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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 49 ]. This is test number [ 159 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. (49) %0.(0)

Mathematica | % 100. ( 49) %0.(0)
Maple % 73.47 (36) | % 26.53 (13)
Maxima % 22.45 (11) | % 77.55 ( 38)
Fricas %551 (27) | %449 (22)
Sympy %612 (3) | %93.88 (46)
Giac % 34.69 (17) | % 65.31 (32)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 77.55 12.24 10.2 0.
Maple 53.06 20.41 0. 26.53
Maxima 20.41 2.04 0. 77.55
Fricas 44.9 10.2 0. 44.9
Sympy 6.12 0. 0. 93.88
Giac 26.53 8.16 0. 65.31




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

Normalized median

System Mean time (sec) | Mean size | Normalized mean | Median size

Rubi 0.14 124.59 1. 79. 1.
Mathematica 0.65 162.37 1.29 99. 1.11
Maple 0.28 266.36 1.98 156. 191
Maxima 1.09 69.36 1.73 70. 1.77
Fricas 3.34 287. 3.25 123. 2.2
Sympy 0.44 38. 0.89 41. 0.88
Giac 1.25 212.71 2.05 65. 14
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

2.1.1 Rubi
A grade: {[1}[2} B[4 5} [6} 7} 8 0} [L0}

)

mmmmmmmmm

EE
S
=S
Sk
S5
=[5
EE

[28) 29} 30} 31} 323, (33} 34}35, 36} 37} 38} 39} [49]}
B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {11213} 4 bl 617 8 0} 110,11} [12}[14} 15} 17} 18} [19} |20} [02} [07} [08} [29}[30} |31} [33} [84} 85},
[B6L[B7) (4T} [42, |43, |4 4 [451[46, 47 48, [49]

B grade: 13,21, B3 B8 0]
C grade: {}

F grade: { }
2.1.3 Maple

A grade: { (28,7578 02 33 5 10} 20 21 2725 290, B2 53, ) 55, B8, A0 )
B grade: {[10{T1) 7 (8,10, 22,25 24,2529

15
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C grade: { }

F grade: {110} 57 03 2 13 15 7 )

2.1.4 Maxima

A grade: {[23}[4}[5}[7[11} [13] 21} 38} [39]
B grade: {[g]}

C grade: { }

F grade {16,010} 2[5 6, 17 15 10 20y 22 25 24, 25 26 27 25 29, 50,51, 2 3 5
55} 50,7 40 .1 2 13225407 175,19

21.5 FriCAS

A grade: {28,757 )00 ) A 5 7 5 0L 20 2 25 2, 6, 6
B grade: ([T3,21) 23,8859}

C grade: { }

F grade: {1512 6,2 27 28} 20) 50 BT 52 33 5 35 0 57 0 1 2 3 ) 1)

N

2.1.6 Sympy
A grade: {@,}

B grade: { }

C grade: { }

F e (1ABARAARTATT 73,20 25 25,27 25,200
}

H

2.1.7 Giac

A grade: (BB BEDBH DD IBE)
B grade: {}

C grade: { }

F grade: {[1} 61216} 11718} 19} 20} [21) 22} 27 28} 29} 30} 31} [32) 33} 34} B5 36} 87 [38} 39} (40} 41}
253, 14} |46 47} |48} |49}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

. . . . antiderivative leaf size
In this table,the column normalized size is defined as

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 56 0 0 0 0 0
normalized size | 1 1. 0.9 0. 0. 0. 0. 0.
time (sec) N/A 0.09 0.039 0.214 0. 0. 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 40 43 89 97 0 55
normalized size | 1 1. 0.69 0.74 1.53 1.67 0. 0.95
time (sec) N/A 0.02 0.027 0123 0961  3.278 0. 1.115
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 35 38 70 84 0 46
normalized size | 1 1. 0.74 0.81 1.49 1.79 0. 0.98
time (sec) N/A 0.019 0.021 0118 0992  3.072 0. 1.131
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 27 31 51 69 0 36
normalized size | 1 1. 0.75 0.86 1.42 1.92 0. 1.
time (sec) N/A 0.012 0.021 0114  1.011  3.208 0. 1.111
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 24 27 45 0 20
normalized size | 1 1. 1. 1.5 1.69 2.81 0. 1.25
time (sec) N/A 0.004 0.004 0.116 1.02 3.083 0. 1.116
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 54 105 0 0 0 0
normalized size | 1 1. 0.96 1.88 0. 0. 0. 0.
time (sec) N/A 0.083 0.031 0.168 0. 0. 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 32 46 69 63 0 43
normalized size | 1 1. 0.84 1.21 1.82 1.66 0. 1.13
time (sec) N/A 0.015 0.024 0.114 1.508  2.768 0. 1.099
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 55 57 108 86 0 51
normalized size | 1 1. 1.02 1.06 2. 1.59 0. 0.94
time (sec) N/A 0.02 0.047 0.118  1.515  3.328 0. 1.137
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 42 66 0 88 51 92
normalized size | 1 1. 0.75 1.18 0. 1.57 0.91 1.64
time (sec) N/A 0.045 0.035 0.182 0. 3.209 0.794 1.095
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 44 93 0 85 41 65
normalized size | 1 1. 0.94 1.98 0. 1.81 087  1.38
time (sec) N/A 0.02 0.025 0.188 0. 3127 0.301 1.111
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 52 31 55 22 35
normalized size | 1 1. 1. 2.08 1.24 2.2 0.88 14
time (sec) N/A 0.01 0.012 0.182 1.01 2974  0.222 1.082
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 59 59 54 125 0 0 0 0
normalized size | 1 1. 0.92 212 0. 0. 0. 0.
time (sec) N/A 0.064 0.033 0.238 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 93 42 70 140 0 82
normalized size | 1 1. 291 1.31 2.19 4.38 0. 2.56
time (sec) N/A 0.031 0.143 0.182  0.976 3.37 0. 1.126
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 35 54 0 84 0 82
normalized size | 1 1. 0.92 1.42 0. 2.21 0. 2.16
time (sec) N/A 0.022 0.027 0.186 0. 3.205 0. 1.115
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 69 98 0 198 0 108
normalized size | 1 1. 1.15 1.63 0. 3.3 0. 1.8
time (sec) N/A 0.042 0.052 0.181 0. 3.684 0. 1.113
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 63 166 0 0 0 0
normalized size | 1 1. 0.91 241 0. 0. 0. 0.
time (sec) N/A 0.094 0.089 0.278 0. 0. 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 197 197 174 507 0 374 0 0
normalized size | 1 1. 0.88 2.57 0. 1.9 0. 0.
time (sec) N/A 0.232 0.214 0.233 0. 3.556 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 155 155 149 360 0 316 0 0
normalized size | 1 1. 0.96 2.32 0. 2.04 0. 0.
time (sec) N/A 0.137 0.274 0.224 0. 3.57 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 116 116 129 272 0 284 0 0
normalized size | 1 1. 1.11 2.34 0. 2.45 0. 0.
time (sec) N/A 0.089 0.179 0.227 0. 3.707 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 110 127 0 254 0 0
normalized size | 1 1. 1.39 1.61 0. 3.22 0. 0.
time (sec) N/A 0.053 0.133 0.222 0. 3.128 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 114 50 74 184 0 0
normalized size | 1 1. 3.17 1.39 2.06 511 0. 0.
time (sec) N/A 0.024 0.113 0.236 0997  3.063 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 210 210 375 607 0 0 0 0
normalized size | 1 1. 1.79 2.89 0. 0. 0. 0.
time (sec) N/A 0.3 0.412 0.439 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 115 154 0 663 0 174
normalized size | 1 1. 1.67 2.23 0. 9.61 0. 2.52
time (sec) N/A 0.096 0.39 0.237 0. 3.199 0. 1.539
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 123 123 199 453 0 998 0 374
normalized size | 1 1. 1.62 3.68 0. 8.11 0. 3.04
time (sec) N/A 0.194 0.741 0.263 0. 3.462 0. 1.542
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 180 180 241 759 0 1242 0 792
normalized size | 1 1. 1.34 4.22 0. 6.9 0. 4.4
time (sec) N/A 0.297 0.491 0.24 0. 3.809 0. 1.728
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 239 239 307 1172 0 1551 0 1508
normalized size | 1 1. 1.28 4.9 0. 6.49 0. 6.31
time (sec) N/A 0.457 0.516 0.24 0. 4.241 0. 2.02
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 366 366 420 769 0 0 0 0
normalized size | 1 1. 1.15 2.1 0. 0. 0. 0.
time (sec) N/A 0.305 5.168 0.81 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 272 272 314 545 0 0 0 0
normalized size | 1 1. 1.15 2. 0. 0. 0. 0.
time (sec) N/A 0.231 4.661 0.588 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 145 145 213 341 0 0 0 0
normalized size | 1 1. 1.47 2.35 0. 0. 0. 0.
time (sec) N/A 0.134 0.79 0.496 0. 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 86 86 99 167 0 0 0 0
normalized size | 1 1. 1.15 1.94 0. 0. 0. 0.
time (sec) N/A 0.064 0.129 0.299 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 324 324 408 0 0 0 0 0
normalized size | 1 1. 1.26 0. 0. 0. 0. 0.
time (sec) N/A 0.493 0.321 0.804 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 254 254 802 307 0 0 0 0
normalized size | 1 1. 3.16 1.21 0. 0. 0. 0.
time (sec) N/A 0.416 3.098 0.493 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 464 464 656 809 0 0 0 0
normalized size | 1 1. 1.41 1.74 0. 0. 0. 0.
time (sec) N/A 0.402 9.302 0.578 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 264 264 314 481 0 0 0 0
normalized size | 1 1. 1.19 1.82 0. 0. 0. 0.
time (sec) N/A 0.256 0.806 0.425 0. 0. 0. 0.
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Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 140 140 162 247 0 0 0 0
normalized size | 1 1. 1.16 1.76 0 0 0. 0.
time (sec) N/A 0.102 0.119 0.306 0 0 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 448 448 554 0 0 0 0 0
normalized size | 1 1. 1.24 0. 0 0 0. 0.
time (sec) N/A 0.542 0.344 0.875 0 0 0. 0.
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 378 378 289 0 0 0 0 0
normalized size | 1 1. 0.76 0. 0 0 0. 0.
time (sec) N/A 0.617 0.532 1.043 0 0 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 127 65 85 205 0 0
normalized size | 1 1. 2.65 1.35 1.77 4.27 0. 0.
time (sec) N/A 0.063 0.269 0.27 0.987  3.003 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F A B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 130 0 89 216 0 0
normalized size | 1 1. 2.71 0. 1.85 4.5 0. 0.
time (sec) N/A 0.07 0.307 0.279 0988  3.279 0. 0.
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Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-1) F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 280 199 0 0 0 0
normalized size | 1 1. 3.29 2.34 0. 0. 0. 0.
time (sec) N/A 0.086 0.751 0.318 0. 0. 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 95 95 79 0 0 0 0 0
normalized size | 1 1. 0.83 0. 0. 0. 0. 0.
time (sec) N/A 0.121 0.451 0.198 0. 0. 0. 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 87 87 101 0 0 0 0 0
normalized size | 1 1. 1.16 0. 0. 0. 0. 0.
time (sec) N/A 0.106 0.268 0.188 0. 0. 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 87 87 54 0 0 0 0 0
normalized size | 1 1. 0.62 0. 0. 0. 0. 0.
time (sec) N/A 0.094 0.104 0.18 0. 0. 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 43 43 75 0 0 0 0 0
normalized size | 1 1. 1.74 0. 0. 0. 0. 0.
time (sec) N/A 0.059 0.054 0.191 0. 0. 0. 0.




26

Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 33 0 0 65 0 53
normalized size | 1 1. 0.85 0. 0. 1.67 0. 1.36
time (sec) N/A 0.03 0.04 0.183 0. 3.283 0. 1.14
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 30 0 0 80 0 0
normalized size | 1 1. 0.73 0. 0. 1.95 0. 0.
time (sec) N/A 0.043 0.046 0.18 0. 3.588 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 54 0 0 100 0 0
normalized size | 1 1. 0.64 0. 0. 1.19 0. 0.
time (sec) N/A 0.067 0.132 0.181 0. 3.385 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 81 81 50 0 0 123 0 0
normalized size | 1 1. 0.62 0. 0. 1.52 0. 0.
time (sec) N/A 0.068 0.129 0.179 0. 3.537 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 59 158 0 0 0 0
normalized size | 1 1. 0.86 2.29 0. 0. 0. 0.
time (sec) N/A 0.095 0.056 0.332 0. 0. 0. 0.
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder the

integrand size

integral was to solve. In this test, problem number [34] had the largest ratio of [ 1.2 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ——
# grade steps unique antideri\./ative leaf size intogrand leaf size
used rules leaf size

1 A 7 6 1. 10 0.6

2 A 4 3 1. 10 0.3

3 A 4 3 1. 10 0.3

4 A 4 3 1. 8 0.375

5 A 3 3 1. 6 0.5

6 A 7 6 1. 10 0.6

7 A 5 5 1. 10 0.5

8 A 6 5 1. 10 0.5

9 A 5 4 1. 10 0.4

10 A 4 4 1. 8 0.5

11 A 3 3 1. 6 0.5

12 A 6 6 1. 10 0.6

13 A 5 5 1. 10 0.5

14 A 3 3 1. 10 0.3

15 A 6 6 1. 10 0.6

16 A 7 6 1. 10 0.6

17 A 9 8 1. 10 0.8

18 A 8 7 1. 10 0.7

19 A 7 6 1. 10 0.6

20 A 6 6 1. 8 0.75
21 A 5 5 1. 6 0.833
22 A 14 8 1. 10 0.8

23 A 6 6 1. 10 0.6

Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?22? %
used rules leaf size

24 A 8 8 1. 10 0.8
25 A 9 9 1. 10 0.9
26 A 10 9 1. 10 0.9
27 A 20 9 1. 12 0.75
28 A 17 9 1. 12 0.75
29 A 11 8 1. 10 0.8
30 A 8 6 1. 8 0.75
31 A 17 9 1. 12 0.75
32 A 12 8 1. 12 0.667
33 A 25 14 1. 12 1.167
34 A 16 12 1. 10 1.2
35 A 10 7 1. 8 0.875
36 A 20 10 1. 12 0.833
37 A 14 9 1. 12 0.75
38 A 6 6 1. 12 0.5
39 A 6 6 1. 14 0.429
40 A 7 7 1. 10 0.7
41 A 6 4 1. 10 0.4
42 A 6 4 1. 8 0.5
43 A 5 3 1. 6 0.5
44 A 6 5 1. 10 0.5
45 A 3 3 1. 10 0.3
46 A 5 4 1. 10 0.4
47 A 6 4 1. 10 0.4
48 A 6 4 1. 10 0.4
49 A 8 8 1. 19 0.421
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Chapter 3

Listing of integrals

o)

3.1 IL

X

dx

Optimal. Leaf size=62

1 jesc 1 2 1 -
EiPOlyLOg (2, eZZCSC 1(”5)) + 1—0iCSC_1 (axS) _ 5 CSC_l (ax5) log (1 _ eZlcsc 1(ax5))

[Out] (I/10)*ArcCscla*x”~5]72 - (ArcCscl[a*x~5]*Log[1 - E~((2+I)*ArcCsc[a*xx~5])])/5
+ (I/10)*PolyLog[2, E~((2+I)*ArcCscla*x"5])]

Rubi [A] time = 0.0904843, antiderivative size = 62, normalized size of antiderivative =
number of rules

1., number of steps used = 7, number of rules used = 6, integrand size = 10,
0.6, Rules used = {5219, 4625, 3717, 2190, 2279, 2391}

1 i csC 1 2 1 .
ElPOlyLog (2, eZICSC 1(ax5)) + EiCSC_l (ax5) _ g CSC_l (EIXS) lOg (1 _ eZICSC 1(ax5))

integrand size

Antiderivative was successfully verified.

[In] Int[ArcCscla*x~5]/x,x]

[Out] (I/10)*ArcCscla*x"5]"2 - (ArcCsclaxx~5]*Log[l - E~((2*I)*ArcCsc[a*x~5])])/5
+ (I/10)*PolyLog[2, E~((2*I)*ArcCscla*xx~5])]

Rule 5219
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Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcSin[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + bxx)"n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2% I*k*Pi)*E~(2xI*(e + f*x)))/(1 + E~-(2*%I*k*Pi)*E~(2xI*(e + fxx))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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csct (ax® -1
fﬁdx = éSubst (f%(ax)dx,x,xf’)

X
g )
:—(g SUbSt[deX,X,F

= (é Subst ( f x cot(x) dx, x, csc™! (”xS)))

1 2 2 2ix
= 1—Oz'csc‘1 (ax5) + giSubst (f 16_ e;'x dx, x, csc™t (ax5))
(52 1 2i cse(ax%) 1 2i 1
= 1—Ozcsc (ax ) ~3 csc (ax )log (1 —e ) + 5 Subst (f log (1 —e ”‘) dx, x,csc (ax‘
1 2 1 o 1 log(1 — o ‘
= 1—Oz'csc‘1 (ax5) -3 csc! (ax5) log (1 _ priese 1(’”‘5)) - Ei Subst ( f —og(x ») dx, x, e Ho®
1 2 1 com1( 25 1 co=1( 25
_ . -1 5 -1 5 2icsc (ax . 2icsc (ax
= 1—01080 (ax ) ~3 CcscC (ax )log (1 - ( )) + EZLIZ (e ( ))

Mathematica [A] time = 0.0386731, size = 56, normalized size = 0.9

. o —
o (PolyLog (2, e 1(”5)) +csct (ax5) (csc‘1 (axS) +2ilog (1 —eHe 1(ax5))))

Antiderivative was successfully verified.

[In] Integrate[ArcCscla*x~5]/x,x]

[Out] (I/10)*(ArcCscla*x”5]*(ArcCscla*xx”5] + (2xI)*Logl[l - E~((2*I)*ArcCsc[a*x"5]
)1) + PolyLogl[2, E~((2%I)*ArcCscla*x~5])])

Maple [F] time = 0.214, size = 0, normalized size = 0.

f arcesc (axs) ;
—— ix

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a*xx”5)/x,x)

[Out] int(arccsc(a*x”5)/x,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

5+1 5-11 1 1
5a2f Vax +a4;{?x_ - 08 () dx — 5i a? f % dx + (arctan (1, Vax® + 1Vax5 - 1) +i log (a)) log (x) — Ei }

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x~5)/x,x, algorithm="maxima"

[Out] 5*a”2*xintegrate(sqrt(a*x™5 + 1)*sqrt(axx™b - 1)xlog(x)/(a”4*x"11 - a~2%x),
x) - bxIxa"2*xintegrate(log(x)/(a"4*x~11 - a~2*x), x) + (arctan2(l, sqrt(a*x

75 + 1)xsqrt(a*x”5 - 1)) + Ixlog(a))*log(x) - 1/2xIxlog(a”2xx~10)*log(x) +
1/2%I*log(a*x~5 + 1)*log(x) + 1/2xIxlog(-a*x”5 + 1)*log(x) + 5/2*I*log(x)~2

+ 1/10%I*dilog(a*x”5) + 1/10%I*dilog(-a*x~5)

Fricas [F] time = 0., size = 0, normalized size = 0.

arccsc (ax5)
_—,X
x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x~5)/x,x, algorithm="fricas")

[Out] integral(arccsc(a*x”5)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f acsc (axS)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a*xx**5)/x,x)

[Out] Integral(acsc(a*x**5)/x, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f arccsc (axs)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x”5)/x,x, algorithm="giac")

[Out] integrate(arccsc(a*x”5)/x, x)
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32  [xPesc (\/E) dx

Optimal. Leaf size=58

1 1 3 1
—x*csc™ (\/E) + %(x —1y2 + %(x _1)2 4 Z(x _1p2 4 -

4

[Out] Sqrt[-1 + x]/4 + (-1 + x)7(3/2)/4 + (3*(-1 + x)7(5/2))/20 + (-1 + x)~(7/2)/
28 + (x"4xArcCsc[Sqrt[x]])/4

Rubi [A] time = 0.019742, antiderivative size = 58, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 10, e o e

0.3, Rules used = {5271, 12, 43}

integrand size

1 1 3 1
—x*csc! (\/E) + %(x —1)72 4 E(x _1yp2 4 Z(x _12 4 -

4

Antiderivative was successfully verified.

[In] Int[x"3*ArcCsc[Sqrt[x]],x]

[Out] Sqrt[-1 + x]/4 + (-1 + x)7(3/2)/4 + (3*(-1 + x)7(5/2))/20 + (-1 + x)~(7/2)/
28 + (x"4xArcCsc([Sqrt[x]])/4

Rule 5271

Int[((a_.) + ArcCsclu_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcCsc[u]))/(d*x(m + 1)), x] + Dist[(b*u)/(d*(m

+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), xJ, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
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x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

1

fx3 csc (\/E) dx = ZX4 csc (\/E

)+1fx—3dx

4J 24/-1+x

1 1 X

= —xtese (W) + —f dx
4 (\/—) 8J V-1+x

Ll —1(\/§)+éf( __1+x+3\/—1+x+3(—1+x)3/2+(—1+x)5/2) dx

1 3 1 1
= + Z(_l +x)32 + 2—0(—1 +x)%2 + 2—8(—1 +x)72 + Zx4 s (\/E)

Mathematica [A] time = 0.026656, size = 40, normalized size = 0.69

L\/x -1 (5x3 +6x% + 8x + 16) + lex‘* csc! (\/E)

140
Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCsc[Sqrt([x]],x]

[Out] (Sqrt[-1 + x]*(16 + 8*x + 6*%x"2 + 5%xx73))/140 + (x"4*ArcCsc[Sqrt[x]])/4

Maple [A] time = 0.123, size = 43, normalized size = 0.7

4 (x=1)(5x° + 622 +8x +16)

1 1
Zarccsc (\/;) + 120 \/E%
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsc(x~(1/2)),x)

[Out] 1/4*x"4*arccsc(x”(1/2))+1/140%(x-1)*(5*x"~3+6%x~2+8*x+16)/((x-1)/x)"(1/2)/x"
(1/2)
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Maxima [A] time = 0.960817, size = 89, normalized size = 1.53

7 5
1 71 2 3 5(1 2 1 1 31 2 1 1
—x2(——+1) +%x2(—;+1) +Zx4arccsc(\/§)+1x2(—;+1) +Z\/§ —;+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(x~(1/2)),x, algorithm="maxima"

[Out] 1/28%x~(7/2)*(-1/x + 1)7(7/2) + 3/20%x~(5/2)*(-1/x + 1)7(5/2) + 1/4*x"4*arc
csc(sqrt(x)) + 1/4*xx~(3/2)*(-1/x + 1)7(3/2) + 1/4*xsqrt(x)*sqrt(-1/x + 1)

Fricas [A] time = 3.27813, size = 97, normalized size = 1.67

}Lx‘larccsc(ﬁ) + 1411—0 (5x3 +6x? +8x+16)\/x—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(x~(1/2)),x, algorithm="fricas")

[Out] 1/4*x"4xarccsc(sqrt(x)) + 1/140%(5xx"3 + 6*x~2 + 8*x + 16)*sqrt(x - 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsc(x**(1/2)),x%)

[Out] Timed out

Giac [A] time = 1.11458, size = 55, normalized size = 0.95

1 1 1 73 51 34 1
Zx4arcsin(—)+%(x—1)2+%(x_1)z+Z(x_1)z_£l+1\/x_1

Nz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(x~(1/2)),x, algorithm="giac")

[Out] 1/4*x"4x*arcsin(1/sqrt(x)) + 1/28*%(x - 1)7(7/2) + 3/20%(x - 1)7(5/2) + 1/4%(
x - 1)7(3/2) - 4/35%i + 1/4xsqrt(x - 1)
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33  [xPesc (\/E) dx

Optimal. Leaf size=47

—_

1 1 2
§X3 csc! (\/}) + 1_5(x _ 1)5/2 + §(x _ 1)3/2 +

[Out] Sqrt[-1 + x]/3 + (2x(-1 + x)7(3/2))/9 + (-1 + x)7(5/2)/156 + (x~3*ArcCsc[Sqr
t[x11)/3

Rubi [A] time = 0.0186938, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 10, e o e

0.3, Rules used = {5271, 12, 43}

integrand size

X

“[1]

1 1 2
53(3 csc! (\/;) + 1_5(x - 1)5/2 + §(x _ 1)3/2 +

Antiderivative was successfully verified.

[In] Int[x"2*ArcCsc[Sqrt[x]],x]

[Out] Sqrtl-1 + x]/3 + (2x(-1 + x)7(3/2))/9 + (-1 + x)7(5/2)/15 + (x~3*ArcCsc[Sqr
t[x11)/3

Rule 5271

Int[((a_.) + ArcCsclu_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcCsc[u]))/(d*x(m + 1)), x] + Dist[(b*u)/(d*(m
+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), xJ, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
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x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le

QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

fxz csct (\E) dx = 1x3’ csct (\E) + % f Zx/x—lz— dx
—1+x

1 x?
= —x3cscH(Vx) + —f dx
(\/_) 6J V-1+x

1

= 2 ese! (Vi) + % f ( — 2V +x+ (-1 + x)3/2) dx
V-1+x

2 1 1
=— 5(—1 +x)%2 + E(—l +x)%2 + §x3 csc! (\/E)

Mathematica [A] time = 0.0207413, size = 35, normalized size = 0.74

%\/x -1 (3x2 +4x + 8) + %x3 csc! (\/E)

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcCsc[Sqrt[x]],x]

[Out] (Sqrt[-1 + x]*(8 + 4xx + 3*x72))/45 + (x"3*ArcCsc[Sqrt[x]]1)/3

Maple [A] time = 0.118, size = 38, normalized size = 0.8

3 (x—l)(3x2+4x+8)

x 1 1
Earccsc (\/;) + 45 \/E@
x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(x~(1/2)),x)

[Out] 1/3%x"3*%arccsc(x”(1/2))+1/45%(x-1)*(3*x"~2+4xx+8)/((x-1)/x)~(1/2)/x~(1/2)
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Maxima [A] time = 0.992366, size = 70, normalized size = 1.49

5
1 5( 1 2 1 2 31 2 1] 1
Exz’(—;+1) +§x3arccsc(\/§)+§x2(—;+1) +§\/§ —;+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xarccsc(x”(1/2)),x, algorithm="maxima")

[Out] 1/16%x~(5/2)*(-1/x + 1)7(5/2) + 1/3*x"3*arccsc(sqrt(x)) + 2/9%x~(3/2)*(-1/x
+ 1)7(3/2) + 1/3*%sqrt(x)*sqrt(-1/x + 1)

Fricas [A] time = 3.07236, size = 84, normalized size = 1.79

%x3arccsc (\/E) + 4% (3x2 +4x+ S)Vx—l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(x~(1/2)),x, algorithm="fricas")

[Out] 1/3*x"3*arccsc(sqrt(x)) + 1/45%(3*x72 + 4xx + 8)*sqrt(x - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz acsc (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(x**(1/2)),x%)

[Out] Integral (xx*2*acsc(sqrt(x)), x)

Giac [A] time = 1.13071, size = 46, normalized size = 0.98

1 1 1 52 38 1
§x3arcsin(—)+ﬁ(x—1)z +§(x_1)z_4gi+§\/x_1

Nz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x™2*arccsc(x~(1/2)),x, algorithm="giac")

[Out] 1/3*x"3*arcsin(1/sqrt(x)) + 1/15%(x - 1)7(5/2) + 2/9*%(x - 1)7(3/2) - 8/45%i
+ 1/3*sqrt(x - 1)
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34  [xcesc (\/E) dx

Optimal. Leaf size=36

1 1
2 o1 3/2
—x%csc (\/E)+g(x—1)/ +—

2

[Out] Sqrt[-1 + x]/2 + (-1 + x)7(3/2)/6 + (x"2xArcCsc[Sqrt[x]])/2

Rubi [A] time = 0.0119593, antiderivative size = 36, normalized size of antiderivative =

. . number of rules
1., number of steps used = 4, number of rules used = 3, integrand size = 8, e = =

integrand size
0.375, Rules used = {5271, 12, 43}

Vx-1

2

1 1
2 el 32
S¥% csc (\/E) + g(x -1)%% +

Antiderivative was successfully verified.

