)2x N 22+ 1x . arcsm(ﬁ)
x3 N 442 842 8 Va2a?
3a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x~3,x, algorithm="maxima"
)

[Out] 1/3%x73/a + integrate(sqrt(a*xx + 1)*sqrt(-a*x + 1)*x72, x)/a

Fricas [A] time = 1.77774, size = 203, normalized size = 2.42

8% +3 (2a%x J”“

24 a4

-3 arctan( axtl | @ 1)




214

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x~3,x, algorithm="fricas"
)

[Out] 1/24%(8%a”3xx"3 + 3*(2*a~4*x"4 - a~2*x"2)*sqrt((a*x + 1)/(a*x))*sqrt(-(a*x
- 1)/(a*x)) - 3*arctan(sqrt((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x))))/a"4

Sympy [F] time = 0., size = 0, normalized size = 0.

fxzdx+ fax3\/—1 + ;—x\/l + idx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))*x**3,x)

[Out] (Integral(x**2, x) + Integral(axx*x3*sqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)),
x))/a

Giac [F] time = 0., size = 0, normalized size =

A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x~3,x, algorithm="giac")

[Out] integrate(x™3*(sqrt(1/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)
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-1
3.34  [esech (my2 gy
Optimal. Leaf size=38

-1
sech ~(ax) 2 B
_xe— + x_ + 1x3€sech 1(ax)
342 6a 3

[Out] -(E"ArcSechl[a*x]*x)/(3*a~2) + x~2/(6*%a) + (E"ArcSechl[a*x]*x~3)/3

Rubi [A] time = 0.024187, antiderivative size = 52, normalized size of antiderivative =

1.37, number of steps used = 3, number of rules used = 3, integrand size = 10, number of rules

= 0.3, Rules used = {6335, 30, 74}

integrand size

N 2
_ 1—ax + x_ + 1xSesech71(ax)
1 6a 3
3 [
3a ax+1

Warning: Unable to verify antiderivative.

[In] Int[E"ArcSechl[a*x]*x"2,x]

[Out] x~2/(6*a) + (E"ArcSech[ax*xx]*x73)/3 - Sqrt[l - axx]/(3*a”~3xSqrt[(1 + a*x)~(-
DD

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*x"pl*Sqrt[1/(1 + a*xx"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 74

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + 1)x(e + fxx)"(p + 1))/(d*f*x(n + p
+2)), x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && NeQ[n + p + 2, 0] &% EqQ
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[axd*f*(n + p + 2) - bx(dxex(n + 1) + c*xf*x(p + 1)), 0]

Rubi steps

[ 1 X
a— Vl + EIX) ——dx
esech” (ax)x J‘de ( 1+ax V1-axy1+ax

fesechfl(ax)xZ dx = =
3 3a
2
— x_ + lesech_l(ax)XB _ 1-ax
6a 3 33 [
1+ax

Mathematica [A] time = 0.0587718, size = 48, normalized size = 1.26

30222 + 2(ax — 1)/ = ux(ax+1)2

6a3

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSechl[a*x]*x"2,x]

[Out] (3*a™2%x72 + 2x(-1 + a*xx)*Sqrt[(1 - a*x)/(1 + a*x)]*(1 + axx)~2)/(6*a~3)

Maple [A] time = 0.173, size = 54, normalized size = 1.4

ax - \/ax 1\/ax+1 x?
342

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"2,x)

[Out] 1/3x(-(ax*x-1)/a/x) " (1/2)*xx*x((a*xx+1)/a/x) " (1/2)*x(a"2*xx"2-1)/a"2+1/2*xx"2/a

Maxima [A] time = 1.06955, size = 51, normalized size = 1.34

2 (a x2 )\/ax+1\/—ax+1
— +
2a 343




217

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"2,x, algorithm="maxima"
)

[Out] 1/2*x72/a + 1/3%(a”2%x72 - 1)*sqrt(a*x + 1)*sqrt(-a*xx + 1)/a"3

Fricas [A] time = 1.82112, size = 111, normalized size = 2.92

ax+1 ax—1

3ax? +2 (a2x3 - x)

6 a?

ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"2,x, algorithm="fricas"
)

[Out] 1/6*(3*axx"2 + 2*%(a”"2xx"3 - x)*sqrt((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x))
)/a"2

Sympy [F] time = 0., size = 0, normalized size = 0.

fxdx+ faxz\/—l + i\/l + ;—xdx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))*x**2,x)

[Out] (Integral(x, x) + Integral(a*x**2*sqrt(-1 + 1/(a*x))*sqrt(l + 1/(a*x)), x))
/a

Giac [F] time = 0., size = 0, normalized size = 0.

1 1 1
fxz[\/—+1 ——1+—]dx
ax ax ax
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x~2,x, algorithm="giac")

[Out] integrate(x~2*(sqrt(1/(axx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)
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3.35 f gsech ™ (ax) .

Optimal. Leaf size=53

1 -1
w/m\/ax+1sm (ax) 1

o + _x2€sech71(ax) + i
2a 2 2a

[Out] x/(2%a) + (E"ArcSech[a*x]*x72)/2 + (Sqrt[(1 + a*x)~(-1)]*Sqrt[1 + axx]*ArcS
in[axx])/(2%a~2)

Rubi [A] time = 0.0181567, antiderivative size = 53, normalized size of antiderivative =

. . number of rules
1., number of steps used = 4, number of rules used = 4, integrand size = 8, o =

0.5, Rules used = {6335, 8, 41, 216}

1 .1
1/axj\/ax+1sm (ax) . 1

> _xzesech_l(ax) + i
2a 2 2a

integrand size

Antiderivative was successfully verified.

[In] Int[E"ArcSechl[a*x]*x,x]

[Out] x/(2%a) + (E"ArcSech[a*x]*x72)/2 + (Sqrt[(1 + a*x)~(-1)]*Sqrt[1 + a*x]*ArcS
inlax*xx])/(2*%a”~2)

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"pl)/(m + 1), x] + (Dist[p/(a*(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + axx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*xx"pl*Sqrt[l - a*x7pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rule 41

Int[((a_) + (b_)*(x_))"(m_.)*x((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Int[(
axc + b*xd*x~2)"m, x] /; FreeQ[{a, b, c, d, m}, x] && EqQ[b*c + axd, 0] && (



220

IntegerQ[m] || (GtQla, 0] && GtQlc, 01))
Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

1 1
\ V1 + ax) ——dx
fesechfl(ax)xdx — %esechl(ax)xz + f; dx + ( 1+ax f\/l—ax\/]-{—ax
a

2a

(1, ! 1+ HX) f ! dx
x + lesechfl(ux)xZ n 1+ax V1_a2+2

2a 2 2a

x 1 _ ,/ V1 + axsin™ (ax)

== 4 _esech 1(ux)x 1+ax
20 2 242

Mathematica [C] time = 0.0759349, size = 75, normalized size = 1.42

2ax + axw/ (ax +1)+ilog (2

24?2

(ax +1)— 2zax)

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[ax*x]*x,x]

[Out] (2xaxx + a*xx*Sqrt[(1 - axx)/(1 + axx)]*(1 + a*x) + I*xLog[(-2*I)*a*x + 2*Sqr
tl(1 - axx)/(1 + a*xx)]*(1 + axx)])/(2*a"2)

Maple [C] time = 0.184, size = 92, normalized size = 1.7

1 )) 1
V-a2x2 +1/) V-a2x2 +1

X
+ —
a

1 +1
xcsgn (a) _ax - \/ = (x —a2x2 + 1csgn (a) a + arctan (xcsgn (a)a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x,x)
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[Out] 1/2%(-(a*xx-1)/a/x)~(1/2)*x*((a*x+1)/a/x)~(1/2)*(x*(-a~2*xx"2+1) " (1/2)*csgn(a
)*atarctan(csgn(a)*a*xx/(-a”2*%x"2+1)~(1/2)))/(-a~2*xx"2+1) " (1/2) *csgn(a) /at+x/

a

Maxima [F] time = 0., size = 0, normalized size = 0.

2
arcsin| —
i -1
- V-a2x2 + 1x + —==~
2 2Va2

a

X

=+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x,x, algorithm="maxima"

[Out] x/a + integrate(sqrt(a*xx + 1)*sqrt(-a*x + 1), x)/a

Fricas [A] time = 1.80814, size = 171, normalized size = 3.23

ax+1 ax-1 ax+1 ax-1
azxz,/—,/——+2ax—arctan(w/ NE )
ax ax ax ax

2 q?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x,x, algorithm="fricas")

[Out] 1/2*(a"2*xx"2*sqrt((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) + 2*a*xx - arctan(
sqrt((axx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(a*x))))/a"2

Sympy [F] time = 0., size = 0, normalized size = 0.

fldx+fax\/—1+%\/1+$dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))*x,x)
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[Out] (Integral(l, x) + Integral (a*x*sqrt(-1 + 1/(a*x))*sqrt(l + 1/(a*x)), x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
1 1 1
fx(\/—+1 ——1+—)dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))*x,x, algorithm="giac")

[Out] integrate(xx(sqrt(1l/(a*xx) + 1)*sqrt(1l/(a*x) - 1) + 1/(a*x)), x)
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3.36  [esech (@ gy

Optimal. Leaf size=24

-1
log(x) + yesech ax) _ sech " (ax)
a a

[Out] E~ArcSech[a*x]*x - ArcSech[a*x]/a + Logl[x]/a

Rubi [A] time = 0.136978, antiderivative size = 39, normalized size of antiderivative =

. . f rul
1.62, number of steps used = 3, number of rules used = 3, integrand size = 6, number of rules

0.5, Rules used = {6329, 1962, 208}

integrand size

2tanh™ ( 1rax

log(x) i ax+1) N xesech’l (@)

a a

Warning: Unable to verify antiderivative.

[In] Int[E"ArcSechl[a*x],x]

[Out] E"ArcSech[a*x]*x - (2xArcTanh[Sqrt[(1 - a*x)/(1 + a*xx)]])/a + Loglx]/a

Rule 6329

Int[E"ArcSech[(a_.)*(x_)], x_Symbol] :> Simp[x*E~ArcSech[a*x], x] + (Dist[1
/a, Int[(1*Sqrt[(1 - axx)/(1 + a*x)])/(xx(1 - a*x)), x], x] + Simp[Log[x]/a
, x1) /; FreeQla, x]

Rule 1962

Int[(u )" (r_)*x_ )" (m_.)*(((e_.)*x((a_.) + (b_)*(x_)"(_.)))/((c_) + (d_.)
*(x_)"(n_.)))"(p_), x_Symbol] :> With[{q = Denominator[pl}, Dist[(g*ex(b*c
- axd))/n, Subst[Int[SimplifyIntegrand[(x~(gx(p + 1) - 1)*(-(axe) + c*xx"q)~
(m+ 1)/n - Dx*(u /. x -> (-(a*xe) + c*x"q)~(1/n)/(bxe - d*x~q)~(1/n)) 1) /(
bxe - d*x"q)"((m + 1)/n + 1), x], x], x, ((ex(a + bxx"n))/(c + d*x"n))~(1/q
)1, %11 /; FreeQ[{a, b, c, d, e}, x] && PolynomialQ[u, x] && FractionQ[p] &
& IntegerQ[1/n] && IntegersQ[m, r]

Rule 208
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]])/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps

ll ax
f Ttax

x(1- ax)

fesech_l(ux) dx = esech_l(ux)x + log(x)
a a

_ gechan)y 4 log(x) 4 Subst f 1 p 1-ax
¢ * a s 2a — 2ax? X 1+ax

-1 1-ax
Ztanh (‘,m) s lOg(X)

a a

— esechfl(ax) X —

Mathematica [B] time = 0.0402629, size = 79, normalized size = 3.29

1-ax 1-ax 1-ax
—(ax+1)+2 log(ax) — log (axw / — -t 1)
a

Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcSechl[a*x],x]

[Out] (Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x) + 2xLogla*x] - Logl[l + Sqrt[(1 - a*x)/
(1 + axx)] + a*xxxSqrt[(1 - a*x)/(1 + a*x)]])/a

Maple [A] time = 0.184, size = 79, normalized size = 3.3

ln(x) \/ax 1 ax+1(m Artanh( 1 )) 1

V-a2x2 + 1)) V-a2x2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2) ,%)

[Out] 1n(x)/a+(-(a*x-1)/a/x)~(1/2)*x*((axx+1)/a/x)~(1/2)/(-a~2*x"2+1)~(1/2)*((-a~
2%x"2+1) " (1/2)-arctanh(1/(-a~2*x"2+1) "~ (1/2)))
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Maxima [F] time = 0., size = 0, normalized size = 0.

1 1 1
f —+14/— -1+ —dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(1l/(axx) + 1)*sqrt(1/(axx) - 1) + 1/(axx), x)

Fricas [B] time = 1.83216, size = 258, normalized size = 10.75

ax+1 ax—1 ax+1 ax—1 ax+1 ax—1
2ax+/ — 1/—7—log(ax,/ — A= — +1)+log(ax,/ — N — —1)+2log(x)
2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2),x, algorithm="fricas")

[Out] 1/2*(2*axx*sqrt((axx + 1)/(a*xx))*sqrt(-(axx - 1)/(a*xx)) - log(a*x*sqrt((a*x
+ 1)/(a*xx))*sqrt(-(a*xx - 1)/(a*x)) + 1) + log(axx*sqrt((axx + 1)/(a*x))*sq
rt(-(a*x - 1)/(a*xx)) - 1) + 2xlog(x))/a

Sympy [F] time = 0., size = 0, normalized size = 0.

Jédx+faJ%L+$J1+%dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/x+(1/a/x-1)**x(1/2)*(1+1/a/x)**(1/2),x)

[Out] (Integral(1/x, x) + Integral(a*sqrt(-1 + 1/(a*x))*sqrt(1 + 1/(a*x)), x))/a
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Giac [F] time = 0., size = 0, normalized size = 0.

1 1 1
f\/—+1 — -1+ —dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(1/(a*x) + 1)*sqrt(1l/(a*x) - 1) + 1/(a*x), x)
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sech™ ! (ax)

337 [——dx

X

Optimal. Leaf size=48

5 tan-! [1—ax _ 2
ax +1 1 1-ax

ax+1

[Out] -2/(1 - Sqrt[(1 - a*x)/(1 + a*x)]) + 2%ArcTan[Sqrt[(1 - a*x)/(1 + a*x)]]

Rubi [A] time = 0.0308311, antiderivative size = 64, normalized size of antiderivative =

1.33, number of steps used = 5, number of rules used = 5, integrand size = 10, number of rules

= 0.5, Rules used = {6334, 97, 12, 41, 216}

V1 - 1 / 1
- AL Vax +1 sin_l(ax)
1 X ax +1

a
ax,/
ax+1

Warning: Unable to verify antiderivative.

integrand size

[In] Int[E"ArcSechla*x]/x,x]

[Out] -(1/(a*x)) - Sqrt[l - ax*x]/(a*xxSqrt[(1 + a*x)~(-1)]) - Sqrt[(1 + axx)~(-1)
1xSqrt[1 + a*x]*ArcSin[a*x]

Rule 6334

Int[E"ArcSech[(a_.)*(x_)"(p_.)1/(x_), x_Symbol] :> -Simp[(a*p*x~p)~(-1), x]
+ Dist[(Sqrt[1 + a*x"pl*Sqrt[1/(1 + axx"p)])/a, Int[(Sqrt[l + a*xx"pl*Sqrt[
1 - axx"pl)/x~(p + 1), x], x] /; FreeQl{a, p}, x]

Rule 97

Int[(Ca_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*x(x_))"(n_.)*x((e_.) + (f_.)*(x_
D))~ (p_.), x_Symbol] :> Simp[((a + b*x)~(m + 1)*(c + d*x) nx(e + fxx)7p)/(b*
(m + 1)), x] - Dist[1/(bx(m + 1)), Int[(a + b*x) " (m + 1)*(c + d*x)"(n - 1)*
(e + £f*x)"(p - 1)*Simp[d*e*n + c*xf*p + dxf*x(n + p)*x, x], x], x] /; FreeQ[{
a, b, c, d, e, £}, x] && LtQ[m, -1] & GtQ[n, 0] && GtQlp, 0] && (IntegersQ
[2%m, 2*n, 2*p] || IntegersQ[m, n + p] || IntegersQ[p, m + n])

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 41

Int[((a)) + (b_)*(x))"(m_.)*x((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Int[(
axc + bxd*x~2)"m, x] /; FreeQ[{a, b, c, d, m}, x] && EqQ[b*c + a*xd, 0] && (
IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQl[a, 0] && NegQ[bl

Rubi steps

1 V1-axv1
esechfl(ax) 1 (ﬂ Toax Vl + ﬂx) axx—z-i-ax dx

Il ¥
X ax a

dx = ——
1T —— a?
1 V1 —ax ( 1+ax 1+ ax) f V1-ax\1+ax ax

ax 1 a
ax
1+ax
1 V1 - 1 1
- T ey V1 + ax f dx
ax o 2 1+ax V1 —axV1 + ax
1+ax
1 V1 - 1 1
=——- " a4/ V1 + ax f—dx
ax o [_1 1+ ax V1 = 252
1+ax
1 \/1 —ax 1 .1
=—-—- - V1 + axsin(ax)
ax 1 1+ ax
1+ax

Mathematica [C] time = 0.0497251, size = 75, normalized size = 1.56

l-ax | 1 1 1 Toe| 2 1—ax( +1)-2i
ax+1\ ax ax 08 a1 1
Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSechl[ax*x]/x,x]
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[Out] -(1/(a*x)) + (-1 - 1/(a*x))*Sqrt[(1 - a*x)/(1 + a*xx)] - I*Log[(-2*I)*a*x +
2%Sqrt[(1 - a*x)/(1 + a*xx)]*(1 + a*x)]

Maple [C] time = 0.189, size = 92, normalized size = 1.9

-1 +1 1 1 1
—csgn (a) \/— i o (arctan (csgn (a) ax—) xa + csgn (a) V-a?2x2 + 1| ——— - —
ax ax N 2241 ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))/x,%)

[Out] -(-(a*x-1)/a/x)~(1/2)*x((a*x+1)/a/x)~ (1/2)*(arctan(csgn(a)*a*x/(-a"2xx~2+1) "~
(1/2))*x*a+csgn(a)*(-a~2*x"2+1) ~(1/2) ) *csgn(a)/ (-a"2*x"2+1)~(1/2)-1/a/x

Maxima [F] time = 0., size = 0, normalized size = 0.

2
2 . a=x
a® arcsin| —=
(\/;2 ) V-a2x2+1
V2 x 1

a ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x,x, algorithm="maxima"

[Out] integrate(sqrt(a*x + 1)*sqrt(-axx + 1)/x72, x)/a - 1/(a*x)

Fricas [A] time = 2.02397, size = 165, normalized size = 3.44

ax+1 ax—1 ax+1 ax—1
ax-/ - —axarctan(,/ N )+1
ax ax ax ax
ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))/x,x, algorithm="fricas")
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[Out] -(a*x*sqrt((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) - axx*arctan(sqrt((a*x +
1)/ (a*xx))*sqrt(-(axx - 1)/(a*xx))) + 1)/(a*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fédx+f—u _1+%ﬂdx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))/x,%)

[Out] (Integral(x**(-2), x) + Integral(axsqrt(-1 + 1/(a*x))*sqrt(l + 1/(a*x))/x,
x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
,/% +1,/% -1+ i
f dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x,x, algorithm="giac")

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(1/(a*xx) - 1) + 1/(a*x))/x, %)
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sech™ ! (ax)

338 [—5—dx

x2

Optimal. Leaf size=35

. h—l 1—ax esech_l(ax)
atan -
Vax +1 2x

[Out] -E~ArcSechla*x]/(2*x) + a*ArcTanh[Sqrt[(1 - a*x)/(1 + a*x)]]

Rubi [B] time = 0.0412326, antiderivative size = 99, normalized size of antiderivative =

2.83, number of steps used = 6, number of rules used = 6, integrand size = 10, number of rules

= 0.6, Rules used = {6335, 30, 103, 12, 92, 208}

integrand size

sech_l(ax)

V1 - 1 1 1 _

ax + 5 +—a‘/ Vax +1tanh 1(\/1—ax\/ax+1)—e—

pax? [ 2ax> 2 Vax+1 x
ax+1

Warning: Unable to verify antiderivative.

[In] Int[E"ArcSechla*x]/x"2,x]

[Out] 1/(2%a*x~2) - E"ArcSech[a*x]/x + Sqrt[l - a*x]/(2*%axx"2*xSqrt[(1 + axx)~(-1)
1) + (axSqrt[(1 + a*x)~(-1)]1*Sqrt[1l + a*x]*ArcTanh[Sqrt[1l - a*x]*Sqrt[l + a
*x]11)/2

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSechl[a*x"p])/(m + 1), x] + (Dist[p/(ax(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + axx“pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1 - a*x7pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rule 103
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Int[((a_.) + (b_)*x_)) (@ )*((c_.) + (d_)*x(x_))"(n_.)*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + bxx)~(m + 1)*(c + d*x)"(n + 1)*(e + f*x
)>(p + 1))/ ((m + D)x(bxc - a*xd)*(b*xe - a*xf)), x] + Dist[1/((m + 1)*(b*c - a
xd)*x(bxe - axf)), Int[(a + b*x)"(m + 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*fx*
(m + 1) - bx(d*ex(m + n + 2) + cxfx(m + p + 2)) - bxd*f*(m + n + p + 3)*x,
x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && LtQ[m, -1] && IntegerQl
m] && (IntegerQ[n] || IntegersQ[2*n, 2+*p])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 92

Int[1/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*((e_.) + (f_.)*(x_
))), x_Symbol] :> Dist[b*f, Subst[Int[1/(d*x(bxe - axf)~2 + b*f~2%x72), x],
x, Sqrtla + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, 4, e, f}, x] && EqQ[
2xbxd*e - f*(bxc + axd), 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps



a 1 |1y N
sech™ " (ax) B f;dx 3 ( 1+ax 1+ ax)fx3mm x

esech_l(ux) e
ix=-
f x2 x

a

esech_1 (ax)

a
[T —— a?
V1 —ax B ( T+ax 1+ ax) f xV1-axv1l+ax x

= 5~
2ax X 22 [1
1+ax
1 esechfl(ax) A /1 —ax
= - +
2
2ax X 222 [1
1+ax
1 esech_l(ax) A /1 —ax
= - +
2
2ax X 2ax2 [1
1+ax
1 esech_l(ux) m
 2ax? x 1

Mathematica [B]

1-ax

1

2ax2
1+ax

(ax+1) 1 log(x) + a1 \/1—ax+\/1—ax+1
2 ax2 ax? 4 08\X) T alog| ax ax +1 ax +1

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSechl[ax*x]/x"2,x]

2a
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time = 0.0598851, size = 93, normalized size = 2.66

1 1
a 1+axf dx
Viva J P R

— azﬁ;\/l +ax] Subst (f !
1+ ax a-—

% 1/ — VT +axtanh ! (mm)

2 dx,x, V1 — axV1 + ax

[Out] (-(1/(a*x"2)) - (Sqrtl[(1 - a*x)/(1 + a*xx)]*(1 + a*xx))/(axx"2) - axLoglx] +
axLogl[l + Sqrt[(1 - a*xx)/(1 + a*x)] + a*x*Sqrt[(1 - a*xx)/(1 + a*xx)]])/2

Maple [A]

1 1
- \/ax al (—a xZArtanh(

1
V-a2x2 +1

time = 0.204, size = 90, normalized size = 2.6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"2,%)

1
V—a?x2 +1

2 ax?
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[Out] -1/2*%(-(a*x-1)/a/x)"(1/2)/x*x((a*x+1)/a/x) " (1/2)*(-a"2*x"2*arctanh(1/(-a"2*x
“2+1)7(1/2) )+ (mam2*x"2+1) " (1/2) ) / (ma”2*xx"2+1) " (1/2)-1/2/a/x"2

Maxima [F] time = 0., size = 0, normalized size = 0.

3
1 V=241 | 2| 1 —a%x°+1)2
—azlog( +—)—§V—a2x2+1a2—(—)

2 x| x| 2 x? 1

a " 2ax?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"2,x, algorithm="maxima"
)

[Out] integrate(sqrt(a*x + 1)*sqrt(-a*x + 1)/x73, x)/a - 1/2/(a*x"2)

Fricas [B] time = 1.81015, size = 278, normalized size = 7.94

a%x?log (ax1 [Eaaiyy 1) - a?x? log (ax,/ Ak gy 1) YOy sty e
a ux ax ax ax ax

4 ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"2,x, algorithm="fricas"
)

~

[Out] 1/4*(a”2*x"2*log(a*x*sqrt((a*xx + 1)/(a*x))*sqrt(-(axx - 1)/(a*x)) + 1) - a
2xx"2*log(a*xxxsqrt ((a*xx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(a*x)) - 1) - 2%axx*sqr
t((a*xx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(a*x)) - 2)/(axx"2)

Sympy [F] time = 0., size = 0, normalized size = 0.

[ X it
fxl—sdx N f a 1+;; 1+ax Jx
a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))/x**2,x%)

[Out] (Integral(xx*(-3), x) + Integral(axsqrt(-1 + 1/(a*x))*sqrt(l + 1/(axx))/x**
2, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
w/% +1ﬂ/$ -1+ %
f > dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))/x"2,x, algorithm="giac")

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(l/(a*xx) - 1) + 1/(a*x))/x"2, x)
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sech™ ! (ax)

339 [—5—dx

A3

Optimal. Leaf size=55

3/2
o [ 1-ax
B 8a (ux+1 ) _ 1
3 (1 1-ax )3 3ax3

ax+1

[Out] -1/(3%a*xx”~3) - (8*a~2*x((1 - a*x)/(1 + a*x))~(3/2))/(3*(1 - (1 - a*x)/(1 + a
*x))"3)

Rubi [C] time = 0.0366551, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1.53, number of steps used = 5, number of rules used = 5, integrand size = 10, e e =

= 0.5, Rules used = {6335, 30, 103, 12, 95}
V1 —ax 1 eseCh_l(”x) avl —ax

+ 3~ — +
5 [ 1 6ax 2x 1
6ax’[— 3x
ax+1 ax+1

integrand size

Warning: Unable to verify antiderivative.

[In] Int[E"ArcSechla*x]/x"3,x]

[Out] 1/(6%a*x~3) - E~ArcSechl[a*x]/(2xx72) + Sqrt[l - a*xx]/(6*a*x”~3*Sqrt[(1 + a*x
)7(-1)]1) + (axSqrtll - a*x])/(B*x*Sqrt[(1 + axx)~(-1)])

Rule 6335

Int[E"ArcSech[(a_.)*(x_) " (p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + axx"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rule 103
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_)*x(x_))"(n_.)*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*(e + f*x
)7 (p + 1))/ ((m + 1)x(bxc - a*xd)*(b*e - a*xf)), x] + Dist[1/((m + 1)*(b*c - a
xd)*(bxe - axf)), Int[(a + b*x)"(m + 1)*(c + d*x) "n*(e + f*x) p*Simp[a*xd*fx*
(m + 1) - bx(d*ex(m + n + 2) + cxfx(m + p + 2)) - bxd*f*(m + n + p + 3)*x,
x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && LtQ[m, -1] && IntegerQ[
m] && (IntegerQ[n] || IntegersQ[2*n, 2xp])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, xI]

Rule 95

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*x(x_))"(n_.)*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*(e + f*x
) (p + 1))/((m + )*x(b*c - a*d)*(b*e - a*xf)), x] /; FreeQ[{a, b, c, d, e, £
, m, n, pt, x] & EqQ[Simplify[m + n + p + 3], 0] && EqQ[axd*fx(m + 1) + bx
cxfx(n + 1) + bxdxex(p + 1), 0] && NeQ[m, -1]

Rubi steps

x3 2x2 2a
_ 1 gsech” (@) . VI-ax (\/ T VI H ”x) Zx/l_x/r
6ax3 2x2 6ax3 [ 6a
ax 1+ax
1 eeh @ \izgr 1 / Vi f
= — + - I ax
6ax® 222 6a3. ] 3 x2V1 - axvV1 + ax
1+ax
1 gsech™ (@) V1 - ax av1 - ax

= ou® T +
6ax 2x 3 [ 1 1
6ax 3x
1+ax 1+ax

1 1 1 LW’ ;
fesech @ e J g (Vl+ 1””“) N

Mathematica [A] time = 0.0431778, size = 43, normalized size = 0.78

(ax -1) (ax +1)? -

3ax3
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Antiderivative was successfully verified.

[In] Integrate[E~ArcSechl[ax*x]/x"3,x]

[Out] (-1 + (-1 + a*x)*Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x)~2)/(3*a*x"3)

Maple [A] time = 0.178, size = 53, normalized size = 1.

a%x? — \/ux 1\/ux+1
3 x? 3x3a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)"(1/2))/x"3,x%)

[Out] 1/3x(-(a*x-1)/a/x)"(1/2)/x 2% ((axx+1)/a/x) " (1/2)*(a"2*%x"2-1)-1/3/x"3/a

Maxima [A] time = 1.04497, size = 58, normalized size = 1.05

(a2x3 —x)\/ax+1\/—ax+1 1
3axt  3ax3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"3,x, algorithm="maxima"
)

[Out] 1/3*%(a"2%x"3 - x)*sqrt(a*x + 1)xsqrt(-a*x + 1)/(a*x~4) - 1/3/(a*x73)

Fricas [A] time = 1.83451, size = 108, normalized size = 1.96

ax+1 ax-1
ax) \/ NE -1
ax ax

3 ax3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"3,x, algorithm="fricas"
)

[Out] 1/3*%((a”3*x73 - axx)*sqrt((a*xx + 1)/(a*x))*sqrt(-(axx - 1)/(a*xx)) - 1)/(a*xx
~3)

Sympy [F] time = 0., size = 0, normalized size = 0.

1 a‘l—l+i111+l
ax ax
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))/x**3,x)

[Out] (Integral(xx*x(-4), x) + Integral(axsqrt(-1 + 1/(a*x))*sqrt(l + 1/(axx))/x**
3, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
,/l +1,/l 14+~
f ax L;X ax dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"3,x, algorithm="giac")

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(l/(a*xx) - 1) + 1/(a*x))/x"3, x)
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sech™ ! (ax)

340 [———dx

14

Optimal. Leaf size=132

1 1 V1 - i1 = 1 sech_l(ax)
§a3\/ax+1\/ax+1tanh_l (\/1 —ax\/ax+1) + 2 a a ¢

1
+ + 4 3
82 [1 1202t [1 12ax 3x
ax+1 ax+1

[Out] 1/(12%a*x”4) - E~ArcSech[a*x]/(3*x73) + Sqrt[l - a*xx]/(12%a*x"4*Sqrt[(1 + a
*x) " (-1)]) + (a*xSqrt[1 - axx])/(8xx"2xSqrt[(1 + axx)~(-1)]) + (a~3*Sqrt[(1
+ axx)”~(-1)]*Sqrt[1 + a*x]*ArcTanh[Sqrt[1 - a*x]*Sqrt[1 + axx]])/8

Rubi [A] time = 0.058869, antiderivative size = 132, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 6, integrand size = 10, number of rules

0.6, Rules used = {6335, 30, 103, 12, 92, 208}

-1
1 1 _ V1 - V1= 1 sech™ (ax)
5’13’\/ +1Vax+1tanh 1(V1—ux\/ax+1)+ a a ax ¢
ax

+ + -
832 [1 10024 [T 12ax* 3x3
ax+1 ax+1

integrand size

Antiderivative was successfully verified.

[In] Int[E"ArcSechla*x]/x"4,x]

[Out] 1/(12%a*x~4) - E"ArcSech[axx]/(3*x73) + Sqrt[l - a*xx]/(12%a*x"4*Sqrt[(1 + a
*x)7(-1)]) + (axSqrt[1l - a*x])/(8*x"2*Sqrt[(1 + a*x)”~(-1)]) + (a”3*Sqrt[(1
+ a*x) " (-1)]1*Sqrt[1 + a*x]*ArcTanh[Sqrt[1 - a*x]*Sqrt[1 + a*x]])/8

Rule 6335

Int[E"ArcSech[(a_.)*(x_) " (p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"pl)/(m + 1), x] + (Dist[p/(a*(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + axx"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]
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Rule 103

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)~(m + 1)*x(c + d*x)"(n + 1)*(e + f*x
)7 (p + 1)/ ((m + Dx(bxc - axd)*(b*xe - a*xf)), x] + Dist[1/((m + 1)*(b*c - a
*d)*(bxe - axf)), Int[(a + b*x)"(m + 1)*x(c + d*x) nx(e + f£+*x) “p*Simp [a*xd*fx*
(m + 1) - bx(d*ex(m + n + 2) + cxf*x(m + p + 2)) - bxd*fx(m + n + p + 3)*x,
x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && LtQ[m, -1] && IntegerQ[
m] && (IntegerQ[n] || IntegersQ[2*n, 2*p])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 92

Int[1/(Sqrtl(a_.) + (b_.)*(x_)J*Sqrtl(c_.) + (d_.)*x(x_)]1*x((e_.) + (f_.)*(x_
))), x_Symbol] :> Dist[b*f, Subst[Int[1/(d*x(bxe - axf)~2 + b*f~2%x72), x],
x, Sqrtla + bxx]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[
2+¥b*xd*e - f*x(bxc + axd), 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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1 1 1 L ;
f grech™ (@) gech @) [ Gdx (V Trax “1+“x) e

dx = —

x4 33 3a
-1 / .
_ 1 B esech ” (ax) .\ ,/1 —ax ( T 1+ ax) mem
12ax* 3x3 1o [ 12a
1+ax

-1
1 sech ~(ax) 1/1 _ 1 1 1
= _¢ — + o —=la —V1+axf dx
12ax* 3x 1204 [1 4 1+ax x3V1 — axV1 + ax
1+ax

1 gsech™ (ax) .\ V1 - ax s aVl-ax 1 1 T f a2 i
= - —=|a4/ V1 + ax X
12ax* 3x3 12074 |2 18 L+ax xV1 —axV1 +ax
1+ax

8x2
1+ax

1 esech_l(ax) . \/1_—ax N am 1] 5 1 \/1+— f 1 d
_ _ ——la ax X
12424 3x3 1203t [1 82 [ 8 1+ax xV1 —axV1 + ax
1+ax 1+ax
-1
1 esech (ax) V1 —ax avl—ax 1 1 1
_ _ + + +—|a? V1 + ax | Subst f— dx, x, v
Laxt 3% 5 4 [T g [T 8 Vl+ax a-axt
1+ax 1+ax
-1
1 gsech (ax) V1 —ax avVl—-ax 1, [ 1 _
_ .- — + + + —a®y/ ——V1 + axtanh™ (\/1 —axV1 + ax)
12ax 3x a1 g2 Lt 8 1 +ax
1+ax 1+ax

Mathematica [A] time = 0.0733636, size = 110, normalized size = 0.83

T2 (a3 + a2 - 2ax - 2) - a*x* log(v) + a*x*log (axV Vit * 1)

Sax*

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x]/x"4,x]

[Out] (-2 + Sqrt[(1 - a*x)/(1 + a*x)]*(-2 - 2*a*xx + a™2*x"2 + a”3*x73) - a~4*x"4x
Loglx] + a”4*x"4xLog[l + Sqrt[(1 - a*x)/(1 + a*x)] + a*xx*Sqrt[(1 - a*x)/(1
+ axx)]])/(8*a*xx"4)

Maple [A] time = 0.184, size = 110, normalized size = 0.8

1

_ax-1 Jax+1 1 1
A h| — 2 242 —q2y2 —
8x3 \/ ( rtan ( —_a2x2+1)xa + 222V -a2x2 +1 - 2 V-a2x +1) oy 4da
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))/x"4,x)

[Out] 1/8%(-(a*x-1)/a/x)"(1/2)/x"3*x((a*x+1)/a/x) " (1/2)*(arctanh(1/(-a"2*x"2+1)" (1
/2))xx"4*xa~4+a”2xx" 2% (—a”2xx"2+1) " (1/2) 2% (—a"2*%x"2+1) " (1/2) )/ (-a~2*x"2+1) "~
(1/2)-1/4/x"4/a

Maxima [F] time = 0., size = 0, normalized size = 0.

3
2

8 x| |x| 8 x2 4 x4 1

3
1 2V-a2x2+1 2 1 “2241)22 (-2
—a4log( +_)_§\/_a2x2+1a4_( ) _( )

a  4axt
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"4,x, algorithm="maxima"
)

[Out] integrate(sqrt(a*x + 1)*sqrt(-a*xx + 1)/x75, x)/a - 1/4/(a*xx"4)

Fricas [A] time = 1.80857, size = 298, normalized size = 2.26

a*x* log (ax,/w“rl,/—E + 1) —a*x*log (ax,/@,/—@ - 1) +2(a% - Zax)w/”“l oy
ax ax ax ax ax ax

16 ax*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))/x"4,x, algorithm="fricas"
)

[Out] 1/16x%(a~4*x"4*log(a*xxsqrt((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) + 1) - a
“4xx~4*log(axx*sqrt((axx + 1)/(axx))*sqrt(-(a*xx - 1)/(a*x)) - 1) + 2x(a”3x*x
73 - 2xaxx)*sqrt((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) - 4)/(a*xx"4)
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Sympy [F] time = 0., size = 0, normalized size = 0.

[ 1 1
f%dx+f—a _1+§\/de
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))/x**4,x)

[Out] (Integral(x*x(-5), x) + Integral(a*sqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x))/x*x*
4, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
J=+1 1/— ~1+
f ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"4,x, algorithm="giac")

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(1/(a*xx) - 1) + 1/(axx))/x"4, x)
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sech™ ! (ax)

341  [———dx

X9

Optimal. Leaf size=115

2a31 — ax N avl —ax N V1 —ax N 1 eseCh_l(”x)
5 4
15y —— 1583  20ax5,/— 20 dx
ax+1 ax+1 ax+1

[Out] 1/(20*%a*xx~5) - E~ArcSech[ax*x]/(4*x"4) + Sqrt[l - a*x]/(20*%a*xx~5xSqrt[(1 + a
*xx) 7 (-1)]) + (a*Sqrt[1 - axx])/(15*xx"3*Sqrt[(1 + a*xx)~(-1)]) + (2%a~3*Sqrt[
1 - a*xx])/(15*xx*Sqrt[(1 + a*x)~(-1)])

Rubi [A] time = 0.051863, antiderivative size = 115, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 5, integrand size = 10, e e e

0.5, Rules used = {6335, 30, 103, 12, 95}

I oo a1 e

+

1 1 * 1 * 20ax5  4xt
155/ — 1503\ —  20ax%,/— ax x
ax+1 ax+1 ax+1

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcSech[a*x]/x"5,x]

[Out] 1/(20*%a*xx~5) - E~ArcSech[ax*x]/(4*x~4) + Sqrt[l - a*x]/(20*a*xx~5xSqrt[(1 + a
xx) " (-1)]) + (axSqrt[l - axx])/(156*x73*Sqrt[(1 + a*x)~(-1)]) + (2*a~3*Sqrt[
1 - axx])/(15*xxxSqrt[(1 + a*x)~(-1)])

Rule 6335

Int [E"ArcSech[(a_.)*(x_) " (p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"pl)/(m + 1), x] + (Dist[p/(a*(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + axx"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]
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Rule 103

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*x(c + d*x)"(n + 1)*(e + f*x
)7 (p + 1)/ ((m + Dx(bxc - axd)*(b*xe - a*xf)), x] + Dist[1/((m + 1)*(b*c - a
*d)*(b*e - axf)), Int[(a + b*x)"(m + 1)*x(c + d*x) nx(e + f£+*x) “p*Simp [a*xd*fx*
(m + 1) - bx(d*ex(m + n + 2) + cxf*x(m + p + 2)) - bxd*fx(m + n + p + 3)*x,
x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && LtQ[m, -1] && IntegerQ[
m] && (IntegerQ[n] || IntegersQ[2*n, 2xp])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 95

Int[(Ca_.) + (b_)*(x_)) " (m )*x((c_.) + (d_D)*xD))"(n_.)*x((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*(e + f*x
) (p + 1)/ ((m + 1)x(bxc - axd)*x(bxe - axf)), x] /; FreeQ[{a, b, ¢, d, e, £
, m, n, pt, x] & EqQ[Simplify[m + n + p + 3], 0] && EqQ[axd*f*x(m + 1) + bx
cxfx(n + 1) + bxdxex(p + 1), 0] && NeQ[m, -1]

Rubi steps
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dx = —
x° * 4t 4a

-1 / 1/
1 gsech (ax) + ‘/1_—ﬂx ( 1+ ax) x4\/1 ux\/1+ux

= 5~ 4
20ax 4x 20ax5 [1° Oa
1+ax
-1
1 esech (ax) Vi-ax 1 [ 1 1
= : - — + -—|a —V1+axf dx
20ax 4x 2005 [1 5 1+ax x4V1 —axV1 + ax
1+ax

1 gsech™ (ax) . V1 - ax . avl1 —ax . 1 . [ 1 ViTo f 242
20ax 4t 0a5—— 153,/ 1O Vl+ax x2V1 - axV1 + ax
1+ax 1+ax

1 esech_l(ux) N V1 —ax N avl1 —ax 1 23 1 \/1+— f 1
= - - — 243/ ax
20ax® 4x* 200x5 [T 1 15 1+ ax V1 — ax vVl + ax
1+ax

15x3
1+ax

1 gsech™ (ax) V1 -ax aVl-ax  2a3V1-ax

+

= - + +
5 4
20ax 4x 2005, —— 1583 ——  15x4/—
1+ax 1+ax 1+ax

1 -1 1 L ;
fesech (ax) esech  (ax) B fx_édx B (‘,l+ux V1 + ax) N o dx

Mathematica [A] time = 0.0669814, size = 60, normalized size = 0.52

Vs (@x + 1) (20% - 24242 + 3ax — 3) - 3

15ax5

Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcSechl[ax*x]/x"5,x]

[Out] (-3 + Sqrt[(1 - a*x)/(1 + a*xx)]*(1 + a*x)"2*(-3 + 3*xa*x - 2*%a~2%x"2 + 2%a~3
*x73))/(15%a*x"5)

Maple [A] time = 0.179, size = 63, normalized size = 0.6

(azxz 211236 +3\/ ax — 1\/ax+1
15x4 5ax®

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"5,%)

[Out] 1/15%(-(axx-1)/a/x)~(1/2)/x"4x((a*x+1)/a/x) " (1/2)*(a"2*x"2-1) *(2*xa~2*x~2+3)
-1/5/a/x"5

Maxima [A] time = 1.03999, size = 69, normalized size = 0.6

(2a4x5 + a?x3 —3x)\/ax+1\/—ax+1 1

15 ax®  5axd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x75,x, algorithm="maxima"
)

[Out] 1/156%(2%a”4xx"5 + a~2xx"3 - 3*x)*sqrt(a*xx + 1)*sqrt(-axx + 1)/(a*xx"6) - 1/5
/ (a*x”5)

Fricas [A] time = 1.92158, size = 128, normalized size = 1.11

(2 ®x° + a3 -3 ax),/uﬁl 1/—'”_1 -3
ax ax

15 ax>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"5,x, algorithm="fricas"
)

[Out] 1/16%((2*a”b*x~5 + a”3*x~3 - 3*a*xx)*sqrt((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(
axx)) - 3)/(axx”b)

Sympy [F] time = 0., size = 0, normalized size = 0.

[ 1 1
f%dx+f—u _1+;_§\/de
a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))/x**5,x)

[Out] (Integral(x**(-6), x) + Integral(a*sqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x))/xxx*
5, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
,/% +1,/% -1+ i
f = dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"5,x, algorithm="giac")

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(1/(a*xx) - 1) + 1/(a*x))/x75, x)
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sech™ ! (ax)

342  [——dx

X0
Optimal. Leaf size=163

3 V1 - 1 1 V1 = N 1 sech (ax)
N zar EaSw/m\/ux+1tanh_l (Vl —ax\/ax+1) 4 o o ¢

6 5
1632, —— 24t L 30 < 30ax bx
ax+1 ax+1

[Out] 1/(30*a*x”6) - E~ArcSech[axx]/(5*x75) + Sqrt[l - a*x]/(30%a*x~6*Sqrt[(1 + a
*x) " (-1)]) + (axSqrt[l - axx])/(24*x74*Sqrt[(1 + a*x)~(-1)]) + (a~3*Sqrt[1

- a*xx])/(16xx72xSqrt [(1 + a*x)~(-1)]) + (a"b*Sqrt[(1 + a*x)~(-1)]*Sqrt[1 +
axx]*ArcTanh [Sqrt[1 - axx]*Sqrt[1 + axx]])/16

Rubi [A] time = 0.0769087, antiderivative size = 163, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 10, number of rules

0.6, Rules used = {6335, 30, 103, 12, 92, 208}

a3 V1 - V1 - V1 - 1 sech_l(ux)
—ax W/ Vax +1tanh™ (V —axVax + ) 4 o o ¢

6 5
162 / 24t [1 30 1 30ax 5x
ax+1 ax+1

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcSechla*x]/x"6,x]

[Out] 1/(30*a*x”~6) - E"ArcSech[a*x]/(5*x75) + Sqrt[1 - a*x]/(30*a*x"6+Sqrt[(1 + a
*xx) " (-1)]) + (a*xSqrt[1l - axx])/(24*x"4*Sqrt[(1 + a*x)~(-1)]) + (a~3*Sqrt[1

- axx])/(16*xx~2*%Sqrt [(1 + a*x)~(-1)]) + (a~b*Sqrt[(1 + axx)~(-1)]*Sqrt[1 +
axx]*ArcTanh [Sqrt[1 - axx]*Sqrt[1 + a*x]])/16

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*x"pl*Sqrt[1/(1 + a*x"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + axx“pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
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Int[(x_ )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 103

Int[((a_.) + (b_)*(x D))" (m )*((c_.) + (d_D)*x))"(_D*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*(e + f*x
) (p + 1))/((m + 1)x(b*c - axd)*(bxe - a*f)), x] + Dist[1/((m + 1)*(b*c - a
*d)*x(bxe - a*xf)), Int[(a + bxx) " (m + 1)*(c + d*x) nx(e + f*x) p*Simp [a*xd*f*
(m + 1) - bx(d*ex(m + n + 2) + cxfx(m + p + 2)) - bxd*f*(m + n + p + 3)*x,
x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] & LtQ[m, -1] && IntegerQ[
m] && (IntegerQ[n] || IntegersQ[2xn, 2xpl)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, xI]

Rule 92

Int[1/(Sqrtl(a_.) + (b_.)*(x )1#Sqrtl(c_.) + (d_.)*(x )1*((e_.) + (f_.)*(x_
))), x_Symbol] :> Dist[bxf, Subst[Int[1/(d*(b*e - a*xf)~2 + b*xf~2*x"2), x],
x, Sqrtla + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, 4, e, f}, x] && EqQ[
2+%bxd*e - f*x(bxc + axd), 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps



-1 1 L\/ ;
esech ~(ax) _ fx—7dx B (Vl+ax 1+ ax) ¥/ V1-ax\1+ax dx

esech_l(ux)
f % dx = —
X
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1
dx
f x°V1 - axV1 + ax

34?2

d
V1 —axV1 + ax

1 1 1
- —|a®y/——V1+ax f dx
8 [ I+ax ) x3V1 — axV1 + ax

1
ad V1 + ax

1+ ax

1
5 V1 + ax

1+ ax

1
a® V1 + ax

1+ ax

5x5 5a
-1 [ A/
~ 1 esech™ (ax) .\ m ( Tioe 1+ ax) xsmm
~ 30ax® 5x° 3006 /_ 30a
1+ax
~ 1 esech_l(ax) A /1 —ax 1 \/_
~ 30ax6 5x° 6 [L_ 6 "V1+ax
30ax T
1 gsech™ (ax) V1 - ax avl1 - ax 1 1 —
T 30ax6 5 T = |’ 1—1+axf—3
ax X 30ax6\|—  24xt [ — +ax X
1+ax 1+ax
1 gsech™ (ax) . V1 -ax . av1 - ax
- 6 5
30ax 5x 30ax° / Dk [
1+ax 1+ax
1 gsech™ (ax) V1 - ax . av1 - ax . a3V1 - ax 1
~ 30axt 5x5 o [ 1 , [ 1 , [1 16
30ax 1+ax 24x 1+ax lex 1+ax
1 e Ve ofim | S 1
- 6 5 T 1<
S0 > 306!3{6 1-|—1 24X4 1+1ax 16x2 1:ax 1o
1 gsech™ (ax) V1 -ax . av1 - ax . a3V1 - ax .\ 1
- 6 5 T 14
S0 > 30ax6 1+ax 243(4 1+1ux 16x2 l:ax 1o
1 gsech™ (ax) V1 - ax av1 - ax a3V1 - ax
"~ 30ax® 5x5 1 T

Mathematica [A]

1-ax
w/[m (3a5 54+ 3a%x* + 2433 + 20242 -

+ +
30ax6\/— !
1+ax

24x4

1+ax

16x?2

1+ax

time = 0.104171, size = 129, normalized size = 0.79

Bax - 8) — 30° log(x) + 3a°x log (axy/ 15 + {15 +1) -

I
e

1-

Subst ( J

1 1
+ —a’y[—— V1 +ax tanh ™ (\/1_
16 1+ ax

48ax®

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x]/x76,x]

[Out] (-8 + Sqrt[(1 - a*x)/(1 + a*x)]*(-8 - 8*axx + 2%xa”2*%x"2 + 2%a”~3%x"3 + 3*a~4
*x~4 + 3*%a”b*x”5) - 3*%a~6*x"6xLogl[x] + 3*a~6*x"6xLog[l + Sqrt[(1 - a*xx)/(1
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+ axx)] + a*x*Sqrt[(1 - a*x)/(1 + a*x)]])/(48%a*x"6)

Maple [A] time = 0.184, size = 132, normalized size = 0.8

-1 +1 1 ——
48x V-a?x? +1 V-

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"6,%)

[Out] 1/48*%(-(axx-1)/a/x)~(1/2)/x"5x((a*x+1)/a/x) " (1/2)*(3*arctanh(1/(-a"2*xx"2+1)
~(1/2))*x76*%a"6+3*% (—a"2xx"2+1) " (1/2) *x"4*a"4+2*%a"2xx"2x (—a"2*%x"2+1) " (1/2) -8
*(-—a~2*%x"2+1)°(1/2))/(-a~2*xx"2+1)~(1/2)-1/6/x"6/a

Maxima [F] time = 0., size = 0, normalized size = 0.