[In] Int[x*ArcCsc[Sqrt[x]],x]

[Out] Sqrt[-1 + x]/2 + (-1 + x)7(3/2)/6 + (x"2xArcCsc[Sqrt[x]])/2

Rule 5271

Int[((a_.) + ArcCsclu_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcCsclu]))/(d*x(m + 1)), x] + Dist[(b*u)/(d*(m
+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), x], xl], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !'Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le



Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
fx csct (\E) dx = %xz csct (\/5) + % f T ix
2vV-1+x
= %xzcsc 1(\/&) +}1f\/%dx
:%xzcsc 1(\/§)+i (V—lch+m) dx
= \/? + %(—1 +x)%2 + %xz csct (\/E)

Mathematica [A] time = 0.0207999, size = 27, normalized size = 0.75

% (Sx2 csct (\/E) +Vx—-1(x+ 2))

Antiderivative was successfully verified.

[In] Integrate[x*ArcCsc([Sqrt([x]],x]

[Out] (Sqrt[-1 + x]*(2 + x) + 3*x"2*ArcCsc[Sqrt[x]])/6

43

Maple [A] time = 0.114, size = 31, normalized size = 0.9

x? x-D(x+2) 1 1

Earcesc (\/;) + 6 \/E%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(x~(1/2)),x)

[Out] 1/2*x"2*arccsc(x”(1/2))+1/6*(x-1)*(x+2)/((x-1)/x)"(1/2)/x~(1/2)
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Maxima [A] time = 1.01095, size = 51, normalized size = 1.42

3
1 3(1 2 1 1 1
6xz(—;+1) +§x2arccsc(\/§)+§\/§‘/—;+l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(x”(1/2)),x, algorithm="maxima")

[Out] 1/6*x~(3/2)*(-1/x + 1)7(3/2) + 1/2xx"2*arccsc(sqrt(x)) + 1/2*sqrt(x)*sqrt(-
1/x + 1)

Fricas [A] time = 3.20773, size = 69, normalized size = 1.92
1

1
> x? arcesc (\/§) t2 (x+2)Vx -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(x”(1/2)),x, algorithm="fricas")

[Out] 1/2*x"2*arccsc(sqrt(x)) + 1/6%(x + 2)*sqrt(x - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

f xacsc (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsc(x**(1/2)),x)

[Out] Integral(x*acsc(sqrt(x)), x)

Giac [A] time = 1.11054, size = 36, normalized size = 1.

1 1) 1 |
ExZarcsin(—)+g(x—1)z_51‘4_5\/3(_1

Nz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(x~(1/2)),x, algorithm="giac")

[Out] 1/2*x"2*arcsin(1/sqrt(x)) + 1/6x(x - 1)7(3/2) - 1/3*i + 1/2*sqrt(x - 1)
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35  [esc! (\/E) dx

Optimal. Leaf size=16
Vx -1+ xcsc™ (\/E)

[Out] Sqrt[-1 + x] + x*ArcCsc[Sqrt[x]]

Rubi [A] time = 0.0039246, antiderivative size = 16, normalized size of antiderivative
number of rules

1., number of steps used = 3, number of rules used = 3, integrand size = 6,
0.5, Rules used = {5269, 12, 32}

integrand size

Vx—1+xcsc! (\/E)

Antiderivative was successfully verified.

[In] Int[ArcCsc[Sqrt([x]],x]
[Out] Sqrt[-1 + x] + x*ArcCsc[Sqrt([x]]

Rule 5269

Int[ArcCsc[u_], x_Symbol] :> Simp[x*ArcCsc[u], x] + Dist[u/Sqrt[u~2], Int[S
implifyIntegrand[(x*D[u, x])/(u*Sqrt[u~2 - 11), x], x], x] /; InverseFuncti
onFreeQ[u, x] && !FunctionOfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol]l :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 32
Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*(m +

1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rubi steps
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fcsc‘l( )x—xcscl(\/;) fz\/%dx

:xcsc_l(\/})+%f\/%dx
=V-1+x+xcsc” (\/_)

Mathematica [A] time = 0.0043057, size = 16, normalized size = 1.

Vx—1+xcscl (\/E)

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[Sqrt[x]],x]

[Out] Sqrt[-1 + x] + x*ArcCsc[Sqrt[x]]

Maple [A] time = 0.116, size = 24, normalized size = 1.5

(f

Verification of antiderivative is not currently implemented for this CAS.

xarccsc

[In] int(arccsc(x~(1/2)),x)

[Out] x*arccsc(x~(1/2))+1/((x-1)/x)~(1/2)/x~(1/2)*(x-1)

Maxima [A] time = 1.01964, size = 27, normalized size = 1.69

varcese (VE) # ¥Ry L 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x”(1/2)),x, algorithm="maxima")



[Out] x*arccsc(sqrt(x)) + sqrt(x)*sqrt(-1/x + 1)
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Fricas [A] time = 3.08308, size = 45, normalized size = 2.81

xarccsc (\/E) +vVx-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2)),x, algorithm="fricas")

[Out] x*arccsc(sqrt(x)) + sqrt(x - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(x**(1/2)),x)

[Out] Integral(acsc(sqrt(x)), x)

Giac [A] time = 1.1163, size = 20, normalized size = 1.25

1
X arcsin (—) —-i+Vx-1
\x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x”(1/2)),x, algorithm="giac")

[Out] x*arcsin(1/sqrt(x)) - i + sqrt(x - 1)
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36 [Ty,

X

Optimal. Leaf size=56

2

iPolyLog (2, ¢ Csc_l(ﬁ)) +icsc! (\/E) —2csct (\/E) log (1 —A Csc_l(ﬁ))

[Out] I*ArcCsc[Sqrt[x]]1~2 - 2*ArcCsc[Sqrt[x]]*Logl[l - E~((2*I)*ArcCsc[Sqrt[x]])]
+ IxPolyLog[2, E~((2%I)*ArcCsc[Sqrt([x]])]

Rubi [A] time = 0.0826394, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, e =

0.6, Rules used = {56219, 4625, 3717, 2190, 2279, 2391}

iPolyLog (2,¢#" (%) + fesc (V)" - 257 (Vi) log (1 - e ()

integrand size

2

Antiderivative was successfully verified.

[In] Int[ArcCsc[Sqrt(x]]/x,x]

[Out] I*ArcCsc[Sqrt[x]]1~2 - 2*ArcCsc[Sqrt[x]]*Logll - E~((2*I)*ArcCsc[Sqrt[x]])]
+ I*PolyLog[2, E~((2xI)*ArcCsc[Sqrt[x]]1)]

Rule 5219

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
xArcSin[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + bxx)n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, 0]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E~ (2*xI*k*Pi)*E~ (2*xI* (e + f*x)))/(1 + E~(2*I*k*Pi)*E~(2*I*(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]
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Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Logl[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

-1

f M dx = 2 Subst (f e () dx, x, \E)
x

sm (x) dx, ¢ L))
"Vx

- [2 Subst

(1
- (2 Subst xcot(x) dx, x,sin (ﬁ)))

1 1
=isin™! $) + 4i Subst (fl — dx,x sin”! (%))
1 1 1 2isin71(i)
=isin” $) ~2sin™ \/E)log 1-e Vx/ | + 2 Subst (flog —ezzx) dx, x,sin”
1 1 isin! 1 1 1- isin~
= isin™! —) —2sin™! )log 1—62S (‘&) —iSubst f o8 x)dx 2
Vx Vx X
2 c -1 1 S |
1 1 111 1 =] 1n 1 —_
=isin”! —) —2sin”! )log 1-¢" (‘/’?) +iLi, e (‘ﬁ)
Vx Vx

Mathematica [A] time = 0.031124, size = 54, normalized size = 0.96

i (PolyLog (2, e Csc_l(ﬁ)) +cse™ (Vi) (CSC‘l (V&) +2ilog (1 _ CSC‘l(ﬁ))))

v

)

)
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Antiderivative was successfully verified.

[In] Integrate[ArcCsc[Sqrt[x]]/x,x]

[Out] I*(ArcCsc[Sqrt([x]]*(ArcCsc[Sqrt[x]] + (2*I)*Logl[l - E~((2*I)*ArcCsc[Sqrt[x]
1)1) + PolyLogl[2, E~((2*I)*ArcCsc[Sqrt[x]])])

Maple [A] time = 0.168, size = 105, normalized size = 1.9

e (V) ~2aecse ()11 - - VE) 2 (V)1 + V) 4 2ot 2 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(x~(1/2))/x,x)

[Out] I*arccsc(x”(1/2)) " 2-2*arccsc(x”(1/2))*1n(1-I/x~(1/2)-(1-1/x)"(1/2))-2*arccs
c(x~(1/2))*1n(1+I/x~(1/2)+(1-1/x)~(1/2) ) +2*I*polylog(2,-I/x~ (1/2)-(1-1/x)"(
1/2))+2*Ixpolylog(2,I/x~(1/2)+(1-1/x)"(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f arcesc (\/E)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x,x, algorithm="maxima")

[Out] integrate(arccsc(sqrt(x))/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

=)

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsc(x~(1/2))/x,x, algorithm="fricas")

[Out] integral(arccsc(sqrt(x))/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (\/E) 5

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(x**(1/2))/x,x)

[Out] Integral(acsc(sqrt(x))/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arccsc (\/E)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x,x, algorithm="giac")

[Out] integrate(arccsc(sqrt(x))/x, x)
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3.7 fm dx

x2

Optimal. Leaf size=38

-1 1 csc (/x
il ——tan_l( x—1)——(\/_)
2x 2 X

[Out] -Sqrt[-1 + x]/(2*x) - ArcCsc[Sqrt[x]]/x - ArcTan[Sqrt[-1 + x]]/2

Rubi [A] time = 0.0154438, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, e -

integrand size
0.5, Rules used = {5271, 12, 51, 63, 203}

-1 1 csc (/x
il ——tan_l( x—l)—J
2x 2 X

Antiderivative was successfully verified.

[In] Int[ArcCsc[Sqrt([x]]/x"2,x]
[Out] -Sqrt[-1 + x]/(2*x) - ArcCsc[Sqrt[x]]/x - ArcTan[Sqrt[-1 + x]]/2

Rule 5271

Int[((a_.) + ArcCsclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcCsc[u]))/(dx(m + 1)), x] + Dist[(b*u)/(d*(m
+ 1)xSqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u2 - 1]1), xJ], %], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] &% !'Function0fQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*xx)"(m + D*(c + d*x)"(n + 1))/ ((bxc - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
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1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] I| (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)~"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

cse! (/fx cse7 (y/fx 1
[ x( ) o ()‘f

—dx
2 X 2V-1 + xx?
csc! 1
_ - f —— ix
2J -1+ xx?
vV-1+x osc! (\/§ f p
=- - -— | ——dx
2x x 4J V-1 +xx
V-1 csc™
=- r ——Subst dxx + x
2x 1+
1 csct(WVx) 1
T fﬂ—gtan-l(rnx)

Mathematica [A] time = 0.0241616, size = 32, normalized size = 0.84

_\/ﬁ— xsin™! (%) +2csc! (\/E)

2x

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[Sqrt([x]]/x"2,x]
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[Out] -(Sqrt[-1 + x] + 2*ArcCsc[Sqrt[x]] - x*ArcSin[1/Sqrt[x]])/(2xx)

Maple [A] time = 0.114, size = 46, normalized size = 1.2

)x—\/ﬁ) ! X 2

1 1 1
——arcesc (Vx) + =Vx —1|arctan
x (\/—) 2 ( (\/x -1

Verification of antiderivative is not currently implemented for this CAS.
[In] int(arccsc(x~(1/2))/x"2,x%)

[Out] -arccsc(x™(1/2))/x+1/2*%(x-1)"(1/2)*(arctan(1/(x-1)~(1/2))*x-(x-1)~(1/2))/ ((
x-1)/x)7(1/2) /x~(3/2)

Maxima [A] time = 1.50806, size = 69, normalized size = 1.82

\/;\/—1 +1 arcese (vVx) 1 1
2 (\/_) -3 arctan (\/; - 1]

Z(x(j—(—l)—l)_ X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x”(1/2))/x"2,x, algorithm="maxima")

[Out] 1/2*sqrt(x)*sqrt(-1/x + 1)/(x*(1/x - 1) - 1) - arccsc(sqrt(x))/x - 1/2*arct
an(sqrt(x)*sqrt(-1/x + 1))

Fricas [A] time = 2.76804, size = 63, normalized size = 1.66

(x —2)arccsc (\/E) -vVx-1
2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"2,x, algorithm="fricas")
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[Out] 1/2*%((x - 2)*arccsc(sqrt(x)) - sqrt(x - 1))/x

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (\/E) "

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(x**(1/2))/x**2,x)

[Out] Integral(acsc(sqrt(x))/x**2, x)

Giac [A] time = 1.09947, size = 43, normalized size = 1.13

1
o)) m e ()
-(=-1|arcsin|—=| - ———=— - = arcsin|—
x Vx/oo2vx 2 Vx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"2,x, algorithm="giac")

[Out] -(1/x - 1)*arcsin(1/sqrt(x)) - 1/2*sqrt(-1/x + 1)/sqrt(x) - 1/2*arcsin(1/sq
rt(x))
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38 [Ty,

x3

Optimal. Leaf size=54

) -1 CSC_l(\/})_E’»m 3 —1( x—1)

_ 2
822 222 Tex 16 "

[Out] -Sqrt[-1 + x]/(8*x72) - (3*Sqrt[-1 + x])/(16%x) - ArcCsc[Sqrt[x]]/(2*x~2) -
(3xArcTan[Sqrt[-1 + x]]1)/16

Rubi [A] time = 0.0201348, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e -

integrand size
0.5, Rules used = {5271, 12, 51, 63, 203}

Vx-1 GRJ(VE)_3V§tT 3 ( x—1)

_ -t -1
822 222 Tex 16 "

Antiderivative was successfully verified.

[In] Int[ArcCsc[Sqrt[x]]/x"3,x]

[Out] -Sqrt[-1 + x]/(8*x72) - (3*Sqrt[-1 + x])/(16%x) - ArcCsc[Sqrt[x]]/(2*x~2) -
(3*ArcTan[Sqrt[-1 + x]])/16

Rule 5271

Int[((a_.) + ArcCsclu_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + b*ArcCsc[u]))/(d*x(m + 1)), x] + Dist[(b*u)/(d*(m
+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), xJ, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*xx)"(m + D*(c + d*x)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(d*(
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m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*xx)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[la/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

csc™ (\/E) cse 1(
f— dx=-—7 f dx
X3 22 2 2\/—1 + xx3
cse 1( f
222 \/—1 + xx3
V1 +x esc

82 2x2 f w/—l + xxz
\/—1+x_3\/—1+x_CSC_1(\/§)_if 1
82 16x 22 2J) Voo

V=1+x 3V-1+x ocsc(Vx (
= - - - s bst 5 d
82 T6x 22 oS ( 1+22 7% x)
V=T+x 3V-1+x osc’! (ﬁ) 3.
. - - ~ 2 tan (V41
82 16x 22 16" ( i x)

Mathematica [A] time = 0.0472944, size = 55, normalized size = 1.02

x—l(_ 1 3 ) sl (V) 3 __1(1)

X 8x32 16+/x B
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Antiderivative was successfully verified.
[In] Integrate[ArcCsc[Sqrt[x]]/x"3,x]

[Out] (-1/(8*x~(3/2)) - 3/(16*Sqrt[x]))*Sqrt[(-1 + x)/x] - ArcCsc[Sqrt[x]]/(2*x~2
) + (3*%ArcSin[1/Sqrt[x]])/16

time = 0.118, size = 57, normalized size = 1.1

Maple [A]
1 1 1 ) 1 5
——arccsc(\/})——\/x—l -3 arctan 2 +3xVx-1+2Vx-1 X 2
2 x2 16 -1 -1
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(x~(1/2))/x"3,x)

[Out] -1/2*arccsc(x™(1/2))/x72-1/16%(x-1)"(1/2)*(-3xarctan(1/(x-1)"(1/2) ) *x~2+3*x
*(x=1)7(1/2)+2% (x-1)7(1/2)) / ((x=1) /)~ (1/2) /%7 (56/2)

time = 1.51452, size = 108, normalized size = 2.

3
301 2 1
3x2(—3—c + 1) +5vx=2+1  arcese (\/;) 3 1
- ) 5 ) - 2 T3 arctan | vx 7 +1
16 (xz(; —1) - ZX(; - 1) + 1)

Verification of antiderivative is not currently implemented for this CAS.

Maxima [B]

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="maxima"

[Out] -1/16%(3*x~(3/2)*(-1/x + 1)7(3/2) + bxsqrt(x)*sqrt(-1/x + 1))/ (x"2*x(1/x - 1
)72 - 2*xxx(1/x - 1) + 1) - 1/2%arccsc(sqrt(x))/x"2 - 3/16*arctan(sqrt(x)*sq

rt(-1/x + 1))

time = 3.32783, size = 86, normalized size = 1.59
(3 x% - 8) arccsc (\/E) ~(Bx+2)Vx-1

16 x2

Fricas [A]
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="fricas")

[Out] 1/16%((3*x"2 - 8)*arccsc(sqrt(x)) - (3*x + 2)*sqrt(x - 1))/x72

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(x**(1/2))/x**3,x)

[Out] Timed out

Giac [A] time = 1.13661, size = 51, normalized size = 0.94

_3(x—1)§ +5Vx-1 arcsin(\/%) _ 3 ietan (m)

16 x2 2x? 16
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="giac")

[Out] -1/16%(3*(x - 1)7(3/2) + b*sqrt(x - 1))/x"2 - 1/2*arcsin(1/sqrt(x))/x"2 - 3
/16*arctan(sqrt(x - 1))
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3.9 fxz csc! (z) dx

Optimal. Leaf size=56

[Out] (a”3x%Sqrt[1 - x72/a72])/3 - (a”3%(1 - x72/a"2)"(3/2))/9 + (x~3*ArcSin[x/al)
/3

Rubi [A] time = 0.0445915, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 10, e -

0.4, Rules used = {5265, 4627, 266, 43}

32
1 x? 1, [ 22 1 X
281 gt B Iy paey B g
9a (1 az) +3u 1 " +3x sin (g)

Antiderivative was successfully verified.

integrand size

[In] Int[x"2*ArcCscla/x],x]

[Out] (a”3*Sqrt[1 - x72/a"2])/3 - (a73*(1 - x72/a"2)"(3/2))/9 + (x~3*ArcSin[x/al)
/3

Rule 5265

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_ )" (m_.))]" " (m_.)*(u_.), x_Symbol] :> Int[
u*xArcSin[a/c + (b*x"n)/c]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4627

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcSin[c*x]) n)/(d*(m + 1)), x] - Dist[(b*c*n
)/ (dx(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcSin[c*x])"(n - 1))/Sqrt[l - c"2
xx~2], x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
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, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
fxz csc! (E) dx = fxz sin”! (—) dx
x a
3
f = dx
1-2
1 2
= 3% sin” (g) B 3a2
Subst f al — dx, x, xz)
1, . 4 (x) 1=
=—x3sin =] -
3 a 6a
2
Subst f{ u — — %\ [1- aiz] dX,x,xz)
1 -3
= —x3sin™" (E) - 2
3 a 6a
1. [ 2 1 2\%2 4
= 5513 1- ;C—z —~ 5113 (1 - ;C—Z) + =x3sin”! (E)

Mathematica [A] time = 0.0345158, size = 42, normalized size = 0.75

1 2 1
—a (2a2 + xz) \/1- X Sese (E)
9 a2 3 X

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcCscla/x],x]

[Out] (ax(2*a”2 + x"2)*Sqrt[1 - x72/a"2])/9 + (x"3*ArcCscla/x])/3
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Maple [A] time = 0.182, size = 66, normalized size = 1.2

N (a) x4 1+a2 2a2+1 1
-a3|———arcesc |- |- — -1+ =]|[2—= R
343 x/ 9a* x2 )\ a2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(a/x),x)

[Out] -a~3*(-1/3/a"3*x"3*arccsc(a/x)-1/9%(-1+a"2/x"2)*(2*xa~2/x"2+1) /((-1+a"2/x"2)
/a”2%x"2) " (1/2)/a"4*xx"4)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(a/x),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 3.20929, size = 88, normalized size = 1.57

1 ay 1 a%2 — x2
— x3arcesc (—) + = (2 a’x + x3)
3 X 9

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(a/x),x, algorithm="fricas")

[Out] 1/3*x~3*arccsc(a/x) + 1/9%(2%a~2*x + x"3)*sqrt((a”2 - x72)/x72)
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Sympy [A] time = 0.794045, size = 51, normalized size = 0.91

2 2
3 [, x 2 [, x
2a 1_51_2 ax: 1_a_2 x3 acsc(f—()
Tt 5+ fora #0
43

3
Sox otherwise

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x**2*acsc(a/x),x)

[Out] Piecewise((2*ax*3*sqrt(l - x**2/a**x2)/9 + a*xx*x2%sqrt(l - x**2/a**2)/9 + xx*
*3xacsc(a/x)/3, Ne(a, 0)), (zooxx**x3, True))

Giac [A] time = 1.09508, size = 92, normalized size = 1.64
2 2 :
1 1 2 1 1
= 2 E 2 1) arcsin (f) 2 8(-E +1) + = 2raresin (f) + a3\ -=+1
3 2 al 9 a2 3 al 3 a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(a/x),x, algorithm="giac")
g g g

[Out] 1/3%a"2xx*x(x"2/a"2 - 1)*arcsin(x/a) - 1/9%a"3*x(-x"2/a"2 + 1)°(3/2) + 1/3*%a"~
2xx*xarcsin(x/a) + 1/3*%a"3*sqrt(-x"2/a"2 + 1)
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3.10 fxcsc‘1 (g) dx

Optimal. Leaf size=47

1 [ x2 1 x\ 1 X
Zax 1- ; — Zaz sin~! (E) + Exz sin™! (5)

[Out] (a*xx*Sqrt[l - x72/a"2])/4 - (a"2*%ArcSin[x/al)/4 + (x"2xArcSin[x/a])/2

Rubi [A] time = 0.020382, antiderivative size = 47, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 8, o -

integrand size
0.5, Rules used = {5265, 4627, 321, 216}

1 x2 1 xy 1 x
Zaxﬂl i Zaz sin~! (E) + Exz sin™! (Z)

Antiderivative was successfully verified.

[In] Int[x*ArcCscla/x],x]
[Out] (a*xx*Sqrt[l - x72/a"2])/4 - (a~2*ArcSin[x/al])/4 + (x"2*ArcSin[x/al)/2

Rule 5265

Int [ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(m_.))] " (m_.)*(u_.), x_Symbol]l :> Int[
uxArcSin[a/c + (b*x"n)/c]™m, x] /; FreeQ[{a, b, c, n, m}, x]

Rule 4627

Int[((a_.) + ArcSin[(c_.)*(x_ )]*(_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcSin[c*x])"n)/(d*(m + 1)), x] - Dist[(b*c*n
)/(dx(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcSin[c*x])"(n - 1))/Sqrt[1l - c72
*x~2], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 321

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n)p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]
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Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

fxcsc‘1 (E) dx = fxsin_1 (E) dx
x a

f = dx
1-2
1 X 3
_lo. a
=—x?s ~|-
2 m (a) 2a
1 X2 1 xy 1 1
= —axy[1 - = + =x2sin~"! (—)——a dx
4 a2 2 al 4 1_x_2
(12

Mathematica [A] time = 0.0247413, size = 44, normalized size = 0.94

1 2
= [axqy/1- A, (— sin! (J—C)) +2x2 csc! (E)
4 a2 a X

Antiderivative was successfully verified.

[In] Integrate[xxArcCscla/x],x]

[Out] (a*xx*Sqrt[1l - x72/a”2] + 2*x"2%ArcCscla/x] - a"2*xArcSin[x/al)/4

Maple [B] time = 0.188, size = 93, normalized size = 2.

x2 a\  ax a2 1 1 X3 a2 1
—arccsc (—) — —14/-1+ — arctan +— -1+ —=| —7—
2 x) 4 x? \/ a2 \/ 2 2 x2 2 2
-1+ >
X

4a R
a‘z(‘“x‘z) a‘z(‘“z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(a/x),x)
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[Out] 1/2*x"2*arccsc(a/x)-1/4*ax(-1+a~2/x72)"(1/2)/((-1+a~2/x72)/a~2*x"2) " (1/2) *x
xarctan(1l/(-1+a~2/x72)"(1/2))+1/4/a*x(-1+a~2/x72) / ((-1+a~2/x72) /a~2*x"2) ~(1/

2)*x"3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(a/x),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 3.12678, size = 85, normalized size = 1.81

1 a2 -x2 1 a
2 2 2 z
- X 2 —Z(a -2x )arccsc(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(a/x),x, algorithm="fricas")

[Out] 1/4*x"2xsqrt((a”2 - x72)/x72) - 1/4x(a”2 - 2*xx"2)*arccsc(a/x)

Sympy [A] time = 0.301014, size = 41, normalized size = 0.87
x2
2 a ax4[1-= 2 a
_e aczc(") +— @ 1z aczc(") fora #0
&x? otherwise

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*acsc(a/x),x)

[Out] Piecewise((-a**2*acsc(a/x)/4 + axxxsqrt(l - x*x2/a*x2)/4 + x*x2xacsc(a/x)/2

, Ne(a, 0)), (zoo*x*x*2, True))
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Giac [A] time = 1.11107, size = 65, normalized size = 1.38

1 2 x2 X X 1 2 . X xZ
—a“l —= —1]arcsin (—) + — a“arcsin (—) +—ax/—— +1
2 \a? al 4 a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(a/x),x, algorithm="giac")

[Out] 1/2*%a"2x(x"2/a"2 - 1)*arcsin(x/a) + 1/4xa"2xarcsin(x/a) + 1/4xa*x*sqrt(-x~2
/a”2 + 1)
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3.11 fcsc‘1 (Z) dx

Optimal. Leaf size=25

x? (X
a 1——2+xsm -
a a

[Out] axSqrt[1 - x72/a"2] + x*ArcSin[x/al

Rubi [A] time = 0.0097707, antiderivative size = 25, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 6, o -

integrand size
0.5, Rules used = {5265, 4619, 261}

x? (X
a 1——2+xsm -
a a

Antiderivative was successfully verified.

[In] Int[ArcCscla/x],x]
[Out] axSqrt[1 - x72/a"2] + x*ArcSin[x/al

Rule 5265

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x )" (m_.))] " (m_.)*(u_.), x_Symbol] :> Int[
uxArcSin[a/c + (b*x"n)/c]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4619

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
cSin[c*x])"n, x] - Dist[b*c*n, Int[(x*(a + b*ArcSin[c*x])~(n - 1))/Sqrtl[1l -
c™2%x~2], x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (oxn*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps
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et (2)oc= [ ()

a

Mathematica [A] time = 0.0116146, size = 25, normalized size = 1.

x? L (a
a 1——2+xcsc -
a X

Antiderivative was successfully verified.

[In] Integrate[ArcCscla/x],x]

[Out] axSqrt[1 - x72/a"2] + x*ArcCscla/x]

Maple [B] time = 0.182, size = 52, normalized size = 2.1

X (a) x? a 1
—a|-—arccsc|- |- = [-1+ = | —m-
a x/ a? x2] [ 2
0-3)
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a/x),x)

[Out] -ax(-1/ax*x*arccsc(a/x)-1/((-1+a~2/x"2)/a"2xx"2) " (1/2)/a"2xx"2x(-1+a"2/x"2))

Maxima [A] time = 1.00991, size = 31, normalized size = 1.24

a

X arccsc (—) +ay-— + 1
X a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x),x, algorithm="maxima"

[Out] x*arccsc(a/x) + axsqrt(-x"2/a"2 + 1)

Fricas [A] time = 2.97449, size = 55, normalized size = 2.2

a a2 — x2

X arccsc (—) + X
X

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x),x, algorithm="fricas")

[Out] x*arccsc(a/x) + x*sqrt((a™2 - x72)/x72)

Sympy [A] time = 0.221764, size = 22, normalized size = 0.88

x2 a
{awll -= +xacsc()—c) fora+0

Sox otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x),x)

[Out] Piecewise((a*sqrt(l - x**x2/a**2) + x*acsc(a/x), Ne(a, 0)), (zoo*x, True))

Giac [A] time = 1.08226, size = 35, normalized size = 1.4
xarcsin (= 2
[y, )
a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x),x, algorithm="giac")



[Out] ax(x*arcsin(x/a)/a + sqrt(-x~2/a"2 + 1))

72
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312 | i)

Optimal. Leaf size=59

1. 2isin_1(f)) 1., 4 (X)z . 1 (x) ( 2isin_1(f))
2zPolyLog (Z,e Sisin | —) +sin |~ log|l-e

[Out] (-I/2)*ArcSin[x/a]l~2 + ArcSin[x/al*Logl[l - E~((2*I)*ArcSin[x/a])] - (I/2)*P
olyLog[2, E~((2*I)*ArcSin[x/al)]

Rubi [A] time = 0.0636623, antiderivative size = 59, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 10, e

integrand size
0.6, Rules used = {5265, 4625, 3717, 2190, 2279, 2391}

1 isin H(Z 1 2 ca —1(X
_EiPOIYLog (2, gisin 1(a)) - Eism_l (E) +sin”! (g) log (1 _eAsin 1(;;))

a

Antiderivative was successfully verified.

[In] Int[ArcCscla/x]/x,x]

[Out] (-I/2)*ArcSin[x/al”2 + ArcSin[x/al*Logl[l - E~((2*I)*ArcSin[x/al)] - (I/2)*P
olyLogl[2, E~((2*I)*ArcSin[x/al)]

Rule 5265

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x )" (m_.))]" " (m_.)*(u_.), x_Symbol] :> Int[
u*ArcSin[a/c + (b*x"n)/c]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x)"n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E” (2% Ixk*Pi) *E~ (2%Ix(e + f*x)))/(1 + E~(2%Ixk*Pi)*E~ (2%Ix(e + f*x))), x],
x] /; FreeQl[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]
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Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, nt, x] && GtQ[a, O]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

X

= Subst (fxcot(x) dx, x, sin” (g))

1 x\2 ey X
= ——igin ! (—) — 2i Subst f — dx,x,sin”! (—)
2 a 1- eZZx a

1 2 sin1(2 ,
= ——isin”! (E) +sin™! (E) log (1 e 1(»?)) — Subst (flog (1 - 62”‘) dx, x,sin~* (E))
2 a a a
1 2 fsinH(E 1 log(1 — isin (X
= ——isin™" (E) +sin” (E) log (1 - e 1(ﬂ)) + —iSubst f og(1 = %) dx, x, &5 (2)
2 a a 2 x
_ —lisin_l (5)2 +sin! (f) log (1 2isin” (g)) _ SiLi (ezisin‘ (-))
2 a a

Mathematica [A] time = 0.0329512, size = 54, normalized size = 0.92
s (7)) 1 2 esc1(1
csc! (g) log (1 — P 1(x)) -5 (CSC_l (f_c) + PolyLog (2, ¢ o 1(r)))

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCscla/x]/x,x]



75

[Out] ArcCscla/x]#*Logl[1l - E~((2*I)*ArcCscla/x])] - (I/2)*(ArcCscl[a/x]"2 + PolyLog
[2, ET((2*I)*ArcCscla/x])])

Maple [A] time = 0.238, size = 125, normalized size = 2.1

i a\\2 a ix x? a ix x| . —ix
—— (arccse (—)) + arccsc (—) In{1-——-4/1- = |+ arccsc (—) In{1+ —+4/1-—|-ipolylog|2, — —4/1 -
2 X X a a2 X a a2 a

Verification of antiderivative is not currently implemented for this CAS.
[In] int(arccsc(a/x)/x,x)
[Out] -1/2*I*arccsc(a/x) 2+arccsc(a/x)*1n(1-I/a*x-(1-x"2/a~2)"(1/2))+arccsc(a/x)*

In(1+I*x/a+(1-x"2/a"2)"(1/2))-I*polylog(2,-I/a*x-(1-x"2/a"2)~(1/2))-I*polyl
0g(2,Ixx/a+(1-x"2/a~2)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

a
arcesc (—)
integral [Tx' x]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x,x, algorithm="fricas")

[Out] integral(arccsc(a/x)/x, x)



76

Sympy [F] time = 0., size = 0, normalized size = 0.

I%dx

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x)/x,x)

[Out] Integral(acsc(a/x)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

a

f arccsc (x) J
—ax

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x,x, algorithm="giac")

[Out] integrate(arccsc(a/x)/x, x)
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313 | i)

Optimal. Leaf size=32

[Out] -(ArcSin[x/al/x) - ArcTanh[Sqrt[1 - x"2/a"2]]/a

Rubi [A] time = 0.030622, antiderivative size = 32, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, e =

0.5, Rules used = {5265, 4627, 266, 63, 208}

_ 2
tanhl( 1—%) sin_l(;—c)

a X

integrand size

Antiderivative was successfully verified.

[In] Int[ArcCscla/x]/x"2,x]

[Out] -(ArcSin[x/al/x) - ArcTanh[Sqrt[1 - x"2/a"2]]/a

Rule 5265

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(m_.))]"(m_.)*(u_.), x_Symbol] :> Int[
u*ArcSinf[a/c + (b*x"n)/cl”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4627

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcSin[c*x])™n)/(d*x(m + 1)), x] - Dist[(b*c*n
)/(dx(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcSin[c*x])"(n - 1))/Sqrt[1l - c~2
*x~2], x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]
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Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

x2 x2
f ! dx
)
X a
1 2
G-l (x) Subst(fx\/%dx,x,xJ
B X M 2a
1 —_
= _Sm . (”) — aSubst (f - —1a2x2 dx,x, 4|1 - ;C—i]

Mathematica [B] time = 0.143413, size = 93, normalized size = 2.91

2
x\/% —1{log

a

a
a2 a2 ~1(4
3 5] e ()

[ x2 - X
2(12 1- a_z

Antiderivative was successfully verified.

[In] Integrate[ArcCscla/x]/x72,x]
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[Out] -(ArcCscla/x]/x) - (Sqrt[-1 + a~2/x"2]*x*(-Log[l - a/(Sqrt[-1 + a~2/x"2]*x)
] + Logl[l + a/(Sqrt[-1 + a~2/x72]*x)]))/(2*%a"2*Sqrt[1 - x72/a"2])

Maple [A] time = 0.182, size = 42, normalized size = 1.3

1 ay\ 1 [(a a x2
——arccsc (—) ——In|-+-4/1-=
x x) a |x «x a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a/x)/x"2,x)

[Out] -arccsc(a/x)/x-1/axln(a/x+1/x*a*x(1-x"2/a~2)"(1/2))

Maxima [A] time = 0.975614, size = 70, normalized size = 2.19

Zuarccsc(g) \/T \/T
7+10g( —u—2+1+1)—10g(— -5 +1 +1)

2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"2,x, algorithm="maxima"

[Out] -1/2%(2*a*arccsc(a/x)/x + log(sqrt(-x~"2/a"2 + 1) + 1) - log(-sqrt(-x~2/a"2
+ 1) +1))/a

Fricas [B] time = 3.36956, size = 140, normalized size = 4.38

Z 2

2 42
2aarccsc(f—()+xlog(x axzx +g)—xlog(x xzx _”)

2ax
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"2,x, algorithm="fricas")
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[Out] -1/2%(2*a*xarccsc(a/x) + x*xlog(x*sqrt((a™2 - x72)/x72) + a) - x*log(x*sqrt ((

a~2 - x72)/x72) - a))/(a*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f acCsc (Z) I

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x)/x**2,x)

[Out] Integral(acsc(a/x)/x**2, x)

Giac [A] time = 1.1264, size = 82, normalized size = 2.56

log(|a+\1a2—x2|) log(|—u+\/a2—x2|)
a —

. x
a a arcsin (;)

2|a| X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x72,x, algorithm="giac")

[Out] -1/2%a*(log(abs(a + sqrt(a™2 - x72)))/a - log(abs(-a + sqrt(a™2 - x72)))/a)

/abs(a) - arcsin(x/a)/x
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a
314 (S0
Optimal. Leaf size=38

x2 .1 (x
1-= sin ! (—)
a a

2ax 2x2

[Out] -Sqrtl[1l - x~2/a"2]/(2*a*x) - ArcSin[x/al/(2%x72)

Rubi [A] time = 0.0221313, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e e .

0.3, Rules used = {5265, 4627, 264}

integrand size

Antiderivative was successfully verified.

[In] Int[ArcCscla/x]/x"3,x]

[Out] -Sqrtl[1l - x72/a"2]/(2xa*x) - ArcSin[x/al/(2%x72)

Rule 5265

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(m_.))]"(m_.)*(u_.), x_Symbol] :> Int[
u*ArcSin[a/c + (b*x"n)/cl”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4627

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcSin[c*x])™n)/(d*x(m + 1)), x] - Dist[(b*c*n
)/(d*¥(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcSin[cxx])"(n - 1))/Sqrt[l - c~2
xx~2], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 264

Int[(Cc_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(m_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + bxx™n)"(p + 1))/(axcx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]
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Rubi steps

_ a
2x2 2a
2
\/1 - ;(—2 sin~! (—)
C2ax 22

time = 0.0266303, size = 35, normalized size = 0.92

2
xyJ1-5 +acsc™ (E)
a X

2ax?

Mathematica [A]

Antiderivative was successfully verified.

[In] Integrate[ArcCscla/x]/x"3,x]

[Out] -(x*Sqrt[1 - x72/a"2] + axArcCscla/x])/(2%a*xx~2)

Maple [A] time = 0.186, size = 54, normalized size = 1.4

1| a? ay  x a? 1
—-— | =arcesc (—) +— -1+ 5|
a2 | 2 x2 x/ 2a x2) [z 2
)
a X
Verification of antiderivative is not currently implemented for this CAS.
[In] int(arccsc(a/x)/x"3,x)

[Out] -1/a"2%(1/2*a~2/x"2*arccsc(a/x)+1/2/((-1+a"2/x"2)/a"2*%x"2) "~ (1/2) /a*x*x(-1+a”
2/x72))




Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"3,x, algorithm="maxima")

[Out] Exception raised: ValueError

83

Fricas [A] time = 3.2053, size = 84, normalized size = 2.21

> a 5 [a%-x2
a~ arccsc (—) + X >
_ x x

2 a2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"3,x, algorithm="fricas")

[Out] -1/2x(a"2*xarccsc(a/x) + x"2*xsqrt((a”™2 - x72)/x72))/(a"2*x"2)

Sympy [F] time = 0., size = 0, normalized size = 0.

acsc (E)

f x3x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x)/x**3,x)

[Out] Integral(acsc(a/x)/x**3, x)

Giac [A] time = 1.11512, size = 82, normalized size = 2.16

a+V uz—xz X
2 - Nz
ax (a+Va2—x2)a2 arcsin (—)
a

4a| 2 x?2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"3,x, algorithm="giac")

[Out] -1/4xax((a + sqrt(a™2 - x72))/(a"2*x) - x/((a + sqrt(a™2 - x72))*a"2))/abs(
a) - 1/2*arcsin(x/a)/x"2
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315 | i)

Optimal. Leaf size=60

2 tanh (1= 5 1
1 - a—z a2 sin (;)

6ax? 643 3x3

[Out] -Sqrtl[1l - x72/a"2]/(6%a*x”~2) - ArcSin[x/al/(3*x~3) - ArcTanh[Sqrt[l - x"2/a
=211/ (6xa"3)

Rubi [A] time = 0.0418601, antiderivative size = 60, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 10, e e e

0.6, Rules used = {56265, 4627, 266, 51, 63, 208}

2 tanh 1-5 1
1 - a—z a2 sin (;)

6ax? 643 33

integrand size

Antiderivative was successfully verified.

[In] Int[ArcCscla/x]/x"4,x]

[Out] -Sqrt[l - x72/a"2]/(6%a*x"2) - ArcSin[x/al/(3*x73) - ArcTanh[Sqrt[l - x72/a
~2]11/(6xa"3)

Rule 5265

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x )" (n_.))] " (m_.)*(u_.), x_Symbol] :> Int[
uxArcSin[a/c + (b*x"n)/c]™m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4627

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcSin[c*x]) n)/(d*x(m + 1)), x] - Dist[(b*c*n
)/(d*¥(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcSin[c*x])~(n - 1))/Sqrt[l - c~2
*x~2], x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1*(a + b*x)"p, xJ, x, x"n], x] /; FreeQ[{a, b
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, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+bxx)"(m + D*(c + d*x)"(n + 1))/ ((b*c - axd)*(m + 1)), x] - Dist[(dx*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + bxx)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQl{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && ! (LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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x4 x4
1
f dx
sin~! (z) x3\/1—i—z
=- +
3x8 3a
1
Subst dx, x, x>
sin! (z) [f 1-2 ]
= +
3x3 6a
2 Subst dx, x, x2
1- Z—z sin~! (x) (f x[1-= )
= — — —+ a
6ax2 3x3 1243
7 1 2
12 s (3) Subst ( [ oz dxx\1 az)
T 6ax2 38 6a
2 . _1(x\ tanh™" \J1- 2
1- — sin (E) a2
T 6ax2 38 6a3

Mathematica [A] time = 0.0519034, size = 69, normalized size = 1.15

2 2
a?x4[1 - ;‘—2 +x3log (‘/1 - z—z + 1) +2a% csc7! (Z) - x3log(x)

6a3x3

Antiderivative was successfully verified.

[In] Integrate[ArcCscla/x]/x"4,x]

[Out] -(a~2*x*Sqrt[1l - x72/a”2] + 2*a~3*ArcCscla/x] - x"3*Logl[x] + x"3xLogl[l + Sq
rt[1 - x72/a72]]1)/(6%xa~3%x"3)

Maple [A] time = 0.181, size = 98, normalized size = 1.6

1 a 1 a? 1 x a2 |a a2 1
———arcesc|= |- —= -1+ 5 | ————=- /- 1+ s hh|-+/-1+ 5 | ———
3x3 x/ 643 ¥ [ 2\ 6at ¥ |x ) [e 2
ey :
a X a

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arccsc(a/x)/x"4,x)

[Out] -1/3*arccsc(a/x)/x"3-1/6/a"3*(-1+a"2/x"2)/((-1+a"2/x"2)/a"2*%x"2)~(1/2)-1/6/
a~4x(-1+a"2/x"2)"(1/2)/ ((-1+a~2/x"2) /a~2*x"2) " (1/2)*x*1n(a/x+(-1+a"2/x"2) ~(

1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"4,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 3.68391, size = 198, normalized size = 3.3

a a2—x2 a2—x2 a2—x2
4 a3 arcesc (—) + 2% log (x\/ — + a) - x3log (x — a) +2ax’\/—;
X X X X

12 a3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"4,x, algorithm="fricas")

[Out] -1/12%(4*a"3*arccsc(a/x) + x"3*log(xxsqrt((a”2 - x72)/x72) + a) - x"3*log(x
xsqrt((a”™2 - x72)/x72) - a) + 2*kaxx"2*xsqrt((a”2 - x72)/x72))/(a"3%x73)

Sympy [F] time = 0., size = 0, normalized size = 0.

acscC (E)

f x4" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x)/x**4,x)
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[Out] Integral(acsc(a/x)/x**4, x)

Giac [A] time = 1.1126, size = 108, normalized size = 1.8

. X
a3 a3 a2x? arcsin (;)

12 a] - 3x8

log(|a+\/a2—x2|) log(l—a+\/¢z2—x2|) N2
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"4,x, algorithm="giac")

[Out] -1/12*%ax(log(abs(a + sqrt(a”2 - x72)))/a"3 - log(abs(-a + sqrt(a™2 - x72)))
/a”3 + 2*sqrt(a”2 - x72)/(a"2%x72))/abs(a) - 1/3*arcsin(x/a)/x"3
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316 [ gy

X

Optimal. Leaf size=69

mdﬂmg@mmmﬂﬂﬂ+i%€uwg2 %gqubg@_gM§Ww»

2n 2n n

[Out] ((I/2)*ArcCscla*x"n]~2)/n - (ArcCscla*x"n]*Log[l - E~((2*I)*ArcCscla*x"n])]
)/n + ((I/2)*PolyLogl[2, E~((2*I)*ArcCscla*x"n])])/n

Rubi [A] time = 0.0936497, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, e -

0.6, Rules used = {5219, 4625, 3717, 2190, 2279, 2391}

integrand size

iPOlyLOg (2/ eZicsc‘l(ax”)) N i esel (axn)Z cscL (axn) lOg (1 _ eZicsc‘l(ax”))

2n 2n n

Antiderivative was successfully verified.

[In] Int[ArcCscla*x"n]/x,x]

[Out] ((I/2)*ArcCscla*x™n]~2)/n - (ArcCscla*x"n]*Log[l - E~((2*I)*ArcCsc[a*x"n])]
)/n + ((I/2)*PolyLogl[2, E~((2*I)*ArcCscla*x"n])])/n

Rule 5219

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcSin[x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + bxx)"n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
] > Simp[(I*(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E” (2xIxk*Pi)*E~ (2xI* (e + f*x)))/(1 + E~(2%Ixk*Pi)*E~(2xIx(e + f*x))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]
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Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_0*(x_))))"(n_)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_D*((F)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[1l + (b*(F~(g*(e + f*x)))"n)/al)/(b*f*gin*Logl[F]l), x] - Di
st [(d*m) / (b*fxgxn*Log[F]), Int[(c + d*x)~(m - 1)xLogl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2979

Int[Logl(a_) + (b_.)*((F_)"((e_)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(c*e*x™n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rubi steps

csc™t (ax™) Subst (f = x( Y dx, x, x”)
= =
f x x "

sin”!(Z
Subst (f # dx, x, x—n)

n

Subst (fxcot(x) dx, x,sin"! (%))
- n
PR 2 21 Subst f o2ix p e
_zsm . +(1)us 121xxxsm -
B 2n
isin ! (2 2 sin”~ log 1— 2lSln Subst flO (1 _ezix) dy x.sin~L (2
- : + ° T a
- 2n " .
1{x" 2 Zzsm . log(1-x) 2isin’1(¥)
) . " ) 2n
a2 R
fsinL (x_) sin” log 1 ZZSln iLi, (eZZSln ( . ))
a
- +

2n " >
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Mathematica [C] time = 0.0886116, size = 63, normalized size = 0.91

—2n
x‘”HypergeometricPFQ({%, %, %} , {g, g} , xuz )

an

x—i’l
log(x) (CSC_l (ax™) — sin~! (7)) -~
Antiderivative was successfully verified.

[In] Integrate[ArcCscla*x"n]/x,x]

[Out] -(HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, 1/(a"2*x~(2*n))]/(a*n*x"n)
) + (ArcCscla*x™n] - ArcSin[1/(a*x"n)])*Log[x]

Maple [A] time = 0.278, size = 166, normalized size = 2.4

1-— -, 1-
n

ax” a2 (x” )2

é (arcesc (ﬂxn))2 arccsc (ax™) i 1 arccsc (ax™)
- In - In
n n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a*x™n)/x,x)

[Out] 1/2*Ixarccsc(a*x™n)”2/n-1/n*arccsc(a*x™n)*1n(1-I/a/(x"n)-(1-1/a"2/(x"n)"2)"
(1/2))-1/n*arccsc(a*x™n)*1n(1+I/a/(x"n)+(1-1/a"2/(x"n)"2)~(1/2))+I/n*polylo
g(2,-I/a/(x"n)-(1-1/a"2/(x"n)"2)~(1/2))+I/n*polylog(2,I/a/(x"n)+(1-1/a"2/(x
n)"2)7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

aznf Vax" + 1vax" —11og (x)

n n _
v TR dx + arctan (1, Vax" + 1Vax 1) log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x™n)/x,x, algorithm="maxima"

[Out] a"2*n*integrate(sqrt(a*x™n + 1)*sqrt(a*x™n - 1)*log(x)/(a"~4*x*xx~(2*n) - a~2
*x), x) + arctan2(l, sqrt(a*xx™n + 1)*sqrt(a*x™n - 1))*log(x)
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x"n)/x,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (ax™) i
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a*xx**n)/x,x)

[Out] Integral(acsc(a*x**n)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arcesc (ax™) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x"n)/x,x, algorithm="giac")

[Out] integrate(arccsc(a*x™n)/x, x)
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3.17 f x* csc7Ha + bx) dx

Optimal. Leaf size=197

1 1 4 2 -1
(5302 +20) a(a + bO)\1 - —=  (58a2+9) (a+bx\[1 - —— | Pescar by (40a* + 40a% + 3) tanh ™"

- +
30b° 12065 5b° 40b°

[Out] -(a*x(20 + 53xa~2)*(a + bxx)*Sqrt[1 - (a + b*x)~(-2)1)/(30%b~5) - (1lkxa*xx 2%
(a + bxx)*Sqrt[1l - (a + b*x)~(-2)])/(60%b~3) + (x73*(a + b*x)*Sqrt[l - (a +
b*x)~(-2)]1)/(20%xb~2) + ((9 + B8*a”2)*(a + b*x) 2xSqrt[1 - (a + bxx)~(-2)])
/(120%b75) + (a~b*ArcCscla + b*x])/(5%b~5) + (x"6%ArcCscla + b*x])/5 + ((3

+ 40%a”2 + 40%a~4)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1])/(40%b~5)

Rubi [A] time = 0.232028, antiderivative size = 197, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 10, e -

integrand size
0.8, Rules used = {5259, 4427, 3782, 4056, 4048, 3770, 3767, 8}

2 1 2 2 1 4 2 -1
(5302 +20) a(a + b)\[1 - —— ) (5842 +9) (@ + bx2\1 - — L Pesclarby | (40a* + 402 + 3) tanh ™

306° 1200° 5b° 40b°

Antiderivative was successfully verified.

[In] Int[x"4%ArcCscla + bxx],x]

[Out] -(a*(20 + 53*a~2)*(a + bxx)*Sqrt[1l - (a + b*x)~(-2)]1)/(30%b~5) - (1lka*xx~2%
(a + bxx)*Sqrt[1 - (a + b*x)~(-2)]1)/(60%b~3) + (x73*(a + b*x)*Sqrt[l - (a +
b*x)~(-2)1)/(20%xb~2) + ((9 + B58*a~2)*(a + b*x) 2xSqrt[1 - (a + bxx)~(-2)])
/(120%b~5) + (a"b*ArcCscla + b*x])/(5*%b~5) + (x"b*ArcCscla + b*x])/5 + ((3

+ 40%a”2 + 40*a~4)*ArcTanh[Sqrt[1 - (a + bxx)~(-2)]1])/(40%b~5)

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*x(x_)I*(_.))"(p_)*((e_.) + (f_)*x(x))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@) " (@_.)*((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
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fxx) "m*x(a + b*Cscl[c + d*x])~(n + 1))/(bxd*(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Intl[(e + f*xx)"(m - 1)*x(a + b*Csc[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3782

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2*Co
tlc + dxx]*(a + b*Csclc + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a”3*(n - 1) + (b*(b™2x(n - 2) + 3*a”2
*(n - 1)))*Csclc + d*x] + (a*b™2*(3*n - 4))*Csclc + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2+n]

Rule 4056

Int[((A_.) + cscl[(e_.) + (f_)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
N*(cscl(e_.) + (£_D)*xII*(_.) + (a))"(m_.), x_Symbol] :> -Simp[(C*Cot[
e + fxx]*(a + bxCscle + f*x])™m)/(fx(m + 1)), x] + Dist[1/(m + 1), Int[(a +
b*Cscle + f*x])~(m - 1)*Simp[a*A*x(m + 1) + ((A*b + a*B)*(m + 1) + b*Cx*m)*C
scle + f*x] + (b*Bx(m + 1) + a*Cxm)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && IGtQ[2*m, O]

Rule 4048

Int[((A_.) + cscl[(e_.) + (f_.)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M*(cscl(e_.) + (£_D)*(xD)I*(b_.) + (a_)), x_Symbol] :> -Simp[(b*C*Cscle +
fxx]*xCot[e + fxx])/(2xf), x] + Dist[1/2, Int[Simp[2*Axa + (2xB*a + b*x(2*A +
C))*Cscle + f*x] + 2x(a*xC + Bxb)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a, b
, e, £, A, B, C}, x]

Rule 3770

Int[cscl[(c_.) + (d_.)*(x_ )], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rubi steps

Subst ( [ x cot(x) ese(x)(—a + csc(x))* dx, x, cscHa + bx))
55
Subst ( f (—a + csc(x))® dx, x, csc™Ha + bx))
5b°

3@+ bx) 1 - (a+lbx)2 1. Subst (f(—a + csc(x))? (—4u3 +3 (1 + 4112) escf(.

= + a0 esc Ya + bx) -

fx4 csc™Ha + bx) dx = -

1
= 5x5 csc™Ha + bx) -

2002 2065
2 A3 !
_ Na(a+ b, - (mx)z ) (a +bx) 1 - S Subst ( f(-a +cs
6003 2062 5
2 [ 1 3 o1 2 1=
_ 11ax“(a + bx)/1 - R N x°(a + bx)4/1 p N (9 + 58a )(a + bx)=\/1 (a+bx)2 N le
60b3 20b2 12065 5
1 1
) _11ax2(u +bx) 1 - T . x3(a + bx)[1 - e . (9 + 58a )(ﬂ + bx)2\/1 - (u+bx)2 . é
= 6003 2012 12065
i 1hm%u+b@ h_6355+ %a+b@,ﬂ—(ﬁmy+(9+5&zﬂa+bw?J1—mwn2 aﬁ
= 6003 2012 12065
2 3
_ (zo +530) (a + bx) |1 - o )2 11ax2(a + bx) |1 - T — 7, (@+0bx)\1 -7 +bx)2
30b° 6003 20b2

Mathematica [A] time = 0.214322, size = 174, normalized size = 0.88

- /—”“221";;"2‘1 (-9 (402 + 1) 1222 + 20 (48a% + 31) bx + a2 (15402 + 71) + 16ab°x> — 6b*x*) + 3 (40a* + 40a2 + 3) Loy

1200°

Antiderivative was successfully verified.