3
2

Nl : 3
L ab log (% + E) _ % /——azxz 146 - ( 2 2+1)2 ~ ( +1)z _ (—a2x2+1)

16 x2 8 x4 6x6 1

a ~ 6ax®
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"6,x, algorithm="maxima"
)

[Out] integrate(sqrt(a*x + 1)*sqrt(-axx + 1)/x77, x)/a - 1/6/(a*x"6)

Fricas [A] time = 2.19449, size = 324, normalized size = 1.99

3abx 610g(ax,/”x+ w/—%+1) 3 abx 6log(ax ol w/ )+2 3115 2 +2a3x - 8ax ,/”“ —ﬂ—16

96 ax6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"6,x, algorithm="fricas"
)
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[Out] 1/96x(3*a~6*xx"6*log(a*x*sqrt((axx + 1)/(a*x))*sqrt(-(axx - 1)/(a*x)) + 1) -
3*a"6*x"6*log(a*x*sqrt ((a*xx + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) - 1) + 2x(3
*a”"b*x"b + 2%a”3%x”3 - 8*axx)*sqrt((axx + 1)/(a*xx))*sqrt(-(axx - 1)/(a*xx))

- 16)/(a*x”6)

Sympy [F] time = 0., size = 0, normalized size = 0.

a,/ 1+1,11+1

1 T ax

fydx+fx—6dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))/x**6,x)

[Out] (Integral(xx*x(-7), x) + Integral(axsqrt(-1 + 1/(a*x))*sqrt(l + 1/(axx))/x**
6, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
,/i +1,/l 1+~
f ax ﬂéx ax dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))/x"6,x, algorithm="giac")

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(l/(a*xx) - 1) + 1/(a*x))/x"6, x)
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sech™ ! (ax)

343 [——dx

x/
Optimal. Leaf size=146

43Vl —ax  8a°V1-ax  avl-ax V1 —ax 1 eseCh_l(”x)

1 * 1 * 1 * 1 * 42ax7  6x6
10523/ — 1051y —— 35254/ —  42ax7 ax X
ax+1 ax+1 ax+1 ax+1

[Out] 1/(42%a*x”7) - E"ArcSech[axx]/(6*x76) + Sqrtl[l - a*xx]/(42*a*x~7*Sqrt[(1 + a
xx) " (-1)]) + (a*Sqrt[1 - axx])/(35*xx"b*Sqrt[(1 + a*xx)~(-1)]) + (4%a~3*Sqrt[

1 - a*xx])/(105%x"3xSqrt [(1 + a*x)~(-1)]) + (8*a~bxSqrt[1 - a*x])/(105*xx*Sqr

t[(1 + axx)~(-1)])

Rubi [A] time = 0.0711514, antiderivative size = 146, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 5, integrand size = 10, /e

0.5, Rules used = {6335, 30, 103, 12, 95}

4031 - ax 8a5\/1 —ax a1 - ax V1 - ax 1 psech™ (ax)

7 6
105x3 | — L 105 [ 35 5 L 42 1 42ax 6x
ax+1 ax+1 ax+1 1

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcSechlax*x]/x"7,x]

[Out] 1/(42*%a*xx~7) - E~ArcSech[axx]/(6*x76) + Sqrt[l - a*x]/(42*a*x~7xSqrt[(1 + a
*xx) 7 (-1)]) + (a*xSqrt[1l - axx])/(35*xx"b*Sqrt[(1 + a*x)~(-1)]) + (4%a~3*Sqrt[

1 - axx])/(105%x73*Sqrt[(1 + a*x)~(-1)]) + (8*a~b*xSqrt[l - ax*x])/(105*%x*Sqr

t[(1 + axx)~(-1)1)

Rule 6335

Int[E"ArcSech[(a_.)*(x_) " (p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*x"pl*Sqrt[1/(1 + a*xx"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + axx“pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
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Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 103

Int[((a_.) + (b_)*(x_)) (@ )*x((c_.) + (d_)*x))"(m_.)*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol]l :> Simp[(b*(a + bxx)~(m + 1)*(c + d*x)~(n + 1)*(e + fx*x
) (p + 1))/((m + 1)x(b*c - axd)*(bxe - a*f)), x] + Dist[1/((m + 1)*(b*c - a
*d)* (bxe - a*f)), Int[(a + b*x) (m + 1)*(c + d*x) nx(e + f*xx) p*Simp [a*xd*fx*
(m + 1) - b*x(d*ex(m + n + 2) + cxfx(m + p + 2)) - bxd*f*(m + n + p + 3)*x,
x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && LtQ[m, -1] && IntegerQ[
m] && (IntegerQ[n] || IntegersQ[2xn, 2xpl)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, xI]

Rule 95

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (f_.)*(x_
))"(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*x(c + d*x)"(n + 1)*(e + f*x
) (p + 1))/((m + )*x(b*c - a*d)*(b*e - a*f)), x] /; FreeQ[{a, b, c, d, e, £
, m, n, pt, x] & EqQ[Simplify[m + n + p + 3], 0] && EqQ[axd*f*x(m + 1) + bx
ckfx(n + 1) + bxdxex(p + 1), 0] && NeQ[m, -1]

Rubi steps



4 1 [ ;
psech” (ax) ) f x—sdx ~ ( T VI ”x) Sy1-axy1+ax ax

esech_l(ux)
J -
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402

V1 —axV1 + ax

xv1+ax

V1 + ax

f_

6x° 6a
~ 1 ~ esech‘l(ax) .\ 1/1 —ax (\/ Toox V1 + ax) x6 _1 — '_1+ax
= 7 6
42ax 6x 007 /1+ 42a
1 eeh@  \ioay 1 [ 1 N f 1 ;
= - ——|ay]—— ax x
42ax7 6x° woa [ 7 1+ax x0V1 — axV1 + ax
1+
-1
1 esech (ax) V1 —ax aVl—-ax 1 1 —
:42gx7_ 6x° + 1 + 1 +£a 1+ ax 1+ ax f_4
7 |1 5 x
42ax 1+ax 35x 1+ax
1 eech @ Lo Viter  aVicer 1, [ \/“—] f 1
= — - —\|4a P ax
7 6
42ax 6x ax7 /1+1 3545 /1+ax 35 1+ ax “ V1 = ax V1 + aa
1 gsech™ (ax) . V1 - ax . av1 - ax . 4031 - ax . 1 2 1
T 42ax7 eab ;1 s [ 1 . 1 105 1+a
42ax 1+ax 35x 1+ax 105x 1+ax
1 esech_l(ax) . \/1——gx N am N 4q 3@ 1 845 1
= - -—18a
42ax7 6x° o [1 s [1 5 [1_ 105 1+ ax
42ax T 35x T 105x T
1 gsech™ (ax) s V1 - ax avVl—ax  4a®V1-ax 8a°V1 -ax
T 42 6x6

Mathematica [A]

1-ax

(ax + 1)? (811

0 +
42ax7 .|
1+ax

—8a*x* +12a%x3 -

+
5 /
35x 1+ax

time = 0.085222, size = 76, normalized size = 0.52

12a2x2 + 15ax — 15) -15

105ax”

Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcSechl[ax*x]/x"7,x]

0 +
105x3 / —  105x
1+ax

1+ax

[Out] (-15 + Sqrt[(1 - a*x)/(1 + a*xx)]*(1 + a*x) "2x(-15 + 1B5*%a*xx - 12%a"2*x"2 + 1
2%a”~3%x"3 - 8*a"4*x"4 + 8%a~5*x75))/(105*a*x"7)
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Maple [A] time = 0.191, size = 71, normalized size = 0.5

(a2x2 —1) (8x4a4 +12 %2 +15 \/ ox — 1\/,1x+1
105 x6 7 ax’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))/x"7,x%)

[Out] 1/105%x(-(a*xx-1)/a/x)~(1/2)/x"6x((a*xx+1)/a/x) " (1/2)*(a"2*x"2-1)*(8*a~4*xx"4+1
2%xa”"2%x"2+15)-1/7/a/x"7

Maxima [A] time = 1.03706, size = 81, normalized size = 0.55

(8a6x7+4a4x5 +3a2x3—15x)\/ax+1\/—ax+1 1
105 ax8 C 7ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"7,x, algorithm="maxima"
)

[Out] 1/105%(8*a~6*x~7 + 4*a”~4*x~5 + 3*%a”2xx"3 - 1b*x)*sqrt(a*xx + 1)*sqrt(-a*xx +
1)/(axx"8) - 1/7/(a*x”7)

Fricas [A] time = 2.12879, size = 151, normalized size = 1.03

ax+1

-15

(8 a’x” +4a°x° +3a%x3 -15 ux)

105 ax”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))/x"7,x, algorithm="fricas"
)

[Out] 1/105%((8*%a~7*x"7 + 4xa~bxx~5 + 3*a”~3%x"3 - 1b*axx)*sqrt((a*x + 1)/(a*x))*s
grt(-(a*xx - 1)/(a*xx)) - 15)/(a*xx"7)
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Sympy [F] time = 0., size = 0, normalized size = 0.

a,/ 1+1,11+1

1 T ax

fx—sdx+dex
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))/x**7,x)

[Out] (Integral(x*x(-8), x) + Integral(axsqrt(-1 + 1/(a*x))*sqrt(l + 1/(axx))/x*x*
7, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
J=+1 ,/— ~1+
f ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"7,x, algorithm="giac")

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(1/(a*xx) - 1) + 1/(a*x))/x"7, x)
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sech™ ! (ax)

344  [———dx

X8
Optimal. Leaf size=194

541 — 341 — 1- 1- 1
e Y P s Tt ) eV ) AL SR L S

{
1282 —— 19 4L 48x6, - Beaxs, L O04%
ax+1 ax+1 ax+1

[Out] 1/(56*a*x”8) - E~ArcSech[axx]/(7*x"7) + Sqrt[l - a*x]/(56%a*x~8+Sqrt[(1 + a
xx)"(-1)]) + (axSqrt[l - axx])/(48*x"6*xSqrt[(1 + a*x)~(-1)]) + (5*a~3*Sqrt[

1 - axx])/(192%x74xSqrt [(1 + a*x)~(-1)]) + (5xa~b*xSqrt[1 - axx])/(128*x~2xS
grt[(1 + a*x)~(-1)]) + (5*a~7*Sqrt[(1 + a*x)~(-1)]*Sqrt[1 + a*xx]*ArcTanh[Sq

rt[1 - a*xx]*Sqrt[1 + a*x]])/128

Rubi [A] time = 0.0984763, antiderivative size = 194, normalized size of antiderivative

. . ber of rul
1., number of steps used = 12, number of rules used = 6, integrand size = 10, e .

integrand size
0.6, Rules used = {6335, 30, 103, 12, 92, 208}

541 — 31 — / V1 — V1 —
5a 1-ax 55! ax 28 mtanh (\/_—axm) avl —ax ax 1

{
128x2./ 1/ 1 48x6/ o 56 / 56ax

Antiderivative was successfully verified.

[In] Int[E~ArcSechlax*x]/x"8,x]

[Out] 1/(66%a*xx~8) - E~ArcSech[a*x]/(7*x~7) + Sqrt[l - axx]/(56%a*x~8*Sqrt[(1 + a
*xx) " (-1)]) + (a*xSqrt[1l - axx])/(48*x~6*Sqrt[(1 + a*x)~(-1)]) + (5xa~3*Sqrt[

1 - axx])/(192%x74xSqrt[(1 + a*x)~(-1)]) + (5*a~b*xSqrt[1 - ax*x])/(128*x~2xS
qrt[(1 + a*x)~(-1)]) + (5xa”7*Sqrt[(1 + a*xx)~(-1)]*Sqrt[1 + a*x]*ArcTanh[Sq

rt[1 - a*x]*Sqrt[1 + a*x]])/128

Rule 6335

Int[E"ArcSech[(a_.)*(x_) " (p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + axx"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
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Int[(x_ )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 103

Int[((a_.) + (b_)*(x D))" (m )*((c_.) + (d_D)*x))"(_D*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*(e + f*x
) (p + 1))/((m + 1)x(b*c - axd)*(bxe - a*f)), x] + Dist[1/((m + 1)*(b*c - a
*d)*x(bxe - a*xf)), Int[(a + bxx) " (m + 1)*(c + d*x) nx(e + f*x) p*Simp [a*xd*f*
(m + 1) - bx(d*ex(m + n + 2) + cxfx(m + p + 2)) - bxd*f*(m + n + p + 3)*x,
x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] & LtQ[m, -1] && IntegerQ[
m] && (IntegerQ[n] || IntegersQ[2xn, 2xpl)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, xI]

Rule 92

Int[1/(Sqrtl(a_.) + (b_.)*(x )1#Sqrtl(c_.) + (d_.)*(x )1*((e_.) + (f_.)*(x_
))), x_Symbol] :> Dist[bxf, Subst[Int[1/(d*(b*e - a*xf)~2 + b*xf~2*x"2), x],
x, Sqrtla + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, 4, e, f}, x] && EqQ[
2+%bxd*e - f*x(bxc + axd), 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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dx =
x8 * 7x7 7a

1 1 1 Lﬂ ;
f esech™ (ax) _esech (ax) B fx_9 dx _ (\[ Ttax 1+ ax) OvVi—av1+ax dx

1 esechfl(ax) .\ A /1 —ax (ﬂ V1 + ax) x7mm

= 8~ 7
56ax 7x 5618 [1 56a
1+ax
1 eseCh_l(‘”‘) V1 —ax 1 f
= - + - = \/ \/ + ax
56ax8 7x7 56418 [1 8 x/V1 —axy1 + ax
1+ax

1 eSech—l(ax) N V1 —ax N avl —ax N 1 1 \/1+— f 542 ;
= - — “W/ ax -
56ax8 7x7 56axS. | ——  agy6. L. 48 1+ax V1 - axV1 + ax
1+ax 1+ax

1 esech’l(ax) N V1 —ax N avl1 - ax 1 5 3 1 \/1+— f 1
= - - — a ax (
56ax8 7x7 1 1 48 V1+ax 51 — 2Vl + ax

56ax8 48x6

1+ax 1+ax

1 eseCh_l(‘”‘) V1 —ax avl —ax 5a 3 1 —ax [
192

T 5eax® | 7x * * 1 *
56ax8,/ — 486 192x 4

1+ax

-1
1 sech™ ~(ax) A1 — N 3\/ _
_¢ + 1-ax +a1 ax+5a ! ax——5a5w/ V1 + ax f—
64 1+ ax X3

= 3 7
b6ax 7x B6axS|—  48x6\/—  192x4/——
1+ax

1+ax 1+ax
1 gsech ™ (ax) . V1 - ax N avl1 - ax N 5431 — ax . 5051 —ax 1 55 1
= - - —|5a°
S6ax® 7T g s [ L agee [ qope [ q1ose2 [ L 128 1+ ax
1+ax 1+ax 1+ax 1+ax

1 esech™ (ax) .\ V1 - ax aVl—ax  5a°V1-ax 5a°Vl-ax 1 57 1
a’|
1+ax

= - + + + -
8 7
R B A N B N

1+ax 1+ax 1+ax
1 gsech™ (ax) s V1 - ax . av1 - ax . 54341 — ax . 5a°y1 — ax . 1 5.8 1
56ax8 7x7 5602 [1 486 [ 1904 [ 108:2. [ 128 1+ ax
1+ax 1+ax 1+ax 1+ax

1 gsech” (@) V1 —ax av1 - ax L 31 - ax L Vl-ax 5 7 1

= — + + \/i
8 7
56ax 7x 56ax8y/ ——  48x6,[— 192x4,/ ! 128 2 1+ ax
1+ax 1+ax +ax 1+ax

Mathematica [A] time = 0.132619, size = 145, normalized size = 0.75

A/ ;xj_x (15a7x7 +15a%x% +10a%x° + 10a*x* + 8a3x3 + 8a%x? — 48ax — 48) —15a8x8 log(x) + 15a8x8 log (ax Ll b

ax+1 a
384ax8

Warning: Unable to verify antiderivative.
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[In] Integrate[E~ArcSechl[ax*x]/x78,x]

[Out] (-48 + Sqrt[(1 - a*x)/(1 + a*x)]*(-48 - 48%axx + 8%a~2xx"2 + 8*%a~3*x”"3 + 10
*a"4*xx"4 + 10%a”5*x"5 + 165%a”6%x"6 + 15%a”7xx77) - 15%xa”8*x"8*Log[x] + 15%a
~8xx78*Log[1l + Sqrt[(1 - a*x)/(1 + a*x)] + axx*Sqrt[(1 - a*x)/(1 + a*x)]1])/

(384*a*x"8)

Maple [A] time = 0.203, size = 152, normalized size = 0.8

1 +1 1
384 x7\/ = \/ax (15 Artanh (T) 2808 + 15 V=a222 + 1x0a® + 10 V-a2x2 + 1x*a* + 8 a2x2V—-a2x2
—acx* +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"8,%)

[Out] 1/384x(-(axx-1)/a/x)"(1/2)/x"7*((axx+1)/a/x) " (1/2)*(15%arctanh(1/(-a~2*xx"2+
1)7(1/2) ) *x"8*%a~8+15% (-a™2*xx~2+1) ~(1/2) *x~6*a"6+10* (—a~2*x"2+1) " (1/2) *x"4x*a
TA4+8%a " 2%xx 2% (—a"2%x"2+1) T (1/2)-48% (-a"2*%x"2+1) " (1/2)) /(-a"2*xx"2+1) "~ (1/2)-1

/8/a/x"8

Maxima [F] time = 0., size = 0, normalized size = 0.

3 3 3 3
5 816 N2 L2 5 R 5(-a?x?+1)22°  5(-a?2+1)2a*  5(-a?2+1)2a2  (-a%x+1)2
128 & x| x| 128 128 x2 64 x4 48 x6 88 1
a 8ax8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"8,x, algorithm="maxima"
)

[Out] integrate(sqrt(a*x + 1)*sqrt(-a*x + 1)/x79, x)/a - 1/8/(a*x”8)

Fricas [A] time = 2.13341, size = 348, normalized size = 1.79

15 aBx 8log(ax ol ‘/ +1) 15 ax Slog(ax,/a“ 1/—E— )+2 15a7x7+10a5 5+ 8a%x® —48ax ),/a“l‘

768 ax38
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"8,x, algorithm="fricas"
)

[Out] 1/768%(15xa~8*x"8*log(a*x*sqrt((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) + 1)
- 15%a~8xx"8xlog(a*x*sqrt ((a*x + 1)/(a*x))*sqrt(-(axx - 1)/(a*x)) - 1) + 2
*x(15%a~7*x~7 + 10%a~b*xx~5 + 8%a”~3*x"3 - 48xax*x)*sqrt((a*xx + 1)/(a*x))*sqrt(
-(axx - 1)/(a*x)) - 96)/(axx"8)

Sympy [F] time = 0., size = 0, normalized size = 0.

a4/ 1+1,11+1
1 T ax
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))/x**8,x%)

[Out] (Integral(x**(-9), x) + Integral(axsqrt(-1 + 1/(a*x))*sqrt(l + 1/(axx))/x**
8, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
,/i +1,/l 1+~
f ax t;x ax dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"8,x, algorithm="giac")

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(l/(a*xx) - 1) + 1/(a*x))/x"8, x)
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3.45 f ese"h_l<”x2)x7 dx

Optimal. Leaf size=111

2 [_1 2 — 2 a2 1 (g2
x MZH\/ax +1V1 - a2x —7 Vax© +1sin (ax) ¥ 1 s sech” (n:2)
- + + — + =x%
1643 16a* 240 8

[Out] x76/(24%a) + (E"ArcSech[a*x"2]*x78)/8 - (x72xSqrt[(1 + a*x72)7(-1)]*Sqrt[1
+ axx”2]*Sqrt[1 - a™2*xx74])/(16%a~3) + (Sqrt[(1 + a*x"2)~(-1)]*Sqrt[1l + a*x
~2]*ArcSin[a*xx~2])/(16%a~4)

Rubi [A] time = 0.0616554, antiderivative size = 111, normalized size of antiderivative
1., number of steps used = 6, number of rules used = 6, integrand size = 12, number of rules

0.5, Rules used = {6335, 30, 259, 275, 321, 216}

1 1 .=
2 ——=Vax2 +1V1 - a2x* | ——=Vax? +1sin”" (axz) 6 1 1y,
_ axc+1 4 Yox +1 + + _xgesech (ax )

1643 16a* 24a 8

integrand size

Antiderivative was successfully verified.

[In] Int[E"ArcSechl[a*x~2]*x"7,x]

[Out] x76/(24*a) + (E"ArcSech[a*x"2]*x78)/8 - (x72*Sqrt[(1 + a*x72)~(-1)]*Sqrt[1
+ axx”2]*Sqrt[1 - a™2*xx"4])/(16%a~3) + (Sqrt[(1 + a*x"2)~(-1)]*Sqrt[1 + a*x
~2]xArcSin[a*x~2])/(16%a~4)

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx“pl*Sqrt[1/(1 + a*x"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQm, -1]

Rule 259
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Int[((c_)*x D))" @m_D*((a1 ) + (b1_D)*x )" )~ (p)*x((a2_) + (b2_.)*(x_)
“(n )" (p_), x_Symbol] :> Int[(c*x) m*(al*a2 + bl*b2*x~(2%n))"p, x] /; Free
Qf{al, b1, a2, b2, c, m, n, pr, x] && EqQ[a2#bl + al*b2, 0] && (IntegerQ[p]
|| (GtQ[al, 0] && GtQ[a2, 0]))

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - D)*(a + b*x~(n/k))"p, x], x
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 321

Int[((c_.)*x(x_)) " (m )*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

t[al]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

J—=i 2)
fesechfl(axz)x7 dx = 1esech fo dx ( 1+ax? +ax f V1-ax2V1+ax?
8

4q 4q

1 5
x® + lesech_l(axz)xg + ( 1+ax? ax f\/l u2x4

T 247 8

J—— i+ 2)3 bst ([ s v, )
x6 leSeChl(ﬂxz)XS_i_( Tt ax? ax ubns Newe X, X, X

X sech™(ax?) g oo 2\/1+ax2\/1 a2x4 (FV1+ax2) Subst(f
X8 —

6

240 8
1
— =
24a 8 1643 1643

B 1 o) s VTV PV Vi e e sin (o)

6

240 ' 8 1643 16a%
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Mathematica [C] time = 0.181418, size = 111, normalized size = 1.

—ax2 —ax2
8a3x® — 3”‘/;2% (—2a3x8 —2a%x% + ax* + xz) +3ilog (2 % (ax2 + 1) - 2iax2)

48a*

Warning: Unable to verify antiderivative.

[In] Integrate[E"ArcSech[a*x™2]*x~7,x]

[Out] (8*%a~3*x"6 - 3*a*xSqrt[(1 - a*xx"2)/(1 + a*x”2)]*(x"2 + a*x™4 - 2%a”2%x"6 - 2
*a"3*%x78) + (3*xI)*Logl[(-2*I)*a*xx"2 + 2*Sqrt[(1 - a*x"2)/(1 + a*xx"2)]*(1 + a

*x72)])/(48%a"4)

Maple [A] time = 0.322, size = 137, normalized size = 1.2

x2 ax? -1 fax2+1|_ | a®x*-1, , | a?2x*-1, , 1 1 X0

RV 5 5 2 x5+ /- A" — X[~ >0 + arctan|x + —

16a ax ax a a \/ a2x4-1 \/ 2x4-1 64
-5 _

a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"7,x)

[Out] 1/16%(-(a*x"2-1)/a/x"2) " (1/2)*x" 2% ((a*x"2+1)/a/x"2) " (1/2) *(2*xx~6*% (- (a"2*x"4
-1)/a"2) " (1/2)*a~4-x"2x(-(a~2*xx~4-1)/a~2) " (1/2) *a~2+arctan(x~2/ (- (a~2*xx~4-1
Y/a”2)"(1/2)))/(-(a"2*x"4-1)/a"2)"(1/2)/a~4+1/6*x"6/a

Maxima [F] time = 0., size = 0, normalized size = 0.

3 [ a?x?
(—u2x4+1) 2,2 /——a2x4+1x2 arcsm( V2 )
x© . 8a2 1642 16 Va2a?
6a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"7,x, algorithm="m

axima")
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[Out] 1/6*x"6/a + integrate(sqrt(a*x”2 + 1)*sqrt(-a*x~2 + 1)*x”5, x)/a

Fricas [A] time = 2.12503, size = 251, normalized size = 2.26

2
3.6 4.8 2.4 ax2+1 ax2-1 ax
8a’x +3(2ax—ux) —\——= — 6 arctan
ax ax

48 g4

ax2+ l_ ax-1 1
V ax2 ax2
2

1
ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))*x"7,x, algorithm="f

ricas"

[Out] 1/48%(8%a”3*x76 + 3*(2*a~4*x"8 - a~2*x"4)*sqrt((a*x”2 + 1)/(a*x~2))*sqrt (- (
a*x"2 - 1)/(a*x”2)) - 6*arctan((a*x"2*xsqrt((a*x”™2 + 1)/(a*x”~2))*sqrt(-(a*x”
2 - 1)/(a*xx72)) - 1)/(a*x"2)))/a"4

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1/a/x**x2-1)**(1/2)*(1/a/x**2+1)**(1/2))*x**7 ,x)

[Out] Timed out

Giac [B] time = 1.19495, size = 360, normalized size = 3.24

V22 N,
30a* arcsin((z+\[x+a)—12 (Va2x2+a\/—a2x2+aa2x2—2 a? arcsin(ﬁz;\fxw))az—\/azx2+u\/—a2x2+a(15 u3+(a2x2—u)(2 (3 a2x2+14 a)(uzxz—l
4.6 a n
8a*x =

48 a®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"7,x, algorithm="g

iac")
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[Out] 1/48%(8*a~4*x"6 - (30*a~4xarcsin(1/2xsqrt(2)*sqrt(-a~2*x"2 + a)/sqrt(a)) -
12x(sqrt(a™2*x72 + a)*sqrt(-a”™2%x"2 + a)*a”2%x"2 - 2*a~2*arcsin(1/2*sqrt(2)
xsqrt(-a”2*x72 + a)/sqrt(a)))*a”2 - sqrt(a”2*x"2 + a)*sqrt(-a~2*x"2 + a)*(1
B¥a”3 + (a”2*x72 - a)*(2x(3*a”2%x"2 + 14*a)*(a"2*%x”"2 - a) + 59*a”2)) - 8*(6
*a~3*arcsin(1/2*sqrt(2)*sqrt(-a~2*x"2 + a)/sqrt(a)) - sqrt(a™2*x"2 + a)*sqr
t(-a™2*xx72 + a)*((2*%a™2%x"2 + b*a)*(a”2*x"2 - a) + 3*a”2))*a)/a"3)/a"b
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3.46 f ese"h_l<”x2)x6 dx

Optimal. Leaf size=115

2,/ — Vax? + 1EllipticF (sm (\/— x Zx,/ \/ ax? +1V1 - a2x4 2 5 1 x7ese°h_1 (?)

21a7/? 2143 35 7

[Out] (2*x75)/(35%a) + (E"ArcSechla*x™2]*x77)/7 - (2*x*Sqrt[(1 + a*x”2)7(-1)]*Sqr
t[1 + a*x”2]*Sqrt[l - a~2*x~4])/(21*%a~3) + (2xSqrt[(1 + a*xx"2)~(-1)]1*Sqrt[1
+ a*x”2]*EllipticF[ArcSin[Sqrt[al*x], -11)/(21*a”~(7/2))

Rubi [A] time = 0.051338, antiderivative size = 115, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, e o e

0.417, Rules used = {6335, 30, 259, 321, 221}

,/ \/ax2+1\/1—a2x4 2,/ \/axz F sm (\/_x)l ) 2_355+1x7esech_1(ax2)

21483 21a7/2 35a 7

integrand size

Antiderivative was successfully verified.

[In] Int[E"ArcSechl[a*x~2]*x76,x]

[Out] (2*x75)/(35%a) + (E"ArcSech[a*x~2]*x77)/7 - (2*x*Sqrt[(1 + a*x”2)7(-1)]1*Sqr
t[1 + a*xx”2]*Sqrt[1 - a~2*xx~4])/(21*%a~3) + (2xSqrt[(1 + a*xx"2)~(-1)]1*Sqrt[1
+ a*x”2]*EllipticF[ArcSin[Sqrt[al*x], -11)/(21*a~(7/2))

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx“pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*xx"pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQm, -1]

Rule 259
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Int[((c_D*x D))" (@m_D)*((a1 ) + (b1_D)*x )" )" (p)*((a2_) + (b2_.)*(x_)
“(n )" (p_), x_Symbol] :> Int[(c*x) m*(al*a2 + bl*b2*x~(2%n))"p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2#bl + al*b2, 0] && (IntegerQ[p]
|| (GtQ[al, 0] && GtQ[a2, 01))

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,
4]1*x)/Rtla, 411, -11/(Rtla, 41*Rt[-b, 41), x] /; FreeQ[{a, b}, x] && NegQI
b/al && GtQla, 0]

Rubi steps

24—Vl 2)
fesech_l(axz)x6 dx = 1esech 2 fo4 dx ( 1+ax? - f V1-ax2V1+ax?
7

7a 7a
[_1 \/ 2

= 2_365+ 1esech (2 1+ax )f\/ —a2x4

35z 7 7a

241 — 2+ (2 1 2) ——

_ 2_3(5 1esech 2x\/ 17 \/1 + ax2V1 — a2x ( \/ - V1 +ax f u2x4

35a 7 2143 2143

260 1 (o) — V1 + ax2\1 - a2 Zw/ V1 +ax2F sm (\/_x)| )
~ 35, 7 ¥ 210 20472

Mathematica [C] time = 0.332462, size = 139, normalized size = 1.21

_21\/ ;;fﬁ V1 - a2x*EllipticF (i sinh™" (\/—_ax) ,-1) . x\/i ;xl (3a%x® + 3a2x* — 2ax2 - 2) 45

+
21(-a)"2 (axz — 1) 2143 5a
Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcSech[a*x”2]*x76,x]
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[Out] x75/(5%a) + (xxSqrt[(1 - a*x72)/(1 + a*x™2)]*(-2 - 2*a*x™2 + 3*a”"2*x"4 + 3%
a~3%x76))/(21*¥a~3) - (((2+I)/21)*Sqrt[(1 - a*x"2)/(1 + a*x”2)]*Sqrt[1 - a~2
*xx~4]*E1lipticF [I*ArcSinh[Sqrt[-al*x], -1]1)/((-a)~(7/2)*(-1 + a*xx"2))

Maple [A] time = 0.19, size = 114, normalized size = 1.

x? ax2 -1 [ax2+1 5 x°
9 92 5 _5/2 g ' -5
21a2x4—21\/_ " \/ v (3xa/ —5x°4% —2Elhpt1(:F(x a,z)\/—ax2+1\/ux2+1+2x\/5)a 2+5a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"6,x)

[Out] 1/21*(-(a*xx"2-1)/a/x"2) " (1/2)*x"2x((a*x~2+1)/a/x"2) " (1/2)*(3*x~9*a~(9/2) -b*
x"b*a”~(5/2)-2*EllipticF(x*a~(1/2) ,I)*(-a*xx"2+1)~(1/2) * (a*x~2+1) " (1/2) +2*x*a
~(1/2))/a~(6/2)/(a"2*xx"4-1)+1/5%x"5/a

Maxima [F] time = 0., size = 0, normalized size = 0.

v f Vax? + 1V-ax? + 1x4 dx
S

5a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"6,x, algorithm="m
axima")

[Out] 1/5%x75/a + integrate(sqrt(a*x™2 + 1)*sqrt(-a*x~2 + 1)*x"4, x)/a

Fricas [F] time = 0., size = 0, normalized size = 0.

ax?+1 ax2-1 4
w2 N a2 X
, X

a

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"6,x, algorithm="f

ricas")

[Out] integral((a*x~6*sqrt((a*x”2 + 1)/(a*x”2))*sqrt(-(a*x"2 - 1)/(a*x”2)) + x74)
/a, %)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1/a/x**2-1)**x(1/2)*(1/a/x**2+1)**x(1/2))*x**6,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
1 1 1
o[/ — +14/— -1+ — |d
fx [\/axz " \/ax2 " axz] *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"6,x, algorithm="g

iac")

[Out] integrate(x~6*(sqrt(1/(a*xx"2) + 1)xsqrt(l/(a*xx"2) - 1) + 1/(a*xx"2)), x)
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-1 2
347  [eoh ()5
Optimal. Leaf size=58

Vi-ax2 ot 1 sech™(ax2)

— + —xPe

T 124 6
3 /L
6a ax2+1

[Out] x74/(12%a) + (E"ArcSech[a*x"2]*x76)/6 - Sqrt[l - a*x~2]/(6%a~3*Sqrt[(1 + ax*
x72)7(-1D1D)

Rubi [A] time = 0.0412168, antiderivative size = 71, normalized size of antiderivative =
1.22, number of steps used = 4, number of rules used = 4, integrand size = 12, number of rules

= 0.333, Rules used = {6335, 30, 259, 261}

[_1 2 _ 2.4
) ax2+1\/ax +1V1 - a2x +x_4 1, sech™(ax?)
6a3

integrand size

+ —x%e
12a 6

Warning: Unable to verify antiderivative.

[In] Int[E"ArcSechl[a*x~2]*x75,x]

[Out] x~4/(12%a) + (E"ArcSech[a*x"2]*x76)/6 - (Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1l + ax
x"2]*Sqrt[1 - a~2*x"~4])/(6xa~3)

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*x"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 259

Int[((c_)*(x))"(m_.)*((al ) + (b1_D)*x_ )" @ )) " (p*((a2_) + (b2_.)*(x_)
“(n_))"(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + bl*b2*x~(2%n))"p, x] /; Free
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Ql{al, b1, a2, b2, ¢, m, n, p}, x] & EqQ[a2*bl + al*b2, 0] && (IntegerQ[p]
Il (GtQlal, O] && GtQ[a2, 0]))

Rule 261

Int[(x_ )" (m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (oxn*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps

[ \/ 2
fesech_l(axz)x5 dx = 1esech fo dx ( 1+ ax )f Vl—ax ‘/l+ax
6

3a 3a
L 2
RES grre 6+(\'1+ax2 Tl [
12a 6 3a
241 _ 2.4
_ x_4 " lesech_l(axz)x6 N l+ax 2\/1 +ax \/1 amx
124 6 6a3

Mathematica [A] time = 0.0941505, size = 56, normalized size = 0.97

—ax2 2
2 ) 1-ax ( 2 ) 4
(ax )z lax= +1 S

+
643 4a

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x~2]*x75,x]

[Out] x74/(4xa) + ((-1 + axx"2)*Sqrt[(1 - a*x™2)/(1 + a*x"2)]*(1 + a*x"2)"2)/(6xa
~3)

Maple [A] time = 0.178, size = 60, normalized size = 1.

ax - \/ ax? — \/ax2+1 x
6 a? ax? ax?

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x75,%)

[Out] 1/6x(-(a*x"2-1)/a/x"2)"(1/2)*x"2x((a*xx"2+1)/a/x"2) " (1/2)*x(a~2*x"4-1)/a"2+1/
4xx~4/a

Maxima [A] time = 1.06829, size = 57, normalized size = 0.98

P (a2x4 - 1)\/ax2 +1V-ax2 +1

+
4qa 6 a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x75,x, algorithm="m
axima")

[Out] 1/4*x"4/a + 1/6%x(a”2*%x"4 - 1)*sqrt(a*x™2 + 1)*sqrt(-a*x”2 + 1)/a”3

Fricas [A] time = 2.06129, size = 126, normalized size = 2.17

ax2+1 ax2-1
Baxt +2 (2220 - x2)y[ S - 25
ax: ax:

12 a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x72-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"5,x, algorithm="f
ricas")

[Out] 1/12%(3*a*x~4 + 2x(a"2*x"6 - x"2)*sqrt((a*xx”2 + 1)/(a*x"2))*sqrt(-(a*x~2 -
1)/(a*xx"2)))/a"2

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x*x2+(1/a/x*x2-1)*x(1/2)*(1/a/x**2+1)**(1/2))*x**5,x)

[Out] Timed out

Giac [B] time = 1.18225, size = 240, normalized size = 4.14

)
5 6a arcsm(‘f +a) v 2x2+aV—a2x2+u((2a 245 a)(a x u)+3a )+3 (Vu2x2+a\/—a2x2+aa2x2—2a arcsi
3 (a2x2 + a) -6 (a2x2 + a)a - p
1245

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))*x"5,x, algorithm="g

iac")

[Out] 1/12%(3*(a"2*%x"2 + a)72 - 6%(a”2*%x"2 + a)*a - (6*%a”3*arcsin(1/2*sqrt(2)*sqr
t(-a”2*%x"2 + a)/sqrt(a)) - sqrt(a”™2*x"2 + a)*sqrt(-a”2*x"2 + a)*((2*a~2*x"2

+ b*xa)*(a”™2%xx"2 - a) + 3xa”2) + 3*(sqrt(a”2*x”2 + a)*sqrt(-a”2*x"2 + a)*a”
2*%x”"2 - 2%a”2*arcsin(1/2*sqrt(2)*sqrt(-a”2*x~2 + a)/sqrt(a)))*a)/a)/a”5
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3.48 f ese"h_l<”x2)x4 dx

Optimal. Leaf size=112

2,/ — Vax? + 1EllipticF (5111 (\/—x —1 2,/ — Vax? + E s1n (\/_x)l )_,_E_,_lxsesech_l(ﬂxz)

5a°/2 5a°/2 152 5

[Out] (2*x73)/(15%a) + (E"ArcSech[a*x™2]*x75)/5 + (2*Sqrt[(1 + a*x~2)~(-1)]*Sqrtl
1 + axx"2]*EllipticE[ArcSin[Sqrt[al*x], -11)/(5*%a~(5/2)) - (2xSqrt[(1 + a*x
~2)7(-1)]1*Sqrt[1 + a*xx"2]*EllipticF[ArcSin[Sqrt[al*x], -1]1)/(56%xa~(5/2))

Rubi [A] time = 0.0665785, antiderivative size = 112, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 12, e o e

0.583, Rules used = {6335, 30, 259, 307, 221, 1199, 424}

\/ Vaxz F Sln (\/_x \/ 'axz E Sln (\/_x)| ) + 2_x3 1x5esech_1(ax2)

+ —_
5a°/2 5a°/2 152 5

integrand size

Antiderivative was successfully verified.

[In] Int[E"ArcSechl[a*x~2]*x"4,x]

[Out] (2*x~3)/(15%a) + (E"ArcSech[a*x~2]*x75)/5 + (2*Sqrt[(1 + a*x~2)~(-1)]1*Sqrt[
1 + axx"2]*EllipticE[ArcSin[Sqrt[al*x], -1]1)/(5*%a~(5/2)) - (2xSqrt[(1 + a*x
~2)7(-1)]1*Sqrt[1 + a*xx"2]*EllipticF[ArcSin[Sqrt[al*x], -1]1)/(6%xa~(5/2))

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx“pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*xx"pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQm, -1]

Rule 259
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Int[((c_D*x D))" (@m_D)*((a1 ) + (b1_D)*x )" )" (p)*((a2_) + (b2_.)*(x_)
“(n )" (p_), x_Symbol] :> Int[(c*x) m*(al*a2 + bl*b2*x~(2%n))"p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2#bl + al*b2, 0] && (IntegerQ[p]
|| (GtQ[al, 0] && GtQ[a2, 01))

Rule 307

Int[(x_)~2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol]l :> With[{q = Rt[-(b/a), 2]}
, Dist[q~(-1), Int[1/Sqrtl[a + b*x~4], x], x] + Dist[1/q, Int[(1 + g*x~2)/S
grtla + b*x~4], x1, x1] /; FreeQ[{a, b}, x] && NegQ[b/al

Rule 221

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,
4]xx)/Rtla, 411, -11/(Rt[a, 41*Rt[-b, 41), x] /; FreeQ[{a, b}, x] && NegQ[
b/al && GtQ[a, O]

Rule 1199

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[d/Sq
rt[al, Int[Sqrt[1 + (exx”2)/d]l/Sqrtl[1l - (e*x~2)/dl, x], x] /; FreeQ[{a, c,
d, e}, x] && NegQlc/al && EqQlc*d™2 + axe™2, 0] && GtQ[a, O]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtlc]l*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rubi steps
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2,/ Vl 2)
fesechfl(axz)x4 dx 1 sech 2 foz dx ( X f V1-ax2V1+ax?

[_1 w/ 2
= E + 1€sech ( 1+ax ) —a2x4
15a 5
2 ’ V1 2) (2 ’ [1 2) 1+ax?
_ E + lesechfl(axz)x5 _ ( 1+ax2 +ax f m dx +ax f m
152 5 542 542
2 1 2) 1+11x
E_i_lesech ‘/ V1+axF sm (\/_x ( w/ V1 +ax i —
152 5 5a5/2 5a2
233 1 ! \/ V1 +11sz Sln (\/—x 2\/ \/1 +ax2F sm (\/_x)
=152 " 5° 54572 5,572

Mathematica [C] time = 0.435428, size = 140, normalized size = 1.25

1 {6 = VT= a2t (E (isinh™ (y=ax)| 1) - EllipticF (isinh ™ (y=ax),-1)) 519 3 (0 +0)

15 (—a)>2 (ax2 - 1) a a

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x~2]*x~4,x]

[Out] ((5*x73)/a + (3*Sqrt[(1 - a*x72)/(1 + a*x"2)]1*(x"3 + a*x~5))/a + ((6*I)*Sqr
t[(1 - a*xx™2)/(1 + a*x~2)]*Sqrt[1l - a~2*x"4]*(EllipticE[I*ArcSinh[Sqrt[-a]l*

x], -1] - EllipticF[I*ArcSinh[Sqrt[-al*x], -11))/((-a)~(56/2)*(-1 + a*x~2)))

/15

Maple [A] time = 0.181, size = 136, normalized size = 1.2

2 2 2+1
2x4 \/_ax 5 \/ax 5 a2x —x az +2Elhpt1cF(x a, z)\/—ax2+1\/ax2+1 2 V-ax2 + 1Vax2 + 1Ellipti
5a°x ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"4,x%)
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[Out] 1/5%x(-(a*x"2-1)/a/x"2)"(1/2)*x"2x((axx"2+1)/a/x"2)~(1/2)*x(a~ (7/2) *x~7-x"3*a
~(3/2)+2*EllipticF(x*a~(1/2) ,I)*(-a*xx™2+1) ~(1/2) * (a*x~2+1) " (1/2) 2% (—a*x~2+
17 (1/2)*(a*xx™2+1) " (1/2) *E1lipticE(x*a~(1/2) ,I))/(a"2*x"4-1) /a~ (3/2)+1/3*x~

3/a

Maxima [F] time = 0., size = 0, normalized size = 0.

P f Vax? + 1V-ax? + 12 dx
4

3a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"4,x, algorithm="m

axima")

[Out] 1/3*x73/a + integrate(sqrt(a*x™2 + 1)x*sqrt(-a*x~2 + 1)*x"2, x)/a

Fricas [F] time = 0., size = 0, normalized size = 0.

4 [ax?+1 ax2-1 >
ax 2 - 2 + X
a X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x~2-1)"(1/2)*(1/a/x"2+1)~(1/2))*x"4,x, algorithm="f

ricas")

[Out] integral((axx"4*sqrt((a*x”2 + 1)/(a*xx"2))*sqrt(-(a*x"2 - 1)/(a*x"2)) + x72)
/a, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

’ 4 1 1
fx dx+fax \/_1+E\/1+de
a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x*x2+(1/a/x*x2-1)*x(1/2)*(1/a/x**2+1)**(1/2))*x**4,x)

[Out] (Integral(x**2, x) + Integral(axx*x4*sqrt(-1 + 1/(a*x**x2))*sqrt(l + 1/(a*x*
*2)), x))/a

Giac [F] time = 0., size = 0, normalized size = 0.

1
[\/(17 1 ux2 -l u?]dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"4,x, algorithm="g
iac")

[Out] integrate(x~4*(sqrt(1/(a*x”2) + 1)xsqrt(l/(a*xx"2) - 1) + 1/(a*xx"2)), x)
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3.49 f ese"h_l<”x2)x3 dx

Optimal. Leaf size=63

1 .1
Vg Voo (%) 2
ax2+1 ax® +1sin ~ (ax X 1 4 sech_l(axz)

+ =+ =
472 a7 1

[Out] x~2/(4*a) + (E"ArcSech[axx"2]*x74)/4 + (Sqrt[(1 + a*x"2)~(-1)]*Sqrt[1 + axx
~2]*ArcSin[axx~2])/ (4*a~2)

Rubi [A] time = 0.0368681, antiderivative size = 63, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, e -

integrand size
0.417, Rules used = {6335, 30, 259, 275, 216}

Vax2 +1sin™ (axz) 2

442 40 4

ax2+1

Antiderivative was successfully verified.

[In] Int[E"ArcSech[a*x~2]*x"3,x]

[Out] x~2/(4*a) + (E"ArcSech[axx"2]*x74)/4 + (Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1 + axx
~2]*ArcSin[axx~2])/ (4*a~2)

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"p]l*Sqrt[1l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 259

Int[((c_)*(x )" (m_*((al ) + (b1_D)*x )" @ )) " (p*((a2_) + (b2_.)*(x_)
“(n_))"(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + bl*b2*x~(2%n))"p, x] /; Free
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Ql{al, b1, a2, b2, ¢, m, n, p}, x] & EqQ[a2*bl + al*b2, 0] && (IntegerQ[p]
Il (GtQlal, O] && GtQ[a2, 0]))
Rule 275

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)" (@ ))"(p_), x_Symbol] :> With[{k = GCD[m
1, n]}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x~(n/k))"p, xJ, x, X
“k], x] /; k '= 11 /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQl[a, 0] && NegQ[bl

Rubi steps
1+ 2)
fesech‘l(axz)xg dx = 1esech fxdx (\/;\/7 f —
4 2a 2
1
—V1+ 2)
= x_z + leSeCh_l(axz)xA + (J:m f m
4a 4 o
2 _ 1+ ng) Subst ( dx X, x2)
= X + lesech 1(11x2)x4 + ( 1+ax?
4a 4
! 2 i1 2
_2 4 L pseen™ (@) 0 | 1+ax2\/1+781n (ax )
40 4 17

Mathematica [C] time = 0.103778, size = 92, normalized size = 1.46

2ax? +a‘/12a+1 (ax +x )+zlog(2 2+1 (ux +1) Ziuxz)

4a2

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x~2]*x~3,x]

[Out] (2*a*x”2 + a*Sqrt[(1 - a*x™2)/(1 + a*x"2)]1*(x"2 + a*x"4) + IxLog[(-2*I)*axx
2 + 2xSqrt[(1 - a*x™2)/(1 + axx"2)]*(1 + axx"2)])/(4*a~2)



285

Maple [A] time = 0.33, size = 112, normalized size = 1.8

ax2 ax?2 +1 2 a2x4 -1, , 1 1 x?

—3 5 3 >—a”+ arctan|x + —

4q ax ax a a2x4-1 2x4-1  2a
N ﬂ2 B 112

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*x(1/a/x"2+1)"(1/2))*x"3,x)

[Out] 1/4*(-(a*x~2-1)/a/x72)7(1/2)*x"2x((axx"2+1)/a/x"2) " (1/2) * (x"2* (- (a"2*x"4-1)
/a”~2)~(1/2)*a"2+arctan(x"2/(-(a"2*x~4-1)/a"2)~(1/2)))/(-(a"2*x"4-1)/a"2)" (1
/2)/a”2+1/2%x72/a

Maxima [F] time = 0., size = 0, normalized size = 0.

. (az 2)
arcsin
1 V2
> ~V-axt 12y ——21
X 4 4Vg2
— +
2a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))*x"3,x, algorithm="m
axima"

[Out] 1/2*x"2/a + integrate(sqrt(a*x™2 + 1)*sqrt(-a*x”2 + 1)*x, x)/a

Fricas [A] time = 2.05342, size = 225, normalized size = 3.57

2 2_
0 4 [ax?+1 ax2-1 D) asz “";Xgl V_m;le_l
asx —\~——= t+2ax® -2 arctan
ax: ax

ax?

4 q2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x~3,x, algorithm="f
ricas")
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[Out] 1/4*(a~2*x"4*xsqrt((a*x™2 + 1)/(a*x"2))*sqrt(-(a*x"2 - 1)/(a*x"2)) + 2*a*xx"2
- 2xarctan((a*xx™2*sqrt((a*xx™2 + 1)/(a*xx"2))*sqrt(-(a*xx™2 - 1)/(a*xx"2)) - 1

)/ (a*x”2)))/a"2

Sympy [F] time = 0., size = 0, normalized size = 0.

[xdx + fax3\/—1 + ;?\/1 + édx
a
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x*x2+(1/a/x*x2-1)*x(1/2)*(1/a/x**2+1)**(1/2))*x**3,x)

[Out] (Integral(x, x) + Integral(axx*x3*sqrt(-1 + 1/(a*xx**x2))*sqrt(l + 1/(a*xx**2)
), x))/a

Giac [A] time = 1.16296, size = 107, normalized size = 1.7

\/E«/T))a

2 (azx2 + a)a2 + (\/azxz + aV-a2x2 + aa®x® — 2 4% arcsin ( v
a

4q°

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"3,x, algorithm="g

iac")

[Out] 1/4%(2%(a”2%x72 + a)*a”2 + (sqrt(a™2+*x"2 + a)*sqrt(-a”2*x"2 + a)*a~2%x"2 -
2xa~2*arcsin(1/2*sqrt(2)*sqrt(-a~2*x~2 + a)/sqrt(a)))*a)/a"5
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3.50 f ese"h_l<”x2)x2 dx

Optimal. Leaf size=67

1 I -1
2,/ax2+1\/ax2 + 1EllipticF (sm (\/Ex),—l) 1 3esech_1(ax2) N 2x

+ —
30372 3* 34

[Out] (2*x)/(3*a) + (E"ArcSech[a*x"2]*x73)/3 + (2*Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1 +
a*x"2]*EllipticF[ArcSin[Sqrt[al*x], -1])/(3*a~(3/2))

Rubi [A] time = 0.0279784, antiderivative size = 67, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e -

integrand size
0.333, Rules used = {6335, 8, 248, 221}

2\ Vo T IF (i (V)| 1) 1, 2

3a3/2 * §x ¢ 3a

Antiderivative was successfully verified.

[In] Int[E"ArcSechl[a*x~2]*x"2,x]

[Out] (2*x)/(3*a) + (E"ArcSech[a*x"2]*x73)/3 + (2*Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1 +
a*x~2]*EllipticF[ArcSin[Sqrt[al*x], -1])/(3*a~(3/2))

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"p]l*Sqrt[1l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 248

Int[((al_.) + (b1_)*(x_)"(n_))"(p_.)*((a2_.) + (b2_.)*(x_)"(n_))"(p_.), x_
Symbol] :> Int[(al*a2 + bl*b2*x~(2#n))"p, x] /; FreeQ[{al, bl, a2, b2, n, p
}, x] &% EqQ[a2#bl + alxb2, 0] && (IntegerQ[p] || (GtQ[al, 0] && GtQ[a2, O]
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)
Rule 221
Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,

41*x)/Rtla, 411, -11/(Rtla, 41*Rt[-b, 41), x] /; FreeQ[{a, b}, x] && NegQI
b/al && GtQ[a, 0]

Rubi steps

Zfldx . (2 — 2\/1+ax2)f

fesech_l(axz)xz dx = lesech_l(axz)xg, n Vi1-ax V1+ax2
3 3a 3a
[ \/ 2

_2x+1esech ( 1+ax)f\/1a2
"3 3 3a

20 1 g ,/ V1+ax2F 5111 (\/_x)| )
=— +=e

3¢ 3 3432

Mathematica [C] time = 0.189033, size = 116, normalized size = 1.73

2i4/ i;;ﬁ V1 - a2x*EllipticF (z’ sinh ™" (\/—_ax) , —1) ;;ﬁ (ax3 +x) y
- +

3(-a)¥? (axz - 1) 3a T

Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcSech[a*x”2]*x72,x]

[Out] x/a + (Sqrt[(1 - a*xx"2)/(1 + a*x"2)]*(x + a*x73))/(3*a) - (((2*I)/3)*Sqrt[(
1 - a*x72)/(1 + a*x”™2)]*Sqrt[1 - a"2*x"4]*EllipticF[I*ArcSinh[Sqrt[-al*x],
-11)/((-a)~(3/2)* (-1 + a*x"2))

Maple [A] time = 0.204, size = 102, normalized size = 1.5

? 2 - 2+1

axz ax? \/_

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"2,%)

[Out] 1/3x(-(a*x"2-1)/a/x"2)"(1/2)*x"2x ((a*xx"2+1)/a/x"2) " (1/2)*(x~5*a~ (5/2) -2*E11l
ipticF(x*a”~(1/2),D)*(~a*xx"2+1) " (1/2)*x(axx~2+1) " (1/2)-x*a~(1/2))/(a"2*x"4-1)
/a~(1/2)+x/a

Maxima [F] time = 0., size = 0, normalized size = 0.

x f\/axz +1V-ax? +1dx
4+
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))*x"2,x, algorithm="m
axima"

[Out] x/a + integrate(sqrt(a*x™2 + 1)*sqrt(-a*x~2 + 1), x)/a

Fricas [F] time = 0., size = 0, normalized size = 0.