[In] Integrate[x~4*ArcCscla + b*x],x]

[Out] (-(Sqrtl[(-1 + a2 + 2xa*xb*x + b~ 2*x"2)/(a + b*x)"2]*(a”2*(71 + 154*a~2) + 2
xa*x (31 + 48%a”2)xb*xx — 9% (1 + 4%xa”2)*xb72%x"2 + 16*a*xb~3*x"3 - 6%b"4xx"4)) +
24xb~5*xx"b*ArcCsc[a + b*x] + 24*a~b*ArcSin[(a + bxx)~(-1)] + 3*(3 + 40%*a~2

+ 40%a”4)*Logl[(a + b*x)*(1 + Sqrt[(-1 + a”2 + 2xa*xb*xx + b~2*x72)/(a + b*x)
~2]1)1)/(120%b~5)
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Maple [B] time = 0.233, size = 507, normalized size = 2.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4x*xarccsc(b*x+a),x)

[Out] 3/40/b75*(-1+(b*x+a)~2)~(1/2)/((-1+(b*x+a)~2)/(b*x+a) ~2)~(1/2)/(b*x+a)*1n(b
*x+a+ (-1+(b*x+a)~2) ~(1/2))-71/120/b"5x (-1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a
)72)7(1/2) / (bxx+a) *a-77/60/b"5* (-1+(b*xx+a) "2) / ((-1+(b*x+a) ~2) /(b*x+a)~2)~(1
/2)/ (b*xx+a)*a~3+29/60/b~4*x (-1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (bxx+a) ~2) ~(1/2) /(
b*x+a)*x*a~2-11/60/b"3* (-1+(b*x+a) "2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) / (b*x
+a)*x"2%a+1/5*%x"b*arccsc(b*xx+a)+1/b~ 5% (-1+(b*xx+a) ~2) " (1/2) / ((-1+(b*xx+a) ~2)/
(bxx+a)~2) " (1/2) / (b*xx+a)*a~2*1n (bxx+a+ (-1+(b*x+a) ~2) ~(1/2))+3/40/b"4* (-1+(b
*x+a) ~2) / ((-1+(b*xx+a) ~2) / (b*x+a) ~2) " (1/2) / (bxx+a) *x+1/b~5x (-1+(b*x+a) "2) ~ (1
/2)/ ((-1+(bxx+a) ~2) / (bxx+a) "2) ~(1/2) / (b*x+a)*a~4x*x1n (b*x+a+ (-1+(b*x+a) "2) " (1
/2))+1/5/b76x (~1+(b*x+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) / (b*xx+a) *
a~5xarctan(1/(-1+(b*x+a)~2) " (1/2))+1/20/b" 2% (-1+(b*x+a) ~2) / ((-1+(b*x+a)~2)/
(b*x+a)~2) " (1/2) / (bxx+a)*x~3

Maxima [F] time = 0., size = 0, normalized size = 0.

%1ogwx+u+1y+%1ogwx+a—1ﬂ

(b2x6 + abx5)e(

5 (b2x2 +2abx + a? + (bzx2 +2abx + a? - 1)e<10g(bx+“+1)+10g(bx+‘1‘1)) ~1

1
gx5arctan(1,\/bx+a +1\/bx+a—1) + f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="maxima"

[Out] 1/5*x"6*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/5%(b~
2%x76 + axb*x"5)*e”(1/2xlog(b*x + a + 1) + 1/2xlog(b*x + a - 1))/(b™2xx"2 +
2xaxb*xx + a”2 + (b72xx72 + 2*axb*x + a”2 - 1)*e”(log(b*x + a + 1) + log(bx*
x+a-1)) - 1), x)

Fricas [A] time = 3.55555, size = 374, normalized size = 1.9

24 b°x° arcesc (bx + a) — 48 a° arctan (—bx —a+ Vb2x2 + 2abx + a? — 1) -3 (40 a* +40a% + 3) log (—bx —a+ Vbh2x
120 b°
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/120%(24xb~5*x"b*arccsc(b*x + a) - 48+a~b*xarctan(-b*x - a + sqrt(b™2*x"2 +
2xaxb*xx + a”2 - 1)) - 3x(40*%a”4 + 40%a”2 + 3)*log(-b*x - a + sqrt(b™2xx"2

+ 2kaxb*x + a”2 - 1)) + (6xb73*x"3 - 22%a*b”2*x"2 - 154%a”3 + (58%a”2 + 9)*

b*x - 71xa)*sqrt(b~2%x”2 + 2*%axb*x + a”2 - 1))/b75

Sympy [F] time = 0., size = 0, normalized size = 0.

fx4 acsc (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4*acsc(b*x+a),x)

[Out] Integral(x**4*acsc(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x* arcesc (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="giac")

[Out] integrate(x~4*arccsc(b*x + a), x)
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3.18 f x3 cscHa + bx) dx

Optimal. Leaf size=155

(17a +2) (a+bx){J1- e a* csc™Y(a + bx) ) (Za +1)atanh ( 1 (a+bx)2) . x%(a + bx)|[1 - @R

12p* 4p* 2b* 1202

[Out] ((2 + 17*a"2)*(a + b*x)*Sqrt[1l - (a + bxx)~(-2)])/(12%b74) + (x72*(a + b*x)
xSqrt[1 - (a + bxx)~(-2)])/(12%b72) - (ax(a + b*x) "2xSqrt[1 - (a + b*x)~ (-2
)1)/(3%b~4) - (a~4xArcCscla + b*x])/(4%¥b"4) + (x"4xArcCscla + bx*x])/4 - (ax

(1 + 2xa”2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]])/(2xb~4)

Rubi [A] time = 0.137291, antiderivative size = 155, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 7, integrand size = 10, number of rules _

integrand size
0.7, Rules used = {5259, 4427, 3782, 4048, 3770, 3767, 8}

1 2 -1 1 T
(17a2+2)(a+bx) ll_m_a4csc_l(a+bx)_<2a +1)atanh ( l—m) x2(a+bx),/1—m

+
12b% 4b* 2b4 12b2

Antiderivative was successfully verified.

[In] Int[x"3%ArcCscla + b*x],x]

[Out] ((2 + 17*xa"2)*(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(12%b74) + (x"2*x(a + b*x)
xSqrt[1 - (a + bxx)~(-2)])/(12%b72) - (ax(a + b*x)"2xSqrt[1l - (a + b*x)~ (-2
)1)/(3*b~4) - (a"4xArcCscla + bx*x])/(4%b~4) + (x"4*ArcCscla + b*x])/4 - (ax

(1 + 2xa”2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1)/(2%xb~4)

Rule 5259

Int[((a_.) + ArcCscl(c_) + (d_.)*x(x_)]*(b_.)) " (p_.)*((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl(c_.) + (d_.)*x(x )]1*x(Cscl(c_.) + (d_.)*(x.)
Ix(_.) + (@) (a_.)*x((e_.) + (£_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
f*x)"mx(a + b*Csclc + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csclc + d*x])"(n + 1), x], x] /; FreeQ

a(c

a(c
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[{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3782

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
t[c + d*x]*(a + b*Cscl[c + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b™2%(n - 2) + 3*a~2
*(n - 1)))*Csc[c + d*x] + (a*xb™2%(3*n - 4))*Csc[c + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] &% GtQ[n, 2] &% IntegerQ[2+n]

Rule 4048

Int[((A_.) + cscl[(e_.) + (f_)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M *(cscl(e_.) + (£_)*(xD)I*(b_.) + (a_)), x_Symbol] :> -Simp[(b*C*Csc[e +
fxx]*xCot[e + fxx])/(2xf), x] + Dist[1/2, Int[Simp[2*Axa + (2xB*a + b*x(2*xA +
C))*Cscle + fxx] + 2x(axC + Bxb)*Cscl[e + f*xx]~2, x], x], x] /; FreeQ[{a, b
, e, T, A, B, C}, x]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps
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Subst ( [ x cot(x) ese(x)(-a + csc(x))® dx, x, csc™Ha + bx))
b
Subst ( [(=a + esc(x))*dx, x, cscHa + bx))
4pt

fx3 cscNa + bx)dx = —

1
= Zx‘l csc™Ha + bx) -

) 1
x%(a + bx)4[1 ey

= + }LXAI csc(a + bx) — Subst (f(—a + csc(x)) (—3ﬂ3 + (2 + 9112) cse(x

12p? 12b*
1 1
x?(a + bx) /1 - e a(a + bx)%\[1 - e 1, Subst (f (6114 124 (
= - + —x*csc™(a + bx) —
122 3bt 4

5 T 2 1
Flatbl- g aa+bn) \/1—m_a4csc—1(a+bx) 1 (a

4 -1
T2 i e + Zx csc(a + bx) + —

2 1 2 | !
x“(a + bx),|1 - @? a(a + bx) 1—m ) atescla+by) 1 . ll(

_ -1
o2 W 1 +Zx csc(a + bx) - —
2 1 2 1 2 11

B (2 +17a )(a +bx)[1 Y N x%(a + bx)[1 e a(a + bx)* /1 P a4 cse]

B 120 12b2 3b4 4

Mathematica [A] time = 0.273983, size = 149, normalized size = 0.96

2 2,2 _ 2 212 _
ST +2(’;bf;l;2x ! (9a2bx +13a% - 3ab?x? + 2a + b3x3 + be) -6 (2a2 -+ 1) alog ((a + bx) (w / % + 1)) - 3a*,

12p*

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCscla + b*x],x]

[Out] (Sqrt[(-1 + a™2 + 2*axb*x + b™2xx72)/(a + b*x) 2]*(2*%a + 13*%a”3 + 2xb*x + 9
*a"2xb*x - 3%axb"2*x"2 + b73*x73) + 3xb"4*x"4xArcCscl[a + b*x] - 3*a~4xArcSi

nl(a + bxx)~(-1)] - 6%a*x(1 + 2*xa"2)*Logl[(a + b*x)*(1 + Sqrt[(-1 + a”2 + 2xa

xb*x + b72xx72)/(a + b*x)~2])]1)/(12%b"4)

Maple [B] time = 0.224, size = 360, normalized size = 2.3

4 bx + —1 + (bx + a)®) 2 1 4 / 1 ]
x*arccsc (bx + a) N ( (2 ) ) -— a -1+ (bx + a)2 arctan

4 12b% (bx + a) [1@xsa? 4D*(bx +0) -1+ (bx + a) [

(bx+a)? (o




102

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsc(b*x+a),x)

[Out] 1/4xx"4*arccsc(bxx+a)+1/12/b"2x(-1+(b*x+a) ~2)/((-1+(b*x+a)~2)/(bxx+a)~2)" (1
/2)/ (b*xx+a) *x~2-1/4/b"4* (-1+(b*x+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) / (b*xx+a) ~2) ~(1/

2) / (bxx+a)*a~4*arctan(1/(-1+(b*x+a) ~2)~(1/2))-1/3/b"3* (-1+(b*x+a) ~2) / ((-1+(
bxx+a) "2) / (bxx+a) "2) ~(1/2) / (b*x+a) *x*xa-1/b~4* (-1+(b*x+a) ~2) " (1/2) / ((-1+(b*x

+a) "2) / (b*x+a)~2) "~ (1/2) / (b*x+a) *a~3*1n(b*x+a+(-1+(b*x+a) ~2) ~(1/2))+13/12/b~

4x (-1+(b*x+a)~2) / ((-1+(b*x+a) "2) / (b*x+a) "2) ~(1/2) / (b*x+a) *a"2-1/2/b"4*x (-1+(
bxx+a) ~2) " (1/2)/ ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) / (b*x+a) *a*1ln (b*x+a+ (-1+(b*
x+a)"2) " (1/2))+1/6/b~4*x (-1+(b*xx+a) “2) / ((-1+(b*xx+a) ~2) / (b*xx+a) "2) ~(1/2) / (b*x

+a)

Maxima [F] time = 0., size = 0, normalized size = 0.

%1ogwx+a+1y+%1ogwx+a—1ﬂ

(b2x5 + abx4)e(

4 (b2x2 +2abx + a? + (b2x2 +2abx + a? - 1)eﬂog(bx*‘”1)+10g(bx+“‘1)) - 1)

1
Zx4arctan(1,\/bx+a +1\/bx+a—1) + f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/4*x"4xarctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/4*(b”
2%x75 + axb*x”4)*e”(1/2*xlog(b*x + a + 1) + 1/2%log(b*x + a - 1))/(b™2*x"2 +
2xaxb*xx + a”2 + (b72xx72 + 2%axb*x + a”2 - 1)*e"(log(b*x + a + 1) + log(bx*
x+a-1) -1, x)

Fricas [A] time = 3.57049, size = 316, normalized size = 2.04

3 b*x* arcesc (bx + a) + 6 a* arctan (—bx —a+Vb2x2 + 2abx + a? — 1) +6 (2 a+ a) log (—bx —a+Vb2x2 +2abx +a

12 b*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="fricas")
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[Out] 1/12%(3*b~4*x"4xarccsc(b*x + a) + 6%a”4*arctan(-b*x - a + sqrt(b™2xx72 + 2%
axbxx + a”2 - 1)) + 6%(2%a”3 + a)xlog(-b*x - a + sqrt(b™2*x"2 + 2%a*xb*x + a
T2 - 1)) + sqrt(b72%x72 + 2*%axb*xx + a”2 - 1)*(b72%x72 - 4kxaxb*x + 13*a”2 +

2))/v"4

Sympy [F] time = 0., size = 0, normalized size = 0.

fx3 acsc (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsc(b*x+a),x)

[Out] Integral(x**3%acsc(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arcesc (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="giac")

[Out] integrate(x~3*arccsc(b*x + a), x)



104

3.19 f x% cscHa + bx) dx

Optimal. Leaf size=116

2 -1 [ _ / ! / !
csc™(a + by) (64 +1) tanh ( 1 (a+bx)2) Sa(a +bx)\[1 - o @rb? Xa+ -0 1

I
e + e e 2 +§x csc(a+ 1

a3

[Out] (-5*ax(a + b*x)*Sqrt[l - (a + bxx)~(-2)]1)/(6%b~3) + (x*(a + b*x)*Sqrt[1 - (
a + bxx)~(-2)])/(6*%b"2) + (a"3*ArcCscl[a + b*x])/(3*b"3) + (x"3*ArcCsc[a + b
*x])/3 + ((1 + 6*%a~2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]11)/(6%b"3)

Rubi [A] time = 0.0886351, antiderivative size = 116, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 6, integrand size = 10, number of rules_

integrand size
0.6, Rules used = {5259, 4427, 3782, 3770, 3767, 8}

a3 cse(a + by) . (6a +1) tanh (1 1- (a+bx)2) 5a(a + bx),/l e )2 x(a + bx),/l (a+bx)2

303 6b3

+ x ScescNa + 1

Antiderivative was successfully verified.

[In] Int[x"2*%ArcCscla + b*x],x]

[Out] (-B*ax(a + b*x)*Sqrt[l - (a + bxx)~(-2)]1)/(6%b~3) + (x*(a + b*x)*Sqrt[1 - (
a + b*x)~(-2)1)/(6%b"2) + (a~3*ArcCscla + bxx])/(3*%b"3) + (x"3*ArcCscl[a + b
*xx])/3 + ((1 + 6%a~2)*ArcTanh([Sqrt[1 - (a + b*x)~(-2)]1]1)/(6%b"3)

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*xx_)I*M_.))"(p_)*((e_.) + (£_)*(x))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + fxCsc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl[(c_.) + (d_.)*(x )I*(Csc[(c_.) + (d_.)*(x))
Ix(b_.) + (@) (n_.)*x((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
fxx) " m*(a + b*Csclc + d*x])"(n + 1))/ (b*xdx(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csclc + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]
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Rule 3782

Int[(cscl(c_.) + (d_D)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
t[c + dxx]*(a + b*Cscl[c + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a”3*(n - 1) + (b*(b™2x(n - 2) + 3*a”2
x*(n - 1)))*Csclc + d*x] + (a*b™2%(3%n - 4))*Cscl[c + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2+n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQl{c, d}, x]

Rule 3767
Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa

ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps

Subst ( [ x cot(x) esc(x)(—a + csc(x))? dx, x, csc ™ a + bx))

fxz csc™Ha + bx)dx = -

3
1  csc-a+ b) - Subst ( [(=a + csc(x))® dx, x, cscHa + bx))
3 3p3
x(a + bx)4f1 - 1 Subst ( [ (-24° + (1 + 6a2) csc(x) — 5a csc?(x
= (be)z + =x3cscl(a + bx) - (f( ( ) ® ( ))
6b? 3 6b3
x(@+bx)\1-——= 3 1 b 5a) Subst ( [ csc?(x) dx, x, ¢
- A (‘”bx)z ;2 CSC%(;I th 3x3 cscN(a + bx) + &y U (61)93
1 2 -1 1
B x(a+bx){[1 - R N a3 csc™Y(a + by) . x3 s (0 b+ (1 + 6a )tanh ( 1- e
B 6b2 3p3 3 6b3
Sale+bO1 -G M@V G fesclarby 1 ese (@ + b) + -

= 6b° 602 * 303 - 3x
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Mathematica [A] time = 0.178733, size = 129, normalized size = 1.11

2 2.2 a2 4+2abx+b%x2-1 2 a2+2abx+b2x2-1 3 .. -1 1 3.3 -1
(—5a —4abx + b°x ),/W +(6a +1)log((a+bx)(,/W +1)|+2a”sin " | —— | +2b°x” csc™

6b3

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcCscla + b*x],x]

[Out] ((-5%a”2 - 4xaxb*x + b™2xx"2)*Sqrt[(-1 + a2 + 2%a*xb*x + b~2*x72)/(a + b*x)
~2] + 2xb~3%x"3*ArcCscla + b*x] + 2*¥a”3xArcSin[(a + b*x)~(-1)] + (1 + 6%a”2
)*¥Logl[(a + bxx)*(1 + Sqrt[(-1 + a™2 + 2*axbxx + b™2*x72)/(a + b*x)"2])])/(6
*b~3)

Maple [B] time = 0.227, size = 272, normalized size = 2.3

3 . , 1 1 —1+wx+m2x 1
xarccsc (bx + a) " a -1 + (bx + a)* arctan * ( )
3 363 (bx + a)

\/ 14 (et ap) [Areee? OB OXFD) [
(bx-+a)? (bx+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(b*x+a),x)

[Out] 1/3*x"3*arccsc(b*x+a)+1/3/b 3% (-1+(b*x+a)~2) " (1/2)/((-1+(b*x+a)~2)/(b*x+a)”
2)~(1/2) / (bxx+a) *a~3*arctan(1/(-1+(b*xx+a) "2) ~(1/2))+1/6/b" 2% (-1+(b*x+a) ~2) /
((-1+(b*x+a) "2) / (b*xx+a) "2) " (1/2) / (b*x+a) *x+1/b"3* (-1+(b*x+a) ~2) ~(1/2) / ((-1+
(bxx+a)~2) / (b*x+a) ~2) " (1/2) / (bxx+a)*a~2*1n (b*x+a+(-1+(b*x+a) ~2)~(1/2))-5/6/

b~ 3% (-1+(b*x+a) "2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) / (bxx+a) *a+1/6/b"3* (-1+(
bxx+a)~2) " (1/2)/ ((-1+(b*xx+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*x+a) *1n (b*x+a+ (-1+ (b*x+
a)~2)7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

% 10g(bx+a+1)+% log(bx+a—1))

(b2x4 + abx3)e(

3 (bzx2 +2abx + a? + (bzx2 +2abx + a? - 1)e(log(b““+1)+1°g(bx+“‘1)) - 1)

1
§x3arctan(1,\/bx+a +1\/bx+a—1) + f

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*arccsc(b*x+a),x, algorithm="maxima")
g g

[Out] 1/3*x73*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/3*(b~
2%x74 + axb*xx"3)xe”(1/2xlog(b*xx + a + 1) + 1/2xlog(b*x + a - 1))/(b™2xx"2 +
2%axbxx + a”2 + (b72*x72 + 2*kaxbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(bx
x+a-1) -1), x)

Fricas [A] time = 3.70651, size = 284, normalized size = 2.45

2b3x3 arcesc (bx + a) — 4 a® arctan (—bx —a+ Vb2x2 + 2abx + a® — 1) - (6 a? + 1) log (—bx — 4+ Vb2x2 + 2 abx + o

6 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/6%(2*%b~3*x"3*arccsc(b*x + a) - 4xa”3*xarctan(-b*x - a + sqrt(b™2*x"2 + 2xa
*b*x + a”2 - 1)) - (6%xa”2 + 1)*log(-b*x - a + sqrt(b”2%x"2 + 2%axbxx + a~2
- 1)) + sqrt(b™2%x"2 + 2%axb*x + a”2 - 1)*(b*x - 5%a))/b"3

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz acsc (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(b*x+a),x)

[Out] Integral(x*x2*acsc(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x% arcesc (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*arccsc(b*x+a),x, algorithm="giac")

[Out] integrate(x~2*arccsc(b*x + a), x)
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3.20 f x cscHa + bx) dx

Optimal. Leaf size=79

T -1 T
_a2 cscY(a + bx) . (a+ bx)[1 - ey ) atanh ( 1- —(be)z)

2b? 2b? b?

1
+ zxz csc™H(a + bx)

[Out] ((a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(2¥b"2) - (a"2xArcCscl[a + bxx])/(2xb"2
) + (x72%ArcCscla + b*x])/2 - (axArcTanh[Sqrt[l - (a + b*x)~(-2)]]1)/b"2

Rubi [A] time = 0.0526526, antiderivative size = 79, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 8, number of rules

integrand size
0.75, Rules used = {6259, 4427, 3773, 3770, 3767, 8}

T -1 | 1
) a2 csc~Y(a + by) . (a+ bx)[1 - prr— ) atanh ( 1- —(a+bx)2)

2b? 2b? b?

1
+ Exz csc™H(a + bx)

Antiderivative was successfully verified.

[In] Int[x*ArcCscl[a + b*x],x]

[Out] ((a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(2¥b"2) - (a"2xArcCscl[a + bxx])/(2xb"2
) + (x72%ArcCscla + b*x])/2 - (axArcTanh[Sqrt[l - (a + b*x)~(-2)]1]1)/b"2

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_.)*x(x_)]1*(b_.))"(p_)*((e_.) + (f_.)*x(x_))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl(c_.) + (d_.)*x(x )]1*(Cscl(c_.) + (d_.)*(x.)
Ix(_.) + (@) (a_.)*((e_.) + (£_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
f*x)"m*x(a + b*Csclc + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*xCsclc + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3773
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Int[(cscl(c_.) + (d_.)*(x)I*(b_.) + (a_))"2, x_Symbol] :> Simpl[a~2#*x, x] +
(Dist[2*a*b, Int[Cscl[c + d*x], x], x] + Dist[b”2, Int[Csclc + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767
Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa

ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rubi steps

Subst (fx cot(x) csc(x)(—a + csc(x)) dx, x, csc(a + bx))

fxcsc‘l(a +bx)dx = -

2
1 ) Subst ( [(=a + csc(x))? dx, x, cscHa + bx))
= Exz csc™Ha + bx) - T
2cscNa+b 1 Subst ( | csc?(x)dx, x, csc™ (a + bx aSubst ( | cs
__Bearby) 1, o Subst ([ (a+bv) (f
2b? 2 2b?
2ese N a+bx) 1 atanh™ ( 1- m) Subst (fl dx, x,(a + bx)\f
= - + =x%cscl(a + bx) - +
2b? 2 b2 2b?
1 -1 1
(a+ bx)\ll T @Z  afescMa+bx) 1 5 1 atanh ( 1- (a+bx)2)
= - + —x“cscH(a + bx) —
2b? 2b? 2 b2

Mathematica [A] time = 0.13349, size = 110, normalized size = 1.39

,a2+2abx+b2x2—1 [a2+20bx+b2x2—1 -1 1 _
(ﬂ + bX) W —-2a 10g ((El + b.X') ( W + 1)) + llz (— Sin (m)) + b2X2 CSC 1(5! + b.X')

2b?

Antiderivative was successfully verified.
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[In] Integrate[x*ArcCscla + b*x],x]

[Out] ((a + b*x)*Sqrt[(-1 + a”2 + 2*axb*x + b™2*x72)/(a + b*x)~2] + b~2*x"2*ArcCs
cla + b*x] - a™2xArcSin[(a + b*x)~(-1)] - 2*axLogl[(a + b*x)*(1 + Sqrt[(-1 +
a”2 + 2kaxb*x + b72*x72)/(a + b*x)72])]1)/(2%b"2)

Maple [A] time = 0.222, size = 127, normalized size = 1.6

2 bx + 2 bx + 1 -1
Carcesebxta) aarcese®r+a) 844 e+ ) In[bx+at -1+ (bx + ) +
2 b2 b2 (bx + ﬂ) —1+(bx+u)2 2]

(bx+a)2

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(b*x+a),x)

[Out] 1/2*x"2*arccsc(b*x+a)-1/2*%a"2*arccsc(b*x+a)/b~2-1/b 2% (-1+(b*xx+a) ~2)~(1/2)/
((-1+(b*x+a) ~2) / (bxx+a) ~2) ~(1/2) / (b*x+a) *a*x1ln(b*x+a+(-1+(b*x+a) ~2) " (1/2))+1
/2/b” 2% (-1+ (bxx+a) ~2) / ((-1+(b*xx+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*x+a)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 1
(b2x3 +_abx2)e(zlogwx+a+1y+§1ogwx+a—1ﬂ

1
— x? arctan (1, Vox +a+1Vbx +a- 1) + f
2 2 (b2x2 +2abx + a? + (b2x2 +2abx + a? - 1)e(log(bx““‘f1)+10g(bx+“‘1)) ~1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a),x, algorithm="maxima"

[Out] 1/2*x"2*xarctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/2*(b”
2%x73 + axbxx"2)*e”(1/2xlog(b*x + a + 1) + 1/2xlog(b*x + a - 1))/(b™2xx"2 +
2kaxbxx + a”2 + (b72%x72 + 2*kaxbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(b*

x+a-1)) - 1), x)




112

Fricas [A] time = 3.12795, size = 254, normalized size = 3.22

b?x? arccsc (bx + a) + 2 a% arctan (—bx —a+ Vb2x2 + 2 abx + a2 —1) +2alog (—bx —a+ Vb2x2 + 2abx + a2 - 1) +V

202

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/2%(b~2xx"2*arccsc(bxx + a) + 2*a~2*arctan(-b*x - a + sqrt(b™2*x72 + 2*axb
*x + a”2 - 1)) + 2*axlog(-b*x - a + sqrt(b™2*x"2 + 2xa*b*x + a2 - 1)) + sq
rt(b™2%x72 + 2ka*xb*x + a”2 - 1))/b72

Sympy [F] time = 0., size = 0, normalized size = 0.

f xacsc (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsc(b*x+a),x)

[Out] Integral(x*acsc(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

fxarccsc (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a),x, algorithm="giac")

[Out] integrate(x*arccsc(b*x + a), x)
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3.21 f csc™H(a + bx) dx

Optimal. Leaf size=36

tanh_l( 1 L)

(a + bx) csc™(a + bx) T (a+bx?

b * b

[Out] ((a + b*x)*ArcCscla + b*x])/b + ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1/b

Rubi [A] time = 0.023543, antiderivative size = 36, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 6, o -

integrand size
0.833, Rules used = {5251, 372, 266, 63, 206}

tanh_l( 1 ;)

(a + bx) csc™(a + bx) T (@b

b b

Antiderivative was successfully verified.

[In] Int[ArcCscla + bx*x],x]

[Out] ((a + b*x)*ArcCscla + b*x])/b + ArcTanh[Sqrt[1 - (a + b*x)~(-2)1]1/b

Rule 5251

Int[ArcCsc[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcCsc[c + d*x]
)/d, x] + Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, x]

Rule 372

Int[(u )" (m_)*((a_) + (b_D)*(w_)"(n_)) (p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v°m), Subst[Int[x"m*(a + b*x"n)~p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] & LinearPairQ[u, v, x]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, xJ]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
fcsc‘l(a +bx)dx = (@ +b%) CS; (@ +b%) + f dx
(a+ bx){[1 - (a+bx)2
1
Subst f - dx,x,a + bx
(a + bx) csc™!(a + bx) Viz®
= +
b b
1
_ (a+Dbx)cscHa+ bx) Subst (f ﬂx X, (,be)z)
B b 2b
1 1
(a + bx) csc™1(a + bx) Subst (f oz 4% X, 1 = (a+bx)2)
= +
b b
-1 1
_ (a+Dbx)csc™!(a + bx) . tanh (Vl - (a+bx)2)
B b b

Mathematica [B] time = 0.112826, size = 114, normalized size = 3.17

a2+2abx+b2x2-1 -1 a+bx -1 2
(a + bx), /+—b)2 (tanh (—m) —atan (\/(a + bx)? — 1))

bVa2 + 2abx + b2x2 —

+xcscHa + bx)

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + bxx],x]

[Out] x*ArcCscla + bxx] + ((a + b*x)*Sqrt[(-1 + a”2 + 2%axb*x + b™2%x72)/(a + bxx
)"2]*(-(axArcTan[Sqrt[-1 + (a + b*x)~"2]]) + ArcTanh[(a + b*x)/Sqrt[-1 + a~2
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+ 2%axbxx + b~2*x72]]))/(b*Sqrt[-1 + a~2 + 2*axb*x + b"2xx"2])

Maple [A] time = 0.236, size = 50, normalized size = 1.4

xarccsc (bx + a) + arcesc (bx + a)a + % In (bx +a+ (bx +a)\1 - (bx + a)_z)

b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(bxx+a),x)

[Out] x*arccsc(b*x+a)+1/b*arccsc(b*x+a)*a+1l/bx1ln(b*x+a+(b*x+a)*(1-1/(b*xx+a)~2)~ (1

/2))

Maxima [A] time = 0.996672, size = 74, normalized size = 2.06

[ 1 g
2 (bx + a) arccsc (bx + a) + log ( — +1+ 1) - log (— — +1+ 1)

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a),x, algorithm="maxima"

[Out] 1/2%(2*(b*x + a)*arccsc(b*x + a) + log(sqrt(-1/(b*x + a)~2 + 1) + 1) - log(
-sqrt(-1/(b*x + a)"2 + 1) + 1))/b

Fricas [B] time = 3.06341, size = 184, normalized size = 5.11

bx arcesc (bx + a) — 2 a arctan (—bx —a+Vb2x2 + 2abx + a2 - 1) - log (—bx —a+Vb2x2 + 2abx + a2 - 1)

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a),x, algorithm="fricas")
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[Out] (b*x*arccsc(b*x + a) - 2xa*arctan(-b*x - a + sqrt(b~2*x72 + 2*axb*x + a~2 -
1)) - log(-b*xx - a + sqrt(b™2*x"2 + 2%a*bxx + a2 - 1)))/b

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a),x)

[Out] Integral(acsc(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arccsc (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a),x, algorithm="giac")

[Out] integrate(arccsc(b*x + a), x)
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399  [oolwd gy

X

Optimal. Leaf size=210

. icscHa+bx . icscl(a+bx
lae 1ae

—iPolyLog|2, —————— |~ iPolyLog |2, - ——— | + —iPolyLog (2, e2icsc " (a+bv) +csc™Ha + bx) log |1 -
4 g[ 1—\/1—012) Y g[ \/1—a2+1) 2" 8 )

[Out] ArcCscla + b*x]*Logl[l + (I*a*xE~(I*ArcCscla + b*x]))/(1 - Sqrtl[l - a~2])] +
ArcCscla + b*x]*Logl[l + (I*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a”2])] -
ArcCscla + b*x]*Log[l - E~((2*I)*ArcCscla + b*x])] - I*PolyLog[2, ((-I)*axE
~(IxArcCscla + b*x]))/(1 - Sqrt[1 - a”2])] - IxPolyLogl[2, ((-I)*a*E~(I*ArcC

scla + b*x]))/(1 + Sqrt[1 - a~2])] + (I/2)*PolyLogl[2, E~((2xI)*ArcCsc[a + b
*x]) ]

Rubi [A] time = 0.30023, antiderivative size = 210, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 8, integrand size = 10, e

integrand size
0.8, Rules used = {5259, 4552, 4529, 3717, 2190, 2279, 2391, 4519}

iaeicsc’l(a+bx) 1 ( 2icsc-Liath )) .
———— |+ ziPolyLog (2,7 ¢ ") + csc™ (a + bx) log |1 -
Vi-a2+1) 2

iaei cscY(a+bx)

—-iPolyLog |2, -———————
d g[ 1-vV1-a2

) —iPolyLog [2, -

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]/x,x]

[Out] ArcCscla + b*x]*Logl[l + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])] +
ArcCscla + b*x]*Log[l + (I*axE~(I*ArcCscla + bxx]))/(1 + Sqrt[l - a~2])] -
ArcCscla + b*x]*Logl[l - E~((2*I)*ArcCscl[a + bxx])] - I*PolyLogl[2, ((-I)*a*E
“(IxArcCscla + b*x]))/(1 - Sqrt[l - a”2])] - IxPolyLogl[2, ((-I)*a*E~(I*ArcC

scla + b*x]))/(1 + Sqrt[1 - a~2])] + (I/2)*PolyLogl[2, E~((2xI)*ArcCsc[a + b
*x]) ]

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*(x_)I*(b_.))"(p_)*((e_.) + (f_.)*x(x_))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCscl[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4552
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Int[((Ce_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_)*x_)]"(_.)*(G_)[(c_.) +
(d_D*x_)]1"(p_.))/(Cscl(c_.) + (d_.)*(xDJ)]I*(b_.) + (a_)), x_Symbol] :> In
t[((e + f*x) m*Sin[c + d*x]*F[c + d*x] n*G[c + d*x]"p)/(b + a*xSin[c + d*x])
, x] /; FreeQ[{a, b, c, d, e, £}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, p]

Rule 4529

Int[(Cot[(c_.) + (d_)*x(x_)]1"(n_.)*x((e_.) + (f£_)*x(x_))"(m_.))/((a_) + (b_.
)*¥Sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cot[c +
d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Cos[c + d*x]*Cot[c + d*x] " (n -
1))/(a + bxSin[c + d*x]), x], x] /; FreeQl{a, b, c, d, e, £}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
] > Simp[(I*(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E” (2xIxk*Pi)*E~ (2xI* (e + f*xx)))/(1 + E~(2xIxk*Pi)*E~(2xIx(e + f*x))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rule 4519

Int[(Cos[(c_.) + (d_.)*x(x_)]*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(I*(e + f*x)"(m + 1))/(b*f*(m + 1)
), x] + (Int[((e + f*x) " m*E~(I*(c + d*x)))/(a - Rt[a"2 - b™2, 2] - I*b*xE~(I
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*(c + d*x))), x] + Int[((e + f*x) " m*E~(I*(c + d*x)))/(a + Rt[a"2 - b~2, 2]
- I*b*xE~(I*(c + d*x))), x]) /; FreeQl{a, b, ¢, 4, e, f}, x] && IGtQ[m, 0] &
& PosQ[a"2 - b~2]

Rubi steps

X —a + csc(x)

_ x cot(x) 1
Subs t(fl S dx, x,csc™(a + bx))

1
f csc” (a+ bx) dx = — Subst (f X cotly) ese(x) dx, x,csc™Ha + bx))

- (a Subst (f 1 x os(x) dx, x, csc™Ha + bx))) — Subst (fxcot(x) dx, x,csc(a + bx))

— asin(x)

= 2i Subst (f . — dx, x,csc™ (a + bx)) —aSubst ( \/i_lx; s dx, x, csc™Ha + bx)\

= cscl(a + bx) log|1 + M +csc™Ha + bx)log|1 + M —cscHa + bx) Loy
1-a2 1+V1-a?

= csc™Ha + bx) log|1 + M +cscl(a + bx)log|1 + M —cscHa + bx) Loy
1-a? 1+Vi-a2

= cscl(a + bx) log|1 + M +csc™Ha + bx)log|1 + M — cscHa + bx) Loy
1-a2 1+V1-a?

Mathematica [A] time = 0.411638, size = 375, normalized size = 1.79

1 i(‘/l — a2 - 1) e—icsc‘l(a+hx) i(‘ /1 -2+ 1) e—i cscH(a+bx)
—|8i|PolyLog|2, - + PolyLog|2,

8 a a

+ 4i (csc‘l(a +bx)? +

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCscla + bx*x]/x,x]

[Out] (I*(Pi - 2*ArcCscla + b*x])~"2 - (32*I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Arc
Tan[((1 + a)*Cot[(Pi + 2*ArcCscl[a + b*x])/4]1)/Sqrt[l - a"2]] - 4*x(Pi - 2xAr
cCscla + b*x] + 4*xArcSin[Sqrt[(-1 + a)/al/Sqrt[2]])*Log[l + (Ix(-1 + Sqrt[1

- a”2]))/(a*xE~(I*ArcCscla + b*x]))] - 4%(Pi - 2xArcCsc[a + b*x] - 4*ArcSin
[Sqrt[(-1 + a)/al/Sqrt[2]])*Logl[l - (I*(1 + Sqrt[1l - a~2]))/(axE~(I*ArcCscl

a + b*x]))] - 8xArcCscl[a + b*x]*Log[l - E~((2xI)*ArcCsc[a + b*xx])] + 4x*(Pi
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- 2%ArcCscla + bxx])*Log[(b*x)/(a + b*x)] + 8xArcCscl[a + b*x]*Log[(b*x)/(a
+ b*x)] + (8*%I)*(PolyLogl[2, ((-I)*(-1 + Sqrtl[1l - a~2]))/(a*E~(I*ArcCscla +
b*x]))] + PolyLogl[2, (I*(1 + Sqrt[l - a~2]))/(a*E~(I*ArcCscla + b*x]))]) +
(4%I)*(ArcCscla + b*x]~2 + PolyLog[2, E~((2xI)*ArcCscl[a + bxx])]))/8

Maple [B] time = 0.439, size = 607, normalized size = 2.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x,x)

[Out] -arccsc(b*xx+a)/(a"2-1)*1In((-a*x(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+(a"2-1)"(1/
2)+I)/(I+(a"2-1)"(1/2)))-arccsc(b*x+a) /(a"2-1) *In((a*x (I/ (b*x+a)+(1-1/(b*x+a
)72)"(1/2))+(a”2-1)"(1/2)-1)/ (-I+(a~2-1)~(1/2)))-arccsc (b*x+a) *1n (1+I/ (b*x+
a)+(1-1/(b*x+a)~2)~(1/2))-I/(a"2-1)*dilog((ax(I/(b*x+a)+(1-1/(b*x+a) ~2)~(1/
2))+(a"2-1)"(1/2)-1)/(-I+(a"2-1)"(1/2)))*a~2-I/(a"2-1) *dilog ((-a* (I/ (b*x+a)
+(1-1/(b*x+a)~2)~(1/2))+(a"2-1) " (1/2)+I) /(I+(a"2-1)"(1/2)))*a~2+I/(a"2-1) *d
ilog((ax(I/(b*x+a)+(1-1/(bxx+a)~2)~(1/2))+(a"2-1)"(1/2)-1)/(-I+(a~2-1)"(1/2
)))+I/(a"2-1)*dilog((~a*(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))+(a"2-1)"(1/2)+I)/
(I+(a”2-1)"(1/2)))+I*dilog(1+I/ (bxx+a)+(1-1/(bxx+a) ~2) ~(1/2))+arccsc(b*x+a)
/(a”2-1)*1n((-ax(I/(b*x+a)+(1-1/(b*x+a) ~2)~(1/2))+(a"2-1)"(1/2)+I) /(I+(a"2-
1)7(1/2)))*a"2+arccsc(b*x+a) /(a"2-1)*1n((ax (I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2)
)+(a”2-1)"(1/2)-1)/(-I+(a"2-1)"(1/2))) *a"2-I*dilog(I/ (b*x+a) +(1-1/ (b*x+a) "2
)" (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

arccsc (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x,x, algorithm="maxima"

[Out] integrate(arccsc(b*x + a)/x, x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

arcesc (bx + a) )
_ X
x

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (a + bx) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x,x)

[Out] Integral(acsc(a + b*x)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arccsc (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x,x, algorithm="giac")
g g g

[Out] integrate(arccsc(b*x + a)/x, x)
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393  [ooldy gy

x2

Optimal. Leaf size=69

a—tan(l csc_l(a+bx))

2btan™! 2

( 1-a2 ] besc(a+bx)  cesc7l(a + bx)
av1 — a? a X

[Out] -((b*ArcCscl[a + b*x])/a) - ArcCscla + b*x]/x - (2%b*ArcTan[(a - Tan[ArcCscl
a + bxx]/2])/Sqrt[1 - a~2]]1)/(a*xSqrt[1 - a~2])

Rubi [A] time = 0.096016, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 10, i L

integrand size
0.6, Rules used = {5259, 4427, 3783, 2660, 618, 204}

1 a—tan(% csc_l(a+bx))
2btan”
Vi-a? besc(a+bx)  csc7l(a + bx)
avl —a? a x

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]/x"2,x]

[Out] -((bxArcCscl[a + b*x])/a) - ArcCscla + b*x]/x - (2xbxArcTan[(a - Tan[ArcCsc[
a + bxx]/2])/Sqrt[1 - a~2]]1)/(a*xSqrt[1 - a~2])

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*x(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + bx*x) p*Csc[x]*Cot[
x]*(d*e - cxf + f*Csc[x])"m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*x(x_)I*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@) (@_.)*((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
fxx)"m*(a + b*Csclc + d*x]) " (n + 1))/(b*xdx(n + 1)), x] + Dist[(f*m)/(bxd*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csclc + d*x])~(n + 1), x], x] /; FreeQ
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[{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3783

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sin[c + d*x])/b), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2*b*exx + ax
e~ 2%x72), x], x, Tan[(c + d*x)/2]1/e], x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a“2 - b"2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rubi steps
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csc™Ha + bx) x cot(x) csc(x) _
f — dx = - (b Subst ( m dx, x, csc™(a + bx)))

-1 b 1
— _w + bSubst f— dx, x, csc™(a + bx)
X —a + csc(x)

bescl(a+bx)  csc7l(a + bx) N bSubst (f T-asin(x) dx,x, cse™ (e + bx))
B a x a
1 1 4
besc W (a +by)  cscl(a + by) . (2b) Subst (f o dx, x, tan (E cscHa + bx)))
a x a

_r _ 1 -1
_ bescMa+bx)  cscl(a+ bx) (4b)SubSt(J~‘4@‘“a‘x2dx'x' 2a4_2tall(zcsc (a—%bx))

a X a
a—tan(% cscfl(a+bx)) J

1-a2

2btan™t
B _bcsc‘l(a +bx) csc™H(a + bx) _

- a x av1 —a?

Mathematica [C] time = 0.389594, size = 115, normalized size = 1.67

2 2.2_ ia(a?+abx-1
ol —a. |8 +2abx+b%x 1(a+bx)— ( )
(a+bx)2 V1-a2
bx

.- 1
b|-sin™? (—) +
a+bx 1-42

ilog

csc™H(a + bx)
- +
x a

Antiderivative was successfully verified.

[In] Integrate[ArcCscla + bxx]/x"2,x]

[Out] -(ArcCscla + bxx]/x) + (b*(-ArcSin[(a + bxx)~(-1)] + (I*Logl[(2*(((-I)*ax(-1
+ a”2 + axb*x))/Sqrt[1l - a”2] - ax(a + bxx)*Sqrt[(-1 + a2 + 2%axb*x + b~2
*x72)/(a + b*x)72]))/(b*x)])/Sqrt[1 - a”2]))/a
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Maple [B] time = 0.237, size = 154, normalized size = 2.2

b b [ 1 1 b [
_arccsc( x+a) -1+ (bx + a)2 arctan + -1+ (bx + a)2 In
2 a(bx+a)

X a (bx + a) J_l + (bx + ﬂ)z —1+(bx+a)
(bx+a)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x"2,x)

[Out] -arccsc(b*x+a)/x-bx(-1+(b*x+a)~2)~(1/2)/((-1+(b*x+a)~2)/(b*xx+a) ~2)~(1/2)/(b
*x+a) /a*arctan(1/ (-1+(b*x+a)~2) ~(1/2))+b* (-1+(b*x+a) ~2) "~ (1/2) / ((-1+(b*x+a) "~

2)/ (b*xx+a)~2)~(1/2)/(b*xx+a)/a/(a"2-1)"(1/2) *1n(2* ((a~2-1) " (1/2) * (-1+(b*x+a)
~2)"(1/2)+ax(b*x+a)-1) /b/x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="maxima")

[Out] Timed out

Fricas [B] time = 3.19893, size = 663, normalized size = 9.61

a2 bx+a3+Vb2x2+2 ubx+a2—l(a2+\/a2—1u—1)+(ubx+a2—]
2 (a2 - 1)bx arctan (—bx — a4+ V0222 + 2 abx + a? - 1) + Va2 —1bxlog -

(a3 - a)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="fricas")

[Out] [(2*%(a”2 - 1)*b*x*arctan(-b*x - a + sqrt(b™2*x"2 + 2%a*b*xx + a”2 - 1)) + sq
rt(a”2 - 1)*b*xx*log((a™2*xb*x + a3 + sqrt(b~2*x"2 + 2%a*b*x + a”2 - 1)*(a”2
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+ sqrt(a™2 - 1)*a - 1) + (axb*x + a2 - 1)*sqrt(a™2 - 1) - a)/x) - (a3 -
a)*arccsc(b*xx + a))/((a”3 - a)*x), (2x(a”2 - 1)*bxx*arctan(-b*x - a + sqrt(
bT2%x72 + 2%a*xb*x + a”2 - 1)) - 2*sqrt(-a”2 + 1)*bxx*arctan(-(sqrt(-a~2 + 1
)*¥b*x - sqrt(b~2%x"2 + 2*%axb*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - (a~3

- a)*arccsc(b*xx + a))/((a"3 - a)*x)]

Sympy [F] time = 0., size = 0, normalized size = 0.

b
f acsc (a + bx) i

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x**2,x)

[Out] Integral(acsc(a + b*x)/x**2, x)

Giac [B] time = 1.53862, size = 174, normalized size = 2.52

arctan|—

(xlbl—\/bzx2+2 abx+a2—1)b+a|bl
arctan (- X|bl-Vb2x2+2 abx+a?-1 ) 1
b Nawre arcsimn ( beta )

2b - -
asgn (bx + a) V-a2 + 1asgn (bx + a) X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="giac")

[Out] 2xb*(arctan(-((x*abs(b) - sqrt(b™2xx"2 + 2*axb*x + a”2 - 1))*b + axabs(b))/
b)/(axsgn(b*x + a)) - arctan(-(x*abs(b) - sqrt(b”2*x72 + 2%axb*x + a”2 - 1)
)/sqrt(-a”2 + 1))/(sqrt(-a”2 + 1)*axsgn(b*x + a))) - arcsin(1/(b*x + a))/x
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394  [SCl gy

x3

Optimal. Leaf size=123

a—tan(% csc_l(a+bx))

1-2a%) % tan™! 1
b? csc™H(a + bx) s ( ) [ Vi-a? ] bla +bx)[1 - @bz csc”Ha + bx)
2a2 2(1- a2)3/2 2a(1-a?)x 2x?

[Out] -(b*(a + b*xx)*Sqrt[1 - (a + b*x)~(-2)])/(2*xa*x(1 - a~2)*x) + (b~ 2*ArcCscla +
b*x])/(2xa”2) - ArcCscla + bxx]/(2*xx72) + ((1 - 2*xa~2)*b~2*ArcTan[(a - Tan
[ArcCscla + b*x]/2])/Sqrt[1 - a~2]]1)/(a"2x(1 - a~2)~(3/2))

Rubi [A] time = 0.194174, antiderivative size = 123, normalized size of antiderivative =
. . f rul
1., number of steps used = 8, number of rules used = 8, integrand size = 10, number of rules_

integrand size
0.8, Rules used = {56259, 4427, 3785, 3919, 3831, 2660, 618, 204}

a—tan(% csc’l(a+bx))

1-24%)b? tan™! 1
b? csc™(a + bx) s ( ) ( Vi-a? ] b(a + bx)\/1 T @z cscl(a + bx)
242 @ (1- u2)3/ 2 2a (1 —a?)x 2x?

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]/x"3,x]

[Out] -(b*(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(2*%ax(1 - a”2)*x) + (b"2xArcCscla +
b*x])/(2%¥a”2) - ArcCscla + bxx]/(2%x72) + ((1 - 2*a"2)*b~2xArcTan[(a - Tan
[ArcCscla + b*x]/2])/Sqrt[1 - a~2]1]1)/(a~2*x(1 - a~2)~(3/2))

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCscl[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl[(c_.) + (d_.)*x(x )]*(Csc[(c_.) + (d_.)*(x.)
Ix(b_.) + (@) " (@_.)*((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
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fxx) "m*x(a + b*Cscl[c + d*x])"(n + 1))/(bxd*(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Intl[(e + f*xx)"(m - 1)*x(a + b*Csc[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3785

Int[(cscl(c_.) + (d_.)*x(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2*Cot
[c + d*x]*x(a + b*Csc[c + d*x])"(n + 1))/(axdx(n + 1)*(a"2 - b"2)), x] + Dis
t[1/(ax(n + 1)*x(a”2 - b72)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)%(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2x(n + 2)*Cscl[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2x*n]

Rule 3919

Int[(cscl(e_.) + (£_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSin[e + fx*x])/b), x], x] /; FreeQ[{a, b, e, £
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2*b*e*xx + ax
e”2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl{a, b, c, d}, x] && NeQ[
a~2 - b2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xa*c - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)
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Rubi steps

x3 (—a + csc(x))?

-1
f w dx = — (bz Subst ( w dx, x, csct (a+ bx)))

csc™H(a + bx) 1 ~
= T b2 Subst (f m dx, X, CSC 1((1 + bX))
2 1-a“-a csc(x) 1
~ b(a + bx),[1 - W cseL(a + b) ) b= Subst (fmdx x,csc(a + bx))
2a (1 - az) 2x2 2a (1 - az)
2\ 1.2 csc(x)
B b(” + bx)\/l (g+bx)2 N b? csc™(a + bx) _ csc™Ha + bx) _ ((1 ~2a ) b ) Subst (f Zatose® -
2a(1-a?)x 202 2x2 202 (1-a2)
2\ 1,2
~ b(a +bx) 1~ (u+bx)z N b cscl(a+bx)  cscl(a + bx) ((1 ~2a ) b ) Subst (f 1-asin(x)
2a (1 — az) 202 2x2 242 (1 _ az)
2\ 1,2
 ba+boyi- — Poscla+by  esel(a+by (1 -24) 5?) Subst (f oy
2a (1 -~ az) 242 2x2 a2 (1 —a

5.2\ 12
bla+ b1 - W  Posclasby escl@rby | (2(1 - 24%) %) Subst (f

_4(1_a2)_

2a (1 - az) 242 2x2

( 2) bZ 1 a—tan(
1-2a tan " | —————
Ma+ b - L Posclarbn)  esclarby -

a2
1 o1
5 ¢sc (a+

Vi-a

2a (1 — az) 242 2x2 2 (1 ~ u2)3/2

Mathematica [C] time = 0.741186, size = 199, normalized size = 1.62

2 2.2_ i(a2+abx-1
YRS s (Y ETE TR R T )
(a+b)c)2 V1-a2

i(2a2-1)p%x2 1o
bx(a+bx) —a 24 2alet oA ( ) : (2a2-1)px 2.2 -1 1
bt + gl (m) —cscHa + bx)
a(a2-1) ,12(1_uz)3/2 a?
2x?

Antiderivative was successfully verified.

[In] Integrate[ArcCscla + bxx]/x"3,x]

[Out] ((b*x*(a + b*x)*Sqrt[(-1 + a”2 + 2*xaxb*x + b™2*x"2)/(a + bxx)~2])/(ax(-1 +
a~2)) - ArcCscla + b*x] + (b™2*x"2*ArcSin[(a + b*x)~(-1)]1)/a"2 + (Ix(-1 + 2
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*a"2)*b"2*x"2*Log [(4* (-1 + a)*a™2+(1 + a)*((Ix(-1 + a”2 + axbxx))/Sqrt[l -
a”2] + (a + bxx)*Sqrt[(-1 + a™2 + 2*axb*x + b™2*x"2)/(a + b*x)~2]))/((-1 +
2*a”2)*b"2xx)])/(a"2%(1 - a”2)7(3/2)))/(2*x~2)

Maple [B] time = 0.263, size = 453, normalized size = 3.7

arcesc (bx + a) b? [ 2 1 1 a’h* |
- > + -1+ (bx + a)” arctan - -1+ (bx + «
2x (2bx +2a) (az — 1) \/_1 T (bx + a)? \/—1+(bx+a)2 bx +a

(bx+a)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x~3,x)

[Out] -1/2*arccsc(b*x+a)/x"2+1/2%b" 2% (-1+(b*x+a) ~2)~(1/2)/((-1+(b*x+a) ~2) / (bxx+a)
“2)7(1/2)/ (b*x+a)/(a"2-1)*arctan(1/(-1+(b*xx+a) "2) " (1/2))-b" 2% (-1+(b*x+a) ~2)
~(1/2)/ ((-1+(b*x+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*xx+a)*a~2/(a"2-1) " (5/2) *1n (2% ((a~
2-1)"(1/2) *(-1+(b*x+a) ~2) ~(1/2) +a* (b*x+a)-1) /b/x) -1/2*¥b"2x (-1+(b*x+a) ~2) ~ (1
/2)/ ((-1+(b*x+a) ~2) / (bxx+a)~2)~(1/2) / (b*x+a) /a~2/(a"2-1)*arctan(1/ (-1+(b*xx+
a)~2)7(1/2))+1/2%b*x (-1+(b*xx+a) ~2) / ((-1+(b*x+a) ~2) / (b*xx+a) ~2) " (1/2) / (b*x+a) /
a/(a"2-1) /x+3/2*b"2x (-1+(b*x+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) /(
b*x+a)/(a"2-1)"(5/2)*1n (2% ((a"2-1) " (1/2) * (-1+(b*x+a) ~2) " (1/2) +a*x(b*x+a)-1)/
b/x)-1/2xb" 2% (-1+ (b*x+a) ~2) " (1/2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) " (1/2) / (b*x+a)/
a~2/(a"2-1)"(5/2)*1n(2*((a~2-1) " (1/2) *(-1+(b*x+a) ~2) ~(1/2)+a* (b*x+a)-1) /b/x
)

Maxima [F] time = 0., size = 0, normalized size = 0.