2 2
o [ax“+1 ax<—1
ax \/ =\ = +1
a &

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))*x"2,x, algorithm="f
ricas")

[Out] integral((axx~2*xsqrt((a*x”2 + 1)/(a*xx"2))*sqrt(-(a*x"2 - 1)/(a*x”2)) + 1)/a
» X)

Sympy [F] time = 0., size = 0, normalized size = 0.

fldx+fax2\/—1+$\/1+$dx
a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1/a/x**2-1)**x(1/2)*(1/a/x**2+1)**(1/2))*x**2,x)

[Out] (Integral(l, x) + Integral (a*xx**2*sqrt(-1 + 1/(a*xx*x2))*sqrt(l + 1/(a*xx**2)
), x))/a

Giac [F] time = 0., size = 0, normalized size =

[\/E +1\/@—1+E]dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"2,x, algorithm="g
iac")

[Out] integrate(x~2*(sqrt(1/(axx~2) + 1)xsqrt(1/(axx"2) - 1) + 1/(a*x"2)), x)
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3.51 f ese"h_l<”x2)x dx

Optimal. Leaf size=68

[_1 2 1A — 2.4
] ax? +1tanh ( 1-a%x ) .\ lxzesech—l(uxz) N log(x)

2a 2 a

[Out] (E"ArcSech[a*x"2]*x72)/2 - (Sqrt[(1 + a*x~2)~(-1)]*Sqrt[l + a*x"2]*ArcTanh[
Sqrt[1 - a~2*x~4]])/(2*a) + Loglx]/a

Rubi [A] time = 0.0425703, antiderivative size = 68, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 10, LT

integrand size
0.6, Rules used = {6335, 29, 259, 266, 63, 208}

,/uleﬂ Vax? +1tanh™ (\/1 - a2x4) 1

_ " _xzesech_l(axz) + 10?;&
2a 2 a

Antiderivative was successfully verified.

[In] Int[E"ArcSech[a*x™2]*x,x]

[Out] (E"ArcSechl[a*x~2]*x72)/2 - (Sqrt[(1 + a*xx~2)~(-1)]1*Sqrt[1 + a*xx~2]*ArcTanh[
Sqrt[1 - a™2xx74]])/(2xa) + Loglx]l/a

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSechl[a*x"p])/(m + 1), x] + (Dist[p/(ax(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx“pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1 - a*x7pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 259

Int[((c_)*x(x_))"(m_.)*((a1 ) + (b1_.)*(x_ )" (n_)) " (p)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
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Ql{al, b1, a2, b2, ¢, m, n, p}, x] & EqQ[a2*bl + al*b2, 0] && (IntegerQ[p]
Il (GtQlal, O] && GtQ[a2, 0]))

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

1 ' i+ 2) L 4
fesech_l(axz)xdx _ 1 sech_l(uxz)xz + f;dx + ( 1+ax? o fx\/l—uxz\/lﬂzxz X
a

e
2

_ lesech_l(uxz)xz " log(x) " ( 1+ax?
a a

LY 2 1 4

— lesech_l(uxz)xz + log(x) + ( 1+ax? 1 +ax )SU‘bSt (f Y dx, x, x )

2 a 4a

(\/ 1;(2 V1 + axz) Subst (f - 1x2 dx, x, V1 — a2x4]

1 . —_———
— _esech 1(ux2)x2 + log(x) B =%

2 a e

’;\/ 2 -1 A1 _ 244

— leSECh_l(uxz)xz _ 14ax2 1+ ax tanh ( 1-a%x ) . log(x)

2 2a a
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Mathematica [A] time = 0.0633233, size = 100, normalized size = 1.47

1-ax? 1-ax? 1-ax?
e (ax +1) +210g ax? log(ax \/ e ‘/ax2+1 +1)

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x~2]*x,x]

[Out] (Sqrt[(1 - a*xx"2)/(1 + a*xx"2)]1*(1 + a*x"2) + 2xLogla*x~2] - Logl[l + Sqrt[(1
- a*xx”2)/(1 + a*x”2)] + a*x"2*Sqrt[(1 - a*x~2)/(1 + a*xx"2)]])/(2*a)

Maple [C] time = 0.312, size = 127, normalized size = 1.9

X ngn ax2 -1 [ax? +1 » a2x* -1 1 i a?xt -1 1
\/ \/ (csgn )a — —In 2@ csgn(a )a — +1 T

ax?
112

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2)) *x,x)

[Out] 1/2%(-(a*x”2-1)/a/x72)7(1/2)*x"2x((a*xx"2+1) /a/x72) " (1/2)*(csgn(1/a) *a*x(-(a”~
2%x74-1)/a"2) " (1/2)-1n(2*x(csgn(1/a) *a*x (- (a"2*x~4-1) /a~2) " (1/2)+1) /a~2/x"2))
xcsgn(l/a)/a/(-(a"2%x"4-1)/a"2) " (1/2)+1n(x)/a

Maxima [F] time = 0., size = 0, normalized size = 0.

1 L) 1 2V-a2xt+1 2
5 V-a'x +1—§10g + =

x2 x2 ) 1
L 1og(®)
a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x,x, algorithm="max
ima"

[Out] integrate(sqrt(a*x™2 + 1)*sqrt(-a*x”2 + 1)/x, x)/a + log(x)/a
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Fricas [B] time = 2.09933, size = 298, normalized size = 4.38

2 2_ 2 2_ 2 2_
Zuxzwlaz;‘/—% - log (uxzwl%‘/—m;le + 1) +log (axzwfm;x:l\/—”zle —1) +4 log (x)
4a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x,x, algorithm="fri

cas"

[Out] 1/4*(2*a*x”2*xsqrt((a*x™2 + 1)/(a*x~2))*sqrt(-(a*x"2 - 1)/(a*x"2)) - log(a*x
“2xsqrt((axx~2 + 1)/(axx"2))*sqrt(-(a*xx"2 - 1)/(a*xx"2)) + 1) + log(a*x~2%*sq
rt((axx"2 + 1)/(a*x"2))*sqrt(-(a*x™2 - 1)/(a*xx"2)) - 1) + 4xlog(x))/a

Sympy [F] time = 0., size = 0, normalized size = 0.

1 1 1
f;dx+fux\/—l+ﬁ\/l+ﬁdx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1/a/x**2-1)**(1/2)*(1/a/x**2+1)**x(1/2))*x,x)

[Out] (Integral(l/x, x) + Integral(a*x*sqrt(-1 + 1/(a*xx**2))x*sqrt(l + 1/(a*xx**2))
, x))/a

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x,x, algorithm="gia

CII

[Out] Exception raised: TypeError
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352  [eo (=) gy

Optimal. Leaf size=147

1 o e - 1 1 .
24— Vax? + 1EllipticF (sm (\/Ex) , —1) ) 24— Vax2 +1V1 - a2x4 ect ) _ 24— Vax? +1E (sm

+ xe

\/E ax \/E

[Out] -2/(a*x) + E"ArcSech[a*x™2]*x - (2xSqrt[(1 + a*x72)7(-1)]*Sqrt[1 + a*x~2]*S
grt[1 - a™2xx74])/(a*x) - (2xSqrt[(1 + a*xx"2)"(-1)]1*Sqrt[1l + a*x"2]*Ellipti
cE[ArcSin[Sqrt[al*x], -1]1)/Sqrtlal + (2*Sqrt[(1 + a*xx~2)~(-1)]1*Sqrt[l + a*xx
~2]*EllipticF[ArcSin[Sqrt[a]l*x], -1])/Sqrt[al]

Rubi [A] time = 0.0680163, antiderivative size = 147, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 8, e o,

integrand size
Rules used = {6330, 30, 259, 325, 307, 221, 1199, 424}

_2,/ax21+1 Vax? +1V1 — a2x4 . Vax? +1F (sin_1 (\/Ex)| - 1)
ax

— 7 Vax? +1E (sin_1 (\ﬂ

Va Va

esech_l(uxz) n 2 ax2+1

X

Antiderivative was successfully verified.

[In] Int[E~ArcSechl[a*x~2],x]

[Out] -2/(a*x) + E"ArcSech[a*x™2]*x - (2xSqrt[(1 + a*x"2)7(-1)]*Sqrt[1 + a*x~2]*S
grt[1 - a™2*x74])/(a*x) - (2%Sqrt[(1 + a*xx"2)~(-1)]1*Sqrt[l + a*x"2]*Ellipti
cE[ArcSin[Sqrt[al*x], -1]1)/Sqrtla]l + (2*Sqrt[(1 + a*xx~2)~(-1)]1*Sqrt[l + a*xx
~2]*EllipticF[ArcSin[Sqrt[al*x], -1])/Sqrt[al

Rule 6330

Int [E"ArcSech[(a_.)*(x_)~(p_)], x_Symbol] :> Simp[x*E~ArcSech[axx"p], x] +
(Dist[p/a, Int[1/x7p, x], x] + Dist[(p*Sqrt[l + a*x"pl*Sqrt[1/(1 + a*x"p)]l)
/a, Int[1/(x"p*Sqrt[1 + a*x"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, p}, x
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]
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Rule 259

Int[(Cc_.)*(x_)) " (m_.)*x((al_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2*bl + alxb2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 01))

Rule 325

Int[((c_)*x(x D))" (m )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
x)"(m + Dx*(a + bxx™n) " (p + 1))/(axcx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1)) /(axc™nx(m + 1)), Int[(c*x)"(m + n)*(a + bxx"n) p, x], x] /; FreeQl[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
dl

Rule 307

Int[(x_)"2/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[-(b/a), 2]}
, Dist[q~(-1), Int[1/Sqrtl[a + b*x~4], x], x] + Dist[1/q, Int[(1 + g*x~2)/S
grtla + b*x~4], x], x]] /; FreeQ[{a, b}, x] && NegQ[b/a]

Rule 221

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,
4]xx)/Rtla, 411, -11/(Rtl[a, 41*Rt[-b, 41), x] /; FreeQ[{a, b}, x] && NegQ[
b/al && GtQ[a, O]

Rule 1199

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Dist[d/Sq
rt[al, Int[Sqrt[1 + (exx~2)/d]l/Sqrtl[1 - (exx~2)/dl, x], x] /; FreeQ[{a, c,
d, e}, x] &% NegQ[c/al && EqQ[c*d™2 + axe”2, 0] && GtQ[a, 0]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rubi steps
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1 [_1 2) 1
fesechfl(axz) dx = esechfl(uxz)x + Zf 2 dx (2 ax? 1+ ax f ¥2V1-ax?V1+ax? ax

2 seda?), ( 2\ iV ”xz) e

=——+e¢
ax

. 2 ——V1+ axZ\/1 - a%x* 2
_2 4t (@), TN 1vad? — 211\/#\/1 + ax? fx— dx
ax ax 1+ ax? VI — 224

2 ,1 L VIt ax2V1 = a2t 1 1
=2 ypsech (“xz)x 1+ax? + |24/ ——= V1 +ax? f— dx — 2\/
ax ax 1+ ax? N

:_£+esech \/7\/1+ax2\/1—a2x4 ZFmF sm (\/_x)| ) (2\/

ax ax \a

_ 2 . esech \/ \/1 + ax2V1 — a2x4 2,/ SV1+ asz sm (\/_x)| ) . 2\/;
ax ax \a

Mathematica [C] time = 0.281666, size = 135, normalized size = 0.92

T e (e (isinh—l ( \/_—ax)l_1)—EllipticF(isinh‘1 (V=ax),-1)) 1—ax2( 1 ) 1

ax2+1
+ 5 -—
iy (ax2 - 1) ax? +1\ ax ax

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x~2],x]

[Out] -(1/(a*x)) + (-(1/(a*x)) - x)*Sqrt[(1 - a*xx"2)/(1 + a*xx"2)] - ((2*I)*Sqrt[(
1 - axx™2)/(1 + a*x”2)]1*Sqrt[1 - a~2*x"4]*(EllipticE[I*ArcSinh[Sqrt[-al*x],
-1] - EllipticF[I*ArcSinh[Sqrt[-al*x], -11))/(Sqrt[-al*(-1 + a*x~2))

Maple [A] time = 0.187, size = 132, normalized size = 0.9

1 2 2+1
— \/_ux \/ax a2xt + 2 V-ax2 + 1Vax2 + 1xEllipticF (x a, i) Va-2V-ax? + 1Vax2 + 1xEl
ax  a%x* ax? ax?

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2) ,%)

[Out] -1/a/x-(-(a*xx"2-1)/a/x"2) " (1/2)*x*x((a*xx~2+1) /a/x"2) ~(1/2) *(a~2*x"4+2* (—a*xx"
2+1) 7 (1/2) *(axx~2+1) " (1/2) *x*E1lipticF (x*a~(1/2) ,I)*a~ (1/2) -2* (-a*xx~2+1) " (1
/2)*(a*xx~2+1)~(1/2) *x*E1llipticE(x*a~(1/2),I)*a~(1/2)-1)/(a"2*x~4-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

ax?+1V-ax?2+1

[Ty
x —_——
a ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/x~2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2),x, algorithm="maxima"
)

[Out] integrate(sqrt(a*x™2 + 1)*sqrt(-a*x”2 + 1)/x72, x)/a - 1/(a*x)

Fricas [F] time = 0., size = 0, normalized size = 0.

2 2
2 [axc+1 axc-1
ax ‘/_axZ — +1
a &

x2

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2),x, algorithm="fricas"
)

[Out] integral((axx"2*xsqrt((a*x”™2 + 1)/(a*x~2))*sqrt(-(a*xx"2 - 1)/(a*x72)) + 1)/(
a*xx~"2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f;—zdx+fa\/—1+$\/1+$dx
a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x**2+(1/a/x**2-1)*x(1/2)*(1/a/x*x*2+1)*x(1/2) ,%)

[Out] (Integral(x**(-2), x) + Integral(axsqrt(-1 + 1/(a*xx**2))xsqrt(l + 1/(a*xx**2

)), x))/a

Giac [F] time = 0., size = 0, normalized size = 0.

f\/@”\/@‘“wx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(1l/(a*x~2) + 1)*sqrt(1/(a*x”2) - 1) + 1/(a*x"2), x)
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sech 1 (axz)

353 [——dx

X

Optimal. Leaf size=80

V1 — ax? 1 1 1
- N ~=1/——Vax2 + 1sin”! (axz)
1 2ax> 2 \Nax?+1

2ax?

ax2+1

[Out] -1/(2*%a*x”2) - Sqrt[l - a*x"2]/(2*a*xx~2*xSqrt[(1 + a*xx"2)"(-1)]) - (Sqrt[(1
+ a*xx”2)7(-1)]1*Sqrt[1 + a*x"2]*ArcSin[a*x"2])/2

Rubi [A] time = 0.0530153, antiderivative size = 93, normalized size of antiderivative =

. . ber of rul
1.16, number of steps used = 5, number of rules used = 5, integrand size = 12, e e e

= 0.417, Rules used = {6334, 259, 275, 277, 216}

integrand size

1 \/ >
\ a2 +1V1-a2xt | 4 1
ax?+1 A 2 - -1 2

2ax? T2 2NaZe1 T Lsin (ax )
Warning: Unable to verify antiderivative.

[In] Int[E~ArcSechla*x~2]/x,x]

[Out] -1/(2*%a*xx”2) - (Sqrt[(1 + a*x"2)7(-1)]*Sqrt[l + a*x~2]*Sqrt[l - a~2*xx~4])/(
2%axx"2) - (Sqrt[(1 + a*xx"2)7(-1)]1*Sqrt[l + a*x~2]*ArcSin[a*xx"2])/2

Rule 6334

Int [E"ArcSech[(a_.)*(x_)~(p_.)1/(x_), x_Symbol] :> -Simp[(a*xp*x~p)~(-1), x]
+ Dist[(Sqrt[1 + a*x"pl*Sqrt[1/(1 + a*xx"p)])/a, Int[(Sqrt[l + a*xx"pl*Sqrt[
1 - axx"pl)/x~(p + 1), x], x] /; FreeQ[{a, p}, x]

Rule 259

Int[(Cc_)*(x_)) " (m_.)*x((al ) + (b1_.)*(x_)"(m_)) (p_)*((a2_) + (b2_.)*(x_)
“(n))"(p_), x_Symbol]l :> Int[(c*x) m*x(al*a2 + blxb2*x~(2*n)) p, x] /; Free
Ql{al, bl, a2, b2, ¢, m, n, p}, x] && EqQ[a2*bl + al*b2, 0] && (IntegerQ[p]
|| (GtQ[al, 0] && GtQ[a2, 0]))

Rule 275
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Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*x(a + b*xx~(n/k))"p, x], x, X
“k], x] /; k '= 11 /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 277

Int[((c_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] &% IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

t[al]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

V1+ax2 Subst( Vi dx, x, xz)

1 1/ V1 + ax2V1 — a2x4 1 1 1
[ 5~ 1+ax? 3 ——la V1 + ﬂxZ Subst f — dx/ X, xz
2ax 2ax 2 1+ ax? N

1 \/1 + ax2V1 — a2x4 1 1
= - _ Y irad? - = V1 + ax2sin! (axz)
1+ ax?

2ax? 2ax? 2

Mathematica [A] time = 0.144055, size = 113, normalized size = 1.41

1-ax? 2 -1 ax?
v (@ +1) tanh (m) N 1
2 1 ax2+1\ 2ax? 2) 2ax?

Warning: Unable to verify antiderivative.
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[In] Integrate[E~ArcSech[a*x~2]/x,x]

[Out] -1/(2*%a*xx"2) + (-1/2 - 1/(2%a*x”~2))*Sqrt[(1 - a*x"2)/(1 + a*x”"2)] + (Sqrt[(
1 - axx™2)/(1 + a*x”™2)]1*(1 + a*x"2)*ArcTanh[(a*x~2)/Sqrt[-1 + a~2*xx~4]])/(2
*Sqrt[-1 + a™2xx74])

Maple [A] time = 0.284, size = 103, normalized size = 1.3

1 ax2 -1 [ax?+1 ) 1 ) a?xt -1 1 1
——1/— 5 5 arctan | x* ———|x“ + v/ — 5 — 5
2 ax ax a2x4-1 a 2xt-1  2ax

a? a?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))/x,x)

[Out] -1/2%(-(a*x"2-1)/a/x"2)"(1/2)*x((a*x"2+1)/a/x"2)"(1/2)*(arctan(x"2/(-(a"2*x"
4-1)/a"2)"(1/2))*x"2+(-(a"2*x"4-1)/a"2)~(1/2)) /(- (a"2*x"4-1)/a"2) " (1/2)-1/2
/a/x"2

Maxima [F] time = 0., size = 0, normalized size = 0.

2

[ a??
asarcsin| —
( Va2 ) V-a2x4+1
2Va? 242 1
a 2 ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x~2-1)"(1/2)*(1/a/x"2+1)~(1/2))/x,x, algorithm="max
ima"

[Out] integrate(sqrt(a*x™2 + 1)*sqrt(-a*x”2 + 1)/x73, x)/a - 1/2/(a*xx"2)
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Fricas [B] time = 2.0125, size = 230, normalized size = 2.88

2 2_
a? axc+1 [ ax 1_1
2 ax2+1 ax2-1 2 ax? ax2
ax“\| ——-+/——= — 2ax“arctan >
ax: ax

ax?

2 ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))/x,x, algorithm="fri
cas")

[Out] -1/2%(a*xx"2xsqrt((a*x™2 + 1)/(a*x"2))*sqrt(-(a*x”2 - 1)/(a*x"2)) - 2%a*xx~2x%
arctan((a*xx™2xsqrt((a*x~2 + 1)/(a*xx"2))*sqrt(-(a*x”2 - 1)/(a*x"2)) - 1)/(ax*
x72)) + 1)/(axx"2)

Sympy [F] time = 0., size = 0, normalized size = 0.

a, [—1+L‘[1+L

1 ax? ax?

\J~ 3 dx + \’ﬁ - dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1/a/x**2-1)**x(1/2)*(1/a/x**x2+1)**(1/2))/x,x)

[Out] (Integral(x**(-3), x) + Integral(axsqrt(-1 + 1/(a*xx**2))*sqrt(l + 1/(a*xx**2
))/x, x))/a

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))/x,x, algorithm="gia

CII

[Out] Exception raised: NotImplementedError
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sech 1 (axz)

354 [—5—dx

x2

Optimal. Leaf size=115

L Vax2 +1V1 - a2 5 psech(a

22)

2 [ 1 55— N
2 > Lo .1 . ax-+1 -
3\/E —5 7 Y’ + 1EllipticF (sin™ (Vax),-1) + 3023 T 30 x

[Out] 2/(3*a*xx"3) - E"ArcSech[a*x"2]/x + (2*Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1l +
IxSqrt[1 - a™2%xx74])/(3*a*x~3) - (2*%Sqrtla]*Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1 +
axx~2]*EllipticF[ArcSin[Sqrt[al*x], -1])/3

Rubi [A] time = 0.0510283, antiderivative size = 115, normalized size of antiderivative
1., number of steps used = 5, number of rules used = 5, integrand size = 12, number of rules

0.417, Rules used = {6335, 30, 259, 325, 221}

1 -1
24/ ——Vax2 + 1V1 — a2x* 5 psech (@) 5 B
axc+1 _ _ = 2 - -
3 + 33 . 3\/5 ] Vax? +1F (sm (\/Ex)l 1)

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcSechl[a*x~2]/x"2,x]

[Out] 2/(3*a*x~3) - E"ArcSech[a*x"2]/x + (2%Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1 +
1xSqrt[1 - a~2xx74])/(3*a*x~3) - (2*xSqrtla]*Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1 +
a*x"2]*EllipticF [ArcSin[Sqrt[al*x], -1]1)/3

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x”p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

a*xx"2

a*xx"2
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Rule 259

Int[(Cc_.)*(x_))"(m_.)*x((al_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2*bl + alxb2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 01))

Rule 325

Int[((c_)*(x D))" (m )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
) (m + Dx*(a + bxx™n) " (p + 1))/(axcx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1)) /(axc™nx(m + 1)), Int[(c*x)"(m + n)*(a + b*xx"n) p, x], x] /; FreeQl[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 221

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[EllipticF[ArcSin[(Rt[-b,
4]1*x) /Rt[a, 411, -11/(Rtla, 4]1*Rt[-b, 41), x] /; FreeQ[{a, b}, x] && NegQl[
b/al && GtQ[a, O]

Rubi steps
Bl (a2 h (a2 1 (2 —V1+ 2) ————d
f esec (ﬂx ) gy = _esec (ﬂx ) B Zf v dx B 1+ax 1+ax2 ax f x‘h/@‘/m *
xZ X a a
[_1 ‘/ 2
_ 2 eseCh ar?) (2 1+ax ) V1- u2x4 ax
3ax3 X a
B ) esechfl(axz) 2 ) \/1 + axz\/l —a2x*t 1 1 \/72 1
= 5 - + 3 —12a 5 V1 +ax —dx
3ax X 3ax "3 1+ ax V1 — a2x4
’ sech ax?) 2 \/1 + ax2V1 — a2x4 ) [ 1 —_—
= n 2 in”! B
3ax3 X 3ax3 3\/5 1+ ax? 1+ axtk (SlH (\/Ex)| 1)

Mathematica [C] time = 0.191668, size = 123, normalized size = 1.07

2in/—a+ ;Xﬁ V1 - a2x*EllipticF (i sinh™ (\/—_ax) , —1) ;;;ﬁ (ax2 + 1) 1

3ax2 -3 3ax3  3ax3

Warning: Unable to verify antiderivative.
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[In] Integrate[E~ArcSech[a*x”2]/x72,x]

[Out] -1/(3*%a*xx”3) - (Sqrt[(1 - a*x"2)/(1 + a*x"2)]*(1 + a*x~2))/(3*a*xx"3) + ((2%
I)*Sqrt[-al*Sqrt[(1 - a*x"2)/(1 + a*xx"2)]*Sqrt[1 - a~2*x"4]*EllipticF[I*Arc

Sinh[Sqrt[-al*x], -11)/(-3 + 3*a*x"2)

Maple [A] time = 0.208, size = 104, normalized size = 0.9

2+1 1
\/ \/ax 2 V-ax2 + 1Vax? + 1EllipticF (x a, i) x3a3% — a?x* + 1) -~
a2x4 ax2 3x3a

ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*x(1/a/x"2+1)"(1/2))/x"2,%)

[Out] 1/3*%(-(a*x"2-1)/a/x72)"(1/2) /x*((a*xx~2+1) /a/x"2) " (1/2) * (2x (ma*x~2+1) ~(1/2) *
(axx~2+1)~(1/2)*EllipticF(x*a~(1/2),I)*x"3*a”~ (3/2)-a"2*x"4+1) /(a"2*x"4-1)-1
/3/x"3/a

Maxima [F] time = 0., size = 0, normalized size = 0.

Vax2+1V-ax?+1
f —dx 1
x —
a 3ax3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))/x"2,x, algorithm="m

axima")

[Out] integrate(sqrt(a*x™2 + 1)*sqrt(-a*x”2 + 1)/x74, x)/a - 1/3/(a*xx"3)

Fricas [F] time = 0., size = 0, normalized size = 0.

2 2
o [axc+1 ax<—1
x% 4/ - +1
ax? ax? x
ax4 ’

integral
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))/x"2,x, algorithm="f

ricas"

[Out] integral((a*x”2*sqrt((a*x”2 + 1)/(a*x72))*sqrt(-(a*x™2 - 1)/(a*xx"2)) + 1)/(
axx~4), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1/a/x**x2-1)**(1/2)*(1/a/x**2+1)**(1/2))/x**2,%)

[Out] (Integral(xx*x(-4), x) + Integral(axsqrt(-1 + 1/(a*xx**2))*sqrt(1l + 1/(a*xx**2
))/x*%2, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.

1 1 1
f\/ﬁ”\/@‘“ﬁd
> X
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))/x"2,x, algorithm="g

iac")

[Out] integrate((sqrt(1/(a*x”2) + 1)*sqrt(1l/(a*xx”2) - 1) + 1/(a*xx"2))/x"2, x)
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sech 1 (axz)

355 [—5—dx

3
Optimal. Leaf size=118

21+l \/ax2 + 1\/1 - a2x4 sechfl(axz)

4ax4

1
Vaxz 1tanh™ (V a2x4) 1 _¢

axt 2x2

[Out] 1/(4*a*xx"4) - E"ArcSechla*x"2]/(2*x"2) + (Sqrt[(1 + a*x"2)7(-1)]*Sqrt[1 + a
*xx"2]*Sqrt[1 - a”2*x74])/(4xaxx"4) + (axSqrt[(1 + a*x™2)7(-1)]*Sqrt[1l + a*xx
~2]*ArcTanh [Sqrt[1 - a~2*x~4]])/4

Rubi [A] time = 0.0611727, antiderivative size = 118, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 12, o e

0.583, Rules used = {6335, 30, 259, 266, 51, 63, 208}

integrand size

esech_1 (axz)

4axt 22

21 Vax2 +1V1 - a2x4
ax<+1

4axt

Vux2+ 1tanh™ (V a2x4)

Antiderivative was successfully verified.

[In] Int[E"ArcSechl[a*x~2]/x"3,x]

[Out] 1/(4%a*x~4) - E"ArcSech[a*x"2]/(2%x72) + (Sqrt[(1 + a*x72)7(-1)]*Sqrt[l + a
*xx"2]*Sqrt[1 - a”2*x74])/(4*xaxx"4) + (axSqrt[(1 + a*x"2)7(-1)]*Sqrt[1 + a*x
~2]*ArcTanh[Sqrt[1 - a™2xx"4]])/4

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x”p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]
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Rule 259

Int[(Cc_.)*(x_))"(m_.)*x((al_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2*bl + alxb2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 01))

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D *(a + b*x)7p, x1, x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+bxx)"(m + 1)*(c + d*x)"(n + 1))/ ((b*c - a*xd)*(m + 1)), x] - Dist[(dx*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + bxx)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQl{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && ! (LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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-1 -1 1 1 Vi —1
f esech (axz) esech (“xz) f —dx (\/ T+ax? 1+ axz) f BVI—a2V1+ax2 dx

dx = -
x3 x 2x2 a
[_1 \/ 2
1 B esech ( Tooi 1+ ax ) x5m
T 4gxt 2x2
_ 1 esech (,/ SV + axz) Subst (f Newn dx, x, x4)
4ax?* 2x2 4q
152 2\/ 2.4
1 gsech (ax?) \/1 +ax*V1 —a*x* 1 1
= - I 2 ——la V1 + ax? | Subst f—da
4ax4 2x2 4axt 1+ ax? V1 — i2x
A\ — \/1 + axz) Subst 5 dx,x, V1 — a?
1 esech (a?) — L VI + a1 - a2x4 ( 1+ f 12
= —_ + a a
4axt 2x2 4ax* 4q

1 ech (@) . 2\/1 +ax>V1 - a2t
+ + Z

T a2 4axt

1 _
a4/ I S VL + ax2 tanh ™ (‘Vl - a2x4)
ax

Mathematica [A] time = 0.255935, size = 105, normalized size = 0.89

a2 1-ax? (ax2+1) tan_l(\/azx4—1) %(ax2+l)
+

ax2+1

a?x4-1 x xt

4q

Warning: Unable to verify antiderivative.

[In] Integrate[E"ArcSech[a*x”2]/x73,x]

[Out] -(x"(-4) + (Sqrt[(1 - a*x72)/(1 + a*x"2)]1*(1 + a*x~2))/x"4 - (a~2*%Sqrt[(1 -
axx~2) /(1 + a*xx"2)]*(1 + a*xx"2)*ArcTan[Sqrt[-1 + a”2*x74]])/Sqrt[-1 + a~2x%
x74])/ (4x*a)

Maple [C] time = 0.299, size = 129, normalized size = 1.1

csgn \/ axz—l\/ax2+1 nlo 1 ( _1) a?xt -1 1 a2xt -1 ( —1) 1
n|2——=|csgn(at)ay/- xta — /- csgn (a!) | ——— -
ax? ax? 22 |8 a2 a2 & 2t

a

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))/x"3,%)

[Out] 1/4*(-(a*x”2-1)/a/x72)7(1/2)/x"2x((a*xx"2+1)/a/x"2) " (1/2)*(In(2*(csgn(1/a)*a
*x(-(a”2%x74-1)/a"2) " (1/2)+1) /a"2/x"2) *x"4*a-(-(a"2*x"4-1) /a”2) ~(1/2) *csgn (1
/a))*csgn(1/a)/(-(a~2*x~4-1)/a~2)~(1/2)-1/4/x"4/a

Maxima [F] time = 0., size = 0, normalized size = 0.

x2 4x4 1

3
_q2 _24+1§
bitog (25 2) -ty e - S

a 4ot
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))/x"3,x, algorithm="m
axima"

[Out] integrate(sqrt(a*x™2 + 1)*sqrt(-a*x”2 + 1)/x75, x)/a - 1/4/(axx"4)

Fricas [A] time = 2.03432, size = 319, normalized size = 2.7

ax2+1 ax2-1 ax2+1 ax2-1 ax2+1 ax2-1
a’x*log (axzwl == +1| - a?xtlog|ax®y| =~/ —5 - 1| —2ax*\| =—-—5 -2
ax ax ax: ax ax ax

8axt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))/x"3,x, algorithm="f
ricas")

[Out] 1/8*(a~2*x"4*xlog(a*x”~2*xsqrt((a*x™2 + 1)/(a*xx~2))*sqrt(-(a*x"2 - 1)/(a*x~2))
+ 1) - a"2xx"4xlog(axx™2*xsqrt((a*x™2 + 1)/(a*xx"2))*sqrt(-(a*x"2 - 1)/(a*xx”

2)) - 1) - 2xaxx"2*xsqrt((a*x”2 + 1)/(a*x”2))*sqrt(-(a*x"2 - 1)/(a*x"2)) - 2

)/ (a*xx~4)
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Sympy [F] time = 0., size = 0, normalized size = 0.

, 1 , 1
1 a —1+m 1+ax_2

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1/a/x**x2-1)**(1/2)*(1/a/x**2+1)**(1/2))/x**3,%)

[Out] (Integral(x*x(-5), x) + Integral(axsqrt(-1 + 1/(a*xx**2))*sqrt(l + 1/(a*xx**2
))/x%%3, x))/a

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))/x"3,x, algorithm="g
iac")

[Out] Exception raised: TypeError



313

3.56 f ese"h_l<”x3)x’” dx

Optimal. Leaf size=109

3,/ 3+1\/ ax3 + 1x™~ 2HypergeometanFl(l m_2 mid a2x6) 32 xm+1eseCh71(”x3)

a( m2+m+2) a(—m2+m+2)+ m+1

[Out] (-3*x"(-2 + m))/(ax(2 + m - m™2)) + (E"ArcSechla*x"3]*x"(1 + m))/(1 + m) -

(3*x7 (-2 + m)*Sqrt[(1 + a*x73)7(-1)]1*Sqrt[1 + a*x~3]xHypergeometric2F1[1/2,
(-2 + m)/6, (4 + m)/6, a™2%x76])/(a*x(2 + m - m"2))

Rubi [A] time = 0.0677183, antiderivative size = 109, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 12, number of rules _

0.333, Rules used = {6335, 30, 259, 364}

3 m—2 1 71’[ 2 m+4 2 6 -1 3
1[ V ax’ + 1x Fl( ,a°x 3xm_2 xm+1esech (ax)

integrand size

6
a( m2+m+2) a(—m2+m+2)+ m+1

Antiderivative was successfully verified.

[In] Int[E"ArcSech[a*x~3]*x"m,x]

[Out] (-3*x"(-2 + m))/(ax(2 + m - m™2)) + (E"ArcSech[a*x"3]*x"(1 + m))/(1 +
(3*x7 (-2 + m)*Sqrt[(1 + a*x73)7(-1)]1*Sqrt[1 + a*x~3]x*Hypergeometric2F1[1/2,
(-2 + m)/6, (4 + m)/6, a™2%x76])/(a*x(2 + m - m"2))

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

m) -
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Rule 259

Int[(Cc_.)*(x_)) " (m_.)*x((al_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2*bl + alxb2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 01))

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rubi steps

~3+m
b : (3,/L\/1+ 3) "4
fesechfl(axs)xm PR (@)t 3 [xmdx L UVEe T | =™

+
1+m a(l +m) a(l + m)
3+m
_ 3x 2t soct” (o) y1om N ( Trad V1T ax3) % Vs ™
a(2+m—m2) T+m a(l +m)
_ 3x_2+m N sech (ax ) 1+m 3x~ 2+m1[ T V1 + ax3 2F1 (— —( -2+ ) ,a x6)
a(2+m—m2) 1+m a(2+m—m2)

Mathematica [A] time = 2.49469, size = 159, normalized size = 1.46

m+1

3 -1
) ((m +10)Hypergeometric2F1 ( , Tm, 10 g2sech (“xa)) —(m+

sech_l(axs)

m+1 1 —m-1 -1 3
273 g+l (ax3)3( )esech (ax ) e :

eZsech_l(ax3)+1

(m + 4)(m +10)
Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x~3]*x"m,x]

[Out] (27((1 + m)/3)*E~ArcSech[a*x~3]*(E~ArcSech[a*x~3]/(1 + E~(2*ArcSech[a*x~3])
)71+ m)/3)*x"(1 + m)*x(a*xx"3)"((-1 - m)/3)*((10 + m)*Hypergeometric2F1[1
, (2 -m)/6, (10 + m)/6, -E~(2*%ArcSech[a*xx"3])] - E~(2%ArcSech[a*xx"3])*(4 +
m) *Hypergeometric2F1[1, (8 - m)/6, (16 + m)/6, -E~(2xArcSech[a*x~3])]))/((
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4 + m)*(10 + m))

Maple [F] time = 0.23, size = 0, normalized size = 0.

TV e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/x73/a+(1/x73/a-1)"(1/2)*(1/x~3/a+1)~(1/2))*x"m,x)

[Out] int((1/x"3/a+(1/x"3/a-1)"(1/2)*(1/x"3/a+1)"(1/2))*x"m,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"3+(1/a/x~3-1)"(1/2)*(1/a/x"3+1)"(1/2))*x"m,x, algorithm="m
axima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size =

ax3+1 ax3— 1
V ax3 V ax3

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"3+(1/a/x"3-1)"(1/2)*(1/a/x"3+1)"(1/2))*x"m,x, algorithm="f
ricas"

[Out] integral((a*x~3*x"mxsqrt((a*x~3 + 1)/(a*x"3))*sqrt(-(a*x~3 - 1)/(a*x~3)) +
x"m)/(a*x"3), x)



316

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**3+(1/a/x**3-1)**(1/2)*(1/a/x**3+1)**(1/2))*x**m,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

A1 1 L,
f’“ iR e Bl Lo

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"3+(1/a/x~3-1)"(1/2)*(1/a/x"3+1)~(1/2))*x"m,x, algorithm="g
iac"

[Out] integrate(x"m*(sqrt(1/(a*xx~3) + 1)*sqrt(1/(a*x"3) - 1) + 1/(a*x"3)), x)
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3.57 f ese"h_l<”x2)xm dx

Optimal. Leaf size=107

2774 ' 4’

2,/ ax21+1 Vax? + 1xm‘1Hypergeometric2F1 (1 ml mi3 a2x4) 91 . xm+1esech’1(ax2)
ﬂ(l—mz) a(l—mz) m+1

[Out] (-2*x"(-1 + m))/(a*x(1 - m~2)) + (E"ArcSech[a*x"2]*x~ (1 + m))/(1 + m) - (2*x
“(-1 + m)*Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1 + a*x~2]*Hypergeometric2F1[1/2, (-1
+m)/4, (3 +m)/4, a~2xx"4])/(ax(1 - m™2))

Rubi [A] time = 0.0557968, antiderivative size = 107, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e -

0.333, Rules used = {6335, 30, 259, 364}

1 1 m-1 m+3 _
2 m—1 - . . 4244 1( 2
21/ 2l Vaxs +1x 2F1 (2, —4 ; —4 ,aA X ) me_l xm+]esech (ax )

a(l—mz) _u(l—m2)+ m+1

integrand size

Antiderivative was successfully verified.

[In] Int[E"ArcSech[a*x~2]*x"m,x]

[Out] (-2*x~(-1 + m))/(a*x(1 - m~2)) + (E"ArcSech[a*x"2]*x~(1 + m))/(1 + m) - (2*x
“(-1 + m)*Sqrt[(1 + a*x~2)~(-1)]*Sqrt[1 + a*x~2]*Hypergeometric2F1[1/2, (-1
+m)/4, (3 +m)/4, a~2xx74])/(ax(1 - m™2))

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[1 - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]
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Rule 259

Int[(Cc_.)*(x_)) " (m_.)*x((al_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2*bl + alxb2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 01))

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rubi steps

-y 2 [_1 2\ [
feseChil(“xz)xm ez esech (ax )x1+m 2fx—2+m dx . (2 ) 1+ ax )f EEPN P dx

+
1+m a(l +m) u(l+m)
- S e () g1 om N ( Taz V1Y axz) % m
- a(l—m2) 1+m a(l + m)
_ 2y~ 1+m N psech ™ (ax !(ax? l4m T — o2 V1 + ax? ,F; (— -(-1+ ) )
a(l—mz) 1+m a(l—mz)

Mathematica [A] time = 2.30329, size = 159, normalized size = 1.49

m+1

2 -1
) ((m + 7)Hypergeometric2F1 (1 Ln mTW, —g?ech (“xz)) —(m+3

m+l Ly -1/ o sech_l(axz)
273 ol (axz)z( m )esech (ax ) [ e —
eZsech (ax )+1

(m+3)(m+7)
Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x~2]*x"m,x]

[Out] (2°((1 + m)/2)*E~ArcSech[a*x~2]*(E"ArcSech[a*x"2]/(1 + E~(2*ArcSech[a*x~2])
D7 + m)/2)*x™ (1 + m)*x(a*xx™2) " ((-1 - m)/2)*((7 + m)*Hypergeometric2F1[1,
(1 -m)/4, (7 + m)/4, -E~(2%ArcSechl[a*x"2])] - E~(2*ArcSech[a*xx"2])*(3 + m
) *Hypergeometric2F1[1, (6 - m)/4, (11 + m)/4, -E~(2%ArcSech[a*x"2])]))/((3
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+ m)*x(7 + m))

Maple [F] time = 0.194, size = 0, normalized size = 0.

( \/E_l w“] o

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)~(1/2))*x"m,x)

[Out] int((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"m,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"m,x, algorithm="m
axima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size =

ax?+1 axz 1

ax? ax?

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"m,x, algorithm="f
ricas"

[Out] integral((a*xx~2*x"mxsqrt((a*xx”2 + 1)/(a*x"2))*sqrt(-(a*xx”2 - 1)/(a*x"2)) +
x"m)/ (a*x"2), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x*x2+(1/a/x*x2-1)*x(1/2)*(1/a/x**2+1)**(1/2))*x**m,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

A1 1 L,
f’“ w2 T W Tt |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1/a/x"2-1)"(1/2)*(1/a/x"2+1)"(1/2))*x"m,x, algorithm="g
iac"

[Out] integrate(x"m*(sqrt(1/(a*x"2) + 1)xsqrt(l/(axx"2) - 1) + 1/(a*xx"2)), x)
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3.58 f gsech ™ (ax) ym g

Optimal. Leaf size=91

,/ — Vax + 1x"Hypergeometric2F1 (l = m+2, sz) A A+ psech™ (ax)

+ +
am(m +1) am(m +1) m+1

[Out] x"m/(a*m*x(1 + m)) + (ETArcSechla*x]*x~(1 + m))/(1 + m) + (x"mxSqrt[(1
)~ (-1)]*Sqrt[1 + a*x]*Hypergeometric2F1[1/2, m/2, (2 + m)/2, a~2%x~2])/(a*m
(1 + m)

Rubi [A] time = 0.0395333, antiderivative size = 91, normalized size of antiderivative =

. . ber of rules
1., number of steps used = 4, number of rules used = 4, integrand size = 10, /e

0.4, Rules used = {6335, 30, 125, 364}

1 m, m+2
1[ vax+1x 2F1( —a ZXZ) " xm+1esech_1(ax)

+ +
am(m +1) am(m +1) m+1

integrand size

Antiderivative was successfully verified.

[In] Int[E"ArcSech[a*x]*x"m,x]

[Out] x"m/(a*m*(1 + m)) + (E"ArcSech[a*x]*x~(1 + m))/(1 + m) + (x"m*xSqrt[(1
)~ (-1)]*Sqrt[1 + a*x]*Hypergeometric2F1[1/2, m/2, (2 + m)/2, a~2%x~2])/(a*m
*(1 + m))

Rule 6335

Int [E"ArcSech[(a_.)*(x_) " (p_.)]*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + axx"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rule 125

+ axx

+ axx
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Int[((£f_)*x(x_))"(p_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.
), x_Symbol] :> Int[(a*c + b*d*x"2) m*(f*x) p, x] /; FreeQ[{a, b, c, 4, f,
m, n, pr, x] && EqQ[b*c + a*d, 0] && EqQ[m - n, 0] &% GtQ[a, 0] && GtQ[c, O
]

Rule 364

Int[((c_.)*x(x_))"(m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQ[a, 01)

Rubi steps

—1+m
sech (ax)x1+m fx—1+m dx (\[ V1 + ax) f N—ax /_1+ax

fesechfl(ax)xm dx =

1+m a(1+m) a(l + m)
x~l+m
~ M .\ sech (ax)x1+m (\[ Ttax V ax) f /—1 2x
~am(1 + m) 1+m a(l +m)
m [ 1 1 2
_ XM . esech_l(ax)x1+m T V1 +ax,F; ( Z, +m, 2x2)
~am(1 + m) 1+m am(l + m)

Mathematica [A] time = 0.302242, size = 145, normalized size = 1.59

-1
_ h
om+1ym (ax)™™ e2sech 1 (ax) gsech (@)
eZsech_l(ax)+1

m m
2sech™(ax) 2sech™ (ax) i z
) (e sech ~(ax) 4 1) ((m + 2)esset W Hypergeometric2F1 >

m
+2,m+2,5-

a(m + 2)(m + 4)

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x]*x"m,x]

[Out] -((27(1 + m)*E~(2*xArcSech[a*x])*(E~ArcSech[a*x]/(1 + E~(2*ArcSech[a*x]))) m

*(1 + E7(2xArcSech[a*x])) “m*x"m*(-((4 + m)*Hypergeometric2F1[1 + m/2, 2 + m
, 2 + m/2, -E7(2xArcSech[a*x])]) + E~(2xArcSech[a*x])*(2 + m)*Hypergeometri
c2F1[2 + m/2, 2 + m, 3 + m/2, -E~(2*%ArcSechla*x])]))/(a*x(2 + m)*(4 + m)x*(ax
x)"m))
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Maple [F] time = 0.174, size = 0, normalized size = 0.

1 1 1
f(— +\/——1\/1+—]xmdx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"m,x)

[Out] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"m,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"m,x, algorithm="maxima"
)

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

ax+1 ax—1
axx™ / A/ + x™
ax ax
a X

X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"m,x, algorithm="fricas"
)

[Out] integral((a*xx*x " mxsqrt((a*x + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) + x"m)/(a*x)
, X)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f%dx+faxm\/—1+$\/1+%dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**x(1/2)*(1+1/a/x)**(1/2))*x**m,x)

[Out] (Integral(x**m/x, x) + Integral (a*x**m*sqrt(-1 + 1/(a*x))*sqrt(l + 1/(a*x))
, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.
1 1 1
fxm[\/—+1 ——1+—de
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x"m,x, algorithm="giac")

[Out] integrate(x"m*(sqrt(1/(axx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)



325

~1/a
3.59 f ee°h <§)x’” dx

Optimal. Leaf size=109

[T [T, {me ic9F1 (L Lem—2), -1 2 “
Vs + 1x"**Hypergeometric2F1 (2,2( m—2), z’xZ) 2 xm+1esech_1(;)

a(m2+3m+2) a(mZ+3m_|_2)+ m+1

[Out] (E"ArcSechl[a/x]*x"(1 + m))/(1 + m) - x~(2 + m)/(a*x(2 + 3*m + m"2)) - (Sqrt[
(1 + a/x)"(-1)]*Sqrt[1 + a/x]*x" (2 + m)*Hypergeometric2F1[1/2, (-2 - m)/2,
-m/2, a~2/x72])/(ax(2 + 3*m + m~2))

Rubi [A] time = 0.0751257, antiderivative size = 109, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, /e

0.417, Rules used = {6335, 30, 259, 339, 364}

1 a 11 m a?
m+2 . .
/ - - =(-m- - -1
LERVA +1x 2F1 (2, 2( m 2), 57 x2) M2 xm+1esech (;)
X

a(m2+3m+2) a(m2+3m+2)+ m+1

integrand size

Antiderivative was successfully verified.

[In] Int[E"ArcSechl[a/x]*x"m,x]

[Out] (E"ArcSech[a/x]*x~(1 + m))/(1 + m) - x~(2 + m)/(a*x(2 + 3*m + m~2)) - (Sqrtl[
(1 + a/x)~(-1)]*Sqrt[1 + a/x]*x~(2 + m)*Hypergeometric2F1[1/2, (-2 - m)/2,
-m/2, a~2/x72])/(ax(2 + 3*m + m~2))

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx“pl*Sqrt[1/(1 + a*x"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]
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Rule 259

Int[(Cc_.)*(x_)) " (m_.)*x((al_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2*bl + alxb2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 01))

Rule 339

Int[(Cc_)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Dist[((c
*x)"(m + 1)*(1/x)"(m + 1))/c, Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x, 1/x
1, x] /; FreeQ[{a, b, c, m, p}, x] && ILtQ[n, 0] && !'RationalQ[m]

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) " (m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && 'IGtQ[p, 0] && (ILt
Qlp, 01 |l GtQla, 01)

Rubi steps

( 1 \/]7) f x1+m dx
—1/a — - -
feseCh_l(?c)xm o esech (;)x1+m ~ fx1+m dx \/ 1+2 X /1_§ /1+_;

1+m a(l +m) - a(l +m)
1+m
( %\/1 + E)f —— dx
sech (%) _14m 24m I+ A
_¢ P X 3 2
1+m u(2+3m+m2) a(l +m)
1 a1 m —3-m 1
esech—l(g)xl+m 2 ( / l+§ A ,1 + < (;) xm) Subst (f N dx, x, ;)
= - +
L+m a(2+3m+m2) a(l + m)
[ L[4 o LV D N
_ esechfl(j—c)xlﬂn y2+m 1+§ 1+ xx m2F1 (2/ 2( 2-m); X xz)
- 1+m a(2+3m+m2) u(2+3m+m2)

Mathematica [A] time = 0.825083, size = 139, normalized size = 1.28

—m-1
“1/a sech_l(%) " “1/a 1/a

a2y (f—c)m e (3) (—; T ) (mezseCh (Q)HypergeometriCZFl (1, % +2,2- g, _e?sech (E)) - (m-2

p2sec )1

(m—-2)m
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Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcSechl[a/x]*x"m,x]

[Out] -((27(-1 - m)*a*E~ArcSech[a/x]*(E~ArcSech[a/x]/(1 + E~(2xArcSech[a/x]))) " (-
1 - m)*x(a/x) "m*x"m* (- ((-2 + m)*Hypergeometric2F1[1, 1 + m/2, 1 - m/2, -E7(2
xArcSech[a/x])]) + E~(2*ArcSech[a/x])*m*xHypergeometric2F1[1, 2 + m/2, 2 - m

/2, -E~(2*ArcSech[a/x])]))/((-2 + m)*m))

Maple [F] time = 0.643, size = 0, normalized size = 0.

x x [ x
f(—+ -1+ - 1+—)xmdx
a a a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x/a+(-1+x/a)"(1/2)*(1+x/a)"(1/2))*x"m,x)

[Out] int((x/a+(-1+x/a)”"(1/2)*x(1+x/a)"(1/2))*x"m,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

X2y f Va + xy-a + xx™ dx
+

a(m +2) a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x/a+(-1+x/a)”(1/2)*(1+x/a)”~(1/2))*x"m,x, algorithm="maxima")

[Out] x"2*x"m/(a*x(m + 2)) + integrate(sqrt(a + x)*sqrt(-a + x)*x"m, x)/a

Fricas [F] time = 0., size = 0, normalized size = 0.

a+x a—x
axm1/—1/—— + xx™
a a
a X

integral
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x/a+(-1+x/a)”(1/2)*(1+x/a)~(1/2))*x"m,x, algorithm="fricas")

[Out] integral((a*x"m*sqrt((a + x)/a)*sqrt(-(a - x)/a) + x*x"m)/a, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxxmalx+fax’”,/—l+E 1+ Zdx
a a

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x/a+(-1+x/a)**(1/2)*(1+x/a)**(1/2))*x**m,x)

x))/a

[Out] (Integral(x*x**m, x) + Integral (a*xx**m*sqrt(-1 + x/a)*sqrt(l + x/a),

Giac [F] time = 0., size = 0, normalized size =

o e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x/a+(-1+x/a)~(1/2)*(1+x/a)~(1/2))*x"m,x, algorithm="giac")

[Out] integrate(x"m*(sqrt(x/a + 1)*sqrt(x/a - 1) + x/a), x)
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3.60 f gsech ™ (ax?) ym o

Optimal. Leaf size=133

1
p axP+1

m—-p+1 . 1 m—p+1 m+p+l 2.2 9
Vax? + 1x™ P Hypergeometric2F1 (5, 2 ,T,axp paip+l 1+ gsech” (axP)

am+1)(m—-p+1) +a(m+1)(m—p+1)+ m+1

[Out] (E"ArcSechla*x"p]l*x~(1 + m))/(1 + m) + (pxx~(1 + m - p))/(a*(1 + m)*(1 + m
-p)) + (pxx~(1 + m - p)*Sqrt[(1 + a*x"p)~(-1)]*Sqrt[1 + a*x"p]l*Hypergeomet
ric2F1[1/2, (1 + m - p)/(2*p), (1 + m + p)/(2*p), a~2xx~(2*p)])/(ax(1 + m)*

(1 +m-p))

Rubi [A] time = 0.0834416, antiderivative size = 133, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e .

0.333, Rules used = {6335, 30, 259, 364}
P [ﬂx;+1 Vaxt + 1xm-r+1 ,F (%, m—p+1; m+P+l’. gZxZP) pxm_p+1 xm+1esech71(ax”)

2p 2p +
am+1)(m-p+1) am+1)(m-p+1) m+1

integrand size

Antiderivative was successfully verified.

[In] Int[E~ArcSech[a*x"p]l*x~m,x]

[Out] (E"ArcSechl[a*x"pl*x~(1 + m))/(1 + m) + (p*xx~(1 +m - p))/(a*x(1 + m)*(1 + m
- p)) + (pxx~(1 + m - p)*Sqrt[(1 + a*xx"p)~(-1)]*Sqrt[1 + a*x"pl*Hypergeomet
ric2F1[1/2, (1 + m - p)/(2*p), (1 + m + p)/(2*p), a~2*xx~(2*p)])/(ax(1l + m)*

(1 +m-p))

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx“pl*Sqrt[1/(1 + a*x"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]
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Rule 259

Int[(Cc_.)*(x_)) " (m_.)*x((al_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2*bl + alxb2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 01))

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rubi steps

) 1 KMP
esech 1(ax”’)x1+m pfxm—P dx . (p\/ T+ax? V1+ axp) f MW

fesech_l(ax’”)xm dx =

1+m a(l + m) o+ m)
[T —— m—p
— gsech” @) ylom N pxltmr (P Tar V1 uxp) f ,le_azxzp dx
B 1+m al +m)(1 +m—p) a(l +m)
/ T+m-p 1
esech_l(ax”’)x1+m px1+m—p xLtm=p \/1 + ax? ,F; (1’ il p/ +;7;+P a2 Zp)

= +

14+m a(1+m)(1+m—p) al +m)(1+m - p)

Mathematica [A] time = 4.95324, size = 186, normalized size = 1.4

m+1

P 1,
J ((m + 3p + 1)Hypergeometric2F1 (1 1- mﬂ;ﬂ, %}’jﬂ, —sech” (ax”

m+1 m+1 sech’l(uxp)
27 p ymtl (axp) “p psech” Yaxr) | _e
ZSech_l(axp)+l

(m+p+1)(m+3p+1)

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x pl*x~m,x]

[Out] (27((1 + m)/p)*E~ArcSech[a*x"p]l*(E~ArcSech[a*x"p]l/(1 + E~(2*ArcSech[a*x"p])
D)L + m)/p)*x~ (1 + m)*(-(E~(2*ArcSech[a*x"p])*(1 + m + p)*Hypergeometric
2F1[1, -(1 + m - 3*%p)/(2%p), (1 + m + 5xp)/(2%p), -E~(2*ArcSech[a*x"p])]) +

(1 + m + 3%p)*Hypergeometric2F1[1, 1 - (1 + m + p)/(2%p), (1 + m + 3*p)/(2
*p), —E7(2xArcSech[a*x™p])]))/((1 + m + p)*(1 + m + 3*xp)*(axx"p)~((1 + m)/p
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)

Maple [F] time = 1.224, size = 0, normalized size = 0.

f ! +\/ ! 1 ! +1|x™d
— —_—— — x™ dx
axP axP axP

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))*x"m,x)

[Out] int((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))*x"m,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)~(1/2)*(1/a/(x"p)+1)~(1/2))*x"m,x, algori
thm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))*x"m,x, algori
thm="fricas")

[Out] Exception raised: UnboundLocalError
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Sympy [F] time = 0., size = 0, normalized size = 0.

fx xpdx+fax \/ 1+—\/1+—dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x*x*p)+(1/a/(x*xp)-1)*x(1/2)*(1/a/ (x**p)+1)*x(1/2))*x**m,Xx)

[Out] (Integral (xx*m*x**(-p), x) + Integral (a*x**mxsqrt(-1 + x*x(-p)/a)*sqrt(l +
x*kx(-p)/a), x))/a

Giac [F] time = 0., size = 0, normalized size = 0.

JelVaw a1 e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))*x"m,x, algori
thm="giac")

[Out] integrate(x"m*(sqrt(1/(a*xx"p) + 1)x*sqrt(l/(axx"p) - 1) + 1/(axx"p)), x)
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3.61 f gsech” @)y gy

Optimal. Leaf size=119

) T ; 1 1(2 1(2
pxz p /apo Vax? + 1Hypergeometric2F1 (E’ > (; - 1) 5 (; + 1) , u2x2p) . px2—p .\ lxze
202~ p) 2a2-p) 2

sechfl(axp)

[Out] (E"ArcSechl[a*x"pl*x~2)/2 + (p*x~(2 - p))/(2*%a*x(2 - p)) + (p*x~(2 - p)*Sqrt[
(1 + a*xx"p)~(-1)]1*Sqrt[1 + a*x"pl*Hypergeometric2F1[1/2, (-1 + 2/p)/2, (1 +
2/p)/2, a~2*x~(2*p)]1)/(2*%a*x(2 - p))

Rubi [A] time = 0.0528343, antiderivative size = 119, normalized size of antiderivative
1., number of steps used = 4, number of rules used = 4, integrand size = 10, number of rules

0.4, Rules used = {6335, 30, 259, 364}

o 1 11(2 1 2\ 2.9
PN Vo R (5 (-1)3 () ) e Lo
—X-e

2a(2 -p) " 2a2-p) 2

integrand size

sechfl(axp )

Antiderivative was successfully verified.

[In] Int[E~ArcSech[a*x"p]*x,x]

[Out] (E"ArcSechla*x"pl*x72)/2 + (p*x~(2 - p))/(2*ax(2 - p)) + (p*x~(2 - p)*Sqrt[
(1 + a*xx"p)~(-1)]1*Sqrt[1 + a*x”pl*Hypergeometric2F1[1/2, (-1 + 2/p)/2, (1 +
2/p)/2, a~2%x”(2%p)])/(2xa*x(2 - p))

Rule 6335

Int [E"ArcSech[(a_.)*(x_) " (p_.)]*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + a*xx"pl*Sqrt[1/(1 + a*x"p)])/(ax(m + 1)), Int[x"(m - p)/(Sq
rt[1 + axx"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30
Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rule 259
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Int[((c_)*x D))" @m_D*((a1 ) + (b1_D)*x )" )~ (p)*x((a2_) + (b2_.)*(x_)
“(n_))"(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Qf{al, b1, a2, b2, c, m, n, pr, x] && EqQ[a2#bl + al*b2, 0] && (IntegerQ[p]
|| (GtQ[al, 0] && GtQ[a2, 0]))

Rule 364

Int[((c_.)*x(x_))"(m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQ[a, 01)

Rubi steps

1 x1P
1-p ( = V1+ ax”) ——dx
fesech_l(axp)x d.x — %esech_l(axp)xz + pfxz dx + p 1+ax? f V1—axPV1+ax?P
a

2a

_ V1 + P)

— lesech_l(ax”)xZ + pxz P + ( 1+”xp o V1-a2x%
2a(2 -p) 2a
2\ 1 2

L e (0 e

- lesechfl(axp)XZ + px2 P Px A2 P 2 p X
2 ma—m 2a(2 - p)

Mathematica [A] time = 0.29688, size = 159, normalized size = 1.34

[ \/ 2,2 r1 .11 2 2p
a’px?P —ax Hypergeometr1c2F1( + + A°X Toar? Toar?

(p+2)(axP-1) aP+1 VaxP+l

alp - 2)
Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x”p]*x,x]

[Out] (x7(2 - p)*x(-1 - Sqrt[(1 - a*x"p)/(1 + a*xx"p)] - a*xx"p*Sqrt[(1 - axx"p)/(1
+ axx"p)] + (a7 2*p*xx~(2*p) *Sqrt [(1 - a*x"p)/(1 + axx"p)]*Sqrt[l - a~2*x~ (2%
p)]*Hypergeometric2F1[1/2, 1/2 + p~(-1), 3/2 + p~(-1), a~2xx~(2xp)])/((2 +
p)*x(-1 + a*xx"p))))/(ax(-2 + p))
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Maple [F] time = 1.102, size = 0, normalized size = 0.

(axp \/ﬁ_l\/_ +1dex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))*x,x)

[Out] int((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*x(1/a/(x"p)+1)~(1/2))*x,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))*x,x, algorith
m="maxima"

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))*x,x, algorith

m="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

fxx de+fax\/—1+ \/1+—dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x*xp)+(1/a/(x**p)-1)**x(1/2)*(1/a/(xx*p)+1)**(1/2))*x,x)

[Out] (Integral (x*x*x(-p), x) + Integral(a*xx*sqrt(-1 + x*x(-p)/a)*sqrt(l + x*x(-p
)/a), x))/a

Giac [F] time = 0., size = 0, normalized size = 0.

f \/1+1 ! 1+1 d
X axP axP axpx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))*x,x, algorith
m="giac")

[Out] integrate(x*(sqrt(1l/(a*xx"p) + 1)*sqrt(1/(a*x”p) - 1) + 1/(a*x"p)), x)
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3.62  [esech @) gy

Optimal. Leaf size=105

) T ) 11(1 +1
pxl p /axp+1 Vax? + 1Hypergeometric2F1 (5, > (; - 1) , pz_p, QZXZP) . pxl—P
a(l—p) a(l-p)

sech_l(axp)

+ xe

[Out] E"ArcSech[a*x"pl*x + (p*x~(1 - p))/(ax(1 - p)) + (pxx~(1 - p)*Sqrt[(1 + axx
“p)~(-1)1*Sqrt[1 + a*x"pl*Hypergeometric2F1[1/2, (-1 + p~(-1))/2, (1 + p)/(
2%p), a~2*x~(2*p)])/(ax(1 - p))

Rubi [A] time = 0.0468155, antiderivative size = 105, normalized size of antiderivative
1., number of steps used = 4, number of rules used = 4, integrand size = 8, number of rules

integrand size
0.5, Rules used = {6330, 30, 259, 364}

1-p 1 P (1 l (1 — . ’il 242
x1P VaxP +1,F 1 a“xb 1-
p axP+1 211272 p "2p’ px s sechfl(axp)

a(l-p) +a(l—p) e

Antiderivative was successfully verified.

[In] Int[E"ArcSech[a*x"p],x]

[Out] E~ArcSech[a*x"pl*x + (p*x~(1 - p))/(ax(1 - p)) + (pxx~(1 - p)*Sqrt[(1 + axx
“p)~(-1)1*Sqrt[1 + axx"pl*Hypergeometric2F1[1/2, (-1 + p~(-1))/2, (1 + p)/(
2%p), a~2*x~(2*p)])/(ax(1 - p))

Rule 6330

Int[E"ArcSech[(a_.)*(x_)"(p_)], x_Symbol] :> Simp[x*E~ArcSech[a*x"p], x] +
(Dist[p/a, Int[1/x7p, x], x] + Dist[(p*Sqrt[l + a*x"pl*Sqrt[1/(1 + a*xx"p)])
/a, Int[1/(x"p*Sqrt[1 + a*x"pl*Sqrt[1 - axx"pl), x], x]) /; FreeQ[{a, p}, x
]

Rule 30
Int[(x )~ (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQm, -1]

Rule 259
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Int[((c_)*x D))" @m_D*((a1 ) + (b1_D)*x )" )~ (p)*x((a2_) + (b2_.)*(x_)
“(n_))"(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Qf{al, b1, a2, b2, c, m, n, pr, x] && EqQ[a2#bl + al*b2, 0] && (IntegerQ[p]
|| (GtQ[al, 0] && GtQ[a2, 0]))

Rule 364

Int[((c_.)*x(x_))"(m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQ[a, 01)

Rubi steps

N —= V1 +ax )
fesech’l(axp) dx = esech (axp) pfx Pdx (p 1+ax? 1 —axPV1+axP

a
_ — V1 +axt
— esech_l(axp)x + pxl + ( 1+ xp - )f V1-a2:2P
a(l -p) a
1-p [_L_/ 11 4, ). 4, 2 0
~ esech_l(axp)x . pxl—p . px T 1+ ax? ,F, (2, 5 ( 1+ o) 2 ;a°X
a(l-p) a(l —p)

Mathematica [A] time = 0.385518, size = 139, normalized size = 1.32

—axP 1 p+1 1(1
29 | 1222 - 1o 101 5) 202
a“pPy [ 1-a%x HypergeometrlcQFl(z, 2% 2 p+3 A°X

_ -p
x T + (a+x7P)

1-axP

+ x7P
axP+1 x

a-ap
Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x"p],x]

[Out] (xx(x~(-p) + (a + x~(-p))*Sqrt[(1 - a*x"p)/(1 + a*x"p)] - (a~2*p*x~p*Sqrt[(
1 - axx"p)/(1 + a*x"p)]1*Sqrt[1 - a~2*x~(2x%p)]*Hypergeometric2F1[1/2, (1 + p
)/ (2xp), (3 + p~(-1))/2, a™2*xx~(2%p)])/((1 + p)*(-1 + a*x"p))))/(a - axp)
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Maple [F] time = 1.154, size = 0, normalized size = 0.

faxp \/w‘l\/—”dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2),x)

[Out] int(1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/(x"p)+(1/a/(x"p)-1)~"(1/2)*(1/a/(x"p)+1)~(1/2),x, algorithm="m
axima")

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2),x, algorithm="f
ricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

fx de+f \/—1+—\/1+—dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/(x*x*p)+(1/a/(x*xp)-1)*x(1/2)*(1/a/(x**p)+1)**(1/2) ,%)

[Out] (Integral(xx*(-p), x) + Integral(axsqrt(-1 + x**x(-p)/a)*sqrt(l + x*x(-p)/a)
, X)) /a

Giac [F] time = 0., size = 0, normalized size = 0.

— -1+ —d
f\/axp \/axp ax? :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/(x"p)+(1/a/(x"p)-1)~(1/2)*(1/a/(x"p)+1)~(1/2),x, algorithm="g
iac"

[Out] integrate(sqrt(1/(a*x"p) + 1)*sqrt(l/(axx"p) - 1) + 1/(a*x"p), x)
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sech 1 (axp )

363 [——dx

X

Optimal. Leaf size=87

1 .1
_x—pm P ,/m\/axp+1sm (axP)

1 ap p

ap axP+1

[Out] -(1/(a*p*x~p)) - Sqrt[l - axx"pl/(a*xp*xx~p*Sqrt[(1 + a*xx"p)~(-1)]) - (Sqrt[(
1 + axx"p) " (-1)]*Sqrt[1 + a*xx”pl*ArcSin[a*x”p]l)/p

Rubi [A] time = 0.0689316, antiderivative size = 106, normalized size of antiderivative =

1.22, number of steps used = 6, number of rules used = 6, integrand size = 12, number of rules

= 0.5, Rules used = {6334, 259, 345, 242, 277, 216}

1 1 -1 xP
P | 1/ V1 = 212 _ N Vax? i
xP — axP +1V1 — g4x4P P Pl ax’? +1csc ( p )

ap ap p

integrand size

Warning: Unable to verify antiderivative.

[In] Int[E~ArcSechla*x"p]/x,x]

[Out] -(1/(a*xp*x”p)) - (Sqrt[(1 + a*xx"p)~(-1)]1*Sqrt[l + axx"pl*Sqrt[l - a~2*x™ (2%
p)1)/(a*xp*xx~p) - (Sqrt[(1 + a*x"p)~(-1)]1*Sqrt[1l + axx“pl*ArcCsc[1/(a*x"p)])
/p

Rule 6334

Int[E"ArcSech[(a_.)*(x_)~(p_.)1/(x_), x_Symbol] :> -Simp[(a*p*x~p)~(-1), x]
+ Dist[(Sqrt[1 + a*x"pl*Sqrt[1/(1 + a*xx"p)])/a, Int[(Sqrt[l + axx"pl*Sqrtl
1 - axx’pl)/x~(p + 1), x], x] /; FreeQ[{a, p}, x]

Rule 259

Int[((c_.)*x(x_)) " (m_.)*x((al_) + (b1_.)*(x_)"(m_)) (p_)*((a2_) + (b2_.)*(x_)
“(n_))"(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{a1l, bl, a2, b2, ¢, m, n, p}, x] && EqQ[a2*bl + al*b2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 0]))
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Rule 345

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/(m + 1),
Subst[Int[(a + b*x~Simplify[n/(m + 1)1)7p, x1, x, x"(m + 1)1, x] /; FreeQ[{
a, b, m, n, p}, x] & IntegerQ[Simplify[n/(m + 1)]] && !'IntegerQ[n]

Rule 242

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x~
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, O]

Rule 277

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*x(m + 1)), In
t[(c*x)"(m + n)*(a + b*x"n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] &% IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl]

Rubi steps
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(‘/1+ixp V1 + axp) fx‘l‘px/l — axP\1 + ax? dx

esech_l(uxp) xP
L =-T—%

X ap a
P ( %\/1 + ax’”) fx‘l"’\/l — a2x?% dx
X 1+ax
ap a
1 a2 _
- (1 / r~ V1 + axp) Subst (f 1- = dx,x,x P)
S oap ap
1 V1-a2x2
- (1 / ——V1+ axp) Subst (f 2 dx,x, xp)
=—+
ap ap
1 1
xr xP /1+tzxf’ V1 + axPV1 — a2x?p ) (a‘/1+axp V1+ axp) Subst (f N dx, x, x”)
ap ap p
_ﬁ ) xP /1+1sz V1 + axPV1 — a2x2p R / 1+1sz V1 + ax? sin”! (ax?)
ap ap p

Mathematica [C] time = 0.137093, size = 96, normalized size = 1.1

i (—i (a+x7P) 1/;;;1‘? +alog (2

ap

1-ax? . .
T (axP +1) = 2iaxP | —ix P
axP+1

Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcSechl[a*x"p]l/x,x]

[Out] ((-I)*((-I)/x"p - Ix(a + x~(-p))*Sqrt[(1 - a*x"p)/(1 + axx"p)] + axLogl[(-2x
D*axx"p + 2xSqrt[(1 - a*xx"p)/(1 + axx"p)]*(1 + a*xx"p)]))/(a*p)

Maple [C] time = 0.326, size = 145, normalized size = 1.7

csgn (a) xPa axP —1 1+ ax? 1 1 (csgn (a))2 axP —1
- - arctan | csgn (a) xPa - -
p ax? ax? p ax?

\/— ()Y a2+1 \/—(xf’)2 a2 +1

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))/x,%)

[Out] -1/p*(-(a*xx"p-1)/a/(x"p))~(1/2)*x((1+a*xx"p)/a/(x"p))~(1/2)*csgn(a)/(-(x"p) "2
*a~2+1) " (1/2)*arctan(csgn(a)*a*xx"p/ (- (x"p) "2*a~2+1) " (1/2) ) *x"p*a-1/p* (- (a*x
“p-1)/a/(x"p)) " (1/2)*x((1+axx"p) /a/(x"p) )~ (1/2)*xcsgn(a) ~2-1/a/p/ (x"p)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)~(1/2)*(1/a/(x"p)+1)~(1/2))/x,x, algorith

m="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.45426, size = 197, normalized size = 2.26

axP+1 axP-1 axP+1 axP-1
axP - —ax? arctan - +1
axP ax?P ax? axP

apx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))/x,x, algorith

m="fricas")

[Out] -(a*x“p*sqrt((a*x”p + 1)/(a*x"p))*sqrt(-(a*xx"p - 1)/(a*x"p)) - a*x p*arctan
(sqrt((a*xx™p + 1)/(a*xx"p))*sqrt(-(a*x™p - 1)/(a*xx"p))) + 1)/(a*xp*x~p)

Sympy [F] time = 0., size = 0, normalized size = 0.

P P

o a1+ 14—

[Py [N gy
X X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x*xp)+(1/a/(x**p)-1)**x(1/2)*(1/a/(x*x*p)+1)**(1/2))/x,x%)

[Out] (Integral(xx*(-p)/x, x) + Integral(a*sqrt(-1 + x**(-p)/a)*sqrt(l + x**x(-p)/
a)/x, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.

1 1 1
f\/w”\/ﬁ‘“w
dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))/x,x, algorith

m="giac”)

[Out] integrate((sqrt(1/(a*x"p) + 1)*sqrt(1/(a*x”p) - 1) + 1/(a*xx"p))/x, x)
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sech 1 (axp )

364 [——5—dx

x2
Optimal. Leaf size=107

1 1 +1  1-
-p-1 Vax? i 1 pHl I7p 22 4
px ‘/axh T Vax +1Hypergeometr1c2F1(2, L pr Pl gsech o)

a(p +1) +a(p+1)_ X

[Out] -(E"ArcSech[a*x"pl/x) + (p*x~(-1 - p))/(ax(1 + p)) + (p*x~(-1 - p)*Sqrt[(1
+ a*xx"p) " (-1)]1*Sqrt[1 + a*xx"pl*Hypergeometric2F1[1/2, -(1 + p)/(2*p), -(1 -
p)/ (2%p), a"2*x~(2xp)])/(ax(1 + p))

Rubi [A] time = 0.0604132, antiderivative size = 107, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, b L

integrand size
0.333, Rules used = {6335, 30, 259, 364}

1 1 1 ptl 1p 2.2 -
pxF 1/Merlvaxp +1,F; ( —— —— a%x%P paP-l psech Lax?)
+

27 2p 2p 3
a(p+1) alp +1) X

Antiderivative was successfully verified.

[In] Int[E~ArcSechla*x"pl/x~2,x]

[Out] -(E"ArcSechl[a*x”"pl/x) + (p*x~ (-1 - p))/(ax(1 + p)) + (pxx~(-1 - p)*Sqrt[(1
+ a*xx”p) " (-1)]1*Sqrt[1 + a*xx"plx*Hypergeometric2F1[1/2, -(1 + p)/(2*p), -(1 -
p)/(2%p), a"2xx”(2*p)])/(ax(1 + p))

Rule 6335

Int[E"ArcSech[(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Simp[(x~(m + 1)*E~
ArcSech[a*x"p])/(m + 1), x] + (Dist[p/(a*x(m + 1)), Int[x"(m - p), x], x] +
Dist [(p*Sqrt[1 + axx“pl*Sqrt[1/(1 + a*x"p)])/(a*x(m + 1)), Int[x"(m - p)/(Sq
rt[1 + a*x"pl*Sqrt[l - a*x"pl), x], x]) /; FreeQ[{a, m, p}, x] && NeQ[m, -1
]

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]
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Rule 259

Int[(Cc_.)*(x_))"(m_.)*x((al_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)
“(n_))~(p_), x_Symbol] :> Int[(c*x) m*(al*a2 + blxb2xx~(2*n)) p, x] /; Free
Ql{al, b1, a2, b2, c, m, n, p}, x] && EqQ[a2*bl + alxb2, 0] && (IntegerQ[p]
Il (GtQ[al, 0] && GtQ[a2, 01))

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rubi steps

f esech_l(axp) SeCh (ax”) pfx 2P dx (pV 1+ axp) f V1-axPV1+axP

x? ax = x a
o psech L (ax?) . pir (p\/%m) il \/%dx
X a(l +p) a
_ esech_l(axp) px - + —1—p \/7 VI+ax? JFy ( 1+p 12:; azpr)
X a(l +p) a(l +p)

Mathematica [A] time = 0.258708, size = 156, normalized size = 1.46

2 1ax 22 . 1p—13_1 2.2 1(1X
apx P,/u . 1\/ - a?x*’Hypergeometric2F1 (E’ 75 o X P — (axP +1) 1

x—p—l 2y 2 — -
p-Dp+1)(ax -1) a(p +1) ap +a

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[a*x"p]l/x"2,x]

[Out] x~(-1 - p)*(-(a + a*p)~(-1) - (Sqrt[(1 - a*x"p)/(1 + axx"p)]*(1 + a*xx"p))/(
ax(1l + p)) + (a*xpxx~(2%p)*Sqrt[(1 - a*x"p)/(1 + axx"p)]*Sqrt[l - a~2*x~ (2*p
)1*Hypergeometric2F1[1/2, (-1 + p)/(2*p), 3/2 - 1/(2*p), a~2*x~(2xp)])/((-1

+ p)*(1 + p)*x(-1 + a*xx"p)))
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Maple [F] time = 1.182, size = 0, normalized size = 0.

‘]‘1 1 4-\/ ! 1\/ ! +11|d
—|— — — 14— X
x2 | axP ax? ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))/x72,%)

[Out] int((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))/x72,%)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))/x"2,x, algori
thm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))/x"2,x, algori
thm="fricas")

[Out] Exception raised: UnboundLocalError
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Sympy [F] time = 0., size = 0, normalized size = 0.

P -p
P a —1+XT 1+XT
(S [N gy

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x**p)+(1/a/(x*xp)-1)*x(1/2)*(1/a/ (x*xp)+1)*x(1/2)) /x**2,x%)

[Out] (Integral(xx*x(-p)/x**2, x) + Integral(a*xsqrt(-1 + x*x*x(-p)/a)*sqrt(l + x*x*(-
p)/a)/x*x2, x))/a

Giac [F] time = 0., size = 0, normalized size = 0.

1

1 1
f\/ﬁ”\/ﬁ_“ﬂd
> X
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/(x"p)+(1/a/(x"p)-1)"(1/2)*(1/a/(x"p)+1)~(1/2))/x"2,x, algori
thm="giac")

[Out] integrate((sqrt(1/(a*x”p) + 1) *sqrt(1l/(a*xx"p) - 1) + 1/(a*xx"p))/x"2, x)
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3.65 f eZsech_1 (ax)x4 dx

Optimal. Leaf size=203

1-ax 1-ax 4 [ 1-ax 3 1—ax 1-ax
(1 - ax)(ax + 1)4 + ax+l (5 -6 ax+1) (ax + 1) (45 ax+1 + 4) (ax + 1) + 5 m(ax + 1)2 N (4 B ax+1) (ax +

5a° 10a® 3045 4a5 4a5

[Out] (5%Sqrt[(1 - a*x)/(1 + a*xx)]*(1 + a*xx)~2)/(4*a”5) + ((1 - a*x)*(1 + a*x)~4)
/(5xa”5) + (Sqrt[(1 - a*xx)/(1 + a*xx)]*(1 + a*x)~4x(5 - 6%Sqrt[(1 - a*xx)/(1

+ a*xx)]))/(10*%a"5) + ((1 + a*xx)*(4 - Sqrt[(1 - a*x)/(1 + a*x)]))/(4%a”5) -

((1 + a*xx)”3*(4 + 45%Sqrt[(1 - a*x)/(1 + a*x)]))/(30*%a"5) - ArcTan[Sqrt[(1

- a*x)/(1 + a*x)]]/(2*a”b)

Rubi [A] time = 0.699971, antiderivative size = 203, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 6, integrand size = 12, number of rules _

integrand size
0.5, Rules used = {6337, 1804, 1811, 1814, 639, 203}

1-ax 1-ax 4 [ 1-ax 3 1—ax 1-ax
(1 - ax)(ax + 1)4 + ax+l (5 -6 ax+1) (le + 1) (45 ax+1 + 4) (ax + 1) + 5 m(ﬂx + 1)2 N (4 B ax+1) (ax +

5a° 10a® 30a5 4a> 445

Antiderivative was successfully verified.

[In] Int[E~(2%ArcSech[a*x])*x"4,x]

[Out] (5%Sqrt[(1 - axx)/(1 + axx)]I*x(1 + a*x)~2)/(4*a”5) + ((1 - a*x)*(1 + axx)~4)
/(5xa”B5) + (Sqrt[(1 - a*xx)/(1 + axx)]*(1 + a*x) 4x(5 - 6%xSqrt[(1 - a*x)/(1

+ axx)]))/(10%a"5) + ((1 + a*x)*(4 - Sqrt[(1 - a*x)/(1 + a*x)]))/(4xa~5) -

((1 + a*x)7"3%(4 + 45%Sqrt[(1 - a*x)/(1 + ax*xx)]))/(30%a~5) - ArcTan[Sqrt[(1

- a*xx)/(1 + a*x)]]1/(2*a”5)

Rule 6337

Int[E"(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1l -
w/(1 +w] + (IxSqrt[(1 - v/ + wl)/w™n, x] /; FreeQ[m, x] && Integer
Q[n]

Rule 1804

Int[(Pq )*((c_.)*x(x_)) " (m_.)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :> With[
{Q = PolynomialQuotient[Pq, a + b*x~2, x], f = Coeff[PolynomialRemainder[Pq
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, a + b*xx"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x72, x], x,
11}, Simp[((c*x)"m*(a + b*x~2)"(p + 1)*(axg - b*f*x))/(2*a*xb*x(p + 1)), x]
+ Dist[c/(2xaxbx(p + 1)), Int[(c*x)"(m - 1)*x(a + b*xx"2) " (p + 1)*ExpandToSum
[2xaxb*x(p + 1)*x*Q - axg*m + bxfx(m + 2*p + 3)*x, x], x], x]] /; FreeQ[{a,

b, c}, x] & PolyQ[Pq, x] && LtQ[p, -1] && GtQ[m, 0]

Rule 1811

Int[(Pq )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Int[x*PolynomialQuotient
[Pq, x, x]*(a + b*xx"2)7p, x] /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && EqQ[
Coeff[Pq, x, 0], 0] & !'MatchQ[Pq, x"(m_.)*(u_.) /; IntegerQ[m]]

Rule 1814

Int[(Pg )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q = PolynomialQuot
ient[Pq, a + b*x"2, x], f = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x,
0], g = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x, 11}, Simp[((axg -
bxf*x)*(a + b*x"2)"(p + 1))/ (2%a*xbx(p + 1)), x] + Dist[1/(2*ax(p + 1)), Int
[(a + bxx"2) " (p + 1)*ExpandToSum[2*a*x(p + 1)*Q + fx(2xp + 3), x], x], x]] /
; FreeQ[{a, b}, x] && PolyQ[Pq, x] && LtQ[p, -1]

Rule 639

Int[((d_) + (e_.)*x(x_))*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((ax*e
- ckd*x)*(a + c*x"2)"(p + 1))/ (2*axcx(p + 1)), x] + Dist[(d*x(2%p + 3)) /(2%
ax(p + 1)), Int[(a + cxx™2)"(p + 1), x], x] /; FreeQ[{a, c, 4, e}, x] && Lt
Qlp, -11 && NeQlp, -3/2]

Rule 203

Int[((a_) + (b_.)*(x_)~"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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—  [EmY
f625ech71(ax)x4 dx = fx4 l + 1-ax + Ltax d
ax 1+ ax ax
(=1+x)2x(1+x)° 1-ax
4 Subst [f—édx,x,w/mJ

(1+x2)
—42x—-40x2+130x3+80x4-30x°-40x0-10x” 1-ax
2 Subst dx, x,
_ (1—ax)(1 +ax)* .\ (f (1+2)° 1+“x)
B 5a5 545
> Subst f x(—42—40x+l30x2+80x3;30x4—40x5—10x6) i, T—ax
_ 1 —-ax)1 + ax)4 4 (1+x2) 1+ax
B 545 545
160-48x-960x2+160x3+320x*+80x5
/ 4 1-ax Subst[ dx, x,
_ (1 -ax)(1+ ax)4 + (1 + ax) (5 6 1+ax) 3 f (l+x2)4 )
- 5a5 10a5 20a°
480-480x-
[1zax 45 _ g [loax 3 1-ax Subst(
(1 - ax)(1 + ax)* 1+ax (1 +ax) (5 6 1+ax) (1 +ax) (4 +45 1+a x) f (
= + +
5a° 10a° 30a°
B . —(1 +axy L (A-an+ ax)4 V T 0! (5 6 1+ax) (L +ax)? (4 441 x)
4a5 545 1045 30a5 |
—zzx 4 ax
SR+ an? et ViZ (1 + av) (5 6 x) a +ax)( 1/HM) (
B 445 5a5 1045 445
1-ax 4 ax
B 5 1 ax(l + ax)® N (1 - ax)(1 + ax)* N \/ (1 + ax) (5 6 x) @+ ax)( ' 1+ux) @
- 445 5a5 1045 445

Mathematica [C] time = 0.141372, size = 105, normalized size = 0.52

~12a°x° + 40a3x° —15a4/— Lo ( —2a3x* - 2a%x3 + ax? + x) +15ilog (2
60a°

(ax +1) - Zzax)

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcSech[ax*x])*x"4,x]

[Out] (40*a~3*x~3 - 12%a”bxx"5 - 16*axSqrt[(1 - a*x)/(1 + a*x)]*(x + a*x™2 - 2%a”
2%x73 - 2%a”3xx74) + (15%I)*Logl[(-2*I)*a*xx + 2xSqrt[(1 - a*x)/(1 + axx)]*(1
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+ axx)])/(60%a”~5)

Maple [C] time = 0.206, size = 123, normalized size = 0.6

5 043 1 fax+1
_xg + 3—22 + xczg;(a) m- \/ i (2 csgn (a) ¥¥a3V—-a2x2 + 1 — xV-a2x2 + Lesgn (a) a + arctan (xcsgn ()

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2*x"4,x)

[Out] -1/6%x75+2/3*x73/a"2+1/4/a~4*(-(a*xx-1)/a/x)~(1/2)*xx((a*xx+1)/a/x) ~(1/2)* (2%
csgn(a)*x~3%a”~3* (-a~2%x"2+1) " (1/2) -x* (-a~2*x~2+1) " (1/2) *csgn(a) *atarctan(cs
gn(a)*a*x/(-a~2*x"2+1) " (1/2)))*csgn(a) / (-a~2*x~2+1) ~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

§ . 112X
(—a2x2+1) 2y 22 1x arcsm(ﬁ)
21— 5 + — +

4a 8a 8 V22

2x3
4
ﬁ-i_ az —fx dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2*x"4,x, algorithm="maxim
all)

[Out] 2/3*x73/a"2 + 2*xintegrate(sqrt(a*xx + 1)*sqrt(-a*x + 1)*x"2, x)/a”2 - integr
ate(x"4, x)

Fricas [A] time = 2.09114, size = 225, normalized size = 1.11

12a5x° = 40a%x% - 15 2a x* = a? x ,/”H w/—E+15 arc‘cam(w/m{)r %)

60 a®

Verification of antiderivative is not currently implemented for this CAS.



354

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)) " 2*x"4,x, algorithm="frica

S")

[Out] -1/60%(12%xa~b*x~5 - 40*%a~3%x"3 - 15*(2+a~4*x"4 - a~2*x"2)*sqrt((a*xx + 1)/(a
*xx))*sqrt(-(a*x - 1)/(a*x)) + 16xarctan(sqrt((a*xx + 1)/(a*xx))*sqrt(-(a*x -

1)/(axx))))/a"5

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))**2*x**4 x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

2
1 1 1
fx4(\/—+1 ——1+—) dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)) " 2*x"4,x, algorithm="giac"
)

[Out] integrate(x~4*(sqrt(1/(axx) + 1)*sqrt(1l/(a*xx) - 1) + 1/(a*x))”2, x)
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3.66 f eZsech_1 (ax)x3 dx

Optimal. Leaf size=117

1-ax 1-ax 3 1-ax 2
(- a(@x +1° —1( B am)(“x”) +(3—8 ml)(ﬂ“l) x

[Out] -(x/a”"3) + ((1 - a*xx)*x(1 + a*xx)~3)/(4*xa"4) + ((1 + a*x)”2x(3 - 8xSqrt[(1 -
axx) /(1 + a*xx)]))/(6%xa~4) + (Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x)~3*(4 - 3%S
qrt[(1 - axx)/(1 + axx)]))/(6%a"4)

Rubi [A] time = 0.546433, antiderivative size = 117, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 12, e -

integrand size
0.5, Rules used = {6337, 1804, 1811, 1814, 12, 261}

1-ax 1-ax 3 1-ax 2
(1 - ax)(ax +1)3 .\ N o1 (4 -3 ax+1) (ax +1) . (3 -8 ax+1) (ax+1)*

44 6at 6at asd

Antiderivative was successfully verified.

[In] Int[E~(2*ArcSech[ax*x])*x"3,x]

[Out] -(x/a"3) + ((1 - a*x)*(1 + a*x)~3)/(4*xa"4) + ((1 + a*xx)~2%(3 - 8xSqrt[(1 -
a*x) /(1 + a*x)]))/(6%xa"4) + (Sqrt[(1 - a*x)/(1 + a*x)]*(1 + axx)”3*%(4 - 3%S
qrt[(1 - axx)/(1 + axx)]))/(6*%a"4)

Rule 6337

Int[E"(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1l -
u)/( +u)] + (1*Sqrt(1 - w)/1 + wl)/w™n, x] /; FreeQ[m, x] && Integer
Qln]

Rule 1804

Int[(Pq )*((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[
{Q = PolynomialQuotient[Pq, a + b*x~2, x], f = Coeff[PolynomialRemainder [Pq
, a + b*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x,
11}, Simp[((c*x) m*(a + bxx"2)~(p + 1)*(axg — b*fxx))/(2%axb*x(p + 1)), x]
+ Dist[c/(2%axbx(p + 1)), Int[(c*x)"(m - 1)*(a + b*x~2) " (p + 1)*ExpandToSum
[2xaxbx(p + 1)*x*Q — a*g#m + bxfx(m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a,
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b, c}, x] && PolyQ[Pq, x] && LtQ[p, -1] && GtQ[m, O]

Rule 1811

Int[(Pq )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Int[x*PolynomialQuotient
[Pq, x, x]*x(a + b*x"2)7p, x] /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && EqQ[
Coeff[Pq, x, 0], 0] & !MatchQ[Pq, x"(m_.)*(u_.) /; IntegerQ[m]]

Rule 1814

Int[(Pg )*x((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q = PolynomialQuot
ient[Pq, a + b*x"2, x], f = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x,
0], g = Coeff[PolynomialRemainder[Pq, a + b*x"2, x], x, 1]}, Simp[((axg -
bxf*x)*(a + b*x"2)"(p + 1))/ (2%a*xbx(p + 1)), x] + Dist[1/(2*ax(p + 1)), Int
[(a + bxx"2)"(p + 1)*ExpandToSum[2*a*x(p + 1)*Q + fx(2xp + 3), x], x], x]] /
; FreeQ[{a, b}, x] && PolyQ[Pq, x] && LtQ[p, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p: -1]

Rubi steps
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2
1-ax
-1 1 / 1-ax \/
fBZSech (ux)x3 dx = fx3 al + 1+ax d
ax 1+ ax ax

(~1+x)x(1+x)° 1-ax
4 Subst [f W X, 1+ax)
= 5
24x+32x2-32x3-32x4-8x5 1—ax
3 Subst f n dx, x, .
(1 —ax)(1 + ax) (1+x2)
B 44 2a4
x(24+32x-32x2-32x3—8x*) 1T_ax
3 Subst f I dx, x, .
(1 =ax)(1 + ax) (1+22)
B 4a* 2a*
—64-48x+192x%+48x> 1-ax
1
-+ Via @+’ (4 3 1+Z§) Subst [f (122) % 1+ux)
+
4a* 6a* 12a%
192x
2 [1 ax 3 1-ax Subst( —
~ (1 _ LZ.X')(]. + EIX)3 (1 + HX) (3 8 1+ax) .\ (1 + QX) (4 3 l+ax) f (1+x2)2
- 4a% 6a 6a - 484
(1+ax? (3-8 VEE @+ an? (4-3,/2% 4Subst(f —
_ (1 -ax)1+ le)3 1+ax N 1+ax N (1+x2)
B 4a* 6a* 6a* at
2 / 1-ax 3
(1 - ax)(l + ax)3 (1 + ux) (3 8 1+ax) (1 + ax) (4 3 1+ax)
B _a_3 404 6a* - 6a*

Mathematica [A] time = 0.0679191, size = 52, normalized size = 0.44

1-ax

2 2(ax-1) (ax+1)2 4

a? 3a4 4

Antiderivative was successfully verified.

[In] Integratel[E~(2*ArcSech[a*x])*x"3,x]

[Out] x72/a"2 - x74/4 + (2%(-1 + a*x)*Sqrt[(1 - a*x)/(1 + a*x)]1*(1 + a*x)"2)/(3xa
~4)
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Maple [A] time = 0.181, size = 72, normalized size = 0.6

1 ( a?x* 2 2x ax - \/ ax — 1\/ax+1 x2
_ __+_
a? 4 2 343 242

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2)) " 2*x"3,x)

[Out] 1/a”2*(-1/4*a”2*x~4+1/2*%x"2)+2/3/a~3* (- (a*x-1)/a/x) " (1/2) *xx ((a*x+1)/a/x) " (
1/2)*(a"2*xx"2-1)+1/2*x"2/a"2

Maxima [A] time = 1.04463, size = 57, normalized size = 0.49

1 2 2(11 X2 — )\/ax+1\/—ax+1
— x4+ =+
4 a2 3a4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)) " 2*x"3,x, algorithm="maxim

a.ll

[Out] -1/4%x"4 + x72/a"2 + 2/3x(a"2*x"2 - 1)*sqrt(a*x + 1)*sqrt(-a*xx + 1)/a"4

Fricas [A] time = 1.9465, size = 131, normalized size = 1.12

) ax+1 ax-1

3a3x* —12ax% -8 (u2x3 -
1243

ax ax

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2*x"3,x, algorithm="frica
Sll)

[Out] -1/12%(3*a”3*x~4 - 12xa*x”2 - 8x(a”2*x"3 - x)*sqrt((a*xx + 1)/(a*x))*sqrt(-(
a*x - 1)/(a*x)))/a"3
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Sympy [F] time = 0., size = 0, normalized size = 0.

f2xdx+ f—a2x3 dx + f2ax2\/—1 + %\/1 + ;—xdx

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**x(1/2)*(1+1/a/x)**(1/2))**2*x**3,x)

[Out] (Integral(2*x, x) + Integral(-ax*2xx*x3, x) + Integral (2*a*xx*x*2xsqrt(-1 + 1
/(axx))*sqrt(1 + 1/(axx)), x))/a**2

Giac [F] time = 0., size = 0, normalized size = 0.

2
1 1 1
fx3[\/—+1 ——1+—J dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)) " 2*x"3,x, algorithm="giac"
)

[Out] integrate(x~3*(sqrt(1l/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))"2, x)
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3.67 f eZsech_1 (ax)x2 dx

Optimal. Leaf size=169

4 3
3 ([ Tax 2 [l _ [ ([ ([
(ax + 1) ( ax+1 + 1) _ ax+1 (ax + 1) ( ax+1 + 1) + (le + 1) (1 ax+1) ( ax+1 + 1) 2tan ( ux+1)

1243 643 243 a3

[Out] ((1 + a*x)*(1 - Sqrt[(1 - a*x)/(1 + a*x)])*(1 + Sqrt[(1 - a*x)/(1 + a*x)]))
/(2%a~3) - (Sqrt[(1 - a*xx)/(1 + axx)]*(1 + a*xx)"2+(1 + Sqrt[(1 - axx)/(1 +
a*x)])"3)/(6%a"3) + ((1 + a*x)”"3*(1 + Sqrt[(1 - a*xx)/(1 + axx)])~4)/(12%a"3

) = (2xArcTan[Sqrt[(1 - a*x)/(1 + ax*x)]])/a"3

Rubi [A] time = 0.46505, antiderivative size = 169, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 12, e -

0.5, Rules used = {6337, 821, 12, 729, 723, 203}

4 3
3 fl—ﬂ 1-ax 2 ll—ﬂ _ 1-ax 1-ax -1 fl—ﬂ
(ax + 1) ( ax+1 + 1) ax+1 (ax + 1) ( ax+1 + 1) + (ax + 1) (1 ax+1) ( ax+1 + 1) 2tan ( ax+1)

1243 6a° 2a3 a’d

integrand size

Antiderivative was successfully verified.

[In] Int[E~(2*ArcSechl[ax*xx])*x"2,x]

[Out] ((1 + a*xx)*(1 - Sqrt[(1 - a*x)/(1 + a*x)])*(1 + Sqrt[(1 - a*x)/(1 + a*x)]))
/(2%xa”3) - (Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x)72+(1 + Sqrt[(1 - axx)/(1 +
a*xx)])73)/(6%a”3) + ((1 + a*x)”3*%(1 + Sqrt[(1 - axx)/(1 + axx)])"4)/(12%a"3

) - (2%ArcTan[Sqrt[(1 - a*x)/(1 + a*x)]])/a"3

Rule 6337

Int[E"(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
u)/(1 +u)] + (1*Sqrt[(1 - w)/(1 + wl)/w™n, x] /; FreeQ[m, x] && Integer
Qlnl

Rule 821

Int[((d_.) + (e_)*x_D)"(m )*((f_.) + (g_.)*x_))*x((a) + (c_.)*x_)"2)"(p
_), x_Symbol] :> Simp[((d + ex*x)"m*x(a + c*x"2)"(p + 1)*(axg - cxfx*x))/(2*ax
cx(p + 1)), x] - Dist[1/(2%a*xcx(p + 1)), Int[(d + exx)"(m - D)*x(a + c*xx~2)~
(p + 1)*Simp[lakxexg*m - cxd*xf*x(2*p + 3) - cxexfx(m + 2*%p + 3)*x, x], x], x]
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/; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d™2 + a*e™2, 0] && LtQ[p, -1] && G
tQ[m, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2x*p]l)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 729

Int[((d_) + (e_)*(x_))"(m_)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> -Simp
[((d + exx) m*x(2kcxx)*(a + c*xx"2)"(p + 1))/ (4*xaxc*x(p + 1)), x] - Dist[(m*(2
xckxd))/(d*axcx(p + 1)), Int[(d + exx)"(m - D*(a + c*xx"2)"(p + 1), x], x] /
; FreeQ[{a, c, d, e, m, p}, x] && NeQ[cxd~2 + a*e”™2, 0] && EqQ[m + 2x*p + 3,
0] && LtQ[p, -1]

Rule 723

Int[((d_) + (e_.)*(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
((d + exx)"(m - D*(a*e - cxd*x)*(a + c*xx"2)"(p + 1))/ (2xa*xcx(p + 1)), x] +
Dist[((2%xp + 3)*(cxd"2 + a*xe”2))/(2xaxc*x(p + 1)), Int[(d + exx)"(m - 2)*(a
+ cxx”2)"(p + 1), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + a*e”2, 0
] && EqQ[m + 2*p + 2, 0] && LtQ[p, -1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps



362

[
f825ech_1(ax)x2 dx = fo l + [ 1-ax + . d
ax 1+ax ax
x(1+x)% 1-ax
4 Subst [ f 2 Ax, X, A/ @]

(1+x2)
= p
4 4(1+x)3 1-ax
[1- [
) 1+ ax)3 (1 + ﬁ) 2 Subst f (1+x2)3 dx, x, Toax
- 1243 343
4 (1+x)3 1-ax
1_
) (1 + ax)? (1 + ‘lﬁ) 8 Subst f 1+x2) dx, x, V Trax
- 1243 343
4 (1+x)? 1-ax
1-ax 2 3 1-ax 2 Subst d X, X, ]
- 1+M(l + ax) (1 + 1+ax) (1 + ax) (1 + ‘/1+ax) ) (f 1+x2) V T+ax
B 1243 ad
3 4
1-ax 2 1-ax 3 1—£
(1 + ax) (1 1+ax) (1 + 1+ax) 1+M(l + ax) (1 + 1+ux) . (1 + ax) (1 + 4/ 1+ax) 25
6a3 1243
3 4
1-ax 2 1-ax 3 l—_ax |
(1 + ax) (1 1+ax) (1 + l+ax) (1 + ax) ( 1+ax) (1 + ax) (1 + ’/1+ax) ) 2_t

+
6a3 1243

Mathematica [C] time = 0.0703845, size = 86, normalized size = 0.51

1-ax ( X xz) 2x ilog (2\/ (ax +1) - 2zax) 3
E _

ax +1

a u2 3
Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcSech[a*x])*x"2,x]

[Out] (2*x)/a”2 - x73/3 + Sqrt[(1 - axx)/(1 + a*xx)]*(x/a"2 + x"2/a) + (I*Log[(-2x%
D *a*xx + 2xSqrt[(1 - a*xx)/(1 + axx)]*(1 + a*x)])/a"3

Maple [C] time = 0.182, size = 97, normalized size = 0.6

1

1 +1
B 2_ xcsgn(ﬂ)\/ ax — \/ax (x —a2x? + 1csgn (a) a + arctan | xcsgn (a) a

=
3 V-a2x2 +1/) V-a2x2 +1
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)"(1/2))"2*x"2,x)

[Out] -1/3%x"3+2*xx/a"2+1/a" 2% (-(a*xx-1)/a/x) " (1/2)*x*x((a*x+1)/a/x) " (1/2)* (xx (-a~2x*
x"2+1) " (1/2) *csgn(a) *a+arctan(csgn(a) *a*x/ (-a"2*%x"2+1) " (1/2))) / (-a"2*x"2+1)
~(1/2)*csgn(a)

Maxima [F] time = 0., size = 0, normalized size = 0.

. a=x

arcsm(—
2)
V-a?x? + 1x + ——=—

1
21 =
2 2 Vg2

2x
_2+ > —fxzdx
a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2*x"2,x, algorithm="maxim
al’

[Out] 2xx/a”2 + 2xintegrate(sqrt(a*x + 1)*sqrt(-a*x + 1), x)/a”2 - integrate(x~2,
x)

Fricas [A] time = 2.11647, size = 192, normalized size = 1.14

ax+1 ax—1 ax+1 ax-1
a’x® - 3a%x%\|—/-— —6ax+3 arctan(w/ A= )
ax ax ax ax

343

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2%x"2,x, algorithm="frica
S")

[Out] -1/3%(a”3*%x"3 - 3*a”2xx"2*xsqrt((a*x + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) - 6%
axx + 3xarctan(sqrt((a*xx + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x))))/a"3
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))**2*x**2 %)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

2
1 1 1
fxz(\/—+1 ——1+—) dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2*x"2,x, algorithm="giac"
)

[Out] integrate(x~2*(sqrt(1/(axx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))"2, x)
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3.68  [eech @y gy

Optimal. Leaf size=85

1-ax 1-ax
(ax +1)? (2 Va1 T 1) (ax+1) 5 log(ax +1) 4log (1 - ax+1)
22 - a2 " a2 " a2

[Out] -(1 + a*xx)"2/(2*%a"2) + ((1 + a*x)*(1 + 2*Sqrt[(1 - a*x)/(1 + a*x)]))/a"2 +
(2#Log[1 + a*x])/a"2 + (4xLogl[l - Sqrt[(1 - a*x)/(1 + a*x)]1])/a"2

Rubi [A] time = 0.434226, antiderivative size = 85, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 5, integrand size = 10, number of rules

0.5, Rules used = {6337, 1647, 1593, 801, 260}

1-ax 1-ax
(ax +1)? (2 Vo1 T 1) (ax +1) 2log(ax +1) 4log (1 a ax+1)
22 - a2 - a2 " a2

integrand size

Antiderivative was successfully verified.