% log(bx+a+1)+% log(bx+u—1))

5 (b2x+ab)e<
X f b2x4+2 abx3+(b2#1+2 ubx3+(az—l)xz)(bx+a+1)(bx+u—1)+(a2—1)x
2 x2

> dx + arctan (1, Vbx +a+1Vbx+a—- 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="maxima"

[Out] -1/2%(2xx"2*integrate(1/2*%(b~2*x + axb)*e”(1/2xlog(b*x + a + 1) + 1/2*xlog(b
*x + a - 1))/(b72*%x74 + 2ka*xb*x"3 + (2”2 - 1)*x72 + (b72%x"4 + 2¥axb*x”3 +
(2”2 - D*x"2)*e" (log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(l, sq
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rt(b*x + a + D*sqrt(b*x + a - 1)))/x72

Fricas [A] time = 3.46188, size = 998, normalized size = 8.11

a2bx+a3+Vb2x2+2 abx+u2—1(az—\/az—la—l)—(abx+a2—1)\/az—l—a

X

(2 a? - 1)\/a2 —1b%x? log

-2 (a4 -24%+ 1)bzx2 arctan (—bx -

2(a6 -2a4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="fricas")

[Out] [1/2%((2*a"2 - 1)*sqrt(a”2 - 1)*b~2*x"2xlog((a™2*b*x + a”3 + sqrt(b™2*x"2 +
2xa*xb*xx + a”2 - 1)*(a”2 - sqrt(a”™2 - 1)*a - 1) - (axb*x + a”2 - 1)*sqrt(a”
2 - 1) - a)/x) - 2x(a™4 - 2xa”2 + 1)*xb"2*xx"2*arctan(-b*x - a + sqrt(b™2*x"2

+ 2%axb*xx + 2”2 - 1)) + (273 - a)*b72xx"2 + sqrt(b"2*x72 + 2xa*xb*x + a”2 -
D*(a”3 - a)xb*xx - (a”6 - 2%¥a”™4 + a"2)*arccsc(b*x + a))/((a"6 - 2*a~4 + a~
2)*x72), 1/2%(2*%(2*a”2 - 1)*sqrt(-a”2 + 1)*b~2xx"2*arctan(-(sqrt(-a~2 + 1)*
bxx - sqrt(b”™2*x"2 + 2*a*xb*x + a2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - 2x(a"4

- 2%xa”2 + 1)*b"2*x"2*xarctan(-b*x - a + sqrt(b”2*x"2 + 2*axbxx + a”2 - 1))

+ (@73 - a)*b”2*%x"2 + sqrt(b™2*xx"2 + 2*axb*x + a”2 - 1)*(a”3 - a)*b*xx - (a”

6 - 2¥a"4 + a"2)xarccsc(b*x + a))/((a"6 - 2*xa”4 + a~2)*x"2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (a + bx) i

x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x**3,x)

[Out] Integral(acsc(a + b*x)/x**3, x)
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Giac [B] time = 1.54176, size = 374, normalized size = 3.04

215 5 x|b|-Vb2x242 abx+a2-1
. (Zab —b)arctan(— Ny )
(a4b4sgn (bx +a) - a?bhsgn (bx + a)) V=a? +1 (a3b4sgn (bx + a) — ab*sgn (bx + a))((xlbl — Vb2x2 + 2 abx + a2 — 1

(xlhl P2+ 2abx+ = 1)ab5 + a2 b] - b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="giac")

[Out] b*((2*a~2xb~5 - b~5)*arctan(-(x*abs(b) - sqrt(b™2*x"2 + 2*a*bxx + a”2 - 1))
/sqrt(-a~2 + 1))/((a"4*b"4xsgn(b*x + a) - a"2%b”"4xsgn(b*x + a))*sqrt(-a~2 +

1)) - ((x*abs(b) - sqrt(b™2+x72 + 2%axb*x + a”2 - 1))*a*xb”5 + a~2*b~4x*abs(
b) - b~4xabs(b))/((a”3*b~4*sgn(b*x + a) - a*xb4xsgn(b*x + a))*((x*abs(b) -
sqrt(b™2*x"2 + 2%a*b*x + a2 - 1))72 - a”2 + 1)) - bxarctan(-((x*abs(b) - s
qrt (b~2*x"2 + 2xa*xb*x + a”2 - 1))*b + a*abs(b))/b)/(a"2*sgn(b*x + a))) - 1/
2xarcsin(1/(b*x + a))/x"2
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3.95  [SCU9g,

x4

Optimal. Leaf size=180

a-tan 1csc_l(a+bx)
(2 - 5a2) b%(a + bx)\[1 - m b3 csc™(a + bx) (6a4 ~Sat 2) b tan”t ( (2\/@ )) b(a +bx)\[1 -
6a2 (1 - az)z X ) 3a° ) 3a3 (1 - a2)5/2  6a (1 - a2) X

[Out] -(b*(a + b*x)*Sqrt[l - (a + bxx)"(-2)])/(6*%ax(1 - a™2)*x72) + ((2 - 5*a™2)x
b~2%(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(6*%a~2*%(1 - a~2)"2*xx) - (b~3*ArcCsc

[a + bxx])/(3*a"3) - ArcCscl[a + b*x]/(3*x73) - ((2 - 5*a”2 + 6xa”4)*b~3*Arc
Tan[(a - Tan[ArcCscla + b*x]/2])/Sqrt[1 - a~2]1]1)/(3*a~3*x(1 - a~2)~(5/2))

Rubi [A] time = 0.297021, antiderivative size = 180, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 10, e -

integrand size
0.9, Rules used = {5259, 4427, 3785, 4060, 3919, 3831, 2660, 618, 204}

a—tan(% csc‘l(a+bx))

(2 - 5a2) b?(a + bx)[1 - m B3 cse1(a + bx) (6a4 - 5a% + 2) b’ tan™! ( News ) b(a + bx) 1 - :
642 (1 - a2)2 x ) 3a° ) 3a3 (1 - a2)5/2 e (1 - az) X

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]/x"4,x]

[Out] -(b*(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(6*ax(1 - a”2)*x"2) + ((2 - b*a"2)*
b™2x(a + b*x)*Sqrt[1 - (a + b*x)~(-2)])/(6%xa™2x(1 - a~2)72xx) - (b~ 3*ArcCsc

[a + bxx])/(3*%a"3) - ArcCscla + b*x]/(3*x73) - ((2 - 5*a™2 + 6%a”4)*b~3*Arc
Tan[(a - Tan[ArcCscla + b*x]/2])/Sqrt[1 - a~2]]1)/(3*a~3*x(1 - a~2)~(5/2))

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*xx_)I*(M_.))"(p_)*((e_.) + (£f_)*(x ))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*xf + f*xCsc[x])™m, x], x, ArcCscl[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rule 4427
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Int[Cot[(c_.) + (d_.)*(x_ )I*Cscl[(c_.) + (d_.)*x(x )]*(Csc[(c_.) + (d_.)*(x)
Ix(b_.) + (@) (@_.)*((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
fxx)"m*(a + b*Csclc + d*x]) " (n + 1))/(b*xdx(n + 1)), x] + Dist[(f*m)/(bxd*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csclc + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3785

Int[(cscl(c_.) + (d_D)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2xCot
[c + d*x]*(a + b*Csc[c + d*x])"(n + 1))/(axd*x(n + 1)*(a"2 - b72)), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”2 - b
“2)x(n + 1) - a*xbx(n + 1)*Csclc + d*x] + b™2x(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2+n]

Rule 4060

Int[((A_.) + cscl[(e_.) + (f_D*(x )I*(B_.) + cscl[(e_.) + (f_.)*(x_)]"2x(C_.
M*(cscl(e_.) + (£_D)*xDI*(b_.) + (a_)) " (m_), x_Symbol] :> Simp[((A*xb~2 -
a*b*B + a"2*C)*Cot[e + fxx]*(a + b*Cscle + f*x])"(m + 1))/(a*xf*(m + 1)*(a”
2 - b"2)), x] + Dist[1/(ax(m + 1)*(a”2 - b72)), Int[(a + b*Cscle + f*x]) " (m
+ D)*Simp[A*(a”2 - b™2)*(m + 1) - a*x(A*b - a*B + bxC)*x(m + 1)*Cscle + fx*x]
+ (A*b~2 - axb*B + a”2xC)*(m + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 3919

Int[(cscl(e_.) + (f_.)x(x_)]*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSinle + f*x1)/b), x], x] /; FreeQl{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2¥b*e*x + ax
e”2xx72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a2 - b"2, 0]
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Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Substl[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b"2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] Il LtQ[b, 01)

Rubi steps
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Mathematica [C]
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a24+2abx+b%x2-1
b ( a?
(a+bx)?

x cot(x) csc(x) _
- (b3 Subst ( m dx, x, csc™(a + bx)
csc™H(a + bx) 3 1 .
T b Subst (f m dx, x,csc™(a + bx))
3 2(1—112)—211 csc(x)—cscz(x) 1

b(a + bx) h— (be)z esc1(a + bx) b’ Subst ( f E— dx, x, csc™(a + bx)

6a (1 - az) x2 3x3 6a (1 - az)
2(1—512):
[ [ 1 b3 Subst

b(a + b1 - W N (2 5a )bz(a +bx)\[1 - (b2 csc_l(a + bx) N oS [f '

6a (1 - az) x2 642 (1 _ az)z X 3x3
T T

bla+bx)\1- s . (2-5a2) b(a + bx)J1 - g bPescla+bx)  cscMa + by) .

6a (1 - az) x? 642 (1 _ az)z X 3a3 3x3
T T

b(a + bx)/1 - o N (2 - 5a2) b?(a + bx) /1 - s Bescl(a+bx)  cscl(a+ by) N
6a (1 - az) x2 602 (1 _ az)z X 3a3 3x3

b(a +bx)[1 - —(a+bx)2 . (2 5a ) b2 (a + bx)\[1 - —(a+bx)2 P escl(a+bx)  csel(a + bx) .
6a (1 - az) x2 642 (1 _ az) X 3a® 3x3

b(a + bx), /1 - (a+bx)2 . (2 5a ) bz(a + bx), [1 - —(a+bx)2 b3 CSC_l(El + bx) CSC_l(El + bx)
6a (1 - az) x2 642 (1 _ uz)z X 3a3 3x3

b(a +bx)/1 - (a+bx)2 (2 5a ) b*(a + bx) /1 - W b¥cescl(a+bx)  cscl(a + bx)
6a (1 - a2) 22 60 (1 - az)z X 3a’ 3x3

time = 0.490824, size = 241, normalized size = 1.34

a2+2abx+b2x2—1 (
B e Y
(a+bx)2

(6a4—5a2+2)b3;

12a3(u2—1)2(—

(5bzx2 + 1) — 4a%bx + a* + abx + 2b2x2) i(6a4 —5a%+ 2) b?log

N =

+
a2 (a2 - 1)2 x? a3 (l - u2)5/2

Antiderivative was successfully verified.
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[In] Integrate[ArcCscl[a + bxx]/x"4,x]

[Out] ((b*Sqrt[(-1 + a~2 + 2*axb*x + b™2xx72)/(a + b*x) 2]*(a"4 + axb*x - 4*a~3%b
xx + 2*xb72xx72 - a”2x(1 + 5xb72xx72)))/(a"2x (-1 + a~2)"2xx"2) - (2xArcCscla

+ bxx])/x73 - (2%b~3*ArcSin[(a + b*x)~(-1)])/a"3 + (I*(2 - 5xa”2 + 6%a~4)x
b~3*Log[(12*a~3* (-1 + a”2) " 2x(((-I)*(-1 + a”2 + axb*x))/Sqrt[1l - a"2] - (a

+ b*x)*Sqrt[(-1 + a”2 + 2*axb*x + b™2*x72)/(a + b*x)"2]))/((2 - b*a”2 + 6*a
"4)xb"3%x)])/(a”3*%(1 - a”2)7(5/2)))/6

Maple [B] time = 0.24, size = 759, normalized size = 4.2

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x"4,x)

[Out] -1/3*arccsc(b*x+a)/x"3-1/3%b"3*(-1+(b*x+a)~2)~(1/2)/((-1+(b*x+a) ~2) / (b*x+a)
~2)7(1/2) / (bxx+a)*a/(a"2-1) "2*xarctan(1/(-1+(bxx+a) "2) ~(1/2) )+b~3* (-1+(b*x+a
)72)7(1/2) / ((-1+(b*x+a) ~2) / (bxx+a) "2) " (1/2) / (bxx+a)*a~3/(a~2-1) ~(7/2) *1n (2%
((a™2-1)"(1/2) % (—1+(b*x+a) ~2) " (1/2)+a*x(bxx+a)-1) /b/x) +2/3*b"3* (-1+ (b*x+a) "2
)" (1/2) / ((-1+(b*xx+a) ~2) /(b*xx+a) "2) ~(1/2) / (b*x+a)/a/(a"2-1) "2*arctan(1/ (-1+(
b*x+a)~2) " (1/2))-5/6*b"2* (-1+ (b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) "2)~(1/2) /(b
*x+a)/(a"2-1)"2/x-11/6xb"3* (-1+ (b*x+a) "2) " (1/2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) "
(1/2)/ (b*xx+a) *a/(a"2-1) " (7/2)*1n(2* ((a~2-1) " (1/2) *(-1+(b*x+a) ~2) ~(1/2)+a*x (b
*xx+a)-1)/b/x)+1/6xb* (-1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) / (b*x+a)
*xa/(a”2-1)"2/x"2-1/3*xb"3* (-1+(b*x+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~ (1
/2)/(b¥x+a)/a~3/(a"2-1) "2xarctan(1/(-1+(b*x+a)~2) " (1/2))+1/3*%b"2*x (-1+ (b*x+a
)72) / ((—1+(b*xx+a) "2) / (bxx+a) ~2) ~(1/2) / (b*xx+a) /a~2/(a"2-1) "2/x+7/6*b~3* (-1+(
bxx+a) ~2) 7 (1/2) / ((-1+(bxx+a) ~2) / (b*x+a) ~2) ~(1/2) / (b*x+a) /a/(a"2-1) " (7/2) *1n
(2x((a~2-1)"(1/2) *(-1+(b*x+a) "2) ~(1/2)+a*x (b*x+a)-1) /b/x) —-1/6*b* (-1+ (b*x+a) "
2)/ ((=1+(b*x+a) ~2) /(b*x+a) ~2) " (1/2) / (bxx+a) /a/(a"2-1) "2/x72-1/3*b~3* (- 1+ (b*
x+a)~2) " (1/2)/ ((-1+(b*x+a) ~2) / (b*xx+a) ~2) "~ (1/2) / (b*x+a) /a~3/(a"2-1)"(7/2) *1n
(2x((a”2-1) " (1/2) *(-1+(bxx+a) "2) " (1/2) +a* (b*x+a)-1) /b/x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(bzx"'llb)e(% IOg(bH“H)*% 10g(bx+a71))

3
X f b2x5+2 ubx4+(u2—1)x3+(b2x5+2 abx4+(u2—1)x3)(bx+a+1)(hx+a—1)
3x3

dx + arctan (1, Vbx +a+1Vbx +a - 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="maxima"

[Out] -1/3%(3*x"3*integrate(1/3*(b~2*x + axb)*e”(1/2xlog(b*x + a + 1) + 1/2*xlog(b
xx + a - 1))/(b72*%x75 + 2%a*xb*x"4 + (a”2 - 1)*x73 + (b72xx"5 + 2¥axb*x"4 +

(a”2 - 1)*x"3)*e” (log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(l, sq
rt(b*xx + a + 1)*sqrt(b*x + a - 1)))/x73

Fricas [A] time = 3.80911, size = 1242, normalized size = 6.9

a2bx+a3+Vb2x2+2 ubx+a2—1(a2+ a2—1a—1)+(abx+a2—l)v a%2-1-a

(6u4 -5a% +2)\/a2—1b3x3 log .

+4(a6—3a4+3a2—1)b3x3a1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="fricas")

[Out] [1/6%((6%a”4 - B*a"2 + 2)*sqrt(a™2 - 1)*b~3*x"3xlog((a”2*b*x + a~3 + sqrt(b
T2%x72 + 2xaxb*xx + a”2 - 1)*(a”2 + sqrt(a™2 - 1)*a - 1) + (axbxx + a2 - 1)
xsqrt(a™2 - 1) - a)/x) + 4x(a”6 - 3*a"4 + 3*a”2 - 1)*b~3*x"3*arctan(-b*x -
a + sqrt(b”2*x"2 + 2kaxbxx + a”2 - 1)) - (b%xa”b - 7xa”3 + 2xa)*b”3*x"3 - 2%
(2”9 - 3%a”7 + 3*a”5 - a~3)*arccsc(b*x + a) - ((5*a”5 - 7xa”™3 + 2%a)*b~2*x"
2 - (276 - 2*a”4 + a”"2)*b*xx)*sqrt(b™2*x"2 + 2*ka*xb*x + a”2 - 1))/((a”9 - 3*a
7 + 3%¥a”b - a”3)*x73), -1/6*%(2x(6*%a”4 - b5*a”2 + 2)*sqrt(-a”2 + 1)*xb”3%x"3x
arctan(-(sqrt(-a”2 + 1)xb*x - sqrt(b™2*x72 + 2xa*b*x + a”2 - 1)*sqrt(-a~2 +
1))/(@"2 - 1)) - 4x(a”6 - 3*a”"4 + 3xa”2 - 1)*b~3*x"3*arctan(-bxx - a + sqr
t(b72%x72 + 2%axbxx + a2 - 1)) + (5%a”5 - 7*a"3 + 2*%a)*b"3*x"3 + 2x(a”9 -
3%a”7 + 3*%a”5 - a"3)xarccsc(b*x + a) + ((5xa”b - T*a"3 + 2*a)*b”"2*xx"2 - (a”
6 - 2*%a"4 + a"2)*b*x)*sqrt(b"2*x"2 + 2*axb*x + a”2 - 1))/((a”9 - 3*a”7 + 3%
a”b - a”3)*x73)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (a + bx) i

x4
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x**4,x)

[Out] Integral(acsc(a + b*x)/x**4, x)

Giac [B] time = 1.72845, size = 792, normalized size = 4.4

(xWL—Vb2x2+2abx+a2—1)b+aWI

V2242 abx+a2—1
(6 a*h® —5a%b8 + 2 bs) arctan (— i bzxi;szﬁaz 1) 2b%arctan |- -
3 (a7b6sgn (bx + a) — 2 a®bbsgn (bx + a) + adbbsgn (bx + u))\/—az +1 a®sgn (bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="giac")

[Out] -1/3*b*((6*%a~4%b~8 - 5*a~2*b~8 + 2xb~8)*arctan(-(x*abs(b) - sqrt(b™2*x~2 +
2*%axbxx + a”2 - 1))/sqrt(-a”2 + 1))/((a”7*b"6*sgn(b*x + a) - 2*a~5xb~6*sgn(
b*x + a) + a"3*b"6xsgn(b*x + a))*sqrt(-a”2 + 1)) - 2*xb~2*arctan(-((x*abs(b)
- sqrt(b72%x72 + 2%axb*x + a”2 - 1))*b + a*abs(b))/b)/(a"3*sgn(b*x + a)) -
(4% (x*abs(b) - sqrt(b™2*x"2 + 2%a*xb*xx + a2 - 1))73%a"3*b"8 - 8*(x*abs(b)
- sqrt(b™2%x72 + 2*axb*xx + a2 - 1))*a”5xb~8 + 2*(x*abs(b) - sqrt(b™2xx"2 +
2%axbxx + a”2 - 1))72*%a"4xb~7xabs(b) - 6*%a~6xb~7*abs(b) - (x*abs(b) - sqrt
(b™2%x72 + 2%a*xbxx + a”2 - 1))73%a*b”8 + 1lx(x*abs(b) - sqrt(b™2*x72 + 2%ax
bxx + a”2 - 1))*a”~3*%b”"8 - 4*(x*abs(b) - sqrt(b™2*x72 + 2%axbxx + a”2 - 1))~
2%a~2*%b"7*abs(b) + 14*a~4*b”~7xabs(b) - 3*(x*abs(b) - sqrt(b™2*x72 + 2xa*xb*x
+ a2 - 1))*axb”8 + 2x(xxabs(b) - sqrt(b~2*x"2 + 2xa*b*x + a”2 - 1)) 2xb~7
*xabs (b) - 10*xa~2*b~7*xabs(b) + 2+b~7*abs(b))/((a"6*b~6*sgn(b*x + a) - 2*a~4x
b~ 6*sgn(b*x + a) + a”2*%b"6*sgn(b*x + a))*((x*abs(b) - sqrt(b™2*x"2 + 2xaxb*
X +a"2-1))72-a"2+ 1)72)) - 1/3*arcsin(1/(bxx + a))/x"3
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396  [Sld gy

X0

Optimal. Leaf size=239

1
(a+bx)? _

2442 (1 - az)z x? 2443 (1 - a2)3 x 4at 4q

T (—8116 + 8a* - 7a% +

(3—8a2) bP(a + bx) /1 (260* ~170% + 6) b(a + bx)\1 - - L Posclarby

[Out] -(b*(a + b*xx)*Sqrt[1 - (a + b*x)~(-2)])/(12*%a*x(1 - a~2)*x73) + ((3 - 8*a~2)
xb"2x(a + b*x)*Sqrt[l - (a + bxx)~(-2)])/(24*a"2*%(1 - a~2)"2*x"2) - ((6 - 1
7*xa"2 + 26%a”4)*b"3*(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(24%a"3*(1 - a~2)73

xx) + (b~4xArcCscla + bxx])/(4*a~4) - ArcCscla + b*x]/(4*x~4) + ((2 - 7*a"2

+ 8*%a"4 - 8*a”6)*b~4xArcTan[(a - Tan[ArcCscla + b*x]/2])/Sqrt[1 - a~2]1]1)/(
4xa~4*x(1 - a~2)~(7/2))

Rubi [A] time = 0.456579, antiderivative size = 239, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 9, integrand size = 10, number of rules _

integrand size
0.9, Rules used = {5259, 4427, 3785, 4060, 3919, 3831, 2660, 618, 204}

T (—8a6 +8a* — 7a% +

1 4 2 3
(26u —-17a +6)b (a+bx),/1- @R s b* csc™Y(a + bx) N

 (@+bx?

2442 (1 - az)z x?2 2443 (1 - a2)3 x 4at 4q

(3—8a2) b(a + bx) /1

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]/x"5,x]

[Out] -(b*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)])/(12*%ax(1 - a"2)*x"3) + ((3 - 8%a"2)
*b"2*%(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(24*a~2*x(1 - a~2)"2*x"2) - ((6 - 1
7xa"2 + 26%a”4)*b"3*(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(24%a"3*(1 - a~2)73

xx) + (b~4xArcCscla + bxx])/(4*a"4) - ArcCscla + b*xx]/(4xx~4) + ((2 - 7*a"2

+ 8xa”4 - 8*a~6)*b~4xArcTan[(a - Tan[ArcCscl[a + b*x]/2])/Sqrt[1 - a~2]1]1)/(
4xa~4x(1 - a~2)"(7/2))

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*x(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x D))" (m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(dxe - cxf + f*Csc[x])"m, x], x, ArcCscl[c + dx*x]], x] /; FreeQ[{a, b, c,
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d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*x(x )]*(Csc[(c_.) + (d_.)*(x.)
Ix(b_.) + (@) (n_.)*x((e_.) + (f_)*(x_)) " (m_.), x_Symbol] :> -Simp[((e +
fxx)"m*(a + b*Csclc + d*x])"(n + 1))/(b*d*x(n + 1)), x] + Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*xx)"(m - 1)*(a + b*Cscl[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3785

Int[(cscl(c_.) + (d_)*(x_)]*(_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2x*Cot
[c + d*x]*(a + bxCsc[c + d*x])"(n + 1))/(axd*(n + 1)*(a"2 - b"2)), x] + Dis
t[1/(ax(n + 1)*x(a”2 - b72)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)*x(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2x(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2*n]

Rule 4060

Int[((A_.) + cscl(e_.) + (f_)*(x )I*(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.
M *(cscl(e_.) + (£_D)*(xD)]1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[((A*xb~2 -
axbxB + a"2xC)*Cot[e + fxx]*(a + b*Cscle + fxx])"(m + 1))/(axfx(m + 1)*(a”
2 - b"2)), x] + Dist[1/(ax(m + 1)*(a"2 - b"2)), Int[(a + b*Cscle + f*x]) (m
+ 1)*Simp[A*(a™2 - b™2)*(m + 1) - ax(Axb - a*B + b*C)*(m + 1)*Cscl[e + f*x]
+ (Axb~2 - a*b*B + a"2*C)*(m + 2)*Cscl[e + f*xx]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + fx*x
1/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Int[csc[(e_.) + (f_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sin[e + fx*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660
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Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2*b*xexx + ax
e 2%x"2), x], x, Tan[(c + d*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a“2 - b"2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
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XD

-1 b
csc™(a + bx) gy —

_cscM(a+bx)

- (b4 Subst ( x cot(x) ese(x) dx, x, csc(a + bx)))

(—a + csc(x))®

4x4

b(a + bx),[1 - (be)z

4174 Subs t(

1
f (—a + csc(x))*

3(1—112)—311 csc(x)-2 csc(x)
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dx, x, csc™(a + bx))

4
csc‘l(a +bx) b"Subst (f

Er—_ dx, x, csc™ (a + bs

12a (1 - az) x3

b(a + bx),[1 - (a+bx)2

4x4

(3 8a )bz(a +bx)[1 - W

12a (1 - aZ)

b* Subst [f 6(1—_a

a+b
csc(a x)+

12a (1 - a?)x3

+

b(a +bx)[1 - (be)z
+

2442 (1 - a2)2 x?

(3-8a )bz(a+bx)‘/1—m i

4x4

(6 -17a% + 26a4) b3(a + bx),[1 -

12a (1 - az) x3

b(a + bx),[1 - (be)z
+

2442 (1 - a2)2 x2

(3 - 8a2) 12(a + bx) |1 - W .

2443 (1 - a2)3 x

(6 —17a% + 26a4) b3(a + bx),[1 -

12a (1 - az) x3

2442 (1 - az) x2

(3 8a )bz(a+bx),/1 - m )

2443 (1 - a2)3 x

(6 —17a% + 26a*) b(a + bx)|[1 -

b(ﬂ + bx)1 11— W
4

12a (1 - az) x3

b(ﬂ + bX)‘ '1 W
+

2442 (1 - az) x?

(3 8a )bz(a +bx)[1 - W .

2443 (1 - a2)3 x

(6 —174a% + 26a*) b(a + bx) |1 -

b(a + bx)4/1

12a (1 - az) x3

1
(a+bx)?

2402 (1 - a2)2 X2

(3 - 802) t2(a + bx) \J1 - —

" (a+bx)? _

2443 (1 - a2)3 x

(6 -17a% + 26114) b3(a + bx) /1 -

12a (1 - aZ) x3

b(ﬂ + bX)d]. W
+

2442 (1 - a2)2 x2

(3 8a )bz(a +bx)[1 - W )

2443 (1 - a2)3 x

(6 —17a% + 26a*) b(a + bx) |1 -

12a (1 - az) x3

2442 (1 - az) x?