[In] Int[E~(2*ArcSech[ax*xx])*x,x]

[Out] -(1 + a*x)"2/(2*a"2) + ((1 + a*xx)*(1 + 2xSqrt[(1 - a*x)/(1 + a*x)]))/a"2 +
(2xLog[1 + axx])/a"2 + (4*xLogl[l - Sqrt[(1 - a*x)/(1 + a*x)]])/a"2

Rule 6337

Int[E"(ArcSech[u_J]*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1l -
w/(1 +w] + (IxSqrt[(1 - v/ + wl)/w™n, x] /; FreeQ[m, x] && Integer
Q[n]

Rule 1647

Int[(Pq )*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol]
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x”2, x], f = Coeff[Pol
ynomialRemainder [(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder [(d + e*x) m*Pq, a + c*xx"2, x], x, 1]}, Simp[((a*xg - c*xf*x)*x(a + ¢
xx72)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[1/(2xa*cx(p + 1)), Int[(d + e*x)”
m*(a + c*xx”2)"(p + 1)*ExpandToSum[(2*axc*(p + 1)*Q)/(d + exx)™m + (cxf*(2*p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[cxd™2 + axe”2, 0] && LtQ[p, -1] && ILtQ[m, O]
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Rule 1593

Int[(u_)*x((a_.)*x(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*xp)*(a + bxx"(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - pl]

Rule 801

Int [(((d_.) + (e_)*(x_))~m )*((f_.) + (g_.)*x_)))/((a)) + (c_)*(xx_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) " mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[cxd~2 + a*e”2, 0] && IntegerQ[m]

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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— =)
fBZSech_l(ux)xdx: fx l + 1-ax " 1+ax dx
ax 1+ ax ax

3 -
4Subst(f&dx,x, ! ax)

(—1+x)(l+xz)3 LI+ax
= p
1242 -
Subst f Lixz dx, x, 4/ Ll
(1 + ax)z (—1+x)(1+x2) 1+ax
T 222 a2
(-12—4x)x / 1-ax
SubSt — dxl X, =
1+ ax)2 f (—1+x)(1+x2)2 L+ax
Y a2
1T—ax 8+8x 1—&
1+ ax)? N (1 +ax) (1 +2 1+ax) N Subst (f (-1+x)(1+22) dx, x, \ 1+tlx)
T 22 a2 242
T4+ a0) (1+212)  Subst( [ —= - 5] dy,x, /1=
_ 1+ le)z N (1 +ax) 1+ax N ubs T 1) NN
T 22 a2 242
1-ax 1-ax X 1-ax
(1 + ax)? (1 + ax) (1 +2 1+ax) 4log (1 - 1+ax) 4 Subst (f oz dx, x, 1+ax)
T 22 - a2 - a2 - a2
1-ax 1-ax
(1 + ax)? (1 +ax) (1 +2 1+ux) 2 log(1 + ax) 4log (1 B l+ux)
=- + + +
242 a2 a2 a2

Mathematica [A] time = 0.0600083, size = 89, normalized size = 1.05

242 T-ax B 1-ax 1-ax
acx- + 4 ax+1(ax +1)-4log (axw/awr1 + ‘/ax+1 +1) + 8log(x)

2a?

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcSech[a*x])*x,x]

[Out] (-(a™2%x72) + 4*Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x) + 8+Loglx] - 4*Logl[l +
Sqrt[(1 - a*xx)/(1 + a*x)] + a*x*xSqrt[(1 - a*x)/(1 + a*xx)]])/(2*xa"2)
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Maple [A] time = 0.208, size = 89, normalized size = 1.1

x> In(x)
-——=+2 +2
2 a? aV—-a2x2 +1

Vo222 +
( a%x Artanh Narmmi \/ax 1\/ax+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2*x,x)

[Out] -1/2%x"2+2/a"2*%1n(x)+2/a*x(-(a*xx-1)/a/x) "~ (1/2)*x*x((axx+1)/a/x) " (1/2)/(-a~2*x
~2+41) " (1/2) *((—a~2xx~2+1) " (1/2)-arctanh(1/(-a~2*xx~2+1)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2
1 1 1
fx(\/—+1 ——1+—] dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)) " 2*x,x, algorithm="maxima"
)

[Out] integrate(x*(sqrt(1/(a*xx) + 1)*sqrt(1/(a*xx) - 1) + 1/(a*x))"2, x)

Fricas [A] time = 2.10643, size = 281, normalized size = 3.31

2x2 — 4 ax ax+1 /_ax—l (ax ax+1 /_ ax—1 ) ) 10g (ax ax+1 ,_ax—l _ 1) _4 log (x)
B ax ax ax ax ax ax

242
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)) " 2*x,x, algorithm="fricas"
)

[Out] -1/2%(a"2*x"2 - 4xa*xxxsqrt((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) + 2xlog(
axxxsqrt ((a*xx + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) + 1) - 2*xlog(a*x*sqrt((a*xx
+ 1)/(a*x) ) *sqrt(-(axx - 1)/(a*xx)) - 1) - 4xlog(x))/a"2
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))**2%x,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

2
1 1 1
fx(\/—+1 ——1+—] dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)) " 2*x,x, algorithm="giac")

[Out] integrate(xx(sqrt(1/(a*xx) + 1)*sqrt(l/(a*x) - 1) + 1/(a*x))"2, x)
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3.69  [eech (@) gy

Optimal. Leaf size=57

-1 1-ax
4 4tan ( ax+1 )
- +
a (1 _ l—ax) a
ax+1

[Out] -x - 4/(ax(1 - Sqrt[(1 - a*x)/(1 + ax*xx)])) + (4*ArcTan[Sqrt[(1 - a*xx)/(1 +
axx)]])/a

- X

Rubi [A] time = 0.173586, antiderivative size = 57, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 8, i L

0.625, Rules used = {6332, 1647, 12, 801, 203}

-1 1-ax
4 4tan ( ax+1)
- + - X

integrand size

Antiderivative was successfully verified.

[In] Int[E~(2*%ArcSechl[a*x]),x]

[Out] -x - 4/(ax(1 - Sqrt[(1 - a*x)/(1 + a*x)])) + (4xArcTan[Sqrt[(1 - a*x)/(1 +
a*x)]])/a

Rule 6332

Int [E”(ArcSech[u_J]*(n_.)), x_Symbol] :> Int[(1/u + Sqrt[(1 - w)/(1 + w] +
(1#Sqrt[(1 - uw)/(1 + wW]1)/w™n, x] /; IntegerQ[n]

Rule 1647

Int[(Pq )*((d_) + (e_.)*x(x_))"(m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]

> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
ynomialRemainder[(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder [(d + e*x) mxPq, a + cxx~2, x], x, 11}, Simp[((a*xg - c*f*x)*(a + ¢
*x72) " (p + 1))/ (2*%a*xcx(p + 1)), x] + Dist[1/(2xa*xc*x(p + 1)), Int[(d + exx)~
m*(a + c*x72) " (p + 1)*ExpandToSum[(2*a*xc*(p + 1)*Q)/(d + e*x)"m + (c*f*(2%p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] &% PolyQ[Pq, x] &
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& NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] &% ILtQ[m, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 801

Int[(((d_.) + (e_.)*x(x_))"(m_)*x((f_.) + (g_.)*(x_)))/((a_) + (c_.)*(x_)72),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + gxx))/(a + c*x72), x],
x] /; FreeQl[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rule 203

Int[((a_) + (b_.)*(x_)~"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]1]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[la/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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— =)
fEZSech_l(ax) dx = f l + 1-ax " 1+ax dx
ax 1+ ax ax

2 —
4Subst(fx(1;x)dx,x, ! ax)

(—l+x)2(1+x2)2 1+ax

a

4x 1-ax
2 Subst f—m dx,x, )

a
8 Subst f — 2 _dx,x, 1_”)

(-1+x)2(1+x2) 1+ax

a

8 Subst f( 1 )dx,x, 1_&)

2(-1+x)? 2(1+x2) 1+ax
= —x-
a
4Subst [ [ — dx, x, /==
4 ubs f1+x2 X, 1+ax
- 1 * a
—ax
a(l h 1+ax)
-1 1-ax
4 4 tan ( 1+ax)
= —x - +

Mathematica [A] time = 0.0948087, size = 75, normalized size = 1.32

a’x? + Z,Iﬂ(ax +1) + 2axtan™! [L] +2
ax+1 1-ax

o] (ax+1)

a2x
Warning: Unable to verify antiderivative.

[In] Integrate[E~(2xArcSech[a*x]),x]

[Out] -((2 + a™2%x72 + 2xSqrt[(1 - a*x)/(1 + axx)]*(1 + a*x) + 2*xaxxxArcTan[(a*x)
/(Bqrt[(1 - a*x)/(1 + a*xx)]*(1 + axx))])/(a"2*x))
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Maple [C] time = 0.209, size = 98, normalized size = 1.7

1 csgn (a) \/ ax -1 \/ax +1 ( ( csgn (a) ax )
—Xx—-2— - xa + csgn (a) V-a2x2 + 1
ax a\/—azxz +1 V-a?x? +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2,%)

[Out] -x-2/a"2/x-2/ax(-(a*x-1)/a/x)~(1/2)*((a*x+1)/a/x)~(1/2)*(arctan(csgn(a)*a*x
/(—a”2%x72+1) " (1/2) ) *x*a+csgn(a) * (-a~2*x"2+1) ~(1/2) ) *csgn(a) / (-a~2*xx"2+1) ~(
1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

a2

2
. a=x
arcsin| —=
( Va2 ) V-a2x2+1

Va2 x 1 ,
-x + + = -

a? a?  a?x

21—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2,x, algorithm="maxima")

[Out] -x + 2*integrate(sqrt(a*x + 1)*sqrt(-a*x + 1)/x72, x)/a”"2 + integrate(x~(-2
), x)/a”2 - 1/(a™2*x)

Fricas [A] time = 2.3013, size = 186, normalized size = 3.26

ax+1 ax+1 ax—1
2x2 + 2 ax4]——+[- — 2 axarctan (1/ ——)+2
ax ax ax
ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2,x, algorithm="fricas")

[Out] -(a~2*x"2 + 2*a*xx*xsqrt((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) - 2*axx*arct
an(sqrt((axx + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x))) + 2)/(a~2%*x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

’ 1 1
f—ade+f§dx+f%dx
P

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))**2,x)

[Out] (Integral(-a*x*2, x) + Integral(2/x**2, x) + Integral(2xa*sqrt(-1 + 1/(a*x))
xsqrt (1 + 1/(a*xx))/x, x))/a*x*2

Giac [F] time = 0., size = 0, normalized size = 0.

2
1 1 1
(e
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))"2,x, algorithm="giac")

[Out] integrate((sqrt(1l/(a*x) + 1)*sqrt(l/(a*xx) - 1) + 1/(a*x))”2, x)
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e2sech_1 (ax)

370 [—dx

X

Optimal. Leaf size=86

1—ax
- 2—10g(ax+1)—210g[1— ax+1]

[Out] -2/(1 - Sqrt[(1 - a*x)/(1 + a*x)])"2 + 2/(1 - Sqrt[(1 - a*xx)/(1 + a*x)]) -
Log[l + a*x] - 2xLogl[l - Sqrt[(1 - a*xx)/(1 + a*xx)]]

Rubi [A] time = 0.445547, antiderivative size = 86, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 12, e T =

0.25, Rules used = {6337, 1629, 260}

integrand size

2 2 1-ax
- 5 — log(ax +1) —2log|1 -

1- 1-ax 1—ax ax +1
ax+1 (1 B ax+1)

Antiderivative was successfully verified.

[In] Int[E~(2*ArcSechl[ax*x])/x,x]

[Out] -2/(1 - Sqrt[(1 - a*x)/(1 + a*x)])"2 + 2/(1 - Sqrt[(1 - a*xx)/(1 + a*x)]) -
Log[1l + a*x] - 2*Logl[l - Sqrt[(1 - a*x)/(1 + a*x)]]

Rule 6337

Int[E”(ArcSech[u_J]*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
uw)/( + wl + (1*Sqrtl(1 - /(1 + wl)/w™n, x] /; FreeQlm, x] && Integer
Qln]

Rule 1629

Int[(Pq )*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x) m*Pgx(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 260
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Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

2
1-ax
1, [t Viw
Zsech_l(ax) ax 1+ax ax
e
f—dx = f dx
X X

— 4Subst f Y gy, \/ﬂ
(_1+x)3 (1 +x2) 1+ax

1 1 1 X [1-ax

:4:Sllbst f((—1+x)3+2(—1+x)2_2(—1+X)+2(1+x2)]dx,x, 1+ax)

2 2 1—-ax X 1-ax
=- 5+ —2log|1- + 2 Subst f 5 dx, X,
g 1o [ 1+ ax 1+x 1+ ax
(1 - 1+ax) 1+ax
2 2 1-
=- 5+ —10g(1+ax)—210g[1— ax]
1—ax 1-ax 1+ ax
(=) s
1+ax tax

Mathematica [A] time = 0.0658266, size = 86, normalized size = 1.

17ax (ax +1) 1 1 1
ax+1 —ax —ax
- - +1 + +1|-21
a2x2 a2x? 08 [ax\/ax +1 \/ax +1 J 08(x)

Warning: Unable to verify antiderivative.

[In] Integrate[E~(2*ArcSech[ax*x])/x,x]

[Out] -(1/(a"2*x72)) - (Sqrtl[(1 - axx)/(1 + a*xx)]*(1 + axx))/(a"2*x"2) - 2xLogl[x]
+ Log[l + Sqrt[(1 - a*xx)/(1 + a*xx)] + a*xx*xSqrt[(1 - a*xx)/(1 + axx)]]

Maple [A] time = 0.187, size = 97, normalized size = 1.1

1

—a2x2 +1

1 1 ax—-1 [ax+1
I T VT

(—azszrtanh ( —a2x? + 1)

)+
ax ax —2x2 +1
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)"(1/2))"2/x,%)

[Out] -1n(x)-1/a"2/x"2-1/ax(-(a*x-1)/a/x) " (1/2) /xx((a*x+1)/a/x) " (1/2)*(-a~2*x"2*a
rctanh(1/(-a~2%x"2+1) " (1/2))+(-a~2*xx"2+1)~(1/2))/(-a~2*x"2+1) ~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

x x 2 2 x2

|x| x| f 1 ;
- — | —-dx

a2 a2x2 X

Verification of antiderivative is not currently implemented for this CAS.

3
V=242 _2212
Z[EHZIOg(Z M+1+E)—1‘/—a2x2+1a2—(“+) ]
1

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x,x, algorithm="maxima"
)

[Out] 2*integrate(sqrt(a*x + 1)*sqrt(-a*x + 1)/x73, x)/a"2 - 1/(a"2*x"2) - integr
ate(1/x, x)

Fricas [A] time = 2.14903, size = 306, normalized size = 3.56

a’x? log (ax./’wl./—E + 1) — a%x?log (ax,/ux Ly 1) —-2a%x?log (x) - 2ax,/ax+1,/—ax_l -2
ax ax a ax ax ax

+
X
2 a2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x,x, algorithm="fricas"
)

[Out] 1/2*(a"2*xx"2*xlog(a*x*sqrt((a*x + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) + 1) - a~
2xx"2*log(a*xxsqrt ((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) - 1) - 2*a~2%x"2
*xlog(x) - 2%axx*sqrt((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) - 2)/(a”2*x"2)
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Sympy [F] time = 0., size = 0, normalized size = 0.

[ 1 1
fx%dx+f—§dx+f—za _1+x‘;_x\/gdx
22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))**2/x,%)

[Out] (Integral(2/x*x3, x) + Integral(-a**2/x, x) + Integral(2*xaxsqrt(-1 + 1/(a*x
))*sqrt (1 + 1/(a*x))/x*x2, x))/a**2

Giac [F] time = 0., size = 0, normalized size = 0.

2
(,/% +1,/%—1+ :—x)
f dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x,x, algorithm="giac")

[Out] integrate((sqrt(1/(axx) + 1)*sqrt(1/(axx) - 1) + 1/(a*x))"2/x, x)
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-1
2sech ~(ax)
e
———dx

371 [

Optimal. Leaf size=57

x2

2a 4a

1-ax 2- 1-ax 3
(1 B ax+1) 3 (1 a ax+1)

[Out] (-4*a)/(3*(1 - Sqrt[(1 - a*x)/(1 + a*xx)])~3) + (2*a)/(1 - Sqrt[(1 - a*x)/(1
+ a*xx)])"2

Rubi [A] time = 0.390062, antiderivative size = 57, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 2, integrand size = 12, L

integrand size
0.167, Rules used = {6337, 43}

Antiderivative was successfully verified.

[In] Int[E~(2*ArcSechl[ax*x])/x"2,x]

[Out] (-4*a)/(3%(1 - Sqrt[(1 - a*x)/(1 + a*x)])~"3) + (2*a)/(1 - Sqrt[(1 - a*x)/(1
+ a*x)]) 72

Rule 6337

Int[E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
u)/(1 + uwl + (1*Sqrtl(1 - w/(1 + wl)/w™n, x] /; FreeQlm, x] && Integer
Q[n]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, 0] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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X

—ax 2
} 1, [, Vs
eZsech (ax) ax 1+ax ax
f x2 ax = f x2 d
X 1-ax
-1 4 —_—
[( a) Subst (f T dx, x, T ax])

1 1 1-ax
_[(4a)Subst(f((_1+x)4 + (—1+x)3) dx, x, m)]

4a 2a
=- +

1-ax 3 1-ax 2
3 (1 B 1+ax) (1 h l+ux)

Mathematica [A] time = 0.0662674, size = 52, normalized size = 0.91

3a%x% + 2(ax - 1) (ux +1)% -

3a2x3

Antiderivative was successfully verified.

[In] Integratel[E~(2*ArcSech[ax*x])/x"2,x]

[Out] (-2 + 3*a”™2*x72 + 2*%(-1 + a*x)*Sqrt[(1 - a*x)/(1 + a*x)]*(1 + axx)~2)/(3*a”
2xx73)

Maple [A] time = 0.194, size = 73, normalized size = 1.3

1 (a® 1 2azx2 \/ax 1\/ax+1
2\x 3x3 3ax? 3 x342

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x72,%)

[Out] 1/a"2x(a"2/x-1/3/x"3)+2/3/a*x(-(a*x-1)/a/x) " (1/2) /x"2*x((axx+1)/a/x) " (1/2)*(a
~2%xx"2-1)-1/3/a"2/x"3
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Maxima [A] time = 1.04345, size = 62, normalized size = 1.09

1 2(u2x3—x)\/ax+1\/—ax+1 2
— + —
X 3a2x4 3a2x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"2,x, algorithm="maxim
all

[Out] 1/x + 2/3*(a”2*x"3 - x)*sqrt(a*x + 1)*sqrt(-a*x + 1)/(a"2%x74) - 2/3/(a"2*x
~3)

Fricas [A] time = 2.05545, size = 130, normalized size = 2.28

ax+1 ax-1
3a2x2+2(a3x3—ax)‘/ \- -2
ax ax

3a2x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"2,x, algorithm="frica
S”

[Out] 1/3%(3*a”2*%x"2 + 2*(a”3*x73 - axx)*sqrt((a*xx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(a
*x)) - 2)/(a”2*x73)

Sympy [F] time = 0., size = 0, normalized size = 0.

1 1
2 2 204[-1+—[1+—
fx—4dx+f—2—2dx+f#dx
72
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))**2/x**2,x)

[Out] (Integral(2/x*x4, x) + Integral(-a*x*2/x**2, x) + Integral(2*a*xsqrt(-1 + 1/(
a*xx) ) *sqrt (1 + 1/(a*x))/x**3, x))/a**2
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Giac [A] time = 1.15194, size = 126, normalized size = 2.21

L N e e LG K Gt

3a°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"2,x, algorithm="giac"
)

[Out] 1/3*%(2*%(a"2 + a/x)~(3/2)*(a"2 - a/x)*sqrt(-a”2 + a/x)*a"4 - (a4 + a/x"3)*a
6 + (3x(a”2 + a/x)"2*%a"2 - (a”2 + a/x)"3)*a"4)/a"9
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e2sech_1 (ax)

3.72 ———dx
J ==
Optimal. Leaf size=147
2 3 2 2 2 2 1 B 1-
a - a 5 + a 3 - 1 ;7 + sa?tanh ! ax
2 (1 — 1_’”‘) 71— 1-ax 1- 1-ax 1_ 1-ax 2 ax +1
ax+1 ax+1 ax+1 ax+1

[Out] -(a"2/(1 - Sqrt[(1 - a*x)/(1 + a*x)])~4) + (2*a~2)/(1 - Sqrt[(1 - a*xx)/(1 +
a*x)])"3 - (3%¥a”2)/(2+%(1 - Sqrt[(1 - axx)/(1 + axx)])"2) + a~2/(2x(1 - Sqr
t[(1 - a*xx)/(1 + a*xx)])) + (a"2xArcTanh[Sqrt[(1 - a*x)/(1 + a*x)]])/2

Rubi [A] time = 0.45291, antiderivative size = 147, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 12, LT

integrand size
0.25, Rules used = {6337, 1612, 207}

a? 3a? 2a? a? 1, 4 [1-ax

- 5+ 3~ 7 + 5a° tanh

2 (1 — 1—ux) 21— 1-ax 1— 1-ax 1- 1-ax 2 ax+1
ax+1 a1 Tl e

Antiderivative was successfully verified.

[In] Int[E~(2%ArcSech[a*x])/x"3,x]

[Out] -(a"2/(1 - Sqrt[(1 - a*x)/(1 + a*x)])"4) + (2%¥a"2)/(1 - Sqrt[(1 - a*xx)/(1 +
axx)])~3 - (3*¥a”2)/(2x(1 - Sqrt[(1 - a*x)/(1 + a*x)])~"2) + a~2/(2%(1 - Sqr
t[(1 - a*xx)/(1 + a*xx)])) + (a"2xArcTanh[Sqrt[(1 - a*x)/(1 + a*x)]1])/2

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
w/(1 + wl + (1#Sqrt[(1 - uw)/(1 + wl)/u)"n, x] /; FreeQ[m, x] && Integer
Q[n]

Rule 1612

Int[(Px_)*((a_.) + (b_)*(x D))" (m_.)*((c_.) + (d_D)*x_))"(n_.)*((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~
nx(e + f*x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px,
x] && IntegersQ[m, n]
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Rule 207
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[

-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |11 GtQlb, 01)

Rubi steps

2
1, [w Vi
eZsechfl(ax) ax 1+ax ax
pe pe e,
x(1+x2) 1= ax
= (4a?) Subst dx, x, | ——
(u) us[ (-1 +x)°(1 +x) YO\ ax

1 3 3 1 1 /1 - ax\
— 2 -
= (4%) Subst [ f ((_1 TP 2(l+nf A(l+xp  B(-1+x? g (-1+ xz)) BN T o

/

2 2 2 2
=— 4 T+ 2 5 - 3a 5 + 4 - —%aZSubst[f%dx,x,w
T = = T e R L
1+ax 1+ax 1+ax T+ax
2 2 2 2
— 4 i+ 20 5 - 54 5 + 1 + %az tanh_l[ 1 ax]
(1_ 1_“") (1_ /1__”") 2(1_ ll_ﬁ) 2(1—,/1_£) +ax
1+ax 1+ax 1+ax T+ax

Mathematica [A] time = 0.122758, size = 121, normalized size = 0.82
(ax+1)(a2x2w[;%+2ax—2 %—2) = =
. + a*(~log(x)) + a*log (axw/ﬁ + 4/ uxf; + 1)
4q?

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcSech[ax*x])/x"3,x]

[Out] (((1 + a*xx)*x(-2 + 2*axx - 2xSqrt[(1 - a*x)/(1 + a*x)] + a~2*x"2*Sqrt[(1 - a
*x)/(1 + axx)]))/x"4 - a~4xLogl[x] + a"4xLogl[l + Sqrt[(1 - axx)/(1 + a*xx)] +
axx*Sqrt[(1 - axx)/(1 + axx)]])/(4*a”~2)
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Maple [A] time = 0.192, size = 131, normalized size = 0.9

+
2\ 44 4x —a?.

1 1 a? 1 ax-1 [ax+1 1
e \/ _ \/ Artanh [ ————— | ¥%a* + 22V—a222 +1-2V—a22 + 1
2 x2 3a ax ax 2241

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"3,%)

[Out] 1/a”2%(-1/4/x"4+1/2%a~2/x"2)+1/4/ax(-(axx-1)/a/x)~(1/2)/x"3x((a*x+1)/a/x) " (
1/2)*(arctanh(1/(-a™2%x72+1) " (1/2) ) *x~4*a~4+a”~2*x"2x (—a"2%x"2+1) ~(1/2) -2* (-
a”2%x72+1)7(1/2)) /(-a™2*x"2+1) " (1/2)-1/4/a"2/x"4

Maxima [F] time = 0., size = 0, normalized size = 0.

3 3
1 2V-a2x2+1 2 1 —a2x241)2 42 —2x241)2
2| gatlog|——+ ——V—a2x2+1a4—( ) _( )
8 lx| Ix] 8 8x2 44 1 1
- - | =dx
a? 2 24 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"3,x, algorithm="maxim
all)

[Out] 2xintegrate(sqrt(a*x + 1)*sqrt(-a*x + 1)/x75, x)/a"2 - 1/2/(a"2%x"4) - inte
grate(x~(-3), x)

Fricas [A] time = 2.12267, size = 316, normalized size = 2.15

a*x*log (axw/ax+1 By 1) — a*x*log (axw sy 1) + 4022 +2 (% - 2ax) ol -2y
ax ax ax ax ax ax

8 a2x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"3,x, algorithm="frica
sll)
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[Out] 1/8%(a”4*x"4*log(a*x*sqrt((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) + 1) - a~
4xx~4xlog(axx*xsqrt ((axx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(a*x)) - 1) + 4xa™2%x"2
+ 2% (a”3*%x73 - 2*axx)*sqrt((a*xx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(a*x)) - 4)/(a

~2%x74)

Sympy [F] time = 0., size = 0, normalized size = 0.

2 a2 2ad—l+;—x‘/1+%
a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**x(1/2)*(1+1/a/x)**(1/2))**2/x**3,x)

[Out] (Integral(2/x*x5, x) + Integral(-ax*2/x**3, x) + Integral(2*a*xsqrt(-1 + 1/(
a*xx) ) *sqrt (1 + 1/(axx))/x*x4, x))/a*x*x2

Giac [F] time = 0., size = 0, normalized size = 0.
[1 1 %
( ; +1 ; -1+ E)
f 3 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"3,x, algorithm="giac"
)

[Out] integrate((sqrt(1l/(a*x) + 1)*sqrt(l/(a*x) - 1) + 1/(a*x))”"2/x73, x)
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e2sech_1 (ax)

373 |

Optimal. Leaf size=183

dx
x4

a3 3a3 743 243 443

1-ax 1-ax 3 4
4 (1 _ ) 4 ( + 1) _ 1-ax _ 1-ax _ 1-ax _ 1-ax
ax+1 ax+1 2|1 ax+1 3|1 ax+1 1 ax+1 5(1 ax+1

[Out] (-4*a~3)/(5%(1 - Sqrt[(1 - a*x)/(1 + a*x)])"5) + (2%¥a~3)/(1 - Sqrt[(1 - axx
)/ (1 + axx)])74 - (7T*a”3)/(3%(1 - Sqrt[(1 - a*x)/(1 + a*x)])"3) + (3*a~3)/(

2%x(1 - Sqrt[(1 - a*x)/(1 + a*x)])72) - a”3/(4*x(1 - Sqrt[(1 - axx)/(1 + axx)

1)) - a”3/(4*x(1 + Sqrt[(1 - a*x)/(1 + a*x)]))

5

Rubi [A] time = 0.504922, antiderivative size = 183, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 2, integrand size = 12, e e .

integrand size
0.167, Rules used = {6337, 1612}

a3 a3 343 7a3 243 443
1-ax 1-ax 2
4 (1 _ ) 4 ( + 1) _ 1-ax _ 1-ax _ 1-ax _ 1-ax
ax+1 ax+1 211 ax+1 3(1 ax+1 1 ax+1 5|1 ax+1

Antiderivative was successfully verified.

[In] Int[E~(2*ArcSechl[a*x])/x"4,x]

[Out] (-4%a”~3)/(5x(1 - Sqrt[(1 - a*x)/(1 + a*x)])"B) + (2%xa~3)/(1 - Sqrt[(1 - axx
)/ (1 + axx)])~"4 - (7*a~3)/(3*%(1 - Sqrt[(1 - a*xx)/(1 + a*xx)])~3) + (3*xa~3)/(

2%(1 - Sqrt[(1 - a*x)/(1 + a*x)]1)72) - a~3/(4*x(1 - Sqrt[(1 - a*xx)/(1 + a*x)

1)) - a”3/(4*x(1 + Sqrt[(1 - a*x)/(1 + a*x)]))

Rule 6337

Int[E"(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
/(1 + uwl + (A*Sqrtl(1 - W/ + wl)/u)"n, x] /; FreeQ[m, x] && Integer
Q[n]

Rule 1612

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~
n*x(e + fxx)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px,
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x] &% IntegersQ[m, n]

Rubi steps

X

2
1-ax
l n fl—ax n V Trax
ZSech (ax) ax 1+ax ax
——dx = f d
f x4 x4

x (a + ax2)2 1-ax
— 4 -
(4a) Subst T+ 050 + )2 dx, x, T+
a? 2a? 7a? 3a? a*
= -|@a)supst | [ i
(( a) Subs ((_1 T (A A ta AT+ 16142 16(1+ x)2)
443 248 7a° 3a° a® @
_ + - + - 1

2(1_\/%)2 4(1—\/;) (1+ !

- 1 > 1 4 1 3
5 (1 B —ax) (1 3 —ax) 3 (1 B —ux)
1+ax 1+ax 1+ax

Mathematica [A] time = 0.0786524, size = 69, normalized size = 0.38

5a2x2 + 2/ —(ax + 1)? (2a3x3 2a%x% + 3ax — 3) -6

15a2x5

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcSech[ax*x])/x"4,x]

[Out] (-6 + Bxa™2+x"2 + 2xSqrt[(1 - a*xx)/(1 + axx)]*(1 + a*xx) 2*(-3 + 3*a*x - 2xa
"2%x72 + 2%a”3xx73))/(15%a"2%x75)

Maple [A] time = 0.196, size = 84, normalized size = 0.5

1 1 N a? +(2u2x2 +3\/ ax — 1\/ax+1
a2\ 5x° 38 15x4a 5x°q2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x74,%)
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[Out] 1/a"2%(-1/5/x75+1/3%a~2/x"3)+2/15/a*(-(a*x-1)/a/x)~(1/2) /x"4*((a*x+1)/a/x)~
(1/2)*(a™2xx"2-1) *(2*xa~2%x"2+3)-1/5/a"2/x"5

Maxima [A] time = 1.04593, size = 76, normalized size = 0.42

1 2(2a4x5 +a2x3—3x)\/ax+1\/—ax+1 7

3x3 15 a?x®6 54245

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"4,x, algorithm="maxim
all

[Out] 1/3/x73 + 2/16%x(2*a~4*x"5 + a”2%x"3 - 3*x)*sqrt(axx + 1)xsqrt(-a*xx + 1)/(a”
2%x76) - 2/5/(a”2%x7b)

Fricas [A] time = 2.16558, size = 150, normalized size = (0.82

+1 -1
5a%x2 +2 (2 a°x5 + a3x3 — 3ux),/m;x _m;x -6

15 a2x>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"4,x, algorithm="frica
Sll)

[Out] 1/15%(6*a”2xx"2 + 2% (2*a~b*x"5 + a”3*x"3 - 3xa*x)*sqrt((a*xx + 1)/(a*x))*sqr
t(-(a*xx - 1)/(a*x)) - 6)/(a~2*x75)

Sympy [F] time = 0., size = 0, normalized size = 0.

2 a2 2a,l—l+;—x,/1+;—x
a2

Verification of antiderivative is not currently implemented for this CAS.



390

[In] integrate((1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))**2/x**4 x)

[Out] (Integral(2/x*x6, x) + Integral(-ax*2/x*x4, x) + Integral(2*a*xsqrt(-1 + 1/(
a*xx))*sqrt (1 + 1/(axx))/x*x5, x))/a*x*2

Giac [F] time = 0., size = 0, normalized size = 0.
[1 [1 1)
( E +1 E -1+ E)
f 1 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"4,x, algorithm="giac"
)

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(1l/(a*xx) - 1) + 1/(a*xx))"2/x"4, x)
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e2sech_1 (ax)

3.74 dx
=
Optimal. Leaf size=267
304 a* 11a* a* 8a* 304 2404
+ — - + -

1-ax 2 1-ax 3 1-ax 4 ’ 1-ax
8 ( ax+1 + 1) 3 (1 - ax+1) (1 - ux+1) (1 h ax+1)

[Out] (-2*%a~4)/(3x(1 - Sqrt[(1 - a*x)/(1 + a*x)])"6) + (2*xa~4)/(1 - Sqrt[(1 - axx
)/ (1 + a*xx)])76 - (3*%a”4)/(1 - Sqrt[(1 - a*xx)/(1 + a*xx)])~4 + (8%a~4)/(3*%(1

- Sqrt[(1 - a*x)/(1 + a*x)])73) - (11*%a~4)/(8*(1 - Sqrt[(1 - a*x)/(1 + a*x
)1)72) + (3*%a™4)/(8x(1 - Sqrt[(1 - a*xx)/(1 + a*x)])) - a~4/(8*%(1 + Sqrt[(1

- axx)/(1 + axx)])"2) + a”4/(8*x(1 + Sqrt[(1 - a*x)/(1 + a*x)])) + (a~4*ArcT
anh[Sqrt[(1 - a*x)/(1 + a*x)]])/4

Rubi [A] time = 0.542506, antiderivative size = 267, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 3, integrand size = 12, number of rules _

integrand size
0.25, Rules used = {6337, 1612, 207}
3a* a* 11a* a* 8a* 3a* 2a*

= + - - 5~ 5 + - +
_ —ax —ax -
8 (1 ax+l) 8 ( ax+1 + 1) 8 (1 - alelf)

Antiderivative was successfully verified.

[In] Int[E~(2*ArcSechl[ax*x])/x"5,x]

[Out] (-2*a”4)/(3*(1 - Sqrt[(1 - a*x)/(1 + a*x)])76) + (2*%a"4)/(1 - Sqrt[(1 - axx
)/ (1 + a*xx)])75 - (3*xa”4)/(1 - Sqrt[(1 - a*x)/(1 + a*x)])"4 + (8%a”4)/(3x(1

- Sqrt[(1 - a*x)/(1 + a*x)])7"3) - (11*a~4)/(8*(1 - Sqrt[(1 - axx)/(1 + ax*x
)1)72) + (3*xa”4)/(8%(1 - Sqrt[(1 - axx)/(1 + a*x)]1)) - a~4/(8*(1 + Sqrt[(1

- axx)/(1 + a*x)])72) + a”4/(8%(1 + Sqrt[(1 - a*x)/(1 + a*x)])) + (a~4*ArcT
anh[Sqrt[(1 - a*x)/(1 + a*x)]]1)/4

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
w/(1 + wl + (1%Sqrt[(1 - uw)/(1 + wl)/u)"n, x] /; FreeQ[m, x] && Integer
Qln]
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Rule 1612

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~
nx(e + f*x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] & PolyQ[Px,
x] && IntegersQ[m, n]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQla
, 01 Il GtQ[b, 01)

Rubi steps

1 7 1-ax
—ax
— + — + N 1tax
ax 1+ax ax
dx

eZsech_l(ux) [
f x° ax = f x°
3
x(a+ax2) 1= ax
= (4a) Subst[ (-1 +x)7(1 + x)3 ax, %, 1+ ax]

3 5a3 3a3 243 114° 3a3
- s f | i+ e e + e e

(L+xy  2(1+0f  (L+xp  (L+af  16(-1+xP  32(-1+22 16

i 2a* . 2a* 3a* . 8a* 11a* . 3a*
3(1 1-ax 6 1 1-ax > 1 1-ax 4 3(1 1-ax 3 s(1 1-ax 2 8(1 _ t
B 1+ax h 1+ax B 1+ax h 1+ax - @ 1+

2a* 2a* 3a* 8a* 11a* 3q*

T 1-ax 6 * 1-ax 5 1-ax 4 * 1-ax 37 1-ax 2 ¥ 8(1 1-
3 (1 B 1+ax) (1 a 1+ax) (1 B 1+ax) 3 (1 a 1+ax) 8 (1 - M) 14

Mathematica [A] time = 0.142864, size = 137, normalized size = 0.51

6a%x> + ,ll_ﬂ (3115x5 + 3atx* + 2a%x + 2a°x% - 8ax - 8) - 3a%x® log(x) + 3a°x® log (ax1 / Loy A\ Loy 1) -8
ax+1 ax+1 ax+1

24426

Warning: Unable to verify antiderivative.

[In] Integrate[E~(2*ArcSech[a*x])/x"5,x]
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[Out] (-8 + 6%a”2xx"2 + Sqrt[(1 - a*x)/(1 + a*x)]*(-8 - 8xa*xx + 2*a~2%x"2 + 2*a”3
*x"3 + 3*%a"4*x"4 + 3%a”b*xx"b) - 3*a”6*xx"6*Logl[x] + 3*xa"6xx"6*xLogl[l + Sqrt[(
1 - axx)/(1 + axx)] + a*xxxSqrt[(1 - a*x)/(1 + a*xx)]])/(24*a"2*x"6)

Maple [A] time = 0.227, size = 153, normalized size = 0.6

2 \4xt 616

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x75,%)

[Out] 1/a"2x(1/4*a"2/x"4-1/6/x"6)+1/24/ax(-(axx-1)/a/x) " (1/2)/x"5x((a*xx+1)/a/x) " (
1/2)*(3*xarctanh(1/(-a"2*x"2+1) " (1/2) ) *x"6*a"6+3*x (-a"2*xx"2+1) " (1/2) *x"4*a~4+
2%a"2%x " 2% (—a"2*%x"2+1) " (1/2)-8% (-a~2xx"2+1) " (1/2)) /(~a~2*xx"2+1)~(1/2)-1/6/a
~2/x"6

Maxima [F] time = 0., size = 0, normalized size = 0.

N oo 3 3
( 610g(2 @t 5) X2 146 - (-a?2+1)2at (-aPP41)222 (—azx2+1)2]
1

I\J\U)

|x| x| 16 16 x2 8 x4 6x6

a? S 3a2x6 x5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x75,x, algorithm="maxim
al’

[Out] 2*integrate(sqrt(a*x + 1)*sqrt(-a*x + 1)/x77, x)/a"2 - 1/3/(a"2*x"6) - inte
grate(x~(-5), x)

Fricas [A] time = 2.11585, size = 344, normalized size = 1.29

3a%x%log (ax. [Raayy 1) ~3a%®log (ax sy e 1) +12a%x% + 2 (3 °x° +2a3x3 -8 ax)w/wr1 .
ax ax ax ax ax ‘

1 ? 1 1 +1 1
( a ) - 5\/ ax — \/ﬂx (3 Artanh (\/?) 625 + 3V_i2x2 + 14a* + 2 22N —-a22 + 1
o —a%xc +1

a

48 q2x6
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x75,x, algorithm="frica
Sll

[Out] 1/48x(3*a”6*xx"6*log(a*x*sqrt((axx + 1)/(a*x))*sqrt(-(axx - 1)/(a*x)) + 1) -
3*a"6*x"6*log(a*x*sqrt ((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) - 1) + 12*a
T2%x72 + 2% (3%xa”b*x"5 + 2%a”3%x”3 - 8*axx)*sqrt((axx + 1)/(axx))x*sqrt(-(a*xx

- 1)/(axx)) - 16)/(a"2%x76)

Sympy [F] time = 0., size = 0, normalized size = 0.

2 a2 2ad—l+;—x‘/1+%
a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**x(1/2)*(1+1/a/x)**(1/2))**2/x**5,%)

[Out] (Integral(2/x*x7, x) + Integral(-ax*2/x**5, x) + Integral(2*a*xsqrt(-1 + 1/(
axx))*sqrt (1 + 1/(a*x))/x**6, x))/a*x*2

Giac [F] time = 0., size = 0, normalized size = 0.
1 1 1)
( p +1 P 1+ E)
f = dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x75,x, algorithm="giac"
)

[Out] integrate((sqrt(1l/(a*x) + 1)*sqrt(l/(a*xx) - 1) + 1/(a*x))~2/x"5, x)
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e2sech_1 (ax)

375  [———dx

x6

Optimal. Leaf size=301

a° 11a° a’ 354° a°

4(1_ l—ax) 4( 1-ax +1) g (1 T—ax 2 3 1—ax 1 2 121 1-ax 3 12 1-ax
ax+1 ax+1 " Vol ax+1 + " Voaxtl ax+1 +

4
+

T

[Out] (-4*a”5)/(7*(1 - Sqrt[(1 - a*x)/(1 + a*x)])77) + (2%¥a”5)/(1 - Sqrt[(1 - ax*x

)/ (1 + axx)])”"6 - (18%a”5)/(5x(1 - Sqrt[(1l - a*x)/(1 + a*x)])~5) + (4*xa~b)/
(1 - Sqrtl(1 - a*xx)/(1 + a*xx)])~4 - (35%a~5)/(12%(1 - Sqrt[(1 - a*xx)/(1 + a
xx)])73) + (11*a~5)/(8*%(1 - Sqrt[(1 - a*x)/(1 + a*x)])"2) - a~5/(4x(1 - Sqr
t[(1 - a*x)/(1 + a*xx)])) - a”5/(12%(1 + Sqrt[(1 - a*x)/(1 + a*x)])"3) + a”5
/(8%(1 + Sqrt[(1 - a*xx)/(1 + a*x)])"2) - a”5/(4*x(1 + Sqrt[(1 - a*x)/(1 + ax
x)1))

Rubi [A] time = 0.575837, antiderivative size = 301, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 2, integrand size = 12, number of rules _

integrand size
0.167, Rules used = {6337, 1612}

a° a° 11a° a° 354° a°

Antiderivative was successfully verified.

[In] Int[E~(2*ArcSechl[a*x])/x"6,x]

[Out] (-4%a”5)/(7*x(1 - Sqrt[(1 - a*x)/(1 + a*x)])~7) + (2%xa”B5)/(1 - Sqrt[(1 - axx

)/ (1 + a*xx)])”"6 - (18%a”5)/(5x(1 - Sqrt[(1 - a*x)/(1 + a*x)])~5) + (4*xa~b)/
(1 - Sqrt[(1 - a*xx)/(1 + a*xx)])"4 - (35%a~5)/(12%(1 - Sqrt[(1 - a*xx)/(1 + a
*x)]1)7"3) + (11*a~5)/(8*(1 - Sqrt[(1 - a*x)/(1 + a*x)]1)"2) - a~5/(4x(1 - Sqr
t[(1 - a*x)/(1 + a*x)])) - a~5/(12+x(1 + Sqrt[(1 - a*x)/(1 + a*x)])~3) + a”b
/(8%(1 + Sqrt[(1 - a*xx)/(1 + a*xx)])"2) - a”5/(4x(1 + Sqrt[(1 - a*x)/(1 + ax
x)1))

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1l -
/(1 + uwl + (IxSqrtl(1 - w/(1 + w1)/w™n, x] /; FreeQ[m, x] && Integer
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Q[n]

Rule 1612

Int[(Px_)*((a_.) + (b_)*x(x))"(m_.)*x((c_.) + (d_)*xD)"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~
n*x(e + fxx)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px,
x] && IntegersQ[m, n]

Rubi steps

X

2
1, [E=, Vi
eZsech_l(ux) ax 1+ax ax
f x6 ax = f x0 d
4
X (El + ﬂxz) 1-ax
=—|(4 bst dx,x, | ——
[( a) Subs [ (-1 +x)8(1 + x)* X V1+ax

(42) Subst f a* s 304 . 9a4 s 404 s 3544 .\ 11a* .
= —|(4a) Subs
(-1+x)8 (-1+x)7 2(-1+x)° (-1+x)° 16(-1+x)* 16(-1+ x)3
4q° 2a° 184° 4q° 354° 11a°
== + - + - +

- 1-ax 7 1-ax 6 1-ax > 1-ax 4 1-ax 3 1
7 (1 B 1+ax) (1 h 1+ax) 5 (1 - 1+ax) (1 h 1+11x) 12 (1 h 1+ax) 8 (1 - i

Mathematica [A] time = 0.0991938, size = 85, normalized size = 0.28

21a%x% + 2 :l_—mlc(ax +1)2 (8a5x5 — 8a*x* +12a%x3® — 12a%x? + 15ax — 15) -30

X+
105a2x7

Warning: Unable to verify antiderivative.

[In] Integratel[E~(2*ArcSech[ax*x])/x"6,x]

[Out] (=30 + 21%a”2*x72 + 2xSqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x)"2*%(-15 + 1b*axx -
12%a72xx72 + 12%a”3*x”3 - 8*a~4xx"4 + 8*a~5xx75))/(105%a”~2*x"7)

Maple [A] time = 0.24, size = 92, normalized size = 0.3

1( 1 uZ) (2a2x2—2)(8x4a4+12a2x2+15)\/ ax_l\/ax+1 1
+ —

2\ 727 " 5x5 105 x%a ax ax  7a2x
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)"(1/2))"2/x"6,x)

[Out] 1/a~2%(-1/7/x"7+1/5%a~2/x"5)+2/105/ax(-(a*x-1)/a/x)~(1/2) /x"6x((a*xx+1)/a/x)
“(1/2)*x(a”2*x"2-1) * (8%a~4*xx~4+12*%a"2*xx"2+15)-1/7/a"2/x"7

Maxima [A] time = 1.07831, size = 88, normalized size = 0.29

1 2(8u6x7+4a4x5 + 3a%x3 —15x)\/ax+1\/—ax+1 2

+ —
5x5 105 a2x8 7 a2x7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x76,x, algorithm="maxim
all)

[Out] 1/5/x75 + 2/105%(8*a~6*x~7 + 4*a~4xx"5 + 3*%a~2*x"3 - 15*xx)*sqrt(a*xx + 1)*sq
rt(-axx + 1)/(a™2%x78) - 2/7/(a”2*x"7)

Fricas [A] time = 2.08195, size = 174, normalized size = 0.58

21 a?x2 +2 (8 a’x” +4a°x° +3a%x3 - 15 ax)w/w;l a1 g

ax
105 a2x7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x"6,x, algorithm="frica
S")

[Out] 1/105%(21%xa~2*x"2 + 2%(8*a~7*x"7 + 4xa”b*x~5 + 3%a”3*x”~3 - 15%axx)*sqrt((ax*
x + 1)/(axx))*sqrt(-(axx - 1)/(axx)) - 30)/(a™2xx77)

Sympy [F] time = 0., size = 0, normalized size = 0.

2 a2 2”"—“%‘/“;7
[Sde+ [—Zdx+ [ S—5—"dx
a2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))**2/x**6,x)

[Out] (Integral(2/x*x8, x) + Integral(-a*x*2/x**6, x) + Integral(2*axsqrt(-1 + 1/(
a*xx) ) *sqrt (1 + 1/(a*x))/x**7, x))/a**2

Giac [F] time = 0., size = 0, normalized size = 0.
1 1 1\
( p +1 P 1+ E)
f c dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))"2/x76,x, algorithm="giac"
)

[Out] integrate((sqrt(1/(a*x) + 1)*sqrt(l/(a*x) - 1) + 1/(a*x))"2/x°6, x)
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3.76 f psech ™ (a0) y4 7y

Optimal. Leaf size=147

- mlc (ax +1)° (16 + 5) (ax +1)* (17 + 15) (ax +1)° (4 + 9) (ax+1y%
ax+
5a° 20a5 15a5 o

[Out] -(x/a"4) - (Sqrtl[(1 - a*x)/(1 + a*x)]*(1 + a*xx)~5)/(6%a”5) + ((1 + a*xx) 2x(
9 + 4xSqrt[(1 - a*x)/(1 + a*x)]))/(6%xa”5) + ((1 + a*x)~4x(5 + 16*Sqrt[(1 -

a*x) /(1 + a*x)]1))/(20%a"5) - ((1 + a*x)"3*(15 + 17*Sqrt[(1 - a*x)/(1 + a*x)

1))/ (15%a"5b)

Rubi [A] time = 0.619208, antiderivative size = 147, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 12, e e =

integrand size
0.417, Rules used = {6337, 1804, 1814, 12, 261}

;xix (ax +1)° (16\/7 + 5) (ax +1)* (17\/7 n 15) (ax + 1) (4\/7 N 9) (x+1?

5a° 20ab 15a° at

Antiderivative was successfully verified.

[In] Int[x"4/E"ArcSech[a*x],x]

[Out] -(x/a”"4) - (Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x)"5)/(5%a”5) + ((1 + a*x) 2x(
9 + 4xSqrt[(1 - a*x)/(1 + a*x)]))/(6xa”5) + ((1 + axx) 4x(5 + 16xSqrt[(1 -

axx) /(1 + a*xx)]))/(20*%a”5) - ((1 + axx)"3*%(156 + 17*xSqrt[(1 - axx)/(1 + axx)

1))/ (156%a"5)

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
/(1 + uwl + (IxSqrtl(1 - w/(1 + w1)/w™n, x] /; FreeQ[m, x] && Integer
Q[n]

Rule 1804

Int [(Pq )*((c_.)*x(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[
{Q = PolynomialQuotient[Pq, a + b*x~2, x], f = Coeff[PolynomialRemainder [Pq
, a + b*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x
11}, Simp[((c*x) m*(a + bxx"2)"(p + 1)*(axg - b*fx*x))/(2*axb*x(p + 1)), x]
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+ Dist[c/(2*axb*x(p + 1)), Int[(c*x)"(m - 1)x(a + b*xx"2) " (p + 1)*ExpandToSum
[2xa*b*x(p + 1)*x*Q - axgkm + bxfx(m + 2*p + 3)*x, x], x], x]] /; FreeQ[{a,
b, c}, x] && PolyQ[Pq, x] && LtQ[p, -1] && GtQ[m, O]

Rule 1814

Int[(Pq )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> With[{Q = PolynomialQuot
ient[Pq, a + b*x"2, x], f = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x,
0], g = Coeff[PolynomialRemainder[Pq, a + b*x"2, x], x, 1]}, Simp[((axg -
bxf*x)*(a + b*x"2)"(p + 1))/ (2%a*xbx(p + 1)), x] + Dist[1/(2*ax(p + 1)), Int
[(a + bxx"2) " (p + 1)*ExpandToSum[2*ax(p + 1)*Q + £x(2xp + 3), x], x], x]] /
; FreeQ[{a, b}, x] && PolyQ[Pq, x] && LtQ[p, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, xI]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (oxnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps
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fe—sech_l(ax)x4 dx = f

4
X
dx
1 1-ax =
- 4+ + 1+ax
ax 1+ax

(~1+x)5x(1+x)3 1-ax
4811b5t(fwdx,x’ 1+ax)

5
~16+10x+140x2-30x>~80x*+30x°+20x6~10x 1-ax
- 2 Subst X, X,
a1+’ (f (1+:2)° ]
5a° - 5a°
~128+560x+800x%~320x3~160x*+80x°
1—!13( (1 " EIX)5 (1 + ax)4 (5 +16 1- ﬂi) Subst (f (1+x2)4 dX, X, \/
_ +ax
B 5a° " 20a5 " 20a5
—~320+2400x-
CE0 b (a0 (5 16,12 ) (1 + ax)3 (15 174 E “x) Subst (f —(1+
= + —
5a5 20a° 154°
Lok ax)5 (1 + ax)? (9 +4 ") (1 + ax)* (5 16,12 ) (1 + ax)? (15 ; 17\/7
= s 2045 150
Lok ax)5 (1 + ax)? (9 +4 ") (1 + ax)* (5 16,12 ) (1 + ax)® (15 ; 17\/7
= s 2045 150
o JEE 4 avs (1+ax)2(9+4 i) (1+ax)4(5+16 ’;) (1+ax)3(15+1,
T TA 505 605 2045 150
Mathematica [A] time = 0.0900951, size = 65, normalized size = 0.44
15a%x* — 4 (ax +1)? (3u3x3 3a%x% + 2ax — 2)
60a°
Antiderivative was successfully verified

[In] Integrate[x~4/E~ArcSechl[a*x],x]

[Out] (15%a”4*x74 - 4xSqrt[(1 - a*x)/(1 + a*xx)]*(1 + a*xx)"2%(-2 + 2%a*xx - 3*a”2xx
~2 + 3*%a”3%x73))/(60%a"5)
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Maple [C] time = 0.54, size = 531, normalized size = 3.6

ax—1 10.10 ax +1 7 ax —1 52 8.8 ax+1 712 ax—1 52 ax +1 712 ax—1 32 8 8
——F—115a"% - + 30a°x - + 30 - x°a® + 3
60 x7al2 ax ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x)

[Out] -1/60%*(a*xx-1)/x"7*(15%a~10*x~10* ((a*x+1) /a/x)~(7/2) * (- (a*xx-1)/a/x)~(5/2)+30
*xa"8*xx"8* ((axx+1)/a/x) " (7/2)*(-(a*xx-1)/a/x) ~(5/2)+30* ((a*x+1) /a/x) " (7/2)* (-
(axx-1)/a/x) " (3/2) *x~8*a"~8+30*x"6x1n(a~2*x"2) * ((a*x+1) /a/x) ~(7/2)* (- (a*x-1)
/a/x) " (5/2)*a~6-30*a" 7xx"7x ((a*x+1)/a/x) " (7/2) *(-(a*xx-1) /a/x) "~ (3/2)+60* ((a*
x+1)/a/x) " (7/2)*(-(a*x-1) /a/x) " (3/2) *1n(a~2*x"2) *x"6*a~6+12*x"11*xa~11-60*x"
5x1n(a~2*x~2)*x ((a*x+1) /a/x) " (7/2)* (- (a*x-1) /a/x) " (3/2) *a~5+30* ((a*xx+1) /a/x)
~(7/2)x(-(axx-1)/a/x) " (1/2)*1n(a~2*x"2) *x~6*a”~6+12*xx~10*a~10-60* ((a*x+1) /a/
x)T(7/2)*x(-(a*x-1)/a/x) " (1/2) *1n(a~2*x"2) *x~5*a~5-40*x"9*a~9+30*x"4*1n (a~2*
x"2)*x((axx+1)/a/x) " (7/2) *(-(a*x-1) /a/x) ~(1/2) *a~4-40*x"8*a"~8+40*a "~ 7*x~7+40%
X"6*a"6-20*x"3%a~3-20*a"2*x"2+8*a*x+8) /a~ 12/ ((a*x+1) /a/x) " (7/2) / (-(a*x-1)/a
/x)~(7/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

4
x
f dx
,/i +1w/l—1+ e
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2)),x, algorithm="maxima"
)

[Out] integrate(x~4/(sqrt(1/(a*x) + 1)*sqrt(1/(a*xx) - 1) + 1/(a*x)), x)

Fricas [A] time = 2.03716, size = 135, normalized size = 0.92

15a°%x* -4 (3 A5 — 243 — 0 x) ol [ a1

60 a*

ax ax
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="fricas"
)

[Out] 1/60%(15*a~3*x~4 - 4% (3*a”4*x"5 - a”2%x"3 - 2*x)*sqrt((a*xx + 1)/(a*x))*sqrt
(-(axx - 1)/(a*x)))/a"4

Sympy [F] time = 0., size = 0, normalized size = 0.

X

5
af i d
ax\/—l + l\/l + 1 +1
ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4/(1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2)),x)

[Out] axIntegral (x**5/(axx*sqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

4
f a dx
,/i +1ﬂ/l—1+ L

ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="giac")

[Out] integrate(x~4/(sqrt(1/(axx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)
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3.77 f psech ™ (a9)y3 7y

Optimal. Leaf size=163

1—ax 1-ax 3 1-ax 2 1-ax -1 1-ax
) ax+1(gx+1)4 . (9wlm+1 +4) (ax +1) ) (51/ax+1 +8) (ax +1) N (‘/ux+1 +8) (ax +1) . tan ( ux+1)

4a* 1244 8at 8at 4a*

[Out] -(Sqrt[(1 - a*x)/(1 + a*x)]*(1 + axx)~4)/(4*a"4) + ((1 + axx)*(8 + Sqrt[(1
- axx)/(1 + axx)]))/(8%a"4) - ((1 + a*xx)"2%(8 + bxSqrt[(1 - a*x)/(1 + ax*x)]
))/(8%a~4) + ((1 + a*x)"3x(4 + 9*Sqrt[(1 - a*x)/(1 + a*x)]))/(12%¥a~4) + Arc
Tan[Sqrt[(1 - a*xx)/(1 + axx)]]/(4*a"4)

Rubi [A] time = 0.56946, antiderivative size = 163, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 12, e e =

integrand size
0.417, Rules used = {6337, 1804, 1814, 639, 203}

1—ax 1-ax 3 1-ax 2 1-ax -1 1-ax
) /m(gx+1)4 . (91/ax+1 +4) (ax +1) ) (5,/ax+1 +8) (ax +1) N (‘/ax+1 +8) (ax +1) . tan ( MH)

4g4 1244 8a 8a 44

Antiderivative was successfully verified.

[In] Int[x"3/E"ArcSech[a*x],x]

[Out] -(Sqrt[(1 - a*x)/(1 + a*x)]*(1 + axx)~4)/(4*a"4) + ((1 + a*xx)*(8 + Sqrt[(1
- axx)/(1 + a*x)]))/(8*%a"4) - ((1 + axx)"2*%(8 + 5xSqrt[(1 - a*x)/(1 + a*x)]
))/(8%a”4) + ((1 + a*xx)7"3*(4 + 9xSqrt[(1 - a*x)/(1 + a*x)]))/(12%a"4) + Arc
Tan[Sqrt[(1 - a*x)/(1 + axx)]]/(4*a"4)

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
/(1 + uwl + (I*Sqrtl(1 - w/(1 + w1)/w™n, x] /; FreeQ[m, x] && Integer
Q[n]

Rule 1804

Int [(Pq )*((c_.)*x(x_)) " (m_.)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :> With[
{Q = PolynomialQuotient[Pq, a + b*x~2, x], f = Coeff[PolynomialRemainder [Pq
, a + b*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x,
11}, Simp[((c*x) m*(a + bxx"2)"(p + 1)*(axg - b*fxx))/(2%axb*x(p + 1)), x]
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+ Dist[c/(2*axb*x(p + 1)), Int[(c*x)"(m - 1)x(a + b*xx"2) " (p + 1)*ExpandToSum
[2xa*b*x(p + 1)*x*Q - axgkm + bxfx(m + 2*p + 3)*x, x], x], x]] /; FreeQ[{a,
b, c}, x] && PolyQ[Pq, x] && LtQ[p, -1] && GtQ[m, O]

Rule 1814

Int[(Pq )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> With[{Q = PolynomialQuot
ient[Pq, a + b*x"2, x], f = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x,
0], g = Coeff[PolynomialRemainder[Pq, a + b*x"2, x], x, 1]}, Simp[((axg -
bxf*x)*(a + b*x"2)"(p + 1))/ (2%a*xbx(p + 1)), x] + Dist[1/(2*ax(p + 1)), Int
[(a + bxx"2)"(p + 1)*ExpandToSum[2*a*x(p + 1)*Q + £x(2xp + 3), x], x], x]] /
; FreeQ[{a, b}, x] && PolyQ[Pq, x] && LtQ[p, -1]

Rule 639

Int[((d) + (e_.)*(x ))*x((a ) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((a*e
- ckd*x)*(a + c*x”2)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[(d*x(2xp + 3))/ (2%
ax(p + 1)), Int[(a + c*xx"2)"(p + 1), x], x] /; FreeQ[{a, c, d, e}, x] && Lt
Qlp, -1] && NeQlp, -3/2]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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3
fe—sech_l(ux)XS dx = f X

dx

(—1+x)%x(1+x)? 1-ax
4Subst(f(l+T)5dX,xl 1+ax)

P
8-8x—48x%+16x>+16x4-8x° T-ax
1::; 1+ ax)4 Subst (f (1+x2)4 dx, x, 1+ax)
40t * 244
24-144x-96x2+48x> 1—ax
- - la
Ll — (1 +ax)* . 1 + ax)? (4 +9 1+Zi) Subst [f e dx, x, Mx)
4a4 1244 1244
24-192x
1o —(1+ ax)4 (1 + ax)? (8 + 5,/ i) (1 + ax)3 (4 +9. [ “x) Subst (f oy dx, X,
+
G 1244 484
1-
Vi (e HX)‘* (1 + ax) (8 + 1+Zx) (1 + ax)? (8 +5 ’;) (1 + ax)® (4 +9 1+Zi) 5
4at 8a' 8a* 124°
1- 1—
51 4 axt e (8+V1z) a+axp(s+5y12) Aoy (4+9y52)
4614 Sﬂ4 8614 12114
Mathematica [C]

time = 0.113146, size = 97, normalized size = 0.6

8alx +3a,/ ( —2a%x
ax+1

3 2 _ . 1-ax _ .
—2a°x° + ax* + x) 3ilog (2 p (ax +1) 21ax)
2444

Warning: Unable to verify antiderivative

[In] Integrate[x~3/E~ArcSechl[a*x],x]

[Out] (8*%a~3*x"3 + 3xa*Sqrt[(1 - a*x)/(1 + a*x)]*(x + a*x™2 - 2%a”2*%x"3 - 2%a”~3*x
~4) - (3*%I)*Logl[(-2*I)*a*xx + 2xSqrt[(1 - a*x)/(1 + a*xx)]*(1 + a*x)])/(24*a
4)

Maple [F]

time = 180., size = 0, normalized size = 0

N
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x)

[Out] int(x~3/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

3
X
[ ==
L1144 =
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2)),x, algorithm="maxima"
)

[Out] integrate(x~3/(sqrt(1/(axx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)

Fricas [A] time = 2.06981, size = 203, normalized size = 1.25

ax+1 ax—1 ax+1 ax—1
8a3x3—3(2u4x4—a2x2)w/ \/-— + 3 arctan (w/ ——)
ax ax ax ax

24 a*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="fricas"
)

[Out] 1/24%(8%a”3xx"3 - 3*(2*a~4*x"4 - a~2*x"2)*sqrt((a*x + 1)/(a*x))*sqrt(-(a*x
- 1)/(a*x)) + 3*arctan(sqrt((a*x + 1)/(a*x))*sqrt(-(axx - 1)/(a*xx))))/a"4

Sympy [F] time = 0., size = 0, normalized size = 0.

X

4
X
a d
1 1
ax\/—l + —\/1 +—+1
ax ax
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3/(1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**x(1/2)),x)

[Out] axIntegral(x**4/(a*x*sqrt(-1 + 1/(a*x))*sqrt(l + 1/(axx)) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

3
X
[ ==
L1144 =
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2)),x, algorithm="giac")

[Out] integrate(x~3/(sqrt(1/(axx) + 1)*sqrt(1l/(a*x) - 1) + 1/(a*x)), x)
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3.78 f psech ™ (a0) 2 7

Optimal. Leaf size=75

1-ax 1-ax 2
N (ax + 1)3 . (4’ / — + 3) (ax +1) x
3a3 6a3 a2

[Out] -(x/a"2) - (Sqrtl[(1 - a*x)/(1 + a*x)]*(1 + a*xx)~3)/(3*¥a"3) + ((1 + a*xx) 2x(
3 + 4xSqrt[(1 - a*xx)/(1 + axx)]))/(6%a~3)

Rubi [A] time = 0.513254, antiderivative size = 75, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 12, e -

integrand size
0.417, Rules used = {6337, 1804, 1814, 12, 261}

1- 1-ax 2
axf;(ax"'l)a . (4‘lm+3)(ux+1) x
6a3

343 a2

a2

Antiderivative was successfully verified.

[In] Int[x"2/E"ArcSechla*x],x]

[Out] -(x/a"2) - (Sqrtl[(1 - a*x)/(1 + a*x)]*(1 + a*xx)~3)/(3*¥a"3) + ((1 + a*xx) 2x(
3 + 4xSqrt[(1 - a*xx)/(1 + ax*xx)]))/(6%a~3)

Rule 6337

Int[E”(ArcSech[u_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
u)/( + wl + (1*Sqrtl(1 - w/(1 + wl)/w™n, x] /; FreeQlm, x] && Integer
Qln]

Rule 1804

Int[(Pq )*((c_.)*x(x_)) " (m_.)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :> With[
{Q = PolynomialQuotient[Pq, a + b*x~2, x], f = Coeff[PolynomialRemainder[Pq
, a + b*xx"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x72, x], x,
11}, Simp[((c*x) " m*x(a + b*x"2) "~ (p + 1)*(a*xg - b*f*x))/(2xaxbx(p + 1)), x]
+ Dist[c/(2xaxbx(p + 1)), Int[(c*x)"(m - 1)*x(a + b*x"2) " (p + 1)*ExpandToSum
[2xa*b*x(p + 1)*x*Q - axg*m + bxfx(m + 2*p + 3)*x, x], x], x]] /; FreeQ[{a,
b, c}, x] & PolyQ[Pq, x] && LtQ[p, -1] && GtQ[m, 0]
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Rule 1814

Int[(Pq )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> With[{Q = PolynomialQuot
ient[Pq, a + b*x"2, x], f = Coeff[PolynomialRemainder[Pq, a + b*x~2, x], x,
0], g = Coeff[PolynomialRemainder[Pq, a + b*x"2, x], x, 1]}, Simp[((axg -
bxf*x)*(a + b*x"2)"(p + 1))/ (2%a*xbx(p + 1)), x] + Dist[1/(2*ax(p + 1)), Int
[(a + b*xx"2)"(p + 1)*ExpandToSum[2*a*x(p + 1)*Q + £*x(2xp + 3), x], x], x]] /
; FreeQ[{a, b}, x] && PolyQ[Pq, x] && LtQ[p, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 261

Int[(x )" (m_.)*x((a_) + (b_D)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (oxn*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps

fe—sech_l(ux)xZ dx = f X — dx

1 1-ax 1+ax
E + 1+ax + ax
1493 .
4 Subst f wdx, X, Lox
(1 +x2) 1+ax
= p
—4+6x+12x2-6x3 1-ax

T-ax 2Subst| | —————dx, x,
- ma + ax)? ) (f (1+x2)3 1+ax)
B 3a3 3a3

24x 1-ax

T-ax 3 2 1-ax Subst ( dx, x, )

_ 1+ax(1 + ax) (1 + ax) (3 +4 1+11x) . f (1+x2)2 1+ax
343 6a3 643
1-ax

T-ax 3 2 1-ax 4 Subst ( —= _dx,x, )

_ 1+ax(1 + ax) . (1 + ax) (3 +4 1+ax) . f (l+x2)2 1+ax
343 6a3 ad
1- 2 1-ax
x 1+Z§(1 + gx)3 (1 + ax) (3 +4 1+ux)

- +
a2 343 6a3
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Mathematica [A] time = 0.055459, size = 48, normalized size = 0.64

1-ax

3a%x% - 2(ax - 1) (ax +1)?

6a3

ax+1

Antiderivative was successfully verified.

[In] Integrate[x~2/E~ArcSechl[a*x],x]

[Out] (3*%a”2*x"2 - 2x(-1 + a*x)*Sqrt[(1 - axx)/(1 + axx)]*(1 + a*xx)~2)/(6%a~3)

Maple [C] time = 0.496, size = 269, normalized size = 3.6

5/2 32 5/2 3/2 5/2
-1 +1 -1 +1 -1 -1 +1
_a [3 a®x® (ax ) (— a ) +3x*In (azxz) (ax ) (— a ) a* +3 o /— ax (ax ) In (azx
ax ax ax ax ax

ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)) ,%)

[Out] -1/6*(a*xx-1)/x"5*(3*a~6*x"6*((a*x+1)/a/x) " (5/2)*(-(a*xx-1)/a/x) " (3/2)+3*x"4x*
In(a~2*x"2) *((a*x+1)/a/x) " (5/2)* (- (a*x-1) /a/x) " (3/2) *a"~4+3* (- (a*xx-1) /a/x) ~(
1/2)*((axx+1) /a/x) " (5/2) *1n(a~2*xx"2) *x"4*a~4-2*%a" 7*x " 7-3*x"3*1n(a~2*xx"2) * ((
a*x+1)/a/x) "~ (5/2)x(-(a*xx-1)/a/x) " (1/2) *a~3-2*x"6*a~6+6*x~5*a ~5+6*x"4*a~4-6%
x"3%a"3-6%a"2xx"2+2*ax*xx+2) /a”~8/ ((axx+1)/a/x) " (5/2) /(- (axx-1)/a/x) ~(5/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2
X
f - dx
A= +1,/l—1+ s
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="maxima"
)

[Out] integrate(x”2/(sqrt(1/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*xx)), x)
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Fricas [A] time =1.91037, size = 111, normalized size = 1.48

ax+1 ax—1

3ax? -2 (a2x3 - x)

6 a2

ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="fricas"
)

[Out] 1/6*(3*axx"2 - 2*%(a"2xx"3 - x)*sqrt((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x))
)/a"2

Sympy [F] time = 0., size = 0, normalized size = 0.

X

3
a a d
1 1
ax\/—l + —\/1 +—=+1
ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2/(1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2)),x)

[Out] a*Integral(x**3/(a*x*sqrt(-1 + 1/(a*x))*sqrt(l + 1/(a*x)) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

2
X
[ ==
L1yt -14 =
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="giac")

[Out] integrate(x~2/(sqrt(1/(axx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)
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3.79 f gsech” () y 1y

Optimal. Leaf size=94

2
2 _ 1-ax 1-ax -1 1-ax
(ax +1) (1 —ax+1) N (ax +1) (‘/ax+1 + 1) . tan ( —ax+1)

442 242 a?

[Out] ((1 + a*x)"2%(1 - Sqrt[(1l - a*x)/(1 + a*x)])~2)/(4*a"2) + ((1 + a*xx)*(1 + S
qrt[(1 - a*xx)/(1 + axx)]))/(2*%a"2) + ArcTan[Sqrt[(1 - a*x)/(1 + a*x)]]/a"2

Rubi [A] time = 0.308749, antiderivative size = 94, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 4, integrand size = 10, number of rules _

integrand size
0.4, Rules used = {6337, 819, 639, 203}

2
2 1-ax 1-ax -1 1-ax
(ax +1) (1— ax“) +(ax+1)( ax+1+1) +tan (‘/m)

4a2 24?2 a2

Antiderivative was successfully verified.

[In] Int[x/E"ArcSech[ax*xx],6x]

[Out] ((1 + a*xx)"2*%(1 - Sqrt[(1 - a*x)/(1 + a*x)])72)/(4*a”2) + ((1 + a*x)*(1 + S
grt[(1 - a*x)/(1 + a*x)]))/(2*%a"2) + ArcTan[Sqrt[(1 - a*x)/(1 + a*x)]]/a"2

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol]l :> Int[x"m*(1/u + Sqrt[(1 -
u)/(1 +u)] + (1*Sqrt[(1 - w)/(1 + wl)/w™n, x] /; FreeQ[m, x] && Integer
Qln]

Rule 819

Int[((d_.) + (e_)*x_D)) (@ )*((f_.) + (g_.)*(x_))*((a) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[((d + exx)"(m - 1)*(a + c*x"2)"(p + 1)*(ax(exf + dxg
) - (cxd*f - axexg)*xx))/(2xaxcx(p + 1)), x] - Dist[1/(2xa*xcx(p + 1)), Int[(
d + exx)”"(m - 2)*(a + cxx72)"(p + 1)*Simp[axex(exfx(m - 1) + dxg*m) - c*d~2
*fx(2%xp + 3) + ex(axexgxm - cxdxfx(m + 2*%p + 2))*x, x], x], x] /; FreeQ[{a,
c, d, e, £, g}, x] && NeQ[c*xd™2 + axe”2, 0] && LtQ[p, -1] && GtQ[m, 1] &&
(EqQ[d, 0] |l (EqQ[m, 2] && EqQ[p, -3] && RationalQ[a, c, d, e, £, gl) ||
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ITLtQ[m + 2*p + 3, 0])

Rule 639

Int[((d_) + (e_.)*(x ))*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((ax*e
- ckd*x)*(a + c*x”2)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[(d*(2xp + 3))/ (2%
ax(p + 1)), Intl[(a + c*xx™2)"(p + 1), x], x] /; FreeQ[{a, c, d, e}, x] && Lt
Qlp, -1]1 && NeQ[p, -3/2]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
l + 1-ax + 1+ax
ax 1+ax ax
(=14x)%x 1-ax
4 Subst (f (l+x2 3 dx, x, 1+ax)
= aZ
» —2+42x 1-ax
- bst d
i (1 +ax)2 (1_\/%) Subs (f (1+x2)2 X, X, 1+ax)
= 4q2 a
2
, B T 1-ax L Lo
— (1 + EIX) (1 1+ax) + (1 + ax) (1 * 1+ax) + Subst (f 1+x2 dx, - 1+ax)
= 17 242 a
5 1-ax 1ax ! —
) (1 + ax) (1 - 1+ax) (1 + ax) (1 +4 T ) tan ( 1+ax)
= i 242 a>

Mathematica [C] time = 0.0679862, size = 75, normalized size = 0.8

- . - .
—-2ax + ax,/ ﬁ(ax +1) +ilog (21 /ﬁ(ax +1) - 21ax)
242

Warning: Unable to verify antiderivative.

[In] Integrate[x/E"ArcSech[a*x],x]
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[Out] -(-2%a*x + a*x*Sqrt[(1 - a*x)/(1 + a*x)]I*(1 + axx) + IxLogl[(-2*I)*a*xx + 2%3
qrt[(1 - a*xx)/(1 + a*x)]*(1 + a*x)])/(2xa"2)

Maple [F] time = 180., size = 0, normalized size = 0.

-1
1 1 1
fx[—+\/——1\/1+—J dx
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),%)

[Out] int(x/(1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2)) ,%)

time = 0., size = 0, normalized size = 0.

f - i dx
A= +1w/l—1+ L
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

Maxima [F]

[In] integrate(x/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="maxima"

[Out] integrate(x/(sqrt(1/(a*xx) + 1)*sqrt(l/(a*xx) - 1) + 1/(a*x)), x)

Fricas [A] time = 2.02363, size = 173, normalized size = 1.84

ax+1 ax—1 ax+1 ax—1
a2x2 | = —2ax—arctan(,/ \l——)
ax ax ax ax

2a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="fricas")

[Out] -1/2x(a"2xx"2*sqrt((a*xx + 1)/(axx))*sqrt(-(axx - 1)/(a*xx)) - 2%a*x - arctan
(sqrt((a*xx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(axx))))/a"2
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Sympy [F] time = 0., size = 0, normalized size = 0.

2
X
a dx

fax\/—l + l\/l + 1 +1
ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2)) ,x)

[Out] axIntegral (x**2/(axx*sqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

x

[ ==
L1144 =
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2)),x, algorithm="giac")

[Out] integrate(x/(sqrt(1/(a*xx) + 1)*sqrt(l/(a*xx) - 1) + 1/(a*x)), x)
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-1
380  [esech () gy
Optimal. Leaf size=65
1-ax

(ax +1) 2log L
el N log(ax +1) N ax+1
a a a

[Out] -((Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x))/a) + Logl[l + a*x]/a + (2+Logl[l + Sq
rt[(1 - axx)/(1 + axx)]])/a

Rubi [A] time = 0.165642, antiderivative size = 65, normalized size of antiderivative =
number of rules

1., number of steps used = 6, number of rules used = 4, integrand size = 8, “ntegrand size
0.5, Rules used = {6332, 1647, 801, 260}
1-ax 1-ax
—(ax+1) N log(ax +1) N 210g( a1 1)
a a a

Antiderivative was successfully verified.

[In] Int[E~(-ArcSechlax*x]),x]

[Out] -((Sqrtl[(1 - a*x)/(1 + a*x)]*(1 + a*x))/a) + Logl[l + axx]/a + (2xLogl[l + Sq
rt[(1 - axx)/(1 + a*x)]])/a

Rule 6332

Int[E"(ArcSech[u_J]*(n_.)), x_Symbol] :> Int[(1/u + Sqrt[(1 - w)/(1 + w)] +
(1#Sqrt[(1 - uw)/(1 + wW1)/u)"n, x] /; IntegerQ[n]

Rule 1647

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x”2, x], f = Coeff[Pol
ynomialRemainder [(d + exx) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder [(d + e*x) m*Pq, a + c*x~2, x], x, 11}, Simp[((axg - cxf*xx)*(a + ¢
xx72)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[1/(2%a*xcx(p + 1)), Int[(d + e*x)~
m*(a + c*xx”2)"(p + 1)*ExpandToSum[(2*axc*(p + 1)*Q)/(d + exx)™m + (cxf*(2*p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[cxd~2 + axe”2, 0] && LtQ[p, -1] && ILtQ[m, O]
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Rule 801

Int [(((d_.) + (e_)*(x_))"m )*((f_.) + (g_.)*(x_)))/((a)) + (c_)*(xx_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
fe—sechfl(ﬂx) dx :f ! T-ax dx
1 1-ax 1+ax
- 4+ +
ax 1+ax ax
4 Subst f g o
) (1+x)(1+x2) ’ 1+ax
- a
—1+x 1-ax
— T
ﬁ(l + ax) 2Subst (f (1+x)(1+x2) ax, %, 1+ax)
= 1 - a
_ 1-ax
ax(l + ax) 2 Subst (f(l— + 1+x2) dx, x, 1+ax)
- a
a2l ) 250
= p a
) I x(l ax) log(l +ax) . 2log (1 + \/;)
a a

Mathematica [A] time = 0.0305943, size = 72, normalized size = 1.11

1-ax 1-ax 1-ax
log(ax,/m+,/m +1)— (ax+1)
a

Warning: Unable to verify antiderivative.

[In] Integrate[E~(-ArcSech[a*x]),x]
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[Out] (-(Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x)) + Logl[l + Sqrt[(1l - a*x)/(1 + a*x)]
+ axx*Sqrt[(1 - a*x)/(1 + a*x)]])/a

Maple [B] time = 0.475, size = 2632, normalized size = 40.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),%)

[Out] -1/2*(a*xx-1)/x"3*(x"2*x1n(a"2*xx"2)*((a*x+1)/a/x) " (3/2)*x(-(a*x-1)/a/x) "~ (1/2)*
(ma™2xx72+1) " (1/2)*a"2-1n(2*x ((—a~2*x (((axx+1) /a/x) " (1/2) *x" 2% (- (a*xx-1) /a/x) "~
(1/2)*a-((a*xx+1)*x) ~(1/2) * (- (a*x-1)*x) ~(1/2) ) * (((a*x+1) /a/x) ~(1/2) *x~2* (- (a
*xx-1) /a/x) " (1/2) *a+((a*xx+1)*x) " (1/2) * (- (a*xx-1) *x) ~(1/2)) / (axx+1) /x~2/ (axx-1
1) "(1/2)xx-(—a~2*x"2+1) " (1/2)-1)*a~2/ (—a~2*x+(-a~2*x (((a*x+1) /a/x) "~ (1/2) *x~2
*x(—(axx-1)/a/x) " (1/2) *a- ((axx+1)*x) " (1/2) * (- (a*x-1) *x) ~(1/2) ) * (((a*x+1) /a/x
)T (1/2)*xx7 2% (- (axx-1) /a/x) ~(1/2) *a+((a*x+1) *x) ~(1/2) * (- (a*x-1)*x) ~(1/2) )/ (a
*x+1) /x72/ (a*xx-1) )~ (1/2) ) )*x"3*xa~3-1n(2*x ((—a~2*x (((a*x+1) /a/x) " (1/2) *x~ 2% (- (
a*xx-1)/a/x) " (1/2)*xa-((a*xx+1)*x) ~(1/2) * (- (a*xx-1)*x)~(1/2) ) *(((a*xx+1)/a/x)~ (1
/2)*x72x (- (axx-1) /a/x) "~ (1/2) *a+((a*xx+1) *x) ~(1/2) * (- (a*x-1) *x) ~(1/2) ) / (a*x+1
)/x72/ (axx-1)) " (1/2) *x+(—a"2*xx"2+1) ~(1/2)+1)*a" 2/ (a"2*xx+(—a"2*x (((a*x+1) /a/x
)T (1/2)xx7 2% (- (axx-1) /a/x) ~(1/2) *a- ((a*x+1) *x) ~(1/2) * (- (a*x-1) *x) ~(1/2) ) * ((
(axx+1)/a/x) " (1/2)*x~ 2% (—(a*xx-1)/a/x) " (1/2) *a+ ((a*x+1)*x) "~ (1/2) * (- (a*x-1) *x
)~(1/2))/ (axx+1) /x"2/ (a*xx—-1)) " (1/2)) ) *x~3*a"3+2* (—a"2*xx"2+1) ~(1/2) *x~3*a"~3-
In(2*((-a~2*% (((a*xx+1) /a/x) ~(1/2) *x~2* (- (a*xx-1) /a/x) ~(1/2) *a- ((a*xx+1) *x) ~(1/
2)* (- (axx-1)*x) " (1/2))*x (((axx+1) /a/x) " (1/2) *x~2*x (- (a*x-1) /a/x) " (1/2) *a+((ax*
x+1)*x) " (1/2) % (- (a*xx-1)*x) ~(1/2)) /(a*xx+1) /x"2/(axx-1)) " (1/2) *x-(-a"2*x"2+1)
“(1/2)-1)*a"2/(—a"2xx+(—a~ 2% (((axx+1) /a/x) " (1/2) *x"2x (- (a*xx-1) /a/x) " (1/2) *a
- ((a*xx+1)*x) ~(1/2) * (- (a*x-1) *x) ~(1/2) ) * (((a*xx+1) /a/x) ~(1/2) *x~2* (- (a*xx-1) /a
/x)7(1/2) *a+ ((axx+1)*x) " (1/2) * (- (a*xx-1)*x) " (1/2)) / (a*xx+1) /x~2/ (a*xx-1) ) ~(1/2
)))*x"2%xa~2-1n (2% ((-a~2* (((a*x+1) /a/x) ~(1/2) *x~2* (- (a*xx-1) /a/x) ~(1/2) *a-((a
*xx+1)*x) 7 (1/2) % (- (a*xx-1) *x) ~(1/2) ) * (((axx+1) /a/x) ~(1/2) *x~2x (- (a*x-1) /a/x) "~
(1/2)*a+((a*xx+1) *x) ~(1/2) % (- (a*x-1)*x) ~(1/2) ) / (a*xx+1) /x"2/ (a*x-1) ) "~ (1/2) *x+
(ma™2xx72+1) " (1/2)+1)*a"2/ (a"2*xx+ (—a"2x (((axx+1) /a/x) " (1/2) *x"2*x (- (a*x-1)/a
/x)7(1/2) *a- ((a*xx+1)*x) " (1/2) * (- (a*xx-1)*x) " (1/2) ) * (((axx+1) /a/x) " (1/2) *x~2%
(-(axx-1)/a/x) "~ (1/2) *a+((a*xx+1) *x) ~(1/2) * (- (a*x-1) *x) ~(1/2) ) / (a*xx+1) /x"2/ (a
*x-1)) 7 (1/2)) ) *x"2*%a"2+2*xa~2xx " 2% (—a"2%x"2+1) " (1/2) +1n(2*x ((-a~2* (((a*x+1) /a
/x)7(1/2) *x" 2% (- (a*x-1) /a/x) " (1/2) *a- ((a*x+1) *x) ~(1/2) * (- (a*xx-1)*x) " (1/2) ) *
(((axx+1) /a/x) =~ (1/2)*x"2x (- (a*xx-1) /a/x) ~(1/2) *a+((a*xx+1) *x) " (1/2) * (- (a*x-1)
*x) " (1/2))/(a*xx+1) /x72/ (a*xx-1) )~ (1/2)*x-(—a~2*x"2+1) " (1/2)-1) *a~2/ (-a~2*x+(
—a”2*(((a*xx+1)/a/x) ~(1/2)*x~2x (- (axx-1) /a/x) "~ (1/2) *a- ((axx+1)*x) " (1/2) * (- (a
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*x-1)*x) 7~ (1/2))* (((a*xx+1) /a/x) " (1/2) *x~2*% (- (a*x-1) /a/x) ~ (1/2) *a+ ((a*x+1) *x)
“(1/2)x (- (a*xx-1)*x) ~(1/2)) / (a*xx+1) /x72/ (axx-1)) ~(1/2) ) ) *x*a+1n (2% ((-a~2x (((
axx+1)/a/x) " (1/2)*x" 2% (- (a*x-1) /a/x) " (1/2) *a- ((a*xx+1) *x) ~(1/2) * (- (a*x—-1) *x)
~(1/2))*(((axx+1) /a/x) "~ (1/2) *x~2x (- (axx-1) /a/x) " (1/2) *a+ ((a*xx+1) *x) = (1/2) *(
-(axx-1)*x)~(1/2))/(a*xx+1)/x"2/ (a*x-1) )~ (1/2) *x+(—a~2*x"2+1) " (1/2)+1)*a~2/(
a”~2*xx+(-a"2x(((a*x+1)/a/x) " (1/2)*x"2*x (- (a*x-1)/a/x) ~(1/2) *a- ((a*xx+1) *x) ~(1/
2)* (- (a*xx-1)*x) ~(1/2))* (((a*xx+1) /a/x) ~(1/2) *x~2x (- (a*x-1) /a/x) " (1/2) *a+((a*
x+1)*x) 7 (1/2)* (- (a*xx-1)*x) " (1/2)) / (a*xx+1) /x72/ (a*xx-1) ) " (1/2) ) ) *x*a-2*% (-a~2%
x"2+1) " (1/2) xaxx+1n(2x ((—a~2x (((a*xx+1) /a/x) " (1/2)*x"2*x (- (axx-1) /a/x) ~(1/2) *
a- ((axx+1)*x) " (1/2) * (- (a*xx-1)*x) ~(1/2) ) * (((axx+1) /a/x) "~ (1/2) *x~2* (- (a*x-1) /
a/x) " (1/2)*a+((a*xx+1) *x) ~(1/2) * (- (a*x-1)*x) ~(1/2) )/ (a*x+1) /x"2/ (a*x-1) )~ (1/
2)xx—(—a"2%x"2+1) " (1/2)-1)*a" 2/ (—a~2xx+(-a"2* (((a*xx+1) /a/x) " (1/2) *x"2* (- (ax*
x-1)/a/x) 7 (1/2) *a- ((a*xx+1)*x) " (1/2) * (- (a*xx-1) *x) " (1/2) ) * (((a*xx+1) /a/x) " (1/2
)*¥x”2% (- (a*xx-1)/a/x) " (1/2) *a+ ((a*xx+1)*x) ~(1/2) * (- (axx-1)*x) ~(1/2) )/ (a*x+1)/
x72/(axx-1))7(1/2)))+1n(2* ((-a~2* (((a*xx+1) /a/x) ~(1/2) *x~2* (- (a*xx-1) /a/x) ~ (1
/2)*a-((a*xx+1)*x) ~(1/2) % (- (a*x-1)*x) ~(1/2) ) * (((a*x+1) /a/x) ~(1/2) *x~2* (- (a*x
-1)/a/x)~ (1/2) *a+((a*xx+1)*x) " (1/2) * (- (axx-1)*x) " (1/2)) / (a*x+1) /x~2/ (a*x-1))
“(1/2)*#x+(—a~2*xx72+1) " (1/2)+1)*xa~2/ (a"2*x+ (—a~ 2% (((a*xx+1) /a/x) "~ (1/2) *x" 2% (-
(axx-1)/a/x) " (1/2) *a- ((axx+1)*x) " (1/2) * (- (a*x-1) *x) ~(1/2) ) * (((a*xx+1) /a/x) " (
1/2)*x7 2% (- (a*xx-1) /a/x) ~(1/2) *a+((a*xx+1) *x) ~(1/2) * (- (a*x-1) *x) ~(1/2) ) / (a*x+
1)/x72/(axx-1))~(1/2)))-2*(-a~2*x"2+1)~(1/2)) /a~4/ ((axx+1) /a/x) " (3/2) / (- (ax
x-1)/a/x)~(3/2)/(-a~2*x~2+1)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f dx
Ji+1dl—1+l
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="maxima"

[Out] integrate(1/(sqrt(1/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)

Fricas [A] time = 2.08143, size = 259, normalized size = 3.98
2 ax‘/m;:l ‘/—uz;l - log (ax,/azzl,/—az;l + 1) + log (ax,/azzl,/—az;l — 1) -2 log (x)
- 2a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2)),x, algorithm="fricas")

[Out] -1/2%(2%a*xxxsqrt((a*xx + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) - log(axx*sqrt((ax
x + 1)/(a*xx))*sqrt(-(axx - 1)/(a*x)) + 1) + log(a*x*sqrt((a*x + 1)/(a*x))*s
qrt(-(a*x - 1)/(a*x)) - 1) - 2xlog(x))/a

Sympy [F] time = 0., size = 0, normalized size = 0.

af i d
ax\/—l + l\/l + 1 +1
ax ax

Verification of antiderivative is not currently implemented for this CAS.

X

[In] integrate(1/(1/a/x+(1/a/x-1)**x(1/2)*(1+1/a/x)**(1/2)),x)

[Out] axIntegral(x/(axx*sqrt(-1 + 1/(a*x))*sqrt(l + 1/(a*x)) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f - dx
\ = +1ﬂ/l—1+ L
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2)),x, algorithm="giac")

[Out] integrate(1/(sqrt(1/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x)), x)
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—sech_l(ax)

381 [——dx

X

Optimal. Leaf size=46

2 4| [1-ax
—1——2tan 1
/ —ax+1 ax +
ax+1

[Out] -2/(1 + Sqrt[(1 - a*x)/(1 + a*x)]) - 2%ArcTan[Sqrt[(1 - a*x)/(1 + a*x)]]

Rubi [A] time = 0.401255, antiderivative size = 46, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 12, e -

0.25, Rules used = {6337, 801, 203}

integrand size

2 4 [1-ax
—1——2tan 1
/ —ax+1 ax +
ax+1

Antiderivative was successfully verified.

[In] Int[1/(E"ArcSech[a*x]*x) ,x]

[Out] -2/(1 + Sqrt[(1 - a*x)/(1 + a*x)]) - 2xArcTan[Sqrt[(1 - a*x)/(1 + a*x)]]

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
u)/( + wl + (1*Sqrtl(1 - w/(1 + wl)/w™n, x] /; FreeQlm, x] && Integer
Qln]

Rule 801

Int [(((d_.) + (e_)*(x_))"m )*((f_.) + (g_.)*x_)))/((a)) + (c_)*(xx_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[cxd"2 + a*e”™2, 0] && IntegerQ[m]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)



423

Rubi steps

dx

f e—sech_l(ax) 1
e [
X 1-ax
x[l + 'l_ﬂ + ﬂ)
ax 1+ax ax

X 1-ax
_—[4Subst(f Y (1+x2) dx, x, 1+ax])

1 1 1-ax
= —[4Subst(f(—2(l e + 2(1 +x2)] dx, x, 1 +ax])

2 1 1-ax
=———— —2Subst dx, x,
T-ax 1+ x2 1+ax
1+
1+ax
2 1 1-ax
=——— —2tan 1
1+ 1-ax + ax
1+a

Mathematica [C] time = 0.0358713, size = 74, normalized size = 1.61
Lo (L) o ooy /Ao ax 1) - 2i
ax+1 \ax ax PR08 ax +1 o ax

Warning: Unable to verify antiderivative.

[In] Integratel[1/(E~ArcSech[a*x]*x),x]

[Out] -(1/(a*x)) + (1 + 1/(a*x))*Sqrt[(1 - a*x)/(1 + a*x)] + IxLogl[(-2*I)*a*xx + 2
*Sqrt [(1 - a*xx)/(1 + axx)]*(1 + a*x)]

Maple [F] time = 180., size = 0, normalized size = 0.

-1
1(1 1 1
f—[—+\/——1\/1+—J dx
x | ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))/x,x)
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[Out] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))/x,%)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
fx(,/iﬂ,/i_ui)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x,x, algorithm="maxima"
)

[Out] integrate(1/(x*(sqrt(1/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))), x)

Fricas [A] time = 2.30327, size = 163, normalized size = 3.54

ax+1 ax—1 ax+1 ax-1
ax ——— —gxarctan - -1
ax ax ax ax
ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x,x, algorithm="fricas"
)

[Out] (axx*sqrt((a*xx + 1)/(a*xx))*sqrt(-(axx - 1)/(a*x)) - axx*arctan(sqrt((a*x +
1)/ (a*xx))*sqrt (-(a*x - 1)/(a*x))) - 1)/(a*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

X

1
a - d
ax\/—l + —\/1 + L +1
ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)**x(1/2)*(1+1/a/x)**(1/2))/x,x%)
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[Out] axIntegral(1l/(a*xx*sqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f dx
x(w/l +1,/l -1+ l)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x,x, algorithm="giac")

[Out] integrate(1l/(x*(sqrt(1l/(a*xx) + 1)*sqrt(1l/(a*xx) - 1) + 1/(a*x))), x)
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3.89 e—sech_l(ax) g
. ———aX
J—=
Optimal. Leaf size=72
_ 1-
a - 1 5> +a|—tanh ! ox
1-ax +1 1_ax 1 ax +1
ax+1 ax+1

[Out] -(a/(1 + Sqrtl[(1 - a*x)/(1 + a*x)])"2) + a/(1 + Sqrt[(1 - a*x)/(1 + a*x)])
- a*ArcTanh[Sqrt[(1 - a*x)/(1 + a*x)]]

Rubi [A] time = 0.382769, antiderivative size = 72, normalized size of antiderivative

. . b f rul
1., number of steps used = 5, number of rules used = 3, integrand size = 12, i L

integrand size
0.25, Rules used = {6337, 77, 207}

a a 1| [1-ax
- 5> +a|-tanh
Lax o Toox ax +1
ax+1 ( ol T 1)

Antiderivative was successfully verified.

[In] Int[1/(E"ArcSech[a*x]*x"2),x]

[Out] -(a/(1 + Sqrt[(1 - a*x)/(1 + a*x)])"2) + a/(1 + Sqrt[(1l - a*x)/(1 + a*x)])
- a*ArcTanh[Sqrt[(1 - a*x)/(1 + a*x)]]

Rule 6337

Int[E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1l -
u)/(1 +u)] + (1*Sqrt[(1 - w)/(1 + wl)/w™n, x] /; FreeQ[m, x] && Integer
Qln]

Rule 77

Int[((a_.) + (b_)*x))*x((c) + (d_)*x D))" (n_)*x((e_.) + (f_.)*(x_))"(p_
.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) nx(e + f*xx)7p, x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] && NeQ[bxc - axd, 0] && ((ILtQ[n, O]
&& ILtQlp, 01) || EqQlp, 11 Il (IGtQLp, 0] && ( 'IntegerQ[n] || LeQ[9*p +
5#(n + 2), 0] || GeQ[n + p + 1, 0] || (GeQ[n + p + 2, 0] && RationalQ[a, D,
c, d, e, f1))))
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Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[

-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] 11 G6tQlb, 01)

Rubi steps

-1
e—sech (ax) 1
[E0 e | i
X 1-ax
x2 ( e

X 1-ax
= (4a) Subst U 00 o V1s ax]
1 1 1 1-ax
= (4a) SubSt(f(Z(l ey ey -+ 4(_1 +x2)] dx,x,\/m]
a a 1 1-ax
_—(1 1_M)z+1+ — +aSubst[f—_1+x2dx,x,w/—1+ax)
4 [1zax

1+ax T+ax
a a _ 1-—ax
= - 5+ —atanh™
1_ax 1-ax 1+ ax
1+ax 1+ax

Mathematica [A] time = 0.0573269, size = 92, normalized size = 1.28

1-ax

1 (ax+1) 1 1= 1=
5 %—E+alog(x)—alog ax oy g

ax +1 ax +1

Warning: Unable to verify antiderivative.

[In] Integrate[1/(E"ArcSech[a*x]*x72),x]

[Out] (-(1/(a*x72)) + (Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x))/(a*x"2) + a*xLogl[x] -
axLogl[l + Sqrt[(1 - a*x)/(1 + a*x)] + a*xx*Sqrt[(1 - a*x)/(1 + a*xx)]1])/2
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Maple [F] time = 180., size = 0, normalized size = 0.

-1
1(1  [1 1
f—z(—+\/——1\/1 —J dx
X ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)"(1/2))/x"2,x)

[Out] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x72,%)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f dx
xz(,/l +1,/l -1+ i)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"2,x, algorithm="maxim

all

[Out] integrate(l/(x"2x(sqrt(1/(a*x) + 1)*sqrt(l/(a*x) - 1) + 1/(a*x))), x)

Fricas [A] time = 2.02791, size = 279, normalized size = 3.88

ax+1 ax—1 ax+1 ax—1 ax+1 ax—1
a’x? log(ax,/ \- +1)—a2x210g (ax,/ A-— —1)—2ax,/ ———+2
ax ax ax ax ax ax

4 ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"2,x, algorithm="frica

S")

[Out] -1/4x(a~2*x"2*log(a*xxsqrt((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) + 1) - a
~2%x72x1log (a*xx*sqrt ((a*xx + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) - 1) - 2%a*xxsq
rt((axx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(a*xx)) + 2)/(axx"2)



429

Sympy [F] time = 0., size = 0, normalized size = 0.

X

1
a f d
» 1 1
ax \/—1+—\/1+—+x
ax ax
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**x(1/2))/x**2,%)

[Out] axIntegral(l/(a*xx**2*sqrt(-1 + 1/(a*x))*sqrt(l + 1/(a*x)) + x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

undef

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"2,x, algorithm="giac"
)

[Out] undef
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383 e—sech_l(ax) g
L] - A x
J ==
Optimal. Leaf size=116
a? a? a? 202
— — + —

1-ax 1-ax 1= 2 1 3
2(1_ ax+1) 2( ax+1+1) ( £+1) 3( axflc+1)

[Out] -a”2/(2*x(1 - Sqrt[(1 - a*xx)/(1 + a*x)])) - (2%¥a"2)/(3*x(1 + Sqrt[(1 - ax*x)/(
1+ axx)])73) + a”2/(1 + Sqrt[(1 - a*x)/(1 + a*x)])"2 - a~2/(2*x(1 + Sqrt[(1
- axx)/(1 + a*x)]))

Rubi [A] time = 0.423809, antiderivative size = 116, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 2, integrand size = 12, L

integrand size
0.167, Rules used = {6337, 1612}

Antiderivative was successfully verified.

[In] Int[1/(E"ArcSech[a*x]*x"3),x]

[Out] -a~2/(2%(1 - Sqrt[(1 - a*xx)/(1 + a*xx)])) - (2*a~2)/(3*(1 + Sqrt[(1 - ax*x)/(
1+ axx)])73) + a”2/(1 + Sqrt[(1 - a*x)/(1 + a*x)])"2 - a~2/(2x(1 + Sqrt[(1
- a¥xx)/(1 + a*x)]))

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
w/(1 + wl + (1%Sqrt[(1 - uw)/(1 + wi)/u)"n, x] /; FreeQ[m, x] && Integer
Q[n]

Rule 1612

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~
nx(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && PolyQ[Px,
x] && IntegersQ[m, n]
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Rubi steps

e—sech_l(ax) 1
f — dx = f \/m dx
x3 l + ’ﬂ + N 1+ax
ax 1+ax ax

X (1 + xz) 1-ax
= [(4{12) Subst[ ey dx, x, 4 - ax)]
1 1 1 1 1-ax
- _[(4”2) Subst [f (8(—1 T2 20+0f  20+x7 80+ x)2) X\ T3 ax)]

a? 242 a2 a?
= — —_ + —

_ 1-ax 1= 3 1= 2 1-ax
2(1-5) a1+ yEE) (e yEE) 2(+En)

Mathematica [A] time = 0.0523257, size = 43, normalized size = 0.37

1-ax 2
_(ax—l) m(ax+1) +1

3ax3

Warning: Unable to verify antiderivative.

[In] Integratel[1/(E~ArcSech[a*x]*x"3),x]

[Out] -(1 + (-1 + a*x)*Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x)~2)/(3*axx"3)

Maple [F] time = 180., size = 0, normalized size = 0.

-1
FE(E T ) e
xX- |\ ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))/x"3,%)

[Out] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"3,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

1
f dx
x%dl+1dl—1+l)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"3,x, algorithm="maxim
all

[Out] integrate(1/(x"3*(sqrt(1/(a*xx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))), x)

Fricas [A] time = 2.06645, size = 109, normalized size = 0.94

ax+1 ax-1
(a3x3—ax)w/ -— +1
_ ax ax

3 ax3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"3,x, algorithm="frica
Sll)

[Out] -1/3%((a”3%x73 - a*x)*sqrt((a*x + 1)/(a*x))*sqrt(-(a*x - 1)/(a*x)) + 1)/(ax
x73)

Sympy [F] time = 0., size = 0, normalized size = 0.

X

1
of e
aﬁ¢4+~$+—+ﬁ
ax ax
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))/x**3,%)

[Out] axIntegral(1l/(a*xx**3*sqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)) + x**2), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

1
f dx
30”(,/i +1w/l -1+ l)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"3,x, algorithm="giac"
)

[Out] integrate(1/(x"3*(sqrt(1/(a*xx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))), x)
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—sech_l(ax)

384 [———dx

14

Optimal. Leaf size=200

a3 a? a3 a’ a3 a3 1, q
: + — _ 5 - 5+ 3= 4—L—Latanh
4 (1 ~ ‘”x) 2( — 4 1) Y Lox Lax Lo

ax+1 ax+1 411 ax+1 ax+1 +1 ax+1 +1 2 ax+1 +1

[Out] -a~3/(4*(1 - Sqrt[(1 - a*x)/(1 + a*x)])"2) + a~3/(4x(1 - Sqrt[(1 - a*x)/(1
+ axx)])) - a”3/(2x(1 + Sqrt[(1 - a*x)/(1 + a*x)])~"4) + a~3/(1 + Sqrt[(1 -
axx)/(1 + a*x)])"3 - a”3/(1 + Sqrt[(1 - a*x)/(1 + a*x)])"2 + a~3/(2x(1 + Sq
rt[(1 - a*x)/(1 + a*x)])) - (a"3*ArcTanh[Sqrt[(1 - a*x)/(1 + a*x)]])/4

Rubi [A] time = 0.500469, antiderivative size = 200, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 12, e .

integrand size
0.25, Rules used = {6337, 1612, 207}

3 3 3 3 3 3
a a a a a a 1
_ _ _ _ 3 -1
+ 5 + 7} 411 tanh (\/

1-ax 1-ax 2 3
4 (1 _ ) 2 ( + 1) _ 1-ax 1-ax 1-ax 1-ax
ax+1 ax+1 4|1 ax+1 ax+1 +1 ax+1 +1 2 ax+1 +1

Antiderivative was successfully verified.