2443 (1 - a2)3 x
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Mathematica [C] time = 0.516068, size = 307, normalized size = 1.28

b, /% (2a5 (9bzx2 - 2) + a*bx (26bzx2 + 7) + a3 (2 - 6b2x2) —a? (17b3x3 + bx) — 6a°bx + 2a” + 3ab®x% +

3a3 (a2 - 1)3 x3

| =

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + bxx]/x75,x]

[Out] ((b*Sqrt[(-1 + a~2 + 2*axb*x + b™2xx72)/(a + b*x) "2]*(2*a~7 - 6%a”~6xb*x + 3

*axb72%x”"2 + 6xb73*%x"3 + a”3*%(2 - 6*%b72xx72) + 2*a”bx(-2 + 9*b"2*xx"2) + a~4

*bxxx (7 + 26%b~2%xx72) - a”2*(b*x + 17%b"3%x73)))/(3*a"3x(-1 + a~2)73*x"3) -
(2%ArcCscla + b*x])/x"4 + (2%b"4xArcSin[(a + b*x)~(-1)])/a"4 + (I*x(-2 + 7%

a”2 - 8%a”4 + 8*a”"6)*b~4xLog[(16%a~4x(-1 + a~2) " 3*x((I*x(-1 + a~2 + a*b*x))/S

grt[l - a72] + (a + b*x)*Sqrt[(-1 + a”2 + 2xa*xb*x + b~ 2*x72)/(a + b*x)~2]))

/((-2 + 7%a”2 - 8xa”4 + 8*%a~6)*b"4xx)])/(a"4x(1 - a~2)~(7/2)))/8

Maple [B] time = 0.24, size = 1172, normalized size = 4.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x"5,x)

[Out] -1/4*arccsc(b*x+a)/x"4+1/4%b"4*x(-1+(bxx+a)~2)~(1/2)/((-1+(b*x+a) ~2)/ (b*x+a)
~2)7(1/2)/ (bxx+a)*a~2/(a"2-1) "3*arctan(1/(-1+(b*x+a) ~2) " (1/2))-b~4* (-1+(b*x
+a)"2) " (1/2) / ((-1+(b*x+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*xx+a)*a~4/(a~2-1) " (9/2) *1n(
2% ((a™2-1)"(1/2) *(-1+(b*x+a) ~2) ~(1/2)+a*(b*x+a)-1) /b/x) -3/4*b~4* (-1+ (b*x+a)
~2)7(1/2)/ ((-1+(b*xx+a) "2) / (b*x+a) "2) ~(1/2) / (b*x+a) /(a"2-1) "3*arctan(1/(-1+(
b*x+a)~2) " (1/2))+13/12%b"3* (-1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) "2) ~(1/2)/
(b*x+a)*a/(a~2-1) "3/x+2*b~4* (-1+(b*x+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2)
~(1/2)/ (b*xx+a)*a~2/(a"2-1)"(9/2)*1n(2* ((a~2-1) " (1/2) * (-1+(b*x+a)~2) ~(1/2) +a
* (b*x+a)-1)/b/x)-1/3*b"2x (-1+ (b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) /(b
*x+a)*a”2/(a"2-1)"3/x72+3/4xb"4* (—1+ (b*x+a) "2) " (1/2) / ((-1+(b*x+a) "2) / (b*x+a
)"2)°(1/2) / (b*xx+a) /a~2/(a"2-1) "3*arctan(1/(-1+(b*x+a) "2) "~ (1/2) ) -17/24*b"3*(
-1+ (bxx+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) /(b*x+a) /a/(a"2-1)"3/x+1/12*b
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*(—1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) " (1/2) / (bxx+a) *a~3/(a"2-1) "3/x~3-
15/8%b~4x* (-1+(bxx+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) / (bxx+a) ~2) ~(1/2) / (b*xx+a) /(a~2
-1)7(9/2)*1n(2*x((a"2-1) " (1/2) *(-1+ (b*x+a) "2) ~(1/2) +a*x(b*x+a)-1) /b/x)+11/24x%
b~ 2% (=1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (bxx+a) ~2) ~(1/2) / (b*x+a) /(a"2-1)"3/x"2-1
/4xb~4* (-1+(b*xx+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) / (b*x+a) “2) ~(1/2) / (b*x+a) /a~4/ (a
~2-1)"3*arctan(1/(-1+(b*x+a) ~2) ~(1/2) ) +1/4*b~3* (-1+(b*x+a) ~2) / ((-1+(b*x+a) "~
2)/ (bxx+a)~2) ~(1/2) / (b*xx+a)/a~3/(a"~2-1) "3/x-1/6*b* (-1+(b*x+a) ~2) / ((-1+ (b*x+
a)”2)/(b*xx+a)~2) " (1/2) / (bxx+a)*a/(a"2-1) "3/x"3+9/8*b~4*x (—-1+(b*x+a) ~2) ~(1/2)
/ ((-1+(b*x+a) ~2) / (b*xx+a) "2) ~(1/2)/ (b*x+a) /a~2/(a"2-1) " (9/2) *1n(2x ((a~2-1) ~(
1/2)* (=1+(b*x+a) ~2) " (1/2)+a*x(b*x+a)-1) /b/x)-1/8*¥b" 2% (-1+(b*x+a) "2) / ((-1+(b*
x+a) ~2) /(b*x+a)~2)~(1/2) /(bxx+a)/a~2/(a"2-1) "3/x72+1/12%b* (-1+ (b*x+a) ~2) / ((
-1+ (b*x+a) ~2) /(b*xx+a)~2)~(1/2)/ (b*x+a) /a/(a"2-1)"3/x"3-1/4xb"4* (-1+ (b*x+a) ~
2)7(1/2)/ ((-1+(b*x+a) ~2) / (bxx+a) 72) " (1/2) / (bxx+a) /a~4/(a"2-1) ~(9/2) *1n (2% ((
a”2-1)"(1/2)* (-1+(b*x+a) "2) " (1/2) +a* (bxx+a)-1) /b/x)

Maxima [F] time = 0., size = 0, normalized size = 0.

% log(bx+a+1)+% log(bx+a—1))

4 (b2x+ab)e<
X f b2x6+42 abx5+(a2—l)x4+(b2x6+2 abx5+(uz—l)x4)(bx+a+1)(bx+a—1)
4 x4

dx + arctan (1, Vbx +a+1Vbx +a - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"5,x, algorithm="maxima")

[Out] -1/4*(4*x"4xintegrate(1/4*(b~2%x + a*b)*e”(1/2*log(b*x + a + 1) + 1/2*log(b
*x + a - 1))/(b72%x76 + 2%a*xb*x”5 + (2”2 - 1)*x74 + (b72xx76 + 2%axb*x”5 +

(2”2 - D*x"4)*e" (log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(l, sq
rt(bxx + a + 1)*sqrt(b*x + a - 1)))/x74

Fricas [A] time = 4.24089, size = 1551, normalized size = 6.49

a2bx+a3+Vb2x2+2 abx+02—1(az—\/az—lu—l)—(ubx+a2—1)Vaz—l—a

3(8a° - 8a* +7a% - 2)Va2 - 1b*x* log - ~12(a® - 4a° + 6a*

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsc(b*x+a)/x"5,x, algorithm="fricas")

[Out] [1/24%(3%x(8*a”6 - 8*a”4 + 7xa”2 - 2)*sqrt(a”2 - 1)*b~4xx"4*xlog((a~2xb*x + a
73 + sqrt(b7™2xx72 + 2*axb*x + a”2 - 1)*(a”2 - sqrt(a”2 - 1xa - 1) - (a*xb*x
+a”2 - Dx*sqrt(a”™2 - 1) - a)/x) - 12%(a”8 - 4*a™6 + 6*xa”4 - 4xa”2 + 1)*b”
4xx~4*arctan(-b*x - a + sqrt(b™2*x72 + 2*axb*x + a”2 - 1)) + (26%a”7 - 43%a
"5 + 23%a”3 - 6*a)*b"4*x"4 - 6%x(a”12 - 4%a”10 + 6%a”8 - 4*a”6 + a"4)*arccsc
(b*x + a) + ((26*%a”7 - 43xa”b + 23%a”3 - 6*%a)*b”~3*x"3 - (8*a™8 - 19*a"6 + 1
4xa”4 - 3*%a"2)*b"2xx72 + 2*%(a”9 - 3*%a”7 + 3*%a”5 - a”3)xb*x)*sqrt(bT2*xx"2 +
2%axb*x + a”2 - 1))/((a"12 - 4%a~10 + 6*a”8 - 4*a”"6 + a~4)*x"4), 1/24%(6*(8
*a"6 - 8%a"4 + T7xa”2 - 2)*sqrt(-a”2 + 1)*b~4*xx"4*arctan(-(sqrt(-a”2 + 1)*bx
x - sqrt(b™2#x72 + 2%axb*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - 12+(a"8
- 4%xa”6 + 6*%a”4 - 4xa”2 + 1)*b"4xx"4xarctan(-bxx - a + sqrt(b”T2*x"2 + 2*axb
*x + a”2 - 1)) + (26%a”7 - 43%a”b + 23%a”3 - 6*a)*b"4xx"4 - 6%x(a”12 - 4*a”1
0 + 6*%a”8 - 4xa”6 + a"4)*arccsc(b*xx + a) + ((26*%a”7 - 43xa”5 + 23%a”3 - 6*a
)*¥b73%x73 - (8%a”8 - 19%a”6 + 14%a”4 - 3%a”2)*b"2*x"2 + 2*(a”9 - 3*a”7 + 3%
a”5 - a”3)*bxx)*sqrt(b”2+x72 + 2*xaxb*x + a”2 - 1))/((a”12 - 4%a”10 + 6*a”8
- 4xa”6 + a"4)*x74)]

Sympy [F] time = 0., size = 0, normalized size = 0.

b
f acsc (a + bx) i

5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x**5,x)

[Out] Integral(acsc(a + b*x)/x**5, x)

Giac [B] time = 2.02049, size = 1508, normalized size = 6.31

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"5,x, algorithm="giac")

[Out] 1/12%b*x(3*(8*a~6%b~11 - 8*a~4xb~11 + 7*a~2xb~11 - 2xb~11)x*arctan(-(x*abs(b)
- sqrt(b™2%x72 + 2*axb*x + a”2 - 1))/sqrt(-a”2 + 1))/((a”10%b"8*sgn(b*x +
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a) - 3*a"8*b"8*sgn(b*x + a) + 3*a~6xb"8*sgn(b*x + a) - a"4*b " 8*sgn(b*x + a)
)*sqrt(-a”2 + 1)) - 6*b~3*arctan(-((x*abs(b) - sqrt(b™2*x"2 + 2%axb*x + a~2
- 1))*b + axabs(b))/b)/(a"4*xsgn(b*xx + a)) - (18%(x*abs(b) - sqrt(b™2*x"2 +
2%axb*x + a”2 - 1))75*a”b*b~11 - 52*(x*abs(b) - sqrt(b™2*x"2 + 2*axb*x + a
72 - 1))73*%a”7*b"11 + 66*(x*abs(b) - sqrt(b”2*x"2 + 2*a*xb*x + a2 - 1))*a”9
*b~11 + 6% (x*abs(b) - sqrt(b™2*x"2 + 2*axb*x + a”2 - 1)) 4*a”~6%b~10*abs(b)
- 12x(x*abs(b) - sqrt(b™2#x72 + 2%axb*x + a”2 - 1)) 2xa"8xb~10*abs(b) + 38%
a~10*b~10*abs(b) - 6*x(x*abs(b) - sqrt(b~2*x"2 + 2xa*b*x + a”2 - 1)) 5xa”3%b
11 + 76*(x*abs(b) - sqrt(b™2%x"2 + 2%axb*x + a”2 - 1))73*%a"b*xb"11 - 174x(x
*abs(b) - sqrt(b™2*x™2 + 2%a*b*x + a2 - 1))*a~7*b~11 - 18+(x*abs(b) - sqrt
(b™2%x72 + 2%axbxx + a”2 - 1)) 4xa"4xb~10*abs(b) + 48*(x*abs(b) - sqrt(b™2*
X2 + 2kaxb*x + a”2 - 1))72%xa"6*%b~10*abs(b) - 134*a~8*b~10*abs(b) + 3*(x*ab
s(b) - sqrt(b™2*x72 + 2xa*b*x + a”2 - 1)) bxa*xb~11 - 36*(x*abs(b) - sqrt(b”
2%x72 + 2%axbxx + a2 - 1))73%a”"3xb"11 + 159%(x*abs(b) - sqrt(b~2*x"2 + 2%a
xb*x + a”2 - 1))*a”bxb~11 + 18*(x*abs(b) - sqrt(b™2*x"2 + 2xa*b*x + a”2 - 1
)) "4xa”2*%b”"10*abs(b) - 72*(x*abs(b) - sqrt(b”2xx~2 + 2*axb*x + a”2 - 1))~ 2%
a~4xb~10*abs(b) + 180*a~6%b~10*abs(b) + 12x(x*abs(b) - sqrt(b™2*x”2 + 2xax*b
*x + a”2 - 1))73%a*b”11 - 60*(x*abs(b) - sqrt(b™2xx"2 + 2*axb*x + a”2 - 1))
*a"3%b~11 - 6x(x*abs(b) - sqrt(b”2*x"2 + 2%a*xbxx + a~2 - 1)) 4xb~10*abs(b)
+ 48x(xxabs(b) - sqrt(b~2*x"2 + 2%a*bxx + a”2 - 1)) 2xa"2xb~10*abs(b) - 116
*a~4xb~10*abs(b) + 9*(x*abs(b) - sqrt(b~2+x"2 + 2*axb*x + a”2 - 1))*a*xb~11
- 12x(x*abs(b) - sqrt(b™2*x72 + 2xa*xb*x + a”2 - 1)) 2xb~10*abs(b) + 38*%a~2x
b~10*abs(b) - 6%b~10%abs(b))/((a~9*%b"8*sgn(b*x + a) - 3*a”~7*b " 8xsgn(b*x + a
) + 3*a”bxb"8*xsgn(b*x + a) - a~3*b"8*sgn(bxx + a))*((x*abs(b) - sqrt(b™2*x~
2 + 2xaxb*x + a”2 - 1))72 - a2 + 1)73)) - 1/4xarcsin(1/(b*x + a))/x"4
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3.27 f x3 cscHa + bx)? dx
Optimal. Leaf size=366

2ia’PolyLog (2, —eicscfl(“bx)) 2ia’PolyLog (2, el Cscfl(“bx)) iaPolyLog (2, —e Cscfl(“””‘)) iaPolyLog (2, elese
b B b " i B i

[Out] -((a*x)/b~3) + (a + b*x)~2/(12%b"4) + ((a + b*x)*Sqrt[l - (a + b*x)~(-2)]*A

rcCscla + b*xx])/(3*b~4) + (3*a~2x(a + b*x)*Sqrt[l - (a + b*x)~(-2)]*ArcCsc[

a + b*x])/b"4 - (ax(a + b*x)"2*Sqrt[1 - (a + b*x)~(-2)]*ArcCscla + b*x])/b”

4 + ((a + bxx)"3*%Sqrt[1 - (a + b*x)~(-2)]*ArcCscla + bxx])/(6%b~4) - (a~4xA

rcCscla + b*x]72)/(4%b~4) + (x"4*ArcCscla + b*x]~2)/4 - (2*axArcCscl[a + b*x

1*ArcTanh [E™ (I*ArcCsc[a + b*x])])/b"4 - (4xa~3*ArcCscla + bxx]*ArcTanh[E™ (I

*ArcCsc[a + bxx])])/b~4 + Logla + b*x]/(3xb"4) + (3*xa"2*Logla + b*x])/b"4 +
(I*a*PolyLog[2, -E~(I*ArcCscla + b*x])]1)/b74 + ((2*I)*a~3*PolyLogl[2, -E~(I

xArcCscla + bxx])])/b™4 - (I*axPolyLog[2, E~(IxArcCscla + bxx])])/b™4 - ((2

xI)*a~3*PolyLog[2, E~(IxArcCscla + bx*x])])/b"4

Rubi [A] time = 0.305289, antiderivative size = 366, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 9, integrand size = 12, e

0.75, Rules used = {5259, 4427, 4190, 4183, 2279, 2391, 4184, 3475, 4185}

integrand size

2ia3PolyLog (2’ _eicsc_l(u+bx)) 2ia3PolyLog (2’ el csc_l(a+bx)) iaPolyLog (2’ —el csc_l(u+bx)) iaPolyLog (2’ el csc1(
b4 - b4 + b4 h b4

Antiderivative was successfully verified.

[In] Int[x"3%ArcCscla + b*x]"2,x]

[Out] -((a*x)/b~3) + (a + bxx)"2/(12%b~4) + ((a + b*x)*Sqrt[l - (a + bxx)~(-2)]*A

rcCscla + b*x])/(3*b~4) + (3*a~2*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcCsc[

a + b*xx])/b"4 - (ax(a + b*x)7"2xSqrt[1 - (a + bxx)~(-2)]*ArcCscla + b*x])/b”

4 + ((a + bxx)"3*%Sqrt[1 - (a + b*x)~(-2)]*ArcCscla + bxx])/(6%b~4) - (a~4xA

rcCscla + b*x]72)/(4%b~4) + (x"4*ArcCscla + b*x]~2)/4 - (2*axArcCscl[a + b*x

I*ArcTanh [E~ (I*ArcCscla + b*x])])/b™4 - (4xa”3*ArcCsc[a + b*x]*ArcTanh[E~(I

*ArcCsc[a + bxx])])/b"4 + Logla + b*x]/(3xb74) + (3xa"2*Logla + b*x])/b"4 +
(I*a*PolyLog[2, -E~(I*ArcCscla + b*x])])/b~4 + ((2*I)*a~3*PolylLogl[2, -E~(I

xArcCscla + bxx])])/b™4 - (I*a*PolyLog[2, E~(IxArcCscla + bxx])])/b™4 - ((2

*xI)*a~3xPolyLog[2, E~(I*ArcCscl[a + b*x])])/b"4

Rule 5259
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Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)I*(b_.))"(p_)*x((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl(c_.) + (d_.)*x(x_)]1*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@) (a_.)*x((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
fxx)"mx(a + bxCsclc + d*x])"(n + 1))/(b*d*(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Cscl[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (f_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) “m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - )*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 4184

Int[csc[(e_.) + (f_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]
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Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

Rule 4185

Int[(cscl(e_.) + (£_)*(x)I*(_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b™2x(c + d*x)*Cot[e + f*xx]x(bxCscle + fxx])"(n - 2))/(f*x(n - 1)), x
] + (Dist[(b"2x(n - 2))/( - 1), Int[(c + d*x)*(b*Cscle + f*x])~(n - 2), x]
, x] = Simp[(b~2*d*(b*Cscle + f*x])"(n - 2))/(f"2x(n - D*(n - 2)), x]) /;

FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2]

Rubi steps

Subst ( [ %2 cot(x) esc(x)(—a + cse(x))® dx, x, csc™ (a + bx))

fx3 cscl(a + bx)? dx = —

i
1 Subst (f x(—a + csc(x))* dx, x, csc™Ha + bx))
R N | 2
= qx csc (a+ bx)= - T
_ 31 b ese-(a + b — Subst ( il (a4x — 4a3x csc(x) + 6a%x csc?(x) z—bilax csc3(x) + x csc4(x)) d:
tesela+b0)? 1 Subst ( [ x csct(x)dx, x, csc™Ha + bx))  (2a) Sul
_ 4o 4;;1 ») + Z—}x‘* csc™Ha + bx)? - (f 5 ) +
T _ 1 _
Cax (a+bap? 3a%(a + bx) /1 - R s Ya+bx) a(a+bx)*\[1- R O5C Ya+t
OB 126t b* - iz
-1 -1 2 [__1 -1
o, (a + bx)? . (a+bx)/1 bR OSC (a + bx) . 3a“(a + bx)4/1 bR O5C (a + bx)
B 12pt 3b* v
1 -1 2 1 -1
_ (a + bx)? N (a+bx)/1- a2 OSC (a + bx) N 3a%(a + bx)4/1 a2 OSC (a + bx;
B 12pt 3b* b
1 -1 2 1 -1
_ (a + bx)? N (a+ bx),[1 - a2 OSC (a + bx) . 3a“(a + bx)/1 - a2 OSC (a + bx)
B 12pt 3b* b

Mathematica [A] time = 5.16831, size = 420, normalized size = 1.15

192 (2113 +a) (i (PolyLog (2, —eiCSC_l(“bx)) — PolyLog (2, eicsc_l(“bx))) +cscl(a + bx) (log (1 — e Csc_l(“bx)) —log (1 :

Warning: Unable to verify antiderivative.



151

[In] Integrate[x~3*ArcCscla + b*x]~2,x]

[Out] (-16*%(6*xa — 2*x(1 + 9*a~2)*ArcCscla + b*x] + 3*x(a + 2*a~3)*ArcCscla + b*x]~2
)*Cot [ArcCscla + b*x]/2] + 2*x(2 - 24xaxArcCscla + b*x] + (3 + 36*a”~2)*ArcCs
cla + b*x]"2)*Csc[ArcCscla + b*x]/2]"2 + 3*ArcCsc[a + b*x] "2*Csc[ArcCscla +
b*x]/2]"4 - (2%ArcCscla + b*x]*(-1 + 6*a*ArcCscl[a + b*x])*Csc[ArcCsc[a + b
xx]/2]74)/(a + bxx) - 64*%x(1 + 9*a~2)x*Logl[(a + b*x)~(-1)] + 192x(a + 2%a”3)*
(ArcCscla + b*x]*(Log[l - E~(I*ArcCscla + b*x])] - Logl[l + E~(I*ArcCscla +
b*xx])]) + Ix(PolyLog[2, -E~(I*ArcCscla + b*x])] - PolyLog[2, E~(I*ArcCscla
+ bxx])])) + 2%(2 + 24*axArcCscl[a + b*x] + (3 + 36%a~2)*ArcCscla + b*xx] 2)*
Sec[ArcCscla + bxx]/2]72 + 3*ArcCscla + b*x] “2xSec[ArcCscla + b*x]/2]74 - 3
2% (a + b*x) "3*ArcCscl[a + bxx]*(1 + 6*axArcCscl[a + b*x])*Sin[ArcCscl[a + b*x]
/2174 - 16*%(6*a + 2x(1 + 9*xa~2)*ArcCscla + b*x] + 3*(a + 2*xa~3)*ArcCscla +
b*x] ~2)*Tan[ArcCscla + b*x]/2])/(192*b"4)

Maple [A] time = 0.81, size = 769, normalized size = 2.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*arccsc(b*x+a)”2,x)

[Out] -1/4*a"4*arccsc(b*x+a)~2/b"4-5/6*a*x/b"3-1/2/b"2*arccsc(b*x+a) * ((-1+(b*x+a)
~2)/ (b*x+a) "2) " (1/2)*x"2*xa-3/b"4*a"2*1n(I/ (bxx+a)+(1-1/(b*x+a)~2)~(1/2)-1)-
3/b”4*xa”2x1n(1+I/ (bxx+a)+(1-1/(b*x+a) ~2) " (1/2))+6/b~4*xa~2*1n(I/ (b*x+a)+(1-1
/ (bxx+a)~2)~(1/2))-1/3*I/b 4*arccsc(b*x+a)+1/6/b*arccsc (b*xx+a)* ((-1+(b*x+a)
~2)/(b*x+a) ~2) " (1/2)*x~3+1/3/b"3*arccsc (b*x+a) * ((-1+(b*xx+a) ~2) / (b*x+a) ~2) ~(
1/2)*x-3*I/b~4*a~2*arccsc(b*x+a)+1/b 4d*a*arccsc (b*x+a) *1n(1-I/(b*x+a)-(1-1/
(b*x+a)~2)~(1/2))-1/b"4*a*arccsc (b*x+a)*1n(1+I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2
))+2/b"4*a"3*xarccsc(b*x+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a) ~2)~(1/2))-2/b"4*a~3*
arccsc(b*x+a) *1n(1+I/ (bxx+a)+(1-1/(b*x+a) ~2) ~(1/2))+13/6/b"4xarccsc (b*x+a) *
((-1+(b*x+a)~2) /(b*xx+a)~2) " (1/2)*a~3+1/3/b"4* ((-1+(b*x+a) ~2) / (b*xx+a) ~2) ~(1/
2) *arccsc (b*xx+a)*a+3/2/b"3*arccsc (b*x+a) * ((-1+(b*xx+a) ~2) / (b*x+a) ~2) ~(1/2) *x
*a”~2+2xI*a~3*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b~4+Ixa*polylog(2,
-I/(bxx+a)-(1-1/(b*x+a)~2)~(1/2))/b"4-2xI*a~3*polylog(2,I/ (b*x+a)+(1-1/(b*x
+a)~2)7(1/2)) /b~4-I*a*xpolylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~4-11/12/
b~4*xa~2+1/12/b"2%x"2+2/3/b"4*x1n(I/ (bxx+a)+(1-1/(b*x+a) ~2) ~(1/2))-1/3/b"4x1n
(1+I/ (b*x+a)+(1-1/(b*x+a)~2) " (1/2))-1/3/b"4*1n(I/ (b*x+a)+(1-1/(b*x+a)~2)~ (1
/2)-1)+1/4*x"4*arccsc(bxx+a) "2
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Maxima [F] time = 0., size = 0, normalized size = 0.

2bx + a +1Vbx + a — 1bx* arctan (1,

1 2 1 2
Zx4arctan(1,\/bx+a+1\/bx+a—1) —Rx4log(b2x2+2abx+a2) +f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a)”2,x, algorithm="maxima")

[Out] 1/4*x"4xarctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/16%x"4xlog(b”
2*%x72 + 2%a*xb*x + a”2)72 + integrate(1/4*(2*sqrt(b*x + a + 1)*sqrt(b*x + a

- 1)*b*x"4xarctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - 4x(b"3*xx"6 + 3
*xa*xb"2%x”5 + (3*%a”2 - 1)*b*xx"4 + (2”3 - a)*x”3)*log(b*x + a)”2 + (b™3*x"6 +
2%a*xb”2*%x”5 + (272 - 1)*b*x74 + 4% (b"3*%x”6 + 3*kaxb"2*x"5 + (3xa”2 - 1)*b*x

4 + (a”3 - a)*x"3)x*log(b*x + a))xlog(b~2*x~2 + 2xa*bxx + a~2))/(b"3*x"3 +
3kaxb"2*x"2 + a”3 + (3*%a”2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x3 arcesc (bx + a)2 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a)”2,x, algorithm="fricas")

[Out] integral(x~3*arccsc(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x3 acsc? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsc(b*x+a)**2,x)

[Out] Integral (xx*3*acsc(a + bxx)**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f x3arcesc (bx + a)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a)”2,x, algorithm="giac")

[Out] integrate(x~3*arccsc(b*x + a)~2, x)



154
3.28 f x% csc7Ha + bx)? dx
Optimal. Leaf size=272

ZiazPolyLog (2’ e csc‘l(a+bx)) ZiazPolyLog (2’ e csc‘l(a+bx)) iPolyLog (2’ ¢l csc_l(ﬂ+bX)) iPolyLog (2, desca
- + - +
b3 b3 3p3 3p3

[Out] x/(3%*b~2) - (2xax(a + b*x)*Sqrt[l - (a + b*x)~(-2)]*ArcCscl[a + b*x])/b"3 +

((a + bxx)"2xSqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/(3*b"3) + (a~3*ArcCs

cla + b*x]~2)/(3%b~3) + (x"3*ArcCscl[a + b*x]"2)/3 + (2%ArcCsc[a + b*x]*ArcT

anh [E~ (I*ArcCscla + b*x])])/(3*b~3) + (4xa~2*xArcCscl[a + b*x]*ArcTanh[E~(I*A

rcCscla + b*x])]) /b3 - (2*axLogla + b*x])/b~3 - ((I/3)*PolyLog[2, -E~(I*Ar

cCscla + b*x])])/b~3 - ((2xI)*a~2+PolyLog[2, -E~(I*ArcCscl[a + bxx])])/b"3 +
((I/3)*PolyLog[2, E~(I*ArcCscla + bxx])])/b~3 + ((2*I)*a”2xPolyLog[2, E(I

*ArcCscla + bxx])])/b"3

Rubi [A] time = 0.230817, antiderivative size = 272, normalized size of antiderivative =
19 number of rules

1., number of steps used = 17, number of rules used = 9, integrand size =
0.75, Rules used = {5259, 4427, 4190, 4183, 2279, 2391, 4184, 3475, 4185}

integrand size

ZiuzPolyLog (2’ —l csc‘l(a+bx)) ZitlzPOlyLog (2’ el csc‘l(a+bx)) iPOlyLOg (2, et csc_l(a+bX)) iPOlyLOg (2’ eicsc_l(a-
- + - +

b3 b3 363 363

Antiderivative was successfully verified.