[In] Int[1/(E"ArcSechl[a*x]*x"4) ,x]

[Out] -a”3/(4*(1 - Sqrtl[(1 - a*x)/(1 + axx)])"2) + a~3/(4x(1 - Sqrt[(1 - a*xx)/(1
+ axx)])) - a~3/(2x(1 + Sqrt[(1 - a*x)/(1 + a*x)])~4) + a~3/(1 + Sqrt[(1 -
axx)/(1 + a*x)])"3 - a”3/(1 + Sqrt[(1 - a*x)/(1 + a*x)])~"2 + a~3/(2*(1 + Sq
rt[(1 - a*x)/(1 + a*x)])) - (a”3*ArcTanh[Sqrt[(1 - a*x)/(1 + a*x)]])/4

Rule 6337

Int[E"(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
w/(1 +w] + (IxSqrt[(1 - v/ + wl)/w™n, x] /; FreeQ[m, x] && Integer
Q[n]

Rule 1612

Int [(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f
_)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) mkx(c + d*x)~
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nk(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & PolyQ[Px,
x] && IntegersQ[m, n]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rubi steps

—sech_l(ax)

fe—dx = f ! dx
A = Je=
1 1-ax 1+ax
x4(; Nom t e )
2
x(a+ax2) 1= ax
= (4a) Subst[ T+ 070 + ) dx, x, Toox

(42) Subst f a2 . a2 s a2 342 .\ a2 a2 .
= (4a) Subs - _
8(-1+x)3 16(-1+x)2 2(1+x)°> 41+x)* 21+x)3 81+x? 16 (_
B e e e e B e
__41 1—ax2+4(1_ 1—ux)_21 1—ax4+ 1 1—ux3_ 1 1—ax2+2(1+\/7_:
" Vitax T+ax + 1+ax + 1+ax + 1+ax ]
a3 a3 a’ a’ ad a3
= - + - + - +

4(1 1-ax 2 4(1_ 1—ax) 2 (1 1-ax 4 1 1-ax 3 1 1-ax 2 2(1 +\[
“ V1tax T+ax + 1+ax + 1+ax + 1+ax ]

Mathematica [A] time = 0.0996863, size = 110, normalized size = 0.55

L 1- 1-
VEE (690 4 2 20 - 2) = a0 o)+ e o (x5 + 2 1) 2

Sax*

Warning: Unable to verify antiderivative.

[In] Integratel[1/(E~ArcSech[a*x]*x"4),x]

[Out] -(2 + Sqrt[(1 - a*x)/(1 + a*xx)]*(-2 - 2*a*x + a”2*x"2 + a”3*x73) - a~4xx"4x
Log[x] + a~4xx"4*Log[l + Sqrt[(1 - a*x)/(1 + a*x)] + a*xx*Sqrt[(1 - a*x)/(1
+ axx)]])/(8*a*xx"4)
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Maple [F] time = 180., size = 0, normalized size = 0.

-1
Ja(EfEh ) e
X=\ ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))/x"4,%)

[Out] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"4,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f dx
1 1 1
x4(\/a+1\/;—1+a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"4,x, algorithm="maxim

all)

[Out] integrate(1/(x"4x(sqrt(1/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))), x)

Fricas [A] time = 2.07651, size = 300, normalized size = 1.5

atxt 10g (ax [ax+1 /_@ +1) — gyt log (ax /ax+1 [_@ _1) +2(a3x3 —2ax) [ax+1 [_ax—l 44
— ax ax ax ax ax ax

16 ax*

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"4,x, algorithm="frica

Sll)

[Out] -1/16%(a"4*x"4xlog(a*x*sqrt((a*x + 1)/(a*x))*sqrt(-(a*xx - 1)/(a*x)) + 1) -
a~4xx"4xlog(axx*sqrt((axx + 1)/(axx))*sqrt(-(axx - 1)/(axx)) - 1) + 2x(a”3%
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x73 - 2*axx)*sqrt((a*xx + 1)/(a*x))*sqrt(-(axx - 1)/(a*x)) + 4)/(axx~4)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
af 1 1 ax
ax4\/—1 + —\/1 + — + 3
ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)*x(1/2)*x(1+1/a/x)**(1/2))/xx*4,%)

[Out] axIntegral(1l/(axx**x4*xsqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)) + x**3), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
fx‘*(,/i +1,/%—1+ %) “

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"4,x, algorithm="giac"
)

[Out] integrate(1/(x"4x(sqrt(1/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))), x)
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—sech_l(ax)

385 [——=—dx

x5
Optimal. Leaf size=233

304 304 a* a* a* 404 a*
- - +

_8(1 _ 1—ax) B 8( 1-ax +1) ’ a1 1-ax 2 * 1-ax 1 2 6(1 1-ax 3 3 1-ax 1 3 1-ax 1\
ax+1 ax+l " Voax+1 V ax+1 + "N oaxt1 ax+1 + ax+1 +

[Out] -a”4/(6%x(1 - Sqrt[(1 - a*x)/(1 + a*x)])~"3) + a~4/(4x(1 - Sqrt[(1 - axx)/(1
+ axx)])72) - (3*xa”4)/(8+(1 - Sqrt[(1 - a*x)/(1 + a*x)])) - (2%xa~4)/(5+(1 +
Sqrt[(1 - a*x)/(1 + a*x)])75) + a”4/(1 + Sqrt[(1 - a*x)/(1 + a*x)])"4 - (4
*a”4)/(3%(1 + Sqrt[(1 - a*x)/(1 + a*x)])7"3) + a”4/(1 + Sqrt[(1 - a*xx)/(1 +
a*x)])"2 - (3xa”4)/(8%(1 + Sqrt[(1 - a*x)/(1 + a*x)]))

Rubi [A] time = 0.499871, antiderivative size = 233, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 2, integrand size = 12, number of rules _

integrand size
0.167, Rules used = {6337, 1612}

304 304 a* a* a* 4q* a*

/

- — - : + S+ 5 - - +
8 (1 _ _‘”‘) 8 ( —ax + 1) _[1-ax 1-ax _[loax
ax+1 ax+1 41 ax+1 ax+1 +1 6|1 ax+1

Antiderivative was successfully verified.

[In] Int[1/(E"ArcSechl[a*x]*x"5),x]

[Out] -a"4/(6%(1 - Sqrtl[(1 - a*x)/(1 + a*xx)])~3) + a~4/(4x(1 - Sqrt[(1 - a*xx)/(1
+ a*xx)])72) - (3*xa”4)/(8x(1 - Sqrt[(1 - a*x)/(1 + a*x)])) - (2%a™4)/(5x(1 +
Sqrt[(1 - a*x)/(1 + a*x)]1)75) + a”4/(1 + Sqrt[(1 - a*x)/(1 + a*x)])"4 - (4
*a~4)/(3%(1 + Sqrt[(1 - a*x)/(1 + a*x)])73) + a”4/(1 + Sqrt[(1 - axx)/(1 +
a*x)])72 - (3%a™4)/(8*%(1 + Sqrt[(1 - a*x)/(1 + a*x)]))

Rule 6337

Int[E"(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1l -
u)/(1 + )] + (1*Sqrt[(1 - w)/(1 + wl)/w™n, x] /; FreeQ[m, x] && Integer
Qln]

Rule 1612

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_)) " (n_.)*((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~

3
1- 1- )
3 ( 2+ 1) ( 21
ax+1 ax+1

/
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nk(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & PolyQ[Px,
x] && IntegersQ[m, n]

Rubi steps

—sech_l(ax)

J =] : d
— dx= X
5 =

5| L [l | NTow
x (ax + 1+ax + ax )
3
x (a + axz) 1-ax
- | \/
(42) SubSt[ T+ 0+ 08 Vv ax

3

a’ 3a3 a3 a’ a3

a
= —| (4a) Subst [f(S(—l ) + 81+ 0P + 32(—1 + )2 - 2(1 + x)° + 1+ x)° T + x)4 * 2(

a* a* 304 2aq* a* 4q
= — + — — + _

1-ax 1-ax 2 8 (1 _ 1—ax) 1-ax > 1-ax 4
6 (1 a 1+ux) 4 (1 B 1+ax) T+ax 5 (1 + 1+ax) (1 + 1+ax) 3 (1 + \

Mathematica [A] time = 0.0688688, size = 60, normalized size = 0.26

\ ;:;1( (2a3x3 —2a%x? + 3ax — 3) (ax +1)%> +3

15ax°

Warning: Unable to verify antiderivative.

[In] Integratel[1/(E~ArcSech[a*x]*x~5),x]

[Out] -(3 + Sqrt[(1 - a*x)/(1 + axx)]*(1 + a*xx)~2%(-3 + 3xa*xx - 2*a~2%x"2 + 2*xa~3
*x73))/(15*a*x”5)

Maple [F] time = 180., size = 0, normalized size = 0.

-1
1(1 1 1
f—5 — 4+ — =141+ —| dx
xX- |\ ax ax ax

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"5,%)

[Out] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))/x"5,%)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f dx
x5(,/i +1,/l -1+ l)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"5,x, algorithm="maxim

aIl

[Out] integrate(1/(x"5x(sqrt(1l/(a*x) + 1)*sqrt(l/(a*x) - 1) + 1/(a*x))), x)

Fricas [A] time = 2.03202, size = 130, normalized size = 0.56

(2 a®x° +a’x3 -3 ax), [ axtl A /—ax_l +3
ax ax

15 ax®

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"5,x, algorithm="frica

Sll)

[Out] -1/15%((2*%a~b*x"5 + a~3*x”~3 - 3*xax*x)*sqrt((axx + 1)/(a*xx))*sqrt(-(axx - 1)/
(axx)) + 3)/(a*x”b)

Sympy [F] time = 0., size = 0, normalized size = 0.

X

1
af d
ux5\/—1 + l\/l + L4t
ax ax

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))/x**5,x)

[Out] axIntegral(1l/(a*xx**xb*xsqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)) + x**4), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f dx
x5(,/i +1,/l -1+ l)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"5,x, algorithm="giac"
)

[Out] integrate(1/(x"5x(sqrt(1/(a*x) + 1)*sqrt(l/(a*x) - 1) + 1/(a*x))), x)
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—sech_l(ax)

e
386 [T dx
X
Optimal. Leaf size=320

a° 3a° 3a° a® a° 194° a°

4(1 - 1_ax) * 8( 1-ax +1) B 81 1-ax 2 1-ax 1 2 " 4(1 1-ax 3 " 12 1-ax 1 3 s(1 1-ax
ax+1 ax+1 B ax+1 ax+1 + - ax+1 ax+1 + B ax+1

[Out] -a"5/(8*%(1 - Sqrt[(1 - a*x)/(1 + a*x)])"4) + a~5/(4x(1 - Sqrt[(1 - a*x)/(1
+ a*x)])73) - (3*a”5)/(8x(1 - Sqrt[(1 - a*x)/(1 + a*x)])"2) + a~5/(4*x(1 - S
grt[(1 - a*x)/(1 + a*x)])) - a”5/(3*%(1 + Sqrt[(1 - a*x)/(1 + a*x)])"6) + a~

5/(1 + Sqrt[(1 - a*x)/(1 + a*x)])"5 - (13*%a”5)/(8+(1 + Sqrt[(1 - axx)/(1 +
axx)])~4) + (19%a”5)/(12x(1 + Sqrt[(1 - a*x)/(1 + a*x)])~3) - a”5/(1 + Sqrt

[(1 - axx)/(1 + a*xx)])"2 + (3*%a”5)/(8*x(1 + Sqrt[(1 - a*x)/(1 + a*x)])) - (a
“5xArcTanh[Sqrt [(1 - a*x)/(1 + a*x)]])/8

Rubi [A] time = 0.566879, antiderivative size = 320, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 12, L

integrand size
0.25, Rules used = {6337, 1612, 207}

a° 3a° 3a° a° a° 194° a°
1-ax 1-ax 2
4 (1 _ ) 8 ( 4 1) _ 1-ax 1-ax _ 1-ax
ax+1 ax+1 8|1 ax+1 ax+1 +1 4(1 ax+1

Antiderivative was successfully verified.

[In] Int[1/(E"ArcSechl[a*xx]*x"6),x]

[Out] -a"5/(8*%(1 - Sqrt[(1 - a*x)/(1 + a*x)])"4) + a~5/(4x(1 - Sqrt[(1 - a*x)/(1
+ a*x)])73) - (3*a”5)/(8x(1 - Sqrt[(1 - a*x)/(1 + a*x)])"2) + a~5/(4*x(1 - S
qrt[(1 - axx)/(1 + a*xx)])) - a”5/(3*x(1 + Sqrt[(1 - a*xx)/(1 + a*x)])76) + a~

5/(1 + Sqrt[(1 - a*x)/(1 + a*x)])"5 - (13*%a”5)/(8+(1 + Sqrt[(1 - axx)/(1 +
axx)])~4) + (19*%a”5)/(12x(1 + Sqrt[(1 - a*x)/(1 + a*x)])~3) - a”5/(1 + Sqrt

[(1 - axx)/(1 + a*x)])"2 + (3*%a”5)/(8%(1 + Sqrt[(1 - a*x)/(1 + a*x)])) - (a
“5xArcTanh[Sqrt [(1 - a*x)/(1 + a*x)]])/8

Rule 6337

Int[E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
w/(1 +u)] + (IxSqrt[(1 - w)/(1 + wl)/uw)™n, x] /; FreeQ[m, x] && Integer
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Q[n]

Rule 1612

Int[(Px_)*((a_.) + (b_)*x(x))"(m_.)*x((c_.) + (d_)*xD))"(n_.)*x((e_.) + (f
_)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~
nx(e + fxx)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px,
x] && IntegersQ[m, n]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQla
, 01 |l GtQlb, 01)

Rubi steps

-1
e—sech (ax) 1
[ e | »
6 —ax
X x6 l+ ’1_&4_@
ax 1+ax ax
X(ﬂ+ﬂx2)4 1-ax
= (4a) Subst dx, x, | ——
(4a) Subs (-1 +x)°(1 + x)” YUNT T ax

= (4a) Subst f a + 34" + 3" + a + a 5a* +
= US| 8108 T16(1+ 0f  16(-1 2 ¢ 16(-1 22 | 20 +x)7 41+ x)5

_ a° a° 3a° a° a° ‘
T 1-ax it 1-ax 3 1-ax 2" 4(1 _ 1“"‘) - 1-ax 6"
8 (1 a 1+ux) 4 (1 h 1+ax) 8 (1 B 1+ax) 1+ax 3 (1 + 1+ax) (1 + \
a° a° 34° a° a° ¢
= — —+ — + — +

1-ax 4 1-ax 3 1-ax 2 4 (1 1—ax) 1-ax 6
8 (1 - 1+ax) 4 (1 B 1+ax) 8 (1 h 1+ax) T+ax 3 (1 + 1+ax) (1 + V
Mathematica [A] time = 0.141185, size = 129, normalized size = 0.4

Jy B (3a5x5 + 3a*x* + 2a3x3 + 2a%x% - 8ax — 8) — 3a%x% log(x) + 3a°x® log (axw/ o [y 1) +8
ax+1 ax+1 ax+1

48ax®

Warning: Unable to verify antiderivative.
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[In] Integratel[1/(E~ArcSech[a*x]*x76) ,x]

[Out] -(8 + Sqrt[(1 - a*x)/(1 + a*xx)]*(-8 - 8*a*xx + 2xa"2*x"2 + 2%a”~3%x"3 + 3*a~4
*x~4 + 3*%a”b*x”5) - 3*a~6*x"6xLogl[x] + 3*a~6*x"6xLog[l + Sqrt[(1 - a*x)/(1
+ axx)] + axx*Sqrt[(1 - a*x)/(1 + a*x)]])/(48*axx"6)

Maple [F] time = 180., size = 0, normalized size = 0.

-1
[ (e
X- |\ ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"6,%)

[Out] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)"(1/2))/x"6,%)

Maxima [F] time = 0., size = 0, normalized size = 0.

f : a
X
x6( . /i_1+i)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x76,x, algorithm="maxim

a|l

[Out] integrate(1/(x"6*(sqrt(1/(axx) + 1)*sqrt(1l/(a*x) - 1) + 1/(axx))), x)

Fricas [A] time = 2.09554, size = 325, normalized size = 1.02

3a6x610g(11x aa;:l\,_az: + ) 3abx 610g(ax ot - )+2 3a5 > +2a%x3 - 8ax ,/a“l,/ +16

96 ax6

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x76,x, algorithm="frica

S")

[Out] -1/96%(3*a~6*x"6*log(a*xx*sqrt((axx + 1)/(a*xx))*sqrt(-(a*x - 1)/(a*x)) + 1)
- 3*%a~6xx"6*log(axx*sqrt((axx + 1)/(a*xx))*sqrt(-(a*xx - 1)/(a*x)) - 1) + 2x(
3*a~5*x"5 + 2%xa”3%x”3 - 8xaxx)*sqrt((axx + 1)/(a*xx))*sqrt(-(a*x - 1)/(a*x))

+ 16)/(a*x”~6)

Sympy [F] time = 0., size = 0, normalized size = 0.

X

1
S
ax6\/—1 + —\/1 +—=+x°
ax ax
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)**(1/2)*(1+1/a/x)**(1/2))/x**6,x)

[Out] axIntegral(1l/(axx**x6*xsqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)) + x**5), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f dx
x6(,/i +1,/l -1+ l)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"6,x, algorithm="giac"
)

[Out] integrate(1/(x"6*(sqrt(1/(a*xx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))), x)
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e—sech_l(ax)
387 [T —dx
X
Optimal. Leaf size=353

5a° 5a° 34 a® 5a° 11a®

ab

+

_16 (1 _ 1“”) - 16( 1-ax +1) ¥ s(1 1-ax 2 * 1-ax 1 2 12(1 1-ax 3 6 1-ax
ax+1 ax+1 " Vo1 ax+1 + " Voaxs1 ax+1

) afi-y

[Out] -a”6/(10*%(1 - Sqrtl[(1 - a*x)/(1 + a*x)])75) + a~6/(4*(1 - Sqrt[(1 - a*x)/(1

+ axx)])"4) - (5xa”6)/(12x(1 - Sqrt[(1 - a*x)/(1 + a*x)])"3) + (3*a~6)/(8x
(1 - Sqrtl(1 - a*x)/(1 + a*x)])"2) - (5%a~6)/(16%(1 - Sqrtl[(1 - a*x)/(1 + a
*x)])) - (2%a”6)/(7*(1 + Sqrt[(1 - a*x)/(1 + a*x)])~7) + a”6/(1 + Sqrt[(1 -

a*x)/(1 + a*x)])"6 - (19%a™6)/(10%(1 + Sqrt[(1 - a*x)/(1 + a*x)])75) + (9%
a”6)/(4x(1 + Sqrt[(1 - axx)/(1 + a*x)])~4) - (11*a”6)/(6%x(1 + Sqrt[(1 - ax*x
)/ (1 + axx)]1)73) + a”6/(1 + Sqrt[(1 - axx)/(1 + axx)])"2 - (5xa”6)/(16%(1 +

Sqrt[(1 - a*x)/(1 + a*xx)]))

Rubi [A] time = 0.604905, antiderivative size = 353, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 2, integrand size = 12, e

integrand size
0.167, Rules used = {6337, 1612}

5a° 5a° 34 a® 5a° 11a®

+ —_ —_

- - +
1-ax 1-ax 2
16 (1 _ ) 16 ( + 1) _ 1-ax 1-ax _ 1-ax 1-ax
ax+1 ax+1 81 ax+1 ax+1 +1 1211 ax+1 6 ax+1 +

Antiderivative was successfully verified.

[In] Int[1/(E"ArcSechl[a*xx]*x"7),x]

[Out] -a”6/(10*%(1 - Sqrt[(1 - a*x)/(1 + a*x)])75) + a~6/(4*(1 - Sqrt[(1 - a*x)/(1

+ axx)])74) - (5%a™6)/(12x(1 - Sqrt[(1 - a*x)/(1 + a*x)])7"3) + (3*a™6)/(8*
(1 - Sqrtl(1 - a*xx)/(1 + a*xx)])"2) - (5xa”6)/(16%(1 - Sqrt[(1 - a*xx)/(1 + a
xx)])) - (2%a”6)/(7*(1 + Sqrt[(1 - a*xx)/(1 + a*xx)])~7) + a~6/(1 + Sqrt[(1 -
a*x)/(1 + a*x)])76 - (19%a~6)/(10*(1 + Sqrt[(1 - a*x)/(1 + a*x)])75) + (9%
a”6)/(4x(1 + Sqrt[(1 - a*x)/(1 + a*x)])~4) - (11*a”6)/(6%x(1 + Sqrt[(1 - a*x
)/ (1 + axx)])73) + a”6/(1 + Sqrt[(1 - a*xx)/(1 + a*xx)])~2 - (56*%a™6)/(16%x(1 +
Sqrt[(1 - a*xx)/(1 + a*x)]))

Rule 6337

Int [E”(ArcSech[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[(1 -
u)/(1 + uw)] + (IxSqrt(1 - v/ + wl)/uw™n, x] /; FreeQlm, x] && Integer
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Q[n]

Rule 1612

Int[(Px_)*((a_.) + (b_)*x(x))"(m_.)*x((c_.) + (d_)*xD))"(n_.)*x((e_.) + (f
_)*(x_))"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)~
nx(e + fxx)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px,
x] && IntegersQ[m, n]

Rubi steps

-1
e—sech (ax) 1
[E2 e | i
7 1-ax
X x7 [l + ’l_ﬁ + MJ
ax 1+ax ax

X (a + ax2)5 1— ax

= —| (4a) Subst —

(Aa)Subst) | = s o8 YN Tr

a° a° 5a° 3a° 5a° a°
= —| (4a) Subst f + + + + -
8(-1+x)°  4(-1+x)° 16(-1+x)* 16(-1+x)3  64(-1+x)? 2(1+x
a® a® 5a® 3a° 54°

= - + -~ + -~ - —
1-ax > 1-ax 4 1-ax 3 1-ax 2 16 (1 _ 1‘“)
10 (1 - 1+ax) 4 (1 B 1+ax) 12 (1 B 1+ax) 8 (1 B 1+ax) L+ax 7 (]

Mathematica [A] time = 0.0969453, size = 76, normalized size = 0.22

\ ;;% (8a%x — 8atx* +124%x — 124242 + 15ax - 15) (ax + 12 +15
) 105ax”

Warning: Unable to verify antiderivative.

[In] Integratel[1/(E~ArcSech[a*x]*x~7) ,x]

[Out] -(15 + Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x) 2x(-15 + 15*%a*xx - 12%a"2*x"2 + 1
2%a”3%x"3 - 8%a”4*x"4 + 8%a”5*x"5))/(105*%a*x"7)
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Maple [F] time = 180., size = 0, normalized size = 0.

-1
7( \/——1\/1+lJ dx
x7 | ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"7,%)

[Out] int(1/(1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))/x"7,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f dx
x7(,/l +1,/i -1+ l)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"7,x, algorithm="maxim

all)

[Out] integrate(1/(x"7*x(sqrt(1/(a*x) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))), x)

Fricas [A] time = 2.09432, size = 153, normalized size = 0.43

(8a7x +40%° +30%x° ~ 15 ax) axtl +15

105 ax”

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1l/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"7,x, algorithm="frica
Sll)

[Out] -1/105%((8%a”7*x~7 + 4*a~b*x"5 + 3*xa~3*x"3 - 16xa*x)*sqrt((a*xx + 1)/(a*x))*
sqrt(-(axx - 1)/(a*x)) + 15)/(axx"7)
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Sympy [F] time = 0., size = 0, normalized size = 0.

X

1
S
ax7\/—1 + —\/1 +—+xb
ax ax
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**x(1/2))/x**7,x)

[Out] axIntegral(1l/(axx*x7*sqrt(-1 + 1/(a*xx))*sqrt(l + 1/(a*x)) + x**6), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f dx
x7(,/i +1,/l -1+ l)
ax ax ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))/x"7,x, algorithm="giac"
)

[Out] integrate(1/(x"7*x(sqrt(1/(a*xx) + 1)*sqrt(1/(a*x) - 1) + 1/(a*x))), x)
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esech_1 (cx) (dx)"

1-c2x2

388 |

Optimal. Leaf size=89

m+2

. L2 o i 3 CX
-Vex + (dx)mHypergeometerFl( ,C%X ) (dx)"Hypergeometric2F1 (1' 272 % )

+

cm cm

[Out] ((d*x) m*Sqrt[(1 + c*x)~(-1)]1*Sqrt[1l + c*x]*Hypergeometric2F1[1/2, m/2,

+ m)/2, c”2*x72])/(c*xm) + ((d*x) m*Hypergeometric2F1[1, m/2, (2 + m)/2, c~2
*xx72]) / (c*m)

Rubi [A] time = 0.272119, antiderivative size = 89, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 4, integrand size = 24, i L

integrand size
0.167, Rules used = {6341, 6677, 125, 364}

Vg Vex + 100" F (5 % szz) ) (dx)" zpl( 1,2, ,szz)

cm cm

Antiderivative was successfully verified.

[In] Int[(E"ArcSech[c*x]*(d*x)"m)/(1 - c"2*x"2),x]

[Out] ((d*x) m*xSqrt[(1 + c*x)~(-1)]1*Sqrt[1 + c*x]*Hypergeometric2F1[1/2, m/2,

+ m)/2, c”2*x72])/(cxm) + ((d*x) m*Hypergeometric2F1[1, m/2, (2 + m)/2, c~2
*x72] )/ (c*m)

Rule 6341

Int [(ETArcSech[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d/(a*c), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrt[l - c*x],
x], x] + Dist[d/c, Int[(d*x)~(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]

Rule 6677

Int[(u_)*((c_)*((a_.) + (b_.)*(x_))"(m_))"(p_), x_Symbol] :> Dist[(c"IntPa
rt[pl*(cx(a + b*x) n) FracPart[p])/(a + b*x)~ (n*FracPart[p]), Int[ux(a + bx
x)"(n*p), x], x] /; FreeQ[{a, b, c, n, p}, x] && !'IntegerQ[p] && !'MatchQ[
u, x*(n1_.)*(v_.) /; EqQ[n, n1 + 1]]

(2

(2
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Rule 125

Int[((£_)*(x_)) " (p_.)*x((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.
), x_Symbol] :> Int[(a*xc + b*d*x~2) m*(f*x)~p, x] /; FreeQ[{a, b, c, d, £,
m, n, pr, x] && EqQ[b*c + axd, 0] && EqQ[m - n, 0] &% GtQ[a, 0] && GtQ[c, O
]

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rubi steps
-1 d (dx)_l+m 1+1cx (dx)~ 1+m
f gsech (cx)(dx)m e f — dx df 5
1 — c2x? c
m m24m, 2.2 N e g
(dx) 2F1( 5 CX ) . ( 1+ cx) i _1+Cx
cm
m m 2+_m 2 2 (dx)—1+m
(dX) ZFl ,C°X d V]. +C 2
C X

22/21 /2/2/
cm cm

(clx)'”w/1+ \/1+cx2F1(1 m, Zim szz) (dx)" 2F1( m, Zim szz)
+

Mathematica [F] time = 0.634565, size = 0, normalized size = 0.

dx

f esechfl(cx) (dx)m

1-c2x?
Verification is Not applicable to the result.

[In] Integrate[(E~ArcSech[c*x]*(d*x)"m)/(1 - c~2*x~2),x]

[Out] Integrate[(E~ArcSech[c*x]*(d*x) m)/(1 - c™2%x"2), x]
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Maple [F] time = 0.434, size = 0, normalized size = 0.

(dx)"
—22 +1 (cx \/ L+ _\/1 " _de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2) ) *(d*x) "m/(-c~2*x"2+1) ,x)

[Out] int((1/c/x+(-1+1/c/x)"(1/2)*(1+1/c/x)~(1/2) ) *(d*x) "m/ (-c"2*x"2+1) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

Vex + 1vV—cx + 1x™ dmx™
g f dx — d" f
c3x3 —cx 2 (cx + 1) 2 (cx 1) cm

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*(d*x) "m/(-c"2*x"2+1) ,x,
algorithm="maxima")

[Out] -d"m*integrate(sqrt(cxx + 1)*sqrt(-c*x + 1)*x"m/(c”3*x"3 - c*x), x) - d"m*i
ntegrate(1/2*x"m/(c*x + 1), x) - d"m*integrate(1/2*x"m/(c*x - 1), x) + d"m*

x"m/ (c*m)

Fricas [F] time = 0., size = 0, normalized size = 0.

(dx) /cx+ _ox-1 (dx)

c3x3 —cx

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*(d*x) "m/(-c72*x"2+1) ,x,
algorithm="fricas")

[Out] integral(-((d*x) m*c*x*sqrt((c*x + 1)/(c*x))*sqrt(-(c*x - 1)/(c*x)) + (d*x)
“m)/(c”3%x"3 - c*x), X)
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Sympy [F] time = 0., size = 0, normalized size = 0.

@ g, R

J 2B c2x3—x

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(=1+1/c/x)**(1/2)*(1+1/c/x)**(1/2))* (d*x) **m/ (—cx*2*x**2+1
) ,x)

[Out] -(Integral((d*x)*+*m/(c**2*xx**3 - x), x) + Integral (ckx*(d*x)**m*sqrt(-1 + 1
/(cxx))*sqrt (1 + 1/(c*x))/(c**2*x**3 - x), x))/cC

Giac [F] time = 0., size = 0, normalized size = 0.

f_(dx)m (\/THF+ l) R

22 —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*(d*x) "m/(-c~2*x"2+1) ,x,
algorithm="giac")

[Out] integrate(-(d*x) m*(sqrt(1/(cxx) + 1)*sqrt(1/(c*x) - 1) + 1/(c*x))/(c™2*x"2
- 1), x)
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sech™ ! (cx) 4

389 |- dx

1-c2x2

Optimal. Leaf size=88

PV1l-cx o2 log (1 - szz) _2Vl-cx

2. [ 2¢3 2¢5 s [1
cx+1 cx+1

[Out] -x72/(2%c”3) - (2*Sqrt[1 - c*x])/(3*%c™b*Sqrt[(1 + c*xx)~(-1)]) - (x"2*Sqrt[1
- c*x])/(3*%c™3*Sqrt [(1 + c*x)~(-1)]) - Logll - c~2xx~2]/(2%c”b)

Rubi [A] time = 0.180897, antiderivative size = 88, normalized size of antiderivative
number of rules

1., number of steps used = 8, number of rules used = 7, integrand size = 22,
0.318, Rules used = {6341, 1956, 100, 12, 74, 266, 43}

2V1i-cx 2 log (1 - szz) 2V1 —cx

1 23 2¢° 5 [1

C
cx+1 cx+1

integrand size

Antiderivative was successfully verified.

[In] Int[(E"ArcSechlc*x]*x74)/(1 - c~2%x"2),x]

[Out] -x72/(2%c”3) - (2xSqrt[1l - c*x])/(3*c™5xSqrt[(1 + cxx)~(-1)]) - (x"2xSqrt[1
- c*x])/(3*xc™3*Sqrt [(1 + c*x)~(-1)]) - Logl[l - c™2*x72]/(2*c”5)

Rule 6341

Int[(ETArcSech[(c_.)*(x )]1*((d_.)*(x ))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol]l :> Distl[d/(a*c), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrt[l - c*x],
x], x] + Distl[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]

Rule 1956

Int [(x_)"(m_.)*((e_.)x((a_) + (b_.)*(x_)"(m_.)) " (r_.)) " (p_)*x((f_.)*((c_) +
(d_)*(x_)"(m_.))"(s_))"(q_), x_Symbol] :> Dist[((e*x(a + b*x"n) 1) p*x(f*(c
+ d*x"n)"s)"q)/((a + b*x™n) “(p*r)*(c + d*x"n)~(g*s)), Int[x"m*x(a + b*x"n) (
pxr)*(c + d*x"n)~(gq*s), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p, q, r, s
}, x]
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Rule 100

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m - 1)*(c + d*x)"(n + 1)*(e + f*x
) (p + 1)/(dxf*x(m + n + p + 1)), x] + Dist[1/(d*f*(m + n + p + 1)), Int[(a
+ bxx)"(m - 2)*(c + d*x)"nx(e + f*xx) pxSimp[a~2*d*f*(m + n + p + 1) - b*(b
xckex(m - 1) + ax(d*ex(n + 1) + cxfx(p + 1))) + b*x(axd*f*x(2*m + n + p) - bx
(d*ex(m + n) + cxfx(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n, p
}, x] &% GtQm, 1] && NeQ[m + n + p + 1, 0] && IntegerQ[m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 74

Int[((a_.) + (b_)*(x_D))*x((c_.) + (d_)*x_))"(a_)*((e_.) + (£_)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D)x(e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] & NeQ[n + p + 2, 0] && EqQ
[axd*fx(n + p + 2) - bx(dxex(n + 1) + cxf*x(p + 1)), 0]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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B 3
1+cx d X
X
— f 1-cx + f 1—c2x2 dx
1 - c2x2 c c

_ Subst( <) (\/1:7*’“”) \/1_—531de

2c c

_l _ 1 2 1 e 2x
2‘/1 —cx .\ Subst (f( 2 c2(—1+c2x)) ax, %, X ) ( V 1+ex 1+ Cx) f_\/l—ch1+cx ax

33 L 2c 3¢3
T+cx

1 x
2 2\Vl—cx log( —2 x . (Z,IEV1+cx)f—mmdx

2¢3 3@ [ L 2¢° 3c3
1+cx

x> 2Vl-cx  x®V1-cx log( -c xz)
2¢3 1 1 2¢5

3¢d 3c3,[—
1+cx 1+cx

esech_1 (ex) 4

Mathematica [A] time = 0.18891, size = 69, normalized size = 0.78

2,2 [lex (3.3, 2.2 2.2
_3cx +2 m(cx + c*x +2cx+2)+3log(1—cx)
6>

Warning: Unable to verify antiderivative.

[In] Integrate[(E"ArcSechl[c*x]*x74)/(1 - c~2*x"2),x]

[Out] -(3*%c™2%x72 + 2xSqrt[(1 - c*x)/(1 + c*x)]*(2 + 2%c*x + c™2*x"2 + c~3*x"3) +
3%Log[1 - c~2xx"2])/(6%c"~5)

Maple [A] time = 0.211, size = 69, normalized size = 0.8

2x? +2\/cx 1\/cx+1 x2 lﬂ(szz—l)

3c4 28 268
Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(-1+1/c/x)~(1/2)*x(1+1/c/x) " (1/2)) *x~4/ (-c72%x"2+1) ,x)
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[Out] -1/3*%(-(c*x-1)/c/x)"(1/2)*x*x((c*xx+1)/c/x) " (1/2)*(c™2*xx"2+2) /c~4-1/2%x"2/c"3
-1/2/c”5x1n(c”™2*x"2-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
_§x2 _ log(cx +1) _ log (cx —1) _f Vex +1vV=cx + 123 i

c3 2¢5 2¢5 3x?—c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x"4/(-c~2*x"2+1) ,x, algo
rithm="maxima")

[Out] -integrate(x, x)/c”3 - 1/2*log(c*x + 1)/c”5 - 1/2*%log(c*x - 1)/c”5 - integr
ate(sqrt(cxx + 1)*sqrt(-c*x + 1)*x73/(c”3*x"2 - ¢c), x)

Fricas [A] time = 2.06668, size = 149, normalized size = 1.69

2,2 3.3 [ectl [ _ex-1 2,2 _
_3cx +2(cx +2CX) = s +3log(cx 1)

6¢c°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x"4/(-c"2*x"2+1) ,x, algo
rithm="fricas")

[Out] -1/6%(3*c™2xx72 + 2*(c™3%x73 + 2*cx*x)*sqrt((cxx + 1)/(c*x))*sqrt(-(cxx - 1)
/(c*xx)) + 3*log(c™2%x"2 - 1))/c”5

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)**(1/2)*(1+1/c/x)**(1/2))*x**4/ (—c*x*2*x**2+1) ,x)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

yc‘*(,/l +14= -1+ l)
f_ cx cx cx dx
c2x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x~4/(-c~2*x"2+1) ,x, algo

rithm="giac")

[Out] integrate(-x"4x*(sqrt(1/(c*x) + 1)*sqrt(1l/(c*x) - 1) + 1/(c*x))/(c™2*x"2 - 1
), %)
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sech™ (cx)3

390 |- dx

1-c2x2

Optimal. Leaf size=75

1 - -1 _
W1 — cx x N ,/m\/cx+1sm (cx) . tanh 1(cx)
4

1 c3 2c4 c

[Out] -(x/c”3) - (x*Sqrt[l - c*x])/(2xc™3*Sqrt[(1 + c*x)~(-1)]) + (Sqrt[(1l + c*x)
“(-1)1*Sqrt[1 + c*x]*ArcSin[c*x])/(2xc™4) + ArcTanh[c*x]/c”4

Rubi [A] time = 0.165123, antiderivative size = 75, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 7, integrand size = 22, i L

integrand size
0.318, Rules used = {6341, 1956, 90, 41, 216, 321, 206}

1 . -1
CaVl-ox x s \ oo Vex +1sin - (cx) .\ tanh ™ (cx)
1

1 c3 2c4 c
3 (1
2c cx+1

Antiderivative was successfully verified.

[In] Int[(E"ArcSechlc*x]*x"3)/(1 - c™2%x"2),x]

[Out] -(x/c”3) - (x*Sqrt[l - c*x])/(2xc™3*Sqrt[(1 + c*xx)~(-1)]) + (Sqrt[(1 + c*x)
“(-1)1*Sqrt[1 + c*x]*ArcSin[c*x])/(2xc™4) + ArcTanh[c*x]/c”4

Rule 6341

Int[(ETArcSech[(c_.)*(x )]1*((d_.)*(x ))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d/(axc), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrtl[l - cxx],
x], x] + Dist[d/c, Int[(d*x)~(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]

Rule 1956

Int [(x_) " (m_.)*((e_.)*x((a_) + (b_)*x(x_)"(n_.))"(r_)) " (p)*x((f_.)*((c_) +
(d_D)*x_)"(m_.))"(s_))"(q_), x_Symbol] :> Dist[((e*x(a + b*x"n) 1) p*x(f*(c
+ d*x"n)"s)"q)/((a + b*x"n) “(p*r)*(c + d*x"n) (g*s)), Int[x"m*x(a + b*x"n) (
p*xr)*(c + d*x"n)~(q*s), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p, q, r, s
}, x]
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Rule 90

Int[((a_.) + (b_.)*(x_))72x((c_.) + (d_)*&x_))"(a_.)*((e_.) + (f_.)*(x_))"
(p_.), x_Symbol] :> Simp[(b*(a + b*x)*(c + d*x)"(n + 1)x*(e + fxx)"(p + 1))/
(d*f*x(n + p + 3)), x] + Dist[1/(d*f*x(n + p + 3)), Int[(c + d*x) nx(e + fxx)
“p*Simp[a”2*d*xfx(n + p + 3) - bx(bxckxe + ax(dkex(n + 1) + cxfx(p + 1))) + b
*x(axd*f*x(n + p + 4) - bx(dxex(n + 2) + cxfx(p + 2)))*x, x], x], x] /; FreeQ
[{a, b, ¢, d, e, £, n, p}, x] & NeQ[n + p + 3, 0]

Rule 41

Int[((a_) + (b_)*(x_))"(m_.)*x((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Int[(
axc + bxd*x~2)"m, x] /; FreeQ[{a, b, c, d, m}, x] && EqQ[b*c + axd, 0] && (
IntegerQ[m] || (GtQ[a, 0] && GtQlc, 01))

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
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2

1
f xz\/% dx

-1 X
esech " (cx),3 e = .\ f e dx
1 - c2x2 c
_ _ﬁ + f1 C2x2 (V1+CX 1 Cx)f\ﬂ cx\/1+cx
3 c3
/ — 1
_ XX 1-cx . tanh ™ (cx) N ( T+ex 1+cx)fmmdx
c3 5 [ 1 ct 2¢3
2c
T+cx
_x  xVl-cx tanh Y(cx) (V1+cx ‘1+CX)IW
T3 4 3
¢ 3 L c 2c
1+cx
1 —— . 1 .
_x xl-ax . \ Too VI + cxsin ™ (cx) . tanh ™ (cx)
c3 3. [ 2c4 ct
C —_—
1+cx

Mathematica [C] time = 0.153733, size = 110, normalized size = 1.47

2,2 [l-ex [l o) — _i [Loex Y
_c X\ o T 2ex ey S+ log(1 — cx) — log(cx + 1) —ilog (2 e, (cx+1) 21cx)
2c4

Warning: Unable to verify antiderivative.

[In] Integrate[(E"ArcSech[c*x]*x73)/(1 - c™2%x72),x]

[Out] -(2*c*x + cxx*Sqrt[(1 - c*x)/(1 + c*xx)] + c™2xx"2*%Sqrt[(1 - c*xx)/(1 + c*x)]
+ Log[l - c*x] - Logll + cxx] - I*Logl[(-2*I)*c*xx + 2xSqrt[(1 - c*xx)/(1 + ¢
*x)]*(1 + c*x)])/(2%c™4)

Maple [C] time = 0.213, size = 117, normalized size = 1.6

1 x  In(cx -

xcsgn (c)
V—c2x2 +1)) V-ez+1 @ 2ct

2¢3

1 +1
— \/CX (x —cx* + lesgn (¢) ¢ — arctan | xcsgn (c) ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(-1+1/c/x)~(1/2)*x(1+1/c/x)~(1/2)) *x~3/(-c72%x"2+1) ,x)
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[Out] -1/2%(-(c*xx-1)/c/x)~(1/2)*xx((cxx+1)/c/x) " (1/2)/c” 3% (x*x (-c™2*xx"2+1) " (1/2) *c
sgn(c)*c-arctan(csgn(c)*c*xx/(-c™2*%x"2+1)7(1/2)) )/ (-c™2*xx~2+1) ~(1/2) *csgn(c)
-x/c”3-1/2/c”4*x1n(c*xx-1)+1/2/c " 4*1n(c*xx+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

x log(ex+1) log(cx—1) f Vex + 1V—cx + 122 P
c3 2ct 2c 3x? —c g
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x73/(-c"2*x"2+1) ,x, algo
rithm="maxima")

[Out] -x/c”3 + 1/2xlog(c*x + 1)/c”4 - 1/2*log(c*x - 1)/c”™4 - integrate(sqrt(c*xx +
D *sqrt(-c*x + 1)*x72/(c”3*%x"2 - ¢c), x)

Fricas [B] time = 2.0929, size = 213, normalized size = 2.84

2 o [cx+l _cx—l cx+1 _Cx—l _ _
_cx A/ — A/ — +2cx+arctan(,/ — \/ — log(cx +1) +log(cx —1)

2c4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x~3/(-c"2*x"2+1) ,x, algo
rithm="fricas")

[Out] -1/2%(c”2*x"2*sqrt((cxx + 1)/(c*x))*sqrt(-(cxx - 1)/(c*x)) + 2%c*x + arctan
(sqrt((c*x + 1)/(c*x))*sqrt(-(c*x - 1)/(c*x))) - log(c*x + 1) + log(cxx - 1
))/c"4

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/c/x+(-1+1/c/x)**(1/2)*(1+1/c/x)**(1/2))*x**3/ (-c*x*2*x**2+1) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

3(3(4l +1y= -1+ l)
cX cX cX d
f_ c2x2 -1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x73/(-c"2*x"2+1) ,x, algo

rithm="giac")

[Out] integrate(-x"3x(sqrt(1/(c*x) + 1)*sqrt(1/(c*xx) - 1) + 1/(c*x))/(c™2*%x"2 - 1
), X)
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sech™ ! (cx) 2

391 |- dx

1-c2x2

Optimal. Leaf size=45

log (1 - szz) V1 —cx
- 2¢3 - 1
C3 cx+1

[Out] -(Sqrt[1l - c*x]/(c™3*Sqrt[(1 + c*x)~(-1)])) - Logll - c™2%xx72]/(2%c"3)

Rubi [A] time = 0.125038, antiderivative size = 45, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 22, LT

0.182, Rules used = {6341, 1956, 74, 260}

lOg (1 - CZXZ) V1 -cx

2c3 1
3

integrand size

cx+1

Antiderivative was successfully verified.

[In] Int[(E"ArcSechlc*x]*x"2)/(1 - c"2*xx"2),x]

[Out] -(Sqrtl[1l - c*x]/(c”™3*%Sqrt[(1 + c*xx)~(-1)])) - Logll - c™2*x~2]/(2%c~3)

Rule 6341

Int [(ETArcSech[(c_.)*(x )]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d/(a*c), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrt[l - cxx],
x], x] + Dist[d/c, Int[(d*x)~(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]

Rule 1956

Int[(x_ )" (m_.)*((e_)*x((a_) + (b_)*x(x_)"(n_.))"(r_)) " (p)*x((f_.)*((c_) +
(d_)*(x)"(m_.))"(s_))"(q ), x_Symbol] :> Dist[((ex(a + b*x"n) r) p*x(f*(c
+ d*x"n)"s)"q)/((a + b*x"n) “(p*r)*(c + d*x"n) (g*s)), Int[x"m*(a + b*x"n) (
p*r)*(c + d*x"n)~(q*s), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p, q, r, s
}, ]

Rule 74
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Int[((a_.) + (b_)*(x_))*x((c_.) + (d_)*x_))"(a_)*((e_.) + (£_)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D)*x(e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] & NeQ[n + p + 2, 0] && EqQ
[axd*xf*(n + p + 2) - b*x(d*ex(n + 1) + cxf*x(p + 1)), 0]

Rule 260
Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

=y
X

-1 X
sech ~(cx) 4.2
¢ x dx = f Viter f 1% o

1 - c2x? c ¢
1 X
_ _log (1 -~ Csz) s (\J T VI cx) Vi—exvi+ex ax
2¢3 c
Vi—cx  log(1-c?)
a2
1+cx

Mathematica [A] time = 0.0903014, size = 44, normalized size = 0.98

1-cx

1 (cx+1)

log (1 - czxz) +2

2c3

Antiderivative was successfully verified.

[In] Integrate[(E~ArcSech[c*x]*x"2)/(1 - c~2*x"2),x]

[Out] -(2*%Sqrt[(1 - c*x)/(1 + c*x)]1*(1 + cxx) + Logll - c™2xx72])/(2%c~3)

Maple [A] time = 0.2, size = 52, normalized size = 1.2

x cx—l\/cx+1 1D(CZX2—1)
cx cx 23

c2

Verification of antiderivative is not currently implemented for this CAS.



466

[In] int((1/c/x+(-1+1/c/x)~(1/2)*x(1+1/c/x)~(1/2)) *x72/ (-c72%x"2+1) ,x)

[Out] -(-(c*xx-1)/c/x) " (1/2) *xx((c*x+1)/c/x)"(1/2)/c"2-1/2/c"3*1n(c"2*x"2-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

_log(cx+1) ~ log (cx — 1) _ f Vex +1v-cx + 1x i

2¢3 2¢c3 3% —c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x~2/(-c"2*x"2+1) ,x, algo
rithm="maxima")

[Out] -1/2%log(c*x + 1)/c”™3 - 1/2xlog(c*x - 1)/c”3 - integrate(sqrt(c*x + 1)*sqrt
(-c*x + 1)*x/(c™3%x"2 - ¢), Xx)

Fricas [A] time = 2.11662, size = 111, normalized size = 2.47

[l [l 2,2 _
_2cx s = +10g(cx 1)

2¢3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x~2/(-c"2*x~2+1) ,x, algo
rithm="fricas")

[Out] -1/2%(2*c*kxxsqrt((cxx + 1)/(c*x))*sqrt(-(cxx - 1)/(c*x)) + log(c™2*x"2 - 1)
)/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

[ 1 1
f x dx+fcx2 _1+a\/€dx

c2x2-1 c2x2-1

c

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/c/x+(-1+1/c/x)**(1/2)*(1+1/c/x)**(1/2))*x**2/ (—c*x*2*x**2+1) ,x)

[Out] -(Integral(x/(cx*2xx*x2 - 1), x) + Integral (ckxx*2xsqrt(-1 + 1/(c*x))*sqrt(
1 + 1/(c*xx))/(c*x*2*xxxx2 - 1), x))/c

Giac [F] time = 0., size = 0, normalized size = 0.

xz(Jl +1= -1+ l)
_ cx cx cxX d
f c2x? -1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x~2/(-c"2*x"2+1) ,x, algo
rithm="giac")

[Out] integrate(-x"2x(sqrt(1/(c*x) + 1)*sqrt(1/(c*x) - 1) + 1/(c*x))/(c™2%x"2 - 1
), %)
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esech_1 (cx) 5

Optimal. Leaf size=37

dx

[1 .-
cxj\/cx+1sm Yex) tanh_l(cx)
+ 2
2

c c

[Out] (Sqrtl[(1 + c*x)~(-1)]*Sqrt[1 + c*x]*ArcSin[c*x])/c”2 + ArcTanh[c*x]/c"2

Rubi [A] time = 0.113641, antiderivative size = 37, normalized size of antiderivative
number of rules

1., number of steps used = 5, number of rules used = 5, integrand size = 20,
0.25, Rules used = {6341, 6677, 41, 216, 206}

[1 .-
o] Vex +1sin™}(cx) tanh_l(cx)
+ 2
2

c c

integrand size

Antiderivative was successfully verified.

[In] Int[(E"ArcSech[c*x]*x)/(1 - c~2%x"2),x]

[Out] (Sqrt[(1 + c*x)~(-1)]*Sqrt[1 + c*x]*ArcSin[c*x])/c”2 + ArcTanh[c*x]/c"2

Rule 6341

Int [(ETArcSech[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d/(a*c), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrt[l - cxx],
x], x] + Dist[d/c, Int[(d*x)~(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]

Rule 6677

Int[(u ) *((c_D)*((a_.) + (b_.)*(x_))"(n_))"(p_), x_Symbol] :> Dist[(c"IntPa
rt[pl*(cx(a + b*x) n) FracPart[p])/(a + b*x)~ (n*FracPart[p]), Int[ux(a + bx
x) " (n*p), x], x] /; FreeQ[{a, b, ¢, n, p}, x] & !IntegerQ[p] && !'MatchQ[
u, x"(ni1_.)*(v_.) /; EqQ[n, n1 + 1]]

Rule 41

Int[((a_) + (b_)*(x_))"(m_.)*x((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Int[(
a*c + bxd*x~2)"m, x] /; FreeQ[{a, b, c, d, m}, x] && EqQ[b*c + axd, 0] && (
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IntegerQ[m] || (GtQla, 0] && GtQlc, 01))

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] & GtQ[a, 0] && NegQ[b]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps

1
f\/gdx

N 1
esech (cx)x @ fl—czxz dx
_ = +
1 - c2x2 c c
[1 —— 1
B tanh ™ (cx) N ( T VIt cx) Vi—cxv1+ex ax
= = .
[1 —— 1
_ tanh ™ (cx) N ( T VI cx) f V=22 dx
c? c
1 .
~ "@Vl + cx sin 1(cx) tanh_l(cx)
= 2 + 2

Mathematica [C] time = 0.044183, size = 68, normalized size = 1.84

. 1-cx :
log(1 — cx) . log(cx +1) .\ ilog (2\/ —(ex+1) - 21cx)
2¢? 2c2 2

Warning: Unable to verify antiderivative.

[In] Integrate[(E"ArcSechl[c*x]*x)/(1 - c™2%x72),x]

[Out] -Logll - c*x]/(2*%c”2) + Logl[l + c*x]/(2*%c”2) + (I*Logl[(-2xI)*c*x + 2*Sqrt[(
1 - c*xx)/(1 + c*x)]1*(1 + c*xx)])/c™2
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Maple [C] time = 0.227, size = 92, normalized size = 2.5

xcsgn(c) [ ex—-1 [ex+1 1 1 In(cx-1) In(cx+1)
- arctan | csgn (c) cx - — + 5
c cx cx V=(cx+1)(cx-1)) V=c2x2 + 1 2c 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(-1+1/c/x)~(1/2)*x(1+1/c/x)~(1/2) ) *x/ (-c"2%x"2+1) ,x)

[Out] (-(c*x-1)/c/x)~(1/2)*x*((c*x+1)/c/x)~(1/2)*arctan(csgn(c)*xc*x/ (- (c*xx+1)* (c*
x-1))7(1/2))/(-c™2xx~2+1) " (1/2)*csgn(c) /c-1/2/c”2*1n(cxx-1)+1/2/c”2x1n (c*x+
iy

Maxima [F] time = 0., size = 0, normalized size = 0.

log (cx +1) B log (cx —1) ~ f Vex +1v—-cx +1 i

2¢? P 3?2 —c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x/(-c"2%x"2+1) ,x, algori
thm="maxima")

[Out] 1/2*log(cxx + 1)/c”2 - 1/2xlog(c*x - 1)/c”2 - integrate(sqrt(c*x + 1)*sqrt(
-c*x + 1)/(c”3*%x"2 - ¢), x)

Fricas [B] time = 2.1015, size = 131, normalized size = 3.54

2 arctan (w/%w/‘%) —log(cx +1) + log (cx —1)

2¢2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x/(-c"2%x"2+1) ,x, algori
thm="fricas")

[Out] -1/2x(2*xarctan(sqrt((cxx + 1)/(c*x))*sqrt(-(c*x - 1)/(c*x))) - log(c*x + 1)
+ log(c*xx - 1))/c™2
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Sympy [F] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)**(1/2)*(1+1/c/x)*x(1/2))*x/ (—c*x*2*x**2+1) ,x)

[Out] -(Integral(cxxxsqrt(-1 + 1/(c*x))*sqrt(l + 1/(c*x))/(cx*2*x**2 - 1), x) + I
ntegral (1/(cx*2xx*x2 - 1), x))/c

Giac [F] time = 0., size = 0, normalized size = 0.

x(./l +11/l -1+ l)
cxX cxX cxX d
f_ c2x? -1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))*x/(-c™2%x"2+1) ,x, algori
thm="giac")

[Out] integrate(-x*(sqrt(1/(c*x) + 1)*sqrt(1/(cxx) - 1) + 1/(c*x))/(c™2%x"2 - 1),
x)
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sech™ ! (cx)

393 [——5dx

1—c2x2

Optimal. Leaf size=71

log (1 - c2x2) log(x) v Cx%\/cx +1tanh™ (\/1 —cxVex + 1)
- + -
c

2c c

[Out] -((Sqrt[(1 + c*x)~(-1)]1*Sqrt[1 + c*x]*ArcTanh[Sqrt[1 - c*x]*Sqrt[l + c*x]])
/c) + Loglx]/c - Logl[l - c™2*x72]/(2xc)

Rubi [A] time = 0.119409, antiderivative size = 71, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 19, LT

integrand size
0.421, Rules used = {6339, 1956, 92, 208, 266, 36, 29, 31}

log (1 - szz) . log(x) wlﬁ\/cx +1tanh™ (\/1 —cxVex + 1)
c

2c

C

Antiderivative was successfully verified.

[In] Int[E~ArcSechl[c*x]/(1 - c™2%x"2),x]

[Out] -((Sqrt[(1 + c*x)~(-1)]*Sqrt[1 + c*x]*ArcTanh[Sqrt[1l - c*x]*Sqrt[l + c*x]])
/c) + Loglx]/c - Logl[l - c™2*x72]/(2xc)

Rule 6339

Int[E"ArcSech[(c_.)*(x_)]/((a_) + (b_.)*(x_)"2), x_Symbol] :> Dist[1/(axc),
Int[Sqrt[1/(1 + c*x)]/(x*Sqrt[1 - c*x]), x], x] + Dist[1/c, Int[1/(xx(a +
b*xx~2)), x], x] /; FreeQ[{a, b, c}, x] && EqQ[b + a*c~2, 0]

Rule 1956

Int[(x_)"(m_.)*x((e_)*((a_) + (b_.)*(x_)"(n_.)) " (r_))"(p_)*((f_.)*((c_) +
(@_)*x)"(@m_.))"(s_))"(q_), x_Symbol] :> Dist[((e*x(a + b*x"n) r) p*x(f*(c
+ d*x"n)"s)"q)/((a + b*x"n) “(p*r)*(c + d*x"n) (g*s)), Int[x"m*(a + b*x"n) (
p*xr)*(c + d*x"n) " (q*s), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p, q, T, S
}, x]

Rule 92
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Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*((e_.) + (f_.)*(x_
))), x_Symbol] :> Dist[b*f, Subst[Int[1/(d*(b*e - a*f)~2 + b*f"2xx"2), x],
x, Sqrtla + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
2%bxdxe - fx(b*c + axd), 0]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 36

Int[1/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(b*xc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
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1
\/%dx f -

esech_l(cx) e f i .\ x(l—czxz) X
1 — ¢2x2 c c
Subst [ [ ——— dx, x, x [ 1y _
_ (f (1-2) ) N ( e V1 F Cx) | ™
2c c
Subst (f % dx, x, xz) 1 1 1
= +5¢ Subst dx, x, x%| - \/1 + cx [Subst f— dx, x,
2c 1-c2x c—cx?
1/ —V1 +cxtanh” (\/ —cxV1 + cx) 1og(x) log( — 2y )

c 2c

Mathematica [A] time = 0.0398584, size = 73, normalized size = 1.03

1-cx 1-cx
10%( —¢ xz) N 2log(x) log(cxvm NG +1)
Cc Cc

2c

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSech[c*x]/(1 - c™2*x~2),x]

[Out] (2*xLoglx])/c - Logl[l - c™2*x72]/(2%c) - Logl[l + Sqrt[(1 - c*x)/(1 + c*x)] +
cxxxSqrt[(1 - c*x)/(1 + c*x)]]/c

Maple [A] time = 0.204, size = 87, normalized size = 1.2

X — 1 [ex+1 1 1 In(cx-1) In(x) In(cx+1)
-X Artanh - + -
V=232 +1) V=c2x2 +1 2¢c c 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(-1+1/c/x)"(1/2)*(1+1/c/x)~(1/2))/(-c"2%x"2+1) ,x)

[Out] -(-(c*xx-1)/c/x) " (1/2) *xx((c*x+1)/c/x) " (1/2)/(-c"2*x~2+1) " (1/2) *arctanh(1/ (-
c 2%x"2+1)"(1/2))-1/2/c*1n(c*x-1)+1n(x) /c-1/2/c*1n(c*xx+1)
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Maxima [F] time = 0., size = 0, normalized size = 0.

log(x) log(cx+1) log(cx—1) Vex +1v—-cx +1 p
- - X

c 2¢ 2¢c c3x3 —cx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/(-c~2*x"2+1) ,x, algorith
m="maxima")

[Out] integrate(1/x, x)/c - 1/2*xlog(cxx + 1)/c - 1/2*log(c*x - 1)/c - integrate(s
qrt(c*xx + 1)*sqrt(-cxx + 1)/(c”3%x"3 - c*x), x)

Fricas [B] time = 2.07632, size = 213, normalized size = 3.

log (czx2 - 1) + log (cx,/%,/—ci;l + 1) -log (cx,/%‘/—wj - 1) -2 log (x)
- 2¢c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/(-c"2*x~2+1) ,x, algorith
m="fricas")

[Out] -1/2x(log(c™2*x”2 - 1) + log(c*x*sqrt((c*x + 1)/(c*x))*sqrt(-(cxx - 1)/(c*x
)) + 1) - log(c*x*sqrt((c*xx + 1)/(c*x))*sqrt(-(c*x - 1)/(c*x)) - 1) - 2xlog
(x))/c

Sympy [A] time = 15.4875, size = 48, normalized size = 0.68

\/5,/1+$
log (—1 + i) log (w/l + i) ZaCOSh[T]

2c c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)**(1/2)*(1+1/c/x)**(1/2))/ (—c**2*x**2+1) ,x)
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[Out] -log(-1 + 1/(c*x))/(2%c) - log(sqrt(l + 1/(c*x)))/c - 2%acosh(sqrt(2)*sqrt(
1+ 1/(c*x))/2)/c

Giac [F] time = 0., size = 0, normalized size = 0.

(AT,

c2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/(-c"2*x~2+1) ,x, algorith

m="giac")

[Out] integrate(-(sqrt(1/(c*x) + 1)*sqrt(1/(c*x) - 1) + 1/(c*x))/(c™2%x"2 - 1), x
)
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sech™ ! (cx)

394 |- dx

x(l—czxz)
Optimal. Leaf size=42

V1 —cx 1

-—+ tanh_l(cx)
1 cx

cx+1

[Out] -(1/(c*x)) - Sqrt[l - c*x]/(c*x*Sqrt[(1 + c*x)~(-1)]) + ArcTanh[c*x]

Rubi [A] time = 0.142613, antiderivative size = 42, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 22, e L

integrand size
0.227, Rules used = {6341, 1956, 95, 325, 206}

1—-cx 1 _
- — — + tanh 1(cx)
1 cx
cx
cx+1

Antiderivative was successfully verified.

[In] Int[E~ArcSechl[c*x]/(x*(1 - c~2*x~2)),x]

[Out] -(1/(c*x)) - Sqrtl[l - c*x]/(c*x*Sqrt[(1 + c*x)~(-1)]) + ArcTanh[c*x]

Rule 6341

Int[(ETArcSech[(c_.)*(x )]1*((d_.)*(x ))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d/(a*c), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrtl[l - c*x],
x], x] + Distl[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]

Rule 1956

Int[(x )" (m_.)*((e_.)*((a_) + (b_)*(x_)"(n_.)) " (r_.)) " (p_)*x((f_.)*x((c_) +
(d_)*(x_)"(m_.))"(s_))"(q_), x_Symbol] :> Dist[((e*(a + b*x"n) 1) p*x(f*(c
+ d*x"n)"s)"q)/((a + b*x™n) “(p*r)*(c + d*x"n)~(g*s)), Int[x"m*x(a + b*x"n) (
p*xr)*(c + d*x"n)~(q*s), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p, q, r, s
}, x]

Rule 95
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Int[(Ca_.) + (b_)*(x_)) " (m_)*((c_.) + (d_)*x_D))"(n_.)*x((e_.) + (f_.)*(x_
))"(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*x(c + d*x)"(n + 1)*(e + f*x
) (p + 1))/ ((m + 1)x(bxc - axd)*x(bxe - axf)), x] /; FreeQ[{a, b, ¢, d, e, £
, m, n, pt, x] & EqQ[Simplify[m + n + p + 3], 0] && EqQ[axd*f*x(m + 1) + bx
cxfx(n + 1) + bxdxex(p + 1), 0] && NeQ[m, -1]

Rule 325

Int [((c_)*(x_)) " (m_)x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[((c*
) (m + Dx*(a + bxx™n) " (p + 1)) /(axcx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(a*c™nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/

Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps

1
V 1+cx

1
[ s [aget e
x(l _szz) c c
1 1

——e [ Vi) | s
=——+c dx +

cx 1-c%x? c

1 Vl1-cx

=—-——- = + tanh_l(cx)

cXx
CXA|—
1+cx

Mathematica [A] time = 0.163771, size = 59, normalized size = 1.4

1o 1+1 1 11 1 )+1l (cx+1)
cx+1 \ex cx ZOg( x Zogcx

Warning: Unable to verify antiderivative.

[In] Integrate[E"ArcSechl[c*x]/(x*(1 - ¢™2%x72)),x]
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[Out] -(1/(c*x)) - (1 + 1/(c*x))*Sqrt[(1 - cxx)/(1 + c*xx)] - Logl[l - c*x]/2 + Log
[1 + cxx]/2

Maple [C] time = 0.21, size = 61, normalized size = 1.5

_\/_cx—l\/cx+1 (ngn(c))z ~ In(cx—1) _ l N In(cx +1)

cxX cxX 2 cx 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(-1+1/c/x)7(1/2)*(1+1/c/x)~(1/2)) /x/ (-c™2*x72+1) ,x)

[Out] -(-(c*x-1)/c/x)~(1/2)*((c*xx+1)/c/x)~(1/2)*csgn(c) "2-1/2%1n(c*x-1)-1/c/x+1/2
*x1n (c*x+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
3 f Vex +1v-cx +1
c

c3xt — cx?

1 1
dx + 5 log(cx+1)—§ log (cx —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x/(-c"2%x"2+1) ,x, algori
thm="maxima")

[Out] integrate(x~(-2), x)/c - integrate(sqrt(c*x + 1)*sqrt(-c*x + 1)/(c™3*x"4 -
c*x72), x) + 1/2xlog(cxx + 1) - 1/2xlog(c*x - 1)

Fricas [A] time = 2.16174, size = 144, normalized size = 3.43

ZCxw/w:;lw/—% —cxlog(cx +1) + cxlog(cx —1) + 2

2cx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x/(-c"2%x"2+1) ,x, algori
thm="fricas")
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[Out] -1/2%(2xcxx*sqrt((cxx + 1)/(cxx))*sqrt(-(cxx - 1)/(c*x)) - c*x*log(c*xx + 1)
+ ckx*xlog(cxx - 1) + 2)/(c*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

e

CZX4 xz

k2

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)**x(1/2)*(1+1/c/x)**x(1/2))/x/ (—c*x*2*x**2+1) ,x)

[Out] -(Integral(c*x*sqrt(-1 + 1/(cxx))*sqrt(l + 1/(c*x))/(cx*2kx*x*4 — x**2), Xx)
+ Integral (1/(c**2xxx*x4 - x**2), x))/c

Giac [F] time = 0., size = 0, normalized size = 0.

(A

czx2 )x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x/(-c"2%x"2+1) ,x, algori
thm="giac")

[Out] integrate(-(sqrt(1/(cxx) + 1)*sqrt(1/(c*x) - 1) + 1/(c*x))/((c™2%x"2 - 1)*x
), %)
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sech™ ! (cx)

395 |- dx

x2 (1—c2x2)

Optimal. Leaf size=108

1

2ex2\[—
cx+1

1 V1 - 1 1 1 _
——clog (1 -~ szz) - < _ + clog(x) — =4/ Vex +1tanh™ (\/1 —cxVex + 1)
2 2cx? 2 Vex+1

[Out] -1/(2*xc*x72) - Sqrt[l - c*x]/(2xc*x"2xSqrt[(1 + c*x)~(-1)]) - (cxSqrt[(1 +
c*x) " (-1)]1*Sqrt[1 + c*x]*ArcTanh[Sqrt[1 - c*x]*Sqrt[1l + c*x]])/2 + cxLoglx]
- (c*xLogl[l - c™2*x"2])/2

Rubi [A] time = 0.176461, antiderivative size = 108, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 22, e =

integrand size
0.364, Rules used = {6341, 1956, 103, 12, 92, 208, 266, 44}

1 V1 - 1 1 /1 _
——clog (1 - szz) - . log(x) — EC p— Vex +1tanh™ (\/1 —cxVex + 1)

+C
2 , [T 2cx?
2cx4 4| —
cx+1

Antiderivative was successfully verified.

[In] Int[E~ArcSechl[c*x]/(x"2%x(1 - c~2%xx"2)),x]

[Out] -1/(2*c*x~2) - Sqrt[1l - c*x]/(2xc*x"2*Sqrt[(1 + c*x)~(-1)]) - (c*Sqrt[(1 +
c*x) " (-1)]1*Sqrt[1 + c*x]*ArcTanh[Sqrt[1 - c*x]*Sqrt[l + c*x]])/2 + cxLogl[x]
- (cxLogl[l - c™2%x72])/2

Rule 6341

Int [(E"ArcSech[(c_.)*(x_ )I*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d/(a*c), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrt[l - c*x],
x], x] + Dist[d/c, Int[(d*x)~(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]

Rule 1956

Int[(x_ )" (m_.)*x((e_)*((a_) + (b_)*(x_)"(n_.)) " (r_.))"(p_)*((f_.)*((c_) +
(@_D*x)"(@m_.))"(s_))"(q_), x_Symbol] :> Dist[((e*x(a + b*x"n) r) p*x(f*(c
+ d*x"n)"s)"q)/((a + b*x"n) “(p*r)*(c + d*x"n)~(g*s)), Int[x"m*(a + b*x"n) (
p*r)*(c + d*x"n)~(q*s), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p, q, r, s
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}, %]

Rule 103

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_.)*(x_
))"(p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*x(c + d*x)"(n + 1)*(e + f*x
) (p + 1))/((m + 1)*x(b*c - a*xd)*(bxe - axf)), x] + Dist[1/((m + 1)*(b*c - a
xd)*(bxe - a*xf)), Int[(a + b*x)"(m + 1)*(c + d*x) "n*(e + f*x) p*Simp[a*xd*fx*
(m + 1) - bx(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*kdxf*x(m + n + p + 3)*x,
x], x1, x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && LtQ[m, -1] && IntegerQ[
m] && (IntegerQ[n] || IntegersQ[2*n, 2xp])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 92

Int[1/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*((e_.) + (f_.)*(x_
))), x_Symbol] :> Dist[b*f, Subst[Int[1/(d*(bxe - a*xf)~2 + b*f~2xx72), x],
x, Sqrtla + bxx]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[
2xbxd*e - fx(bxc + axd), 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)" (@ ))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D*(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rubi steps
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V 1+cx —1
f esech_l(cx) = f x3\;—_cx f x3(1—c2x2) dx
x? (1 - szz)

c C

) SUbSt(fmdx X, X ) . (‘lljcxvl-‘_cx)fmdx

2c c
4

1 2 c 2 1 2
1—cx . Subst (f(x—z +— - —_1+C2x) dx, x, x ) . (”@Vl +cx)f—x —— dx
2c

202 [1 2c
1+cx
1 V1 1 1 1 1
- +clog(x)——clog 1-c2x2) + = | cqf V1 +cx f
20x2 / ( ) 2 IT+cx xV1 —cxV1 + cx
T1+cx

1 V1 —cx

1 1
_ 2 2./ \/
=5 2cxz\/7 + clog(x) — —clog (1 —%x ) 5 Toor 1+ cx] Subst (

1 V1 1 1 1
= - ~ 56 [ m\ﬂ + cx tanh ™ (\/1 —cxV1+ cx) + clog(x) - Eclog (1 - %

2
2cx 2ex2 /

Mathematica [A] time = 0.151469, size = 108, normalized size = 1.

1-cx

1 —lex+1) 4 1_ 1-
5 —clog (1 _szz) _ el ) + 3clog(x) — clog|cx o + « +1

cx? cx +1 cx +1

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSechlcx*x]/(x"2*(1 - ¢™2%x72)),x]

[Out] (-(1/(c*x72)) - (Sqrt[(1l - c*x)/(1 + cxx)]1*(1 + c*x))/(c*x"2) + 3*cxLogl[x]
- cxLog[1l - c™2*x72] - c*xLogl[l + Sqrt[(1 - c*x)/(1 + c*x)] + c*xx*Sqrt[(1 -
cxx) /(1 + c*xx)]1)/2

Maple [A] time = 0.227, size = 111, normalized size = 1.

1 +1 1 1 1 -1 1 1
2 \/CX cx?Artanh | ——— |+ V-c2x2 + 1 _clnlex=1) 5 +cln(x) - <
—2¢2 +1 —2x2 +1 2 2cx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(-1+1/c/x)"(1/2)*(1+1/c/x)~(1/2)) /x"2/(-c"2*x"2+1) ,x)

[Out] -1/2%(-(c*xx-1)/c/x)~(1/2)/x*x((cxx+1)/c/x) " (1/2)*(c"2xx " 2*xarctanh(1/(-c~2*x"
241)7(1/2) )+ (-c™2xx72+1) " (1/2) ) / (—c™2*x72+1) ~(1/2)-1/2*c*1n(c*x-1)-1/2/c/x"
2+cx1n(x)-1/2*%c*x1n(c*x+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

o f\/ﬁm

c3x5 — cx®

1
f dx——clog(cx+1)——clog(cx 1)+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x"2/(-c"2*x"2+1) ,x, algo
rithm="maxima"

[Out] cx*integrate(1/x, x) - 1/2*c*xlog(c*x + 1) - 1/2xcxlog(c*x - 1) + integrate(x
~(-3), x)/c - integrate(sqrt(c*x + 1)*sqrt(-c*x + 1)/(c”3*%x"5 - c*x73), x)

Fricas [B] time = 2.12026, size = 344, normalized size = 3.19

2232 log (c2 + 2x? log (cx. jet ey 1) - c*x*log (cx\/ o \/ ) 4c*x®log (x) + 2 cx V Ci—:l\/

4 cx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x"2/(-c"2*x~2+1) ,x, algo
rithm="fricas")

[Out] -1/4%(2%c™2xx"2xlog(c™2*x"2 - 1) + c™2xx"2*xlog(cxx*sqrt((cxx + 1)/(c*x))*sq
rt(=(c*x - 1)/(c*x)) + 1) - c~2xx"2*log(ckx*xsqrt((c*xx + 1)/(c*x))*sqrt(-(cx*

x — 1)/(c*x)) - 1) - 4xc™2*x"2xlog(x) + 2xc*x*xsqrt((c*xx + 1)/ (c*x))*sqrt(-(

cxx - 1)/(c*x)) + 2)/(c*x72)
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Sympy [F] time = 0., size = 0, normalized size = 0.

[ 1 1
f—cx _1+a\/€dx+f ! dx

25,3

2513

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)**(1/2)*(1+1/c/x)**(1/2))/x**2/ (—c*x*2*x**2+1) ,x)

[Out] -(Integral(c*xxxsqrt(-1 + 1/(c*x))*sqrt(l + 1/(c*x))/(cx*2*xx**5 — x**3), x)
+ Integral (1/(c**2xx**x5 - x**3), x))/c

Giac [F] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x"2/(-c"2*x~2+1) ,x, algo
rithm="giac")

[Out] integrate(-(sqrt(1/(cxx) + 1)*sqrt(1/(c*x) - 1) + 1/(c*x))/((c™2%x"2 - 1)*x
"2), x)
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sech™ ! (cx)

396 |- dx

x3(1—c2x2)
Optimal. Leaf size=85

1-cx 1 2cVl—-cx ¢

T 3c3 T x
3cx3

cx+1 cx+1

2 tanh ™} (cx) —

[Out] -1/(3*c*x73) - c/x - Sqrt[l - cxx]/(3*c*x"3*Sqrt[(1 + c*xx)~(-1)]) - (2%c*Sq
rt[1 - c*x])/(3*x*Sqrt[(1 + c*x)~(-1)]) + c~2*ArcTanh [c*x]

Rubi [A] time = 0.165316, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 22, e -

integrand size
0.318, Rules used = {6341, 1956, 103, 12, 95, 325, 206}

1—cx 1 2cVl—-cx ¢

1 3cx3 1 X
3cx3 | — 3x+/ —
cx+1 cx+1

2 tanh ™} (cx) —

Antiderivative was successfully verified.

[In] Int[E~ArcSechl[c*x]/(x"3%(1 - c~2%x"2)),x]

[Out] -1/(3%c*xx"3) - c/x - Sqrt[l - c*x]/(3*%cxx"3*Sqrt[(1 + c*x)~(-1)]) - (2%c*Sq
rt[1 - c*x])/(3*xxSqrt[(1 + c*x)~(-1)]) + c~2*ArcTanh[c*x]

Rule 6341

Int[(ETArcSech[(c_.)*(x )]1*((d_.)*(x )) " (m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d/(axc), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrtl[l - c*x],
x], x] + Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]

Rule 1956

Int [(x_) " (m_.)*((e_.)*x((a_) + (b_)*x(x_)"(n_.))"(r_.)) " (p)*x((£f_.)*((c_) +
(d_)*x_)"(m_.))"(s_))"(q_), x_Symbol] :> Dist[((e*x(a + b*x"n) 1) p*x(f*(c
+ d*x"n)"s)"q)/((a + b*x"n) “(p*r)*(c + d*x"n)~(g*s)), Int[x"m*x(a + b*x"n) (
p*xr)*(c + d*x"n)~(gq*s), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p, q, r, s
}, x]
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Rule 103

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_
))~(p_.), x_Symbol] :> Simp[(b*(a + b*x)~(m + 1)*x(c + d*x)"(n + 1)*(e + f*x
)7 (p + 1)/ ((m + Dx(bxc - axd)*(b*xe - a*xf)), x] + Dist[1/((m + 1)*(b*c - a
*d)*(bxe - axf)), Int[(a + b*x)"(m + 1)*x(c + d*x) nx(e + f£+*x) “p*Simp [a*xd*fx*
(m + 1) - bx(d*ex(m + n + 2) + cxf*x(m + p + 2)) - bxd*fx(m + n + p + 3)*x,
x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && LtQ[m, -1] && IntegerQ[
m] && (IntegerQ[n] || IntegersQ[2*n, 2*p])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 95

Int[(Ca_.) + (b_)*(x_)) " (m )*x((c_.) + (d_D)*xD))"(n_.)*x((e_.) + (f_.)*(x_
D))~ (p_.), x_Symbol] :> Simp[(b*(a + b*x)"(m + 1)*x(c + d*x)"(n + 1)*(e + f*x
) (p + 1))/ ((m + 1)x(bxc - axd)*x(bxe - axf)), x] /; FreeQ[{a, b, ¢, d, e, £
, m, n, pt, x] & EqQ[Simplify[m + n + p + 3], 0] && EqQ[axd*f*x(m + 1) + bx
cxfx(n + 1) + bxdxex(p + 1), 0] && NeQ[m, -1]

Rule 325

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
)" (m + Dx*(a + bxx™n) " (p + 1))/(axcx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)

+ 1))/(axc”nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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1
\— 1
gsech ™ (c) [ f mdx
f dx = x41- cx

x3 (1 - szz) c c

1 1
L+cf—1 e Lo
(1

1 c - Cx f ( V1 1+ Cx) x2v1 ch1+cx
1- c2x2

1 V1 - _ 1 / 1 1
:———E——Cx+cztanh 1(cx)+— 2c4/—— V1 +cx f dx
3cx3  x 1 3 1+cx V1 — cx V1 + cx

1 c V1 —cx 2cV1 —cx

= —— - - + 2 tanh™ (cx)

1 1
3cx34\—  3x4
1+cx 1+cx

Mathematica [A] time = 0.241577, size = 90, normalized size = 1.06

602x? + 24/ Clx_% (2c3x3 +20%x% +cx + 1) +3c3x3 log(1 — cx) - 3c3x3 log(cx +1) + 2

6cx3

Warning: Unable to verify antiderivative.

[In] Integrate[E"ArcSech[c*x]/(x73*(1 - c"2*x72)),x]

[Out] -(2 + 6%c™2%xx72 + 2*%Sqrt[(1 - c*xx)/(1 + cxx)]*(1 + c*kx + 2%Cc™2*%x™2 + 2%c™3%
X73) + 3xc”3*x"3*Log[l - c*x] - 3*c™3*x"3*Logl[l + c*x])/(6*c*xx"3)

Maple [C] time = 0.22, size = 86, normalized size = 1.

cx3  x 2

(ngn(c)) +1 \/ cx — 1\/cx+1 2ln(cx 1) 1 c+c21n(cx+1)
3x2 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x~3/(-c~2*x"2+1) ,x)
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[Out] -1/3%(-(c*x-1)/c/x)~(1/2)/x72*%((c*x+1)/c/x)~(1/2) *csgn(c) "2* (2*c™2*x"2+1) -1
/2%c”2%1n(c*x-1)-1/3/c/x"3-c/x+1/2*%c™2*1n(c*xx+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
Vex +1 V—cx +1 dx

1 1 1 3.3
2 2 3
5¢ log(cx+1)—§c log(cx—1)+cf;dx+ cx —f PV —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x"3/(-c"2*x~2+1) ,x, algo
rithm="maxima"

[Out] 1/2%c™2%log(c*x + 1) - 1/2*%c"2xlog(c*x - 1) + cxintegrate(x~(-2), x) + inte
grate(x~(-4), x)/c - integrate(sqrt(c*x + 1)*sqrt(-c*x + 1)/(c™3*x"6 - c*x~
4), x)

Fricas [A] time = 2.20589, size = 197, normalized size = 2.32

3c3x3log(cx +1) - 3c3x3 log (cx —1) — 6c2x% -2 (2 33 + cx) %\/—% -2
6cx3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x~3/(-c"2*x"2+1) ,x, algo
rithm="fricas")

[Out] 1/6%(3xc™3xx"3xlog(cxx + 1) - 3%c™3*x"3xlog(c*x - 1) — 6%c”™2%x"2 - 2%(2%c”3
*x"3 + cxx)*sqrt((c*x + 1)/(c*x))*sqrt(-(cxx - 1)/(c*x)) - 2)/(c*x~3)

Sympy [F] time = 0., size = 0, normalized size = 0.

b oLt

1
+ | 5 dx
2564 dx f 2564

c

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/c/x+(-1+1/c/x)**(1/2)*(1+1/c/x)**(1/2))/x**3/ (—c*x*2*x**2+1) ,x)

[Out] -(Integral(ckx*sqrt(-1 + 1/(c*x))*sqrt(l + 1/(c*x))/(cx*2xx**x6 — x**4), Xx)
+ Integral (1/(c**2*xxx*6 — x**4), x))/c

Giac [F] time = 0., size = 0, normalized size = 0.

A,

c2x2 x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(-1+1/c/x)~(1/2)*(1+1/c/x)~(1/2))/x"3/(-c"2*x"2+1) ,x, algo

rithm="giac")

[Out] integrate(-(sqrt(1/(c*x) + 1)*sqrt(1l/(c*xx) - 1) + 1/(c*x))/((c™2*%x"2 - 1)*x
~3), %)
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1+a esech_1 (ax) x)

dx

397 | i

Optimal. Leaf size=12

1—a?x2

X esech_1 (ax)

a

[Out] -((E"ArcSech[a*xx]*x)/a)

Rubi [B] time = 1.05158, antiderivative size = 26, normalized size of antiderivative = 2.17,

number of steps used = 7, number of rules used = 5, integrand size = 25, number of rules_ 0.2,

integrand size
Rules used = {6725, 260, 6341, 1956, 74}

Warning: Unable to verify antiderivative.

[In] Int[(x*(-1 + a*xE"ArcSech[a*x]*x))/(1 - a~2*x"2),x]

[Out] -(Sqrt[1l - a*xx]/(a"2*Sqrt[(1 + a*x)~(-1)]1))

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6341

Int [(ETArcSech[(c_.)*(x )]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d/(a*c), Int[((d*x)~(m - 1)*Sqrt[1/(1 + c*x)])/Sqrt[l - cxx],
x], x] + Dist[d/c, Int[(d*x)~(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d, m}, x] && EqQ[b + axc™2, 0]



492

Rule 1956

Int [(x_)"(m_.)*((e_.)*x((a_) + (b_)*x(x_)"(n_.))"(r_.)) " (p)*x((f_.)*((c_) +
(d_)*x)"(m_.))"(s_))"(q ), x_Symbol] :> Dist[((e*x(a + b*x"n) r) p*x(f*(c
+ d*x"n)"s)"q)/((a + b*x"n) “(pxr)*(c + d*x"n)~(g*s)), Int[x"m*x(a + b*x"n) (
pxr)*(c + d*x"n)~(g*s), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p, q, r, S
}, x]

Rule 74

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_.)*(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + 1)x(e + fxx)"(p + 1))/(d*f*x(n + p
+2)), x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && NeQ[n + p + 2, 0] &% EqQ
[axd*xf*(n + p + 2) - b*(d*ex(n + 1) + cxf*x(p + 1)), 0]

Rubi steps

X (—1 + aeseCh_l(‘”‘)x) X gesech (@) 2
dx = f - d
f 1 - a%x? * T+ a+ae |7
esech (ax)x
- f -1+ a2x2 f -1+ a2x2
log - X f \ 1+11x f X
\/——ax -1+ ax?
1 X
=14/ V1 + ax f dx
[ 1+ ax V1 —axV1 + ax
V1 —ax

2=
1+ax

Mathematica [B] time = 0.243834, size = 28, normalized size = 2.33

1-ax

— (ax +1)

22
Warning: Unable to verify antiderivative.

[In] Integrate[(x*(-1 + axE~ArcSech[a*x]*x))/(1 - a~2*x"~2),x]
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[Out] -((Sqrt[(1 - a*x)/(1 + a*x)]*(1 + a*x))/a"2)

Maple [A] time = 0.15, size = 36, normalized size = 3.

\/ax 1 jax+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(xx(-1+ax(1l/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)"(1/2))*x)/(-a"2*%x"2+1) ,x)

[Out] -1/a*x*x(-(a*xx-1)/a/x)"(1/2)*((a*x+1)/a/x)"(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (”x(\/jb;/;+ ) )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(-1+a*x(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x)/(-a~2*x~2+1) ,x

, algorithm="maxima")

[Out] -integrate((a*x*(sqrt(1/(a*x) + 1)*sqrt(1l/(axx) - 1) + 1/(a*x)) - 1)*x/(a"2
*x72 - 1), x)

Fricas [A] time = 2.04182, size = 69, normalized size = 5.75

ax+1 ax-1

ax ax
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(-1+ax(1/a/x+(1/a/x-1)"(1/2)*(1+1/a/x)~(1/2))*x)/(-a~2%x"2+1) ,x

, algorithm="fricas")



494

[Out] -x*sqrt((a*xx + 1)/(axx))*sqrt(-(a*x - 1)/(a*x))/a

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/-1+_\/1+_

a’x? —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(-1+a*x(1/a/x+(1/a/x-1)*x(1/2)*(1+1/a/x)**(1/2))*x)/ (—a**2xx**2+
1,x)

[Out] -axIntegral (x**2*sqrt(-1 + 1/(axx))*sqrt(l + 1/(a*xx))/(a**2*x*x*2 - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (”x(\/jaxz/?w) )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(-1+a*x(1/a/x+(1/a/x-1)"(1/2)*x(1+1/a/x)~(1/2))*x)/(-a~2*x"2+1) ,x

, algorithm="giac")

[Out] integrate(-(a*x*(sqrt(1/(a*xx) + 1)*sqrt(1l/(axx) - 1) + 1/(a*xx)) - 1)*x/(a"2
*x72 - 1), x)
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-1
3 98 fsech (a+bx) dx

ad
?+dx

Optimal. Leaf size=61

POlyLOg (2, _EZSechfl(a+bx)) Sech_l(a + bx)2 sech_l (El + bx) 10g (EZSechfl(tbe) + 1)
—_ + —_
2d 2d d

[Out] ArcSechl[a + b*x]~2/(2xd) - (ArcSech[a + b*x]*Log[l + E~(2%ArcSech[a + b*x])
1)/d - PolylLogl[2, -E~(2%ArcSech[a + bxx])]/(2*d)

Rubi [A] time = 0.0977936, antiderivative size = 61, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 19, e e .

integrand size
0.421, Rules used = {6319, 12, 6281, 5660, 3718, 2190, 2279, 2391}

PolyLog (2, _ezseCh_l(“bx)) sech™(a + bx)? sech™ (a + bx) log (ezseCh_l(“b") + 1)
- 2d * 2d a d

Antiderivative was successfully verified.

[In] Int[ArcSechla + b*x]/((a*xd)/b + d*x),x]

[Out] ArcSech[a + b*x]~2/(2%d) - (ArcSech[a + bxx]*Log[l + E~(2*ArcSech[a + b*x])
1)/d - PolyLogl[2, -E~(2xArcSech[a + b*x])]/(2*d)

Rule 6319

Int[((a_.) + ArcSech[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcSech[x]) p, xI]
, X, ¢ +d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& 1GtQ[p, O]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match

Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6281
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Int[((a_.) + ArcSech[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5660

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[
(a + b*x)"n/Coth[x], x], x, ArcCosh[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n,
0]

Rule 3718

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz ])*(f_.)*(x )], x
_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2*I, Int[((c
+ d*xx) "m*E" (2% (- (I*e) + f*fz*x)))/(1 + E-(2x(-(Ixe) + f*xfz*x))), x], x] /;
FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps
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-1
Subst ( f bsec;x ) dx,x,a + bx)

sech_l(a + bx)
f dx =

ad b
? + dx

sech_l(x)
Subst f7 dx,x,a + bx

d
coshfl(x) 1
B _Subst (f — dx, x, u+bx)
B d
Subst ( f xtanh(x) dx, x, cosh™ (a:bx))
T d
2 2X
-1 1 e“*x 1 1
B cosh (m) 2 Subst (fm dx, x, cosh (a+bx))
- 2d P
1 2 ! 11+17C _

cosh™" (W,x) cosh (_b) log (1 + ( r )) Subst (f log (1 + ez") dx, x, cosh

- 2d B F + 7
2 0S L os -1 1
COSh_l( 1b ) cosh”™ (ﬂ-i—lbx)log (1 T (“””‘)) Subst (flog(%x)dx,x,ezc h (u+bx
a+ox
B 2d - d + ¥
1 1 1 1
cosh 1( - ) cosh™ (be)lOg (1 +32COSh (be)) Li, (—eZCOSh (Mx))
a+ox

) 2d ) d - 2d

Mathematica [A] time = 0.0552964, size = 52, normalized size = 0.85

PolyLog (2, —e‘zseCh_l(“bx)) - sech_l(a + bx) (sech_l(a + bx) +2log (e‘zseCh_l(“bx) + 1))
2d

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSech[a + b*x]/((a*d)/b + d*x),x]

[Out] (-(ArcSech[a + b*x]*(ArcSech[a + bxx] + 2xLog[l + E~(-2*ArcSech[a + b*x])])
) + PolyLogl[2, -E~(-2xArcSech[a + bxx])])/(2xd)
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Maple [A] time = 0.283, size = 104, normalized size = 1.7

(arcsech (bx + a))2 arcsech (bx + a)
2d d

2
In (1 + ((bx +a) 4 \/(bx +a)t - 1\/(bx +a) 4 1) ] - zl—dpolylog (2, - ((ba

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsech(b*x+a)/(a*d/b+d*x),x)

[Out] 1/2*arcsech(b*x+a)~2/d-arcsech(b*x+a)*1n(1+(1/(b*x+a)+(1/(b*x+a)-1)"(1/2)*(
1/ (b*x+a)+1)~(1/2))72)/d-1/2*polylog(2,-(1/(bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(
bxx+a)+1)~(1/2))"2)/d

Maxima [F] time = 0., size = 0, normalized size = 0.

2 log(\/bx+a+1\/—bx—a+1bx+\/bx+u+1\/—bx—a+1a+bx+a)log(bx+a)—3 log(bx+a)2 log (bx + a +
2d -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/(a*xd/b+d*x),x, algorithm="maxima")

[Out] 1/2*%(2*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqr
t(-b*x - a + 1)*a + bxx + a)xlog(b*x + a) - 3xlog(b*x + a)~2)/d - 1/2%(log(

bxx + a + 1)*log(b*xx + a) + dilog(-b*x - a))/d - 1/2%(log(b*x + a)*log(-b*x

- a+ 1) + dilog(b*x + a))/d + integrate((b~2*x + axb)*log(b*x + a)/(b~2xd

*x"2 + 2%axb*xdxx + a”2+d + (b"2*%d*x"2 + 2%axb*d*x + a”2*d - d)*sqrt(b*x + a

+ D*sqrt(-b*x - a + 1) - d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral

barsech (bx + a)
bdx + ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")
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[Out] integral(b*arcsech(b*x + a)/(b*d*x + a*d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

bfasech(a+hx) dx

a+bx

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asech(b*x+a)/(a*xd/b+d*x) ,x)

[Out] bxIntegral(asech(a + b*x)/(a + b*x), x)/d

Giac [F] time = 0., size = 0, normalized size = 0.

f arsech (bx + a) i

dx+?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsech(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

[Out] integrate(arcsech(b*x + a)/(d*x + a*d/b), x)
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-1
399  [x’sech (a + bx4) dx
Optimal. Leaf size=57

4 -1 4 tan_l LTH
(a + bx ) sech (u + bx ) V arbxt1

4b 2b

[Out] ((a + b*x"4)*ArcSech[a + b*x74])/(4*%b) - ArcTan[Sqrt[(1 - a - b*x"4)/(1 + a
+ b*x74)]]/(2%b)

Rubi [A] time = 0.115012, antiderivative size = 57, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, LT

integrand size
0.417, Rules used = {6715, 6313, 1961, 12, 203}

4 -1 4 tan”! _a_bjfﬂ
(a + bx ) sech (a + bx ) a+bxt+1

4b 2b

Antiderivative was successfully verified.

[In] Int[x"3*ArcSechl[a + b*x"4],x]

[Out] ((a + b*x~4)*ArcSech[a + b*x"4])/(4*b) - ArcTan[Sqrt[(1 - a - b*xx"4)/(1 + a
+ bxx74)]]/(2xb)

Rule 6715

Int[(u_ )*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x"(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rule 6313

Int[ArcSech[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcSech[c + dx
x]1)/d, x] + Int[Sqrt[(1 - ¢ - d*x)/(1 + ¢ + d*x)]/(1 - ¢ - d*x), x] /; Free
Ql{c, d}, x]

Rule 1961

Int[(u )~ (r_)*(((e_.)*x((a_.) + (b_)*(x_)"(n_.)))/((c_) + (d_)*(x_)"(n_.)
))~(p_), x_Symbol] :> With[{q = Denominator[pl}, Dist[(g*ex(b*c - ax*d))/n,
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Subst [Int [SimplifyIntegrand[(x~(g*(p + 1) - 1)*(-(axe) + c*xx"q)~(1/n - 1)*(
u /. x => (-(axe) + cxx"q)~(1/n)/(bxe - d*x~q)~(1/n))"r)/(b*e - d*x~q)~(1/n
+ 1), x1, x], x, ((ex(a + b*x"n))/(c + d*x"n))~(1/q)], x1] /; FreeQ[{a, b,
c, d, e}, x] &% PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Inte
gerQ[r]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rubi steps

_ 1 _
fx3sech ! (a + bx4) dx = 1 Subst (f sech™'(a + bx) dx, x, x4)

(a + bx4) sech™ (a + bx4) N 1 Subst f v ;Zj:;
4

4b 1-a-bx

(a + bx4) sech™! (a + bx4) 1 [1—a—bx4
= P — bSubst f—2b2 (1 " x2) dx, x, Tr o108

—a—bx*
(a + bx4) sech ™ (a + bx4) Subst (f ﬁ dx, X, i+a+bx4)

4

dx, x, x

4b 2b
tan-! 1-a-bx*
(u + bx4) sech™ (a + bx4) an Tratbxd
B 4b - 2b

Mathematica [A] time = 0.202167, size = 84, normalized size = 1.47

1—(a+bx4)2 sin”! (a+bx4)

a+bxt-1 4
‘,_—a+bx4+1 (a+bx +1)

Antiderivative was successfully verified.

+ (a + bx4) sech™ (a + bx4)

4b
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[In] Integrate[x~3*ArcSech[a + b*x74],x]

[Out] ((a + b*x"4)*ArcSech[a + b*x"4] + (Sqrt[l - (a + b*x"4)"2]*ArcSin[a + b*x~4
1)/(Sqrt[-((-1 + a + b*x"4)/(1 + a + b*x"4))]*(1 + a + bxx"4)))/(4xb)

Maple [A] time = 0.289, size = 62, normalized size = 1.1

4 4 4
arcsech (Zx + a) X .\ arcsechf;x + a) a 41_b Aretn (\/(bx4 . a)—l ~ 1\/(bx4 N a)—l N 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arcsech(b*x~4+a),x)

[Out] 1/4*xarcsech(b*x"4+a)*x"4+1/4/b*arcsech(b*x”4+a)*a-1/4/b*xarctan((1/(b*xx"4+a)
-1)7(1/2) % (1/ (bxx"4+a)+1)~(1/2))

Maxima [A] time = 0.993601, size = 51, normalized size = 0.89

byt + a) arsech (bx* + a) — arctan| [—— -1
(bx* + a) arsech (bx* +a) 2

(bx4+a)

4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsech(b*x~4+a),x, algorithm="maxima"

[Out] 1/4%((b*x"4 + a)*arcsech(b*x”4 + a) - arctan(sqrt(1/(b*xx"4 + a)~2 - 1)))/b

Fricas [B] time = 2.47328, size = 613, normalized size = 10.75

2,8 2_ 2,8 4,2 2,8 2_ .

(bxtea)y - L2t 1 (bt +a) - Erzad 1y (bxtea)y - E2abtud 1, (¥
b2x8+2 abx4+a2 b2x8+2 abxt+a2 b2x8+2 abx*+a2

+ alog —alog —2 arctan| —

x* x4

bxt+a

8b

Verification of antiderivative is not currently implemented for this CAS.



503

[In] integrate(x~3*arcsech(b*x~4+a),x, algorithm="fricas")

[Out] 1/8*(2*bxx~4*xlog(((b*x~4 + a)*sqrt(-(b"2%x"8 + 2*%axb*x™4 + a~2 - 1)/(b~2*x~
8 + 2%axb*x”4 + a”2)) + 1)/(b*x"4 + a)) + axlog(((b*x~4 + a)*sqrt(-(b~2*x"8
+ 2xaxb*x”4 + a”2 - 1)/(b72%x78 + 2xaxb*x”4 + a”2)) + 1)/x74) - axlog(((bx
X744 + a)xsqrt(—(b~2*x"8 + 2%a*xbxx”4 + a2 - 1)/(b72xx"8 + 2*axb*x"4 + a~2))
- 1)/x74) - 2xarctan((b~2*x78 + 2xa*b*x~4 + a”2)*sqrt(-(b72%x"8 + 2kaxb*x”
4 + a”2 - 1)/(b72%x78 + 2*axb*x"4 + a~2))/(b72*%x"8 + 2xa*xb*x"4 + a2 - 1)))

/b

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asech(bxx**4+a),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arsech (bx4 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsech(b*x~4+a),x, algorithm="giac")

[Out] integrate(x~3*arcsech(b*x”4 + a), x)
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3.100 f x*1sech™ (a + bx") dx

Optimal. Leaf size=58

-1 —a-bx"+1
(a+bx")sech™ (a + bx) 2tan (\/ prrey )

bn bn

[Out] ((a + b*x"n)*ArcSech[a + b*x"n])/(b*n) - (2%ArcTan[Sqrt[(1 - a - b*x"n)/(1
+ a + bxx™n)]])/(b*n)

Rubi [A] time = 0.113096, antiderivative size = 58, normalized size of antiderivative =
. . f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, number of rules_

integrand size
0.357, Rules used = {6715, 6313, 1961, 12, 203}

-1 —a-bx"+1
(a + bx™) sech™ (a + bx™) 2tan ( V b+l )

bn bn

Antiderivative was successfully verified.

[In] Int[x~ (-1 + n)*ArcSech[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcSech[a + b*x"n])/(b*n) - (2%ArcTan[Sqrt[(1 - a - b*x"n)/(1
+ a + bx*x™n)11)/(b*n)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1, u, x1, x1, x, x“(m + 1)1, x]1 /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQlx"(m + 1), u, x]

Rule 6313

Int[ArcSech[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcSech[c + d*
x])/d, x] + Int[Sqrt[(1 - ¢ - d*x)/(1 + ¢ + d*x)]/(1 - ¢ - d*x), x] /; Free
Ql{c, d}, ]

Rule 1961

Int[(u_ )~ (r_)*(((e_)*x((a_.) + (b_)*(x_)"(n_.)))/((c_) + (d_.)*x(x_)"(n_.)
))~(p_), x_Symbol] :> With[{q = Denominator[pl}, Dist[(g*ex(b*c - ax*d))/n,
Subst [Int [SimplifyIntegrand[(x~(g*(p + 1) - 1)*(-(axe) + c*xx"q)~(1/n - 1)*(
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u /. x => (-(axe) + cxx~q)~(1/n)/(b*e - d*x~q)~(1/n))"r)/(b*e - d*x~q)~(1/n

+ 1), x], x], x, ((ex(a + b*x™n))/(c + d*xx™n))~(1/q], x]1] /; FreeQl{a, b,
c, d, e}, x] &% PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Inte
gerQ[r]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 203
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt

la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

Subst (f sech_l(a + bx) dx, x, x")

n
[1-a—bx
1+a+bx n
Subst [ f v dx, x,x ]

fx‘“”sech_1 (a+ bx") dx =

_ (a+bx"ysech™ (a+bx") N

bn n
1 1-a—bx"
(a + bx")sech™ (a + bx") (40) Subst (f 202(1+x2) dx, x, ! 1+a+bx”)
B bn - n
1 1-a—bx"
_ (a+bx") sech™ (a + bx™) 2 Subst (f 1422 dx, x, v 1+a+bx”)
- bn - bn

-1 1-a—bx"
_(a+bx") sech™ (a + bx™) 2tan ( 1+a+bx”)

bn bn

Mathematica [A] time = 0.247847, size = 84, normalized size = 1.45

\J1-(a+bx")? sin~(a+ba" _
() sin (a+x)+(a+bx”)sech1(a+bx”)

a+bx"-1
" atbx+1 (a+ba+1)

bn

Antiderivative was successfully verified.
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[In] Integrate[x~(-1 + n)*ArcSech[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcSech[a + b*x"n] + (Sqrt[l - (a + b*x"n) 2]*ArcSin[a + b*x"n
1)/(Sqrt[-((-1 + a + b*x™n)/(1 + a + b*x"n))]*(1 + a + bxx"n)))/(b*n)

Maple [F] time = 0.401, size = 0, normalized size = 0.

f x"Larcsech (a + bx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(n-1)*arcsech(a+b*x"n),x)

[Out] int(x~(n-1)*arcsech(a+b*x"n),x)

Maxima [A] time = 0.99902, size = 54, normalized size = 0.93

(bx™ + a) arsech (bx™ + a) — arctan ( /;2 - 1)
(bx""+a)

bn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arcsech(a+b*x"n),x, algorithm="maxima"

[Out] ((b*x"n + a)*arcsech(b*x™n + a) - arctan(sqrt(1/(b*x™n + a)~2 - 1)))/(b*n)

Fricas [B] time = 2.60826, size = 1138, normalized size = 19.62

2 ab+(u2+b2—1) cosh(n log(x))—(az—bz—l) sinh(n log(x)) 2 ab+(a2+b2—1) cosh(nlog
2 (b cosh (1 log (x)) + bsinh (1 log (x))) log | - cosh( log(s)-siuln Togt) i) ST A cosh{a1ogG)
g g g b cosh(n log(x))+b sinh(n log(x))+a g cosh(n log(x))

Verification of antiderivative is not currently implemented for this CAS.



507

[In] integrate(x~(-1+n)*arcsech(atb*x"n),x, algorithm="fricas")

[Out] 1/2%(2*(b*cosh(n*log(x)) + b*sinh(n*log(x)))*log((sqrt(-(2*xaxb + (a~2
- D *cosh(n*log(x)) - (a”2 - b™2 - 1)*sinh(n*log(x)))/(cosh(n*log(x)) - si
nh(n*log(x)))) + 1)/(b*cosh(n*log(x)) + b*sinh(n*log(x)) + a)) + a*log((sqr
t(-(2xaxb + (a2 + b~2 - 1)*cosh(n*log(x)) - (2”2 - b™2 - 1)*sinh(n*log(x))
)/ (cosh(n*log(x)) - sinh(n*log(x)))) + 1)/(cosh(n*log(x)) + sinh(n*log(x)))
) - axlog((sqrt(-(2xa*xb + (a2 + b™2 - 1)*cosh(n*log(x)) - (2”2 - b™2 - 1)*
sinh(n*log(x)))/(cosh(n*log(x)) - sinh(n*log(x)))) - 1)/(cosh(n*log(x)) + s
inh(n*log(x)))) - 2xarctan((bxcosh(n*log(x)) + b*sinh(n*log(x)) + a)*sqrt(-
(2%a*xb + (a”2 + 72 - 1)*cosh(nxlog(x)) - (a2 - 72 - 1)*sinh(n*log(x)))/(
cosh(n*log(x)) - sinh(n*log(x))))/(b"2*cosh(n*log(x))~2 + b~ 2*sinh(n*log(x)
)"2 + 2*axb*cosh(n*log(x)) + a2 + 2x(b~2*cosh(n*log(x)) + a*b)*sinh(n*log(
x)) - 1)))/(b*n)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1+n)*asech(a+b*x**n) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x" 1 arsech (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arcsech(atb*x"n),x, algorithm="giac")

[Out] integrate(x~(n - 1)*arcsech(b*x™n + a), x)

+ b72



508



ol e S R

LT S S o S e S S S S S Sy S S et
H S © 0 N A W N R o ©

Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102

o e S R
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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12
13

14
15
16
17
18
19
20
21
22
23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then




56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))

514




149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195

elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))




85
86
87
88
89
90

91
92
93
94
95
96

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119

120
121
122
123
124
125

1

518

return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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