[In] Int[x"2*%ArcCscla + b*x]~2,x]

[Out] x/(3*b~2) - (2xax(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcCscla + b*x])/b"3 +
((a + bxx)~"2xSqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/(3*%b"3) + (a~3*ArcCs

cla + b*x]~2)/(3*b~3) + (x73*ArcCscla + b*x]"2)/3 + (2%ArcCscl[a + b*x]*ArcT

anh [E~(I*ArcCscla + b*x])])/(3%b"3) + (4*a~2%ArcCsc[a + b*x]*ArcTanh[E~ (I*A

rcCscla + b*x])]) /b3 - (2xaxLogl[a + b*x])/b~3 - ((I/3)*PolylLog[2, -E~(I*Ar

cCscla + b*x])])/b~3 - ((2xI)*a~2*PolyLog[2, -E~(I*ArcCscla + b*x])])/b~3 +
((I/3)*PolyLog[2, E~(I*ArcCscla + bxx])])/b~3 + ((2*I)*a”2xPolyLog[2, E~(I

*ArcCscla + b*x])])/b"3

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*xx_)I*M_.))"(p_)*((e_.) + (f_)*x(x))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~(-1), Subst[Int[(a + b*x) pxCsc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
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d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*x(x )]*(Csc[(c_.) + (d_.)*(x.)
Ix(b_.) + (@) (n_.)*x((e_.) + (f_)*(x_)) " (m_.), x_Symbol] :> -Simp[((e +
fxx)"m*(a + b*Csclc + d*x])"(n + 1))/(b*d*x(n + 1)), x] + Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*xx)"(m - 1)*(a + b*Cscl[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E"(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl[{c, d, e, f}, x] && GtQ[m, O]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQ[{c, d}, xI]
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Rule 4185

Int[(cscl(e_.) + (£_)*(x_)I*(_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b"2x(c + d*x)*Cotle + fxx]*(b*Cscle + f*x])~(n - 2))/(fx(n - 1)), x
] + (Dist[(b™2*(n - 2))/(m - 1), Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2), x]
x] - Simp[(b~2xd*(b*Cscle + f*x]) " (n - 2))/(f"2x(n - V)*(n - 2)), x]) /;

FreeQ[{b, c, 4, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rubi steps

Subst ( [ %2 cot(x) csc(x)(—a + csc(x))? dx, x, csc™ (a + bx))
3
2 Subst (f x(—a + csc(x))? dx, x, csc™Ha + bx))
3p3

fxz csc™Ha + bx)?dx = —

1
= §x3 csc™H(a + bx)? -

2 Subst ( il (—a3x + 3ax csc(x) — 3ax csc?(x) + x csc3(x)) dx, x,cscNa

1
= §x3 csc™Ha + bx)? - 0

a3 csc™Ha + bx)?

2 Subst ( [ xescd(x)dx, x, cse™ (a + bx)) (2a) Sul
+

+ 3x3 csc™Ha + bx)? -

3p3 3p3

1 T _
x 2a(a + bx)|[1 - R OS¢ “a + bx) . (a+bx)\[1- R O5C Ya + bx) . a3 cse
=R b3 3193 3b

-1 2 11— -1
Cx 2a(a + bx),[1 - e )2 csc™(a + bx) . (a+ bx)=\/1 in )2 csc(a + bx) N a3 cscL(;
Y b3 3b3 3b
x 2a(a + bx)[1 - i )2 csc™Ha + bx) . (a +bx)2\[1- i )2 csc™Ha + bx) . a3 cseY (.
T3 b3 3b3 3b
Cx 2a(a + bx),[1 - i )2 csc™H(a + bx) . (a+bx)2\[1- i )2 csc™H(a + bx) . a3 csel (.
- 3b2 b3 3b3 3b

Mathematica [A] time = 4.66081, size = 314, normalized size = 1.15

8 (6112 + 1) ( (PolyLog( el s (‘”bx)) PolyLog (2, eiCSC*l(“’rbx))) + csc™Ha + bx) (log( el e (”””‘)) log (1 +

Warning: Unable to verify antiderivative.

[In] Integrate[x~2xArcCscla + b*x]~2,x]
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[Out] -(-2%(2 - 12*axArcCsc[a + b*x] + (1 + 6*a~2)*ArcCsc[a + b*x]~2)*Cot[ArcCsc[
a + b*x]/2] + 2*xArcCscl[a + b*x]*(-1 + 3*axArcCscl[a + bxx])*Csc[ArcCscla + b
*x]/2]72 - (ArcCscla + b*x] 2*Csc[ArcCscla + b*x]/2]174)/(2x(a + b*x)) - 48%
axLogl[(a + b*x)~(-1)] + 8%(1 + 6%a~2)*(ArcCscla + b*x]*(Log[l - E~(I*ArcCsc

[a + bxx])] - Logll + E"(I*ArcCscla + b*x])]) + I*(PolyLogl[2, -E~(I*ArcCscl

a + bxx])] - PolyLog[2, E~(I*ArcCsc[a + b*x])])) + 2*%ArcCscla + b*x]*(1 + 3
*a*xArcCscl[a + b*xx])*Sec[ArcCscla + b*x]/2]72 - 8*(a + bxx) 3*ArcCscl[a + b*x
172%Sin[ArcCscla + bxx]/2]74 - 2%(2 + 12*xa*xArcCscl[a + bxx] + (1 + 6*a”2)*Ar
cCscla + b*x] 2)*Tan[ArcCscl[a + bxx]/2])/(24%b"3)

Maple [A] time = 0.588, size = 545, normalized size = 2.

i i

W + @ + ﬁpOIYIOg(Z,m +\,1 —(bx+a) )— ﬁpolylog(Z,m —\,1 —(bx+a) )+2ﬁlﬂ(1 + E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(b*x+a)”2,x)

[Out] 1/3/b"3*a+1/3%x/b~2+1/3*I*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-1/
3*I*polylog(2,-I/(b*x+a)-(1-1/(bxx+a)~2)"(1/2))/b"3+2/b"3*a*x1n(1+I/ (b*x+a)+
(1-1/(b*x+a)~2)~(1/2))-4/b " 3*a*1n(I/(bxx+a)+(1-1/(b*x+a) ~2)~(1/2))+1/3/b*ar
ccsc (b*x+a) * ((-1+(b*xx+a) ~2) / (b*xx+a) ~2) ~(1/2) *x~2+1/3*x"3*arccsc (bxx+a) ~2-5/
3/b " 3*arccsc(bxx+a)* ((-1+(b*x+a) ~2) / (b*x+a) "2) "~ (1/2)*a~2+2/b"3*a*1n(I/ (b*xx+
a)+(1-1/(b*x+a)"2)~(1/2)-1)-1/3/b"3*arccsc(b*x+a)*1n(1-I/ (b*x+a)-(1-1/ (b*xx+
a)~2)~(1/2))+1/3/b"3*arccsc(b*x+a) *1n(1+I/ (b*x+a)+(1-1/(bxx+a)~2) " (1/2))+1/
3*a~3*arccsc(b*x+a) ~2/b73-4/3/b"2*arccsc (bxx+a) * ((-1+(b*x+a) ~2) / (b*x+a) ~2)~
(1/2) *x*a+2*I/b~3*%a*xarccsc (b*x+a)+2*xI*a~2*polylog(2,I/ (b*xx+a)+(1-1/(b*x+a)”
2)~(1/2)) /b"3-2*I*xa~2*polylog(2,-I/(b*xx+a)-(1-1/(b*x+a)~2)~(1/2))/b~3-2/b"3
*a~2*arccsc(bxx+a)*1n(1-I/ (b*x+a)-(1-1/(b*x+a)~2)~(1/2))+2/b"3*a"2*arccsc(b
*x+a) *1n(1+I/ (bxx+a)+(1-1/(b*x+a) ~2)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 2 1 ) 2Vbx +a +1Vbx + a — 1bx® arctan (
§x3arctan(1,\/bx+a+1\/bx+a—1) —Ex3log(b2x2+2abx+a2) +f (

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*arccsc(b*x+a)”2,x, algorithm="maxima")

[Out] 1/3*x"3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/12%xx"3*log(b~
2%x72 + 2%axbxx + a”2)72 + integrate(1/3*(2xsqrt(b*x + a + 1)*sqrt(b*x + a

- 1)*b*x~3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - 3*%(b"3*x"5 + 3
*axb”"2*x74 + (3*%a”2 - 1)*b*x”3 + (a”3 - a)*x"2)*log(b*x + a)”™2 + (b™3*x"5 +
2%axb"2%x74 + (2”2 - 1)*bxx7"3 + 3x(b73%x"5 + 3%axb"2%x"4 + (3%a”2 - 1)*b*x

3 + (a”3 - a)*x"2)*log(b*x + a))*log(b~2*x~2 + 2%a*xbxx + a~2))/(b"3*x"3 +
3xaxb"2*x"2 + a”3 + (3*xa”2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x2 arcesc (bx + a)?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(bxx+a)”2,x, algorithm="fricas")

[Out] integral(x~2*arccsc(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x% acsc? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(b*x+a)**2,x)

[Out] Integral(x*x2*acsc(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x2 arcesc (bx + a)® dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*arccsc(b*x+a)”~2,x, algorithm="giac")

[Out] integrate(x~2*arccsc(b*x + a)~2, x)
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3.29 f x cscHa + bx)? dx

Optimal. Leaf size=145

- - 1
ZiIZPOlyLOg (2’ _plcsc 1(a+bx)) ZitZPOlyLOg (2’ plesc 1(a+bx)) a2 csel (a+ bx)z .\ log(a + bx) .\ (a4 bx){|1 - el

b? b? 2b? b? b?

[Out] ((a + b*x)*Sqrt[l - (a + b*x)~(-2)]*ArcCscl[a + b*x])/b"2 - (a”2xArcCscla +
b*x]~2)/(2%b72) + (x72*xArcCscla + b*x]72)/2 - (4xaxArcCscla + b*x]*ArcTanh[
E~(I*ArcCscla + b*x])])/b"2 + Logla + b*x]/b~2 + ((2xI)*axPolylLog[2, -E~(Ix*
ArcCscla + b*x])])/b~2 - ((2xI)*a*PolyLog[2, E~(I*ArcCscla + b*x])])/b~2

Rubi [A] time = 0.133906, antiderivative size = 145, normalized size of antiderivative =
number of rules

1., number of steps used = 11, number of rules used = 8, integrand size = 10, “ntegrand size ~
0.8, Rules used = {5259, 4427, 4190, 4183, 2279, 2391, 4184, 3475}

. . 1
2iaPolyLog (2’ _picsc 1(11+bx)) 2iaPolyLog (2’ el csc 1(a+bx)) a2 csel (a+ bx)z log(a + bx) . (a+ bx)\J1— el

b2 B2 202 T b2

Antiderivative was successfully verified.

[In] Int[x*ArcCscl[a + b*x]~2,x]

[Out] ((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcCscl[a + b*x])/b"2 - (a"2%ArcCscla +
b*x]~2)/(2%b72) + (x"2*xArcCscla + b*x]~2)/2 - (4xaxArcCscla + b*x]*ArcTanh[
E~(I*ArcCscla + b*x])])/b"2 + Logla + b*x]/b~2 + ((2*I)*axPolyLogl[2, -E~(Ix*
ArcCscla + b*x])])/b~2 - ((2xI)*a*PolyLog[2, E~(I*ArcCscla + b*x])])/b~2

Rule 5259

Int[((a_.) + ArcCscl(c_) + (d_.)*x(x_)1*(b_.)) " (p_.)*x((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl(c_.) + (d_.)*x(x )]1*x(Cscl(c_.) + (d_.)*(x.)
Ix(b_.) + (@) (a_)*((e_.) + (£_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
f*x)"m*x(a + b*Csclc + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])"(n + 1), x], x] /; FreeQ
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[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (£_)*(x)I*((c_.) + (d_)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) “mxArcTanh[E™(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 4184

Int[csc[(e_.) + (f_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + £xx], x1, x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

xx], x11/d, x] /; FreeQ[{c, d}, x]

Rubi steps
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Subst ( [ %2 cot(x) ese(x)(—a + csc(x)) dx, x, csc ™ a + bx))

f xcsc (a + bx)? dx = - =
1 2 ese(a + b — Subst ( [ x(-a + csc(x)?dx, x, csc™ (a + bx))
2 b2
1 s a4 b - Subst ( il (azx - 2ax csc(x) + x cscz(x)) dx, x,csc(a + bx))
2 b2
2 cse~1(a + bx)? Subst ( [ x csc?(x) dx, x, csc™H(a + bx) 2a) Sub,
_ree 25;4_ x) + Zx cscl(a + bx)? - (f ) ) + 2
) (a +bx){/1 - o )2 csc™Ha + bx) aese\(a + ba) Ll 0t by 4a csc(a + bx)
= b2 51 SxescH(a+ bx
(a +bx)[1 - o )2 csc M a+bx) 2 csc™1(a + bx)? . 1, . 4a csc™\(a + bx)
72 T 2x csc™(a + bx)
1 _
) (a+bx) /1 - e OS¢ L(a + bx) a2 csc™1(a + bx)? 4acsc(a + bx)

-1 2
2 T + 2x csc(a + bx)” -

Mathematica [A] time = 0.790257, size = 213, normalized size = 1.47

. _icsc Y (a+bx)) _ 4z i cse(a+bx) a2+2abx+b2x2-1 1 a2+2abx+b2x2-1 (
4iaPolyLog (2, elese e J‘) 4iaPolyLog (2,61CSC e ’C)+2a1/—(a+bx)2 csc™ (a + bx) + 2bx e C

Warning: Unable to verify antiderivative.

[In] Integrate[x*ArcCscla + b*x]~2,x]

[Out] (2*%axSqrt[(-1 + a”2 + 2*axb*xx + b~2*x72)/(a + bx*x) 2] *ArcCscla + b*x] + 2xb
xx*¥Sqrt[(-1 + a”2 + 2*axb*x + b™2*xx72)/(a + b*x) 2]*ArcCscla + b*x] - a~2*A
rcCscla + b*x]72 + b~ 2*x"2*ArcCscla + b*x]"2 + 4xaxArcCscl[a + bxx]*Logl[l -
E~(I*ArcCscla + b*x])] - 4*axArcCsc[a + b*x]*Logl[l + E~(IxArcCscla + bxx])]

- 2xLog[(a + b*x)~(-1)] + (4*I)*axPolyLog[2, -E~(I*ArcCscla + bxx])] - (4%
I)*a*PolyLog[2, E~(I*ArcCscla + b*x])])/(2xb~2)

Maple [A] time = 0.496, size = 341, normalized size = 2.4

x? (arcesc (bx + a))2 N xarcesc (bx +a) [-1+ (bx + a)2 ~ a? (arccsc (bx + a))2 N arcesc (bx +a)a |1+ (bx + a)z _
2 b V (bx + a)* 202 b? N\ (bx+a)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(b*x+a)”~2,x)

[Out] 1/2*x"2*arccsc(b*x+a) "2+1/b*((-1+(b*x+a) ~2)/(b*x+a)~2) "~ (1/2) *arccsc(b*x+a)*
x-1/2*a~2*arccsc(b*x+a) "2/b"2+1/b"2*x ((-1+(b*x+a) "2) / (b*x+a) "2) ~(1/2) *arccsc
(bxx+a)*a-I/b~2*arccsc(b*x+a)-1/b"2%1n(I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2)-1)-1

/b7 2+%1In(1+I/ (bxx+a)+(1-1/(bxx+a)~2) ~(1/2))+2/b"2*1n(I/ (b*x+a)+(1-1/(b*x+a) "~
2)"(1/2))+2/b " 2*a*arccsc(bxx+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a) ~2)~(1/2))-2*I*a
xpolylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~2-2/b"2*a*arccsc (b*x+a)*1n(1+

I/ (bxx+a)+(1-1/(b*x+a)~2) " (1/2))+2*xI*a*xpolylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)
~(1/2))/b"2

Maxima [F] time = 0., size = 0, normalized size = 0.

1 2 1 2 2Vbx + a + 1Vbx + a — 1bx? arctan (1
Exzarctan(l,\/bx+a+1\/bx+a—1) —gleog(b2x2+2abx+a2) +f (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~2,x, algorithm="maxima")

[Out] 1/2*x"2*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/8%x"2xlog(b~2
*x"2 + 2%axb*x + a”2)72 + integrate(1/2x(2*sqrt(bxx + a + 1)*sqrt(b*x + a -

1) *b*x~2xarctan2(l, sqrt(b*x + a + 1)*sqrt(b*xx + a - 1)) - 2%(b"3*x"4 + 3%
a*b”2xx"3 + (3*%a”2 - 1)*b*x"2 + (a”3 - a)*x)*log(b*x + a)”2 + (b™3*x"4 + 2%
axb™2xx73 + (2”2 - 1)*b*x72 + 2% (b73%x74 + 3xaxb”2*x”3 + (3%a”2 - 1)*b*x"2
+ (2”3 - a)*x)*log(bxx + a))*log(b~2%x"2 + 2*axbxx + a~2))/(b"3xx"3 + 3*axb
“2%x7"2 + a”3 + (3%a”2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x arcecsc (bx + a)2 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~2,x, algorithm="fricas")
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[Out] integral(x*arccsc(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x acsc? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsc(b*x+a)**2,x)

[Out] Integral(x*acsc(a + bxx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f xarccsc (bx + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)~2,x, algorithm="giac")

[Out] integrate(x*arccsc(b*x + a)~2, x)
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3.30 f csc™H(a + bx)? dx

Optimal. Leaf size=86

2iPolyLog (2, —eicscfl(“bx)) 2iPolyLog (2, ¢ Cscfl(‘”bx)) (a+Dbx)csc Y a+bx)2 4 csc™H(a + bx) tanh ™t (eicsc
- + + +
b b b b

[Out] ((a + bxx)*ArcCscla + b*x]~2)/b + (4xArcCscl[a + b*x]*ArcTanh[E~ (I*ArcCscla
+ b*x])])/b - ((2*%I)*PolyLog[2, -E~(I*ArcCscla + b*x])])/b + ((2*I)*PolyLog
[2, E"(I*ArcCscla + b*x])])/b

Rubi [A] time = 0.0635541, antiderivative size = 86, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 6, integrand size = 8, number of rules_

integrand size
0.75, Rules used = {5253, 5217, 3758, 4183, 2279, 2391}

2iPolyLog (2, —eicscfl(“b")) 2iPolyLog (2, ¢ Cscfl(“bx)) (a + bx)cscMa + bx)?  4cscHa + by) tanh ™t (eicsc
- + + +
b b b b

Antiderivative was successfully verified.

[In] Int[ArcCscl[a + bxx]~2,x]

[Out] ((a + bxx)*ArcCscla + b*x]~2)/b + (4xArcCscl[a + b*xx]*ArcTanh[E~ (I*ArcCscla
+ bxx])]1)/b - ((2%I)*PolyLog[2, -E~(I*ArcCscla + b*x])])/b + ((2xI)*PolyLog
[2, E"(I*ArcCscla + bxx])])/Db

Rule 5253

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Dist[1/d,
Subst [Int[(a + b*ArcCsc[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, O]

Rule 5217

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n_), x_Symbol] :> -Dist[c~(-1), Sub
st[Int[(a + bxx) n*Csc[x]*Cot[x], x], x, ArcCsclc*x]], x] /; FreeQ[{a, b, c
, nr, x] && IGtQ[n, O]

Rule 3758

Int[Cot[(a_.) + (b_.)*(x_)"(n_.)]"(q_.)*Cscl(a_.) + (b_)*x(x_)"(m_.)]1"(p_.)
*(x_ )" (m_.), x_Symbol] :> -Simp[(x"(m - n + 1)*Csc[a + b*x"n] p)/(b*n*p), x
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] + Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Cscla + b*x"n]"p, x], x] /; Fre
eQ[{a, b, p}, x] && IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*x) "mxArcTanh [E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - )*Logl[l + E(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

Subst ( [esc (x)?dx, x,a + bx)
b
Subst ( [ %% cot(x) ese(x) dx, x, csc™ (a + bx))
b
(a+bx)cscl(a+bx)> 2 Subst (fx csc(x) dx, x, csc™ (a + bx))
b b

f csc™Ha + bx)? dx =

(a+ bx)csc\(a + bx)?  4escl(a + bx) tanh ™ (ei CSC_l(“””‘)) 2 Subst (flog (1 - eix) dx, x, ¢
= +

b b *

_ . _ . log(1-x) | CS
C(a+ bx) cse1(a + bx)? . 4csc™Y(a + bx) tanh 1 (ez csc 1(a+bx)) (2i) Subst (f % dx, x, e

b b

(a + bx) csel (a+ bx)z 4 cscl (a + bx) tanh ™ (ei csc‘l(u+bx)) 2iLi, (_eicsc_l(tHbX))
= —+ —

b b b

Mathematica [A] time = 0.128569, size = 99, normalized size = 1.15

-2iPolyLog (2, —eicsc_l(‘”b")) + 2iPolyLog (2, eiCSC_l(”bx)) +csc7l(a + bx) ((a + bx) csc™Y(a + bx) - 2log (1 —giescHa

b
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Warning: Unable to verify antiderivative.

[In] Integrate[ArcCscla + bxx]~2,x]

[Out] (ArcCscla + b*x]*((a + b*x)*ArcCscl[a + b*x] - 2*Log[l - E~(I*ArcCscla + b*x
D] + 2xLogl[1 + E~(IxArcCscla + bx*x])]) - (2*I)*PolyLogl[2, -E~(I*ArcCscla +
b*x])] + (2*I)*PolyLogl[2, E~(I*ArcCscl[a + b*x])])/b

Maple [A] time = 0.299, size = 167, normalized size = 1.9

( (bx + ))2+(arccsc(bx+a))2a+2i o (2 i N /1 (bx + )_2 21 Noe (2 —1 /1
x (arccsc (ox + a b pryOg v X+ a bPOYOg "X +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)”2,x)

[Out] x*arccsc(b*x+a) " 2+1/bxarccsc(b*x+a) " 2*a+2xI*polylog(2,I/(b*x+a)+(1-1/(b*x+a
)"2)7(1/2)) /b-2%I*polylog(2,-I/ (b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b+2/bxarccsc(
bxx+a)*1n(1+I/(bxx+a)+(1-1/(b*x+a) ~2) ~(1/2))-2/b*arccsc(b*x+a) *1n(1-I/ (b*x+
a)-(1-1/(b*x+a)~2)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

2 1 2 2\/bx+a+1\/bx+a—1bxarctan(1,\/a
xarctan(l,\/bx+a+1\/bx+a—1) —leog(b2x2+2abx+a2) +f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”2,x, algorithm="maxima"

[Out] x*arctan2(1l, sqrt(bxx + a + 1)*sqrt(b*x + a - 1))72 - 1/4*xxxlog(b™2*x"2 + 2
*axb*x + a”2)72 + integrate((2*sqrt(b*x + a + 1)*sqrt(bxx + a - 1)*b*x*arct
an2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - (b73%x™3 + 3*a*b™2*x"2 + a~3

+ (3*a”2 - 1)*b*xx - a)*log(b*x + a)”2 + (b73*%x"3 + 2%a*xb™2*x"2 + (a”2 - 1)*
bxx + (b73%x73 + 3*a*xb”2%x"2 + a”3 + (3*a”2 - 1)*bxx - a)*log(b*x + a))*log
(b™2%x72 + 2xaxb*x + a72))/(b73%x73 + 3*xaxb”2*x"2 + a”3 + (3*%a”2 - 1)*bxx -

a), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (arccsc (bx + a)2 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~2,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**2,x)

[Out] Integral(acsc(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arccsc (bx + a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”2,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~2, x)
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331 f csc N (a+bx)? dx

X

Optimal. Leaf size=324

'aei cscHa+by) P 2ol CSC

—2icscHa + bx)PolyLog | 2, ———=————| + 2PolyLog| 3, -
] Y g( Vl—a2+1] Y g( 1-v

iaei cscHa+bx)

1-+vV1-a?

—2icsc™!(a + bx)PolyLog (2, —

[Out] ArcCscla + b*x] 2xLog[l + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])]
+ ArcCscla + b*x] 2*Logl[l + (I*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a~2])

] - ArcCsc[a + bxx]~2*Logl[l - E~((2*I)*ArcCscla + b*x])] - (2+I)*ArcCscla +
b*x]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])] - (2xI
)*ArcCscla + b*x]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a
~2])] + IxArcCscla + b*x]*PolyLog[2, E~((2*I)*ArcCscla + b*x])] + 2*PolyLog

[3, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])] + 2*PolyLogl[3, ((-I
)*a*E” (I*ArcCsc[a + b*x]))/(1 + Sqrt[1l - a”2])] - PolyLogl[3, E~((2*I)*ArcCs

cla + b*x])1/2

Rubi [A] time = 0.493471, antiderivative size = 324, normalized size of antiderivative =

1., number of steps used = 17, number of rules used = 9, integrand size = 12, number of rules_

integrand size
0.75, Rules used = {56259, 4552, 4529, 3717, 2190, 2531, 2282, 6589, 4519}

iaei cscHa+bx) iaei CSC

—2icsc™Ha + bx)PolyLog | 2, ~——————| + 2PolyLog | 3, -
] Y g( Vl—a2+1] Y g( 1-v

iaei cscHa+bx)

1-+vV1-a?

—2icsc™(a + bx)PolyLog (2, —

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]~2/x,x]

[Out] ArcCscla + b*x] 2%Log[l + (I*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[l - a~2])]
+ ArcCscla + b*x] 2*Log[l + (Ixa*E~(IxArcCscla + bxx]))/(1 + Sqrt[1l - a~2])

] - ArcCscla + b*x]~"2*xLog[l - E~((2*I)*ArcCscl[a + b*x])] - (2*I)*ArcCscla +
bxx]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])] - (2xI
)*ArcCscla + b*x]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrtl[l - a
~2])] + IxArcCscla + b*x]*PolyLog[2, E~((2*I)*ArcCscla + b*x])] + 2*PolyLog

[3, ((-I)*a*xE~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])] + 2*PolyLogl[3, ((-I
)*axE~ (I*xArcCscla + b*x]))/(1 + Sqrt[l - a”2])] - PolyLogl[3, E~((2*I)*ArcCs

cla + bxx])]/2

Rule 5259
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Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*x((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rule 4552

Int[((Ce_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_)*(x_)]1"(n_.)*(G_) [(c_.) +

(d_)*xx )1 (p_.))/(Cscl(c_.) + (d_)*(x)]I*(b_.) + (a_)), x_Symbol] :> In
t[((e + f*x)"m*Sin[c + d*x]*F[c + d*x] nxG[c + d*x]"p)/(b + a*Sinl[c + dx*x])
, x] /; FreeQ[{a, b, ¢, d, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, pl

Rule 4529

Int[(Cot[(c_.) + (d_)*(x )] (n_)*((e_.) + (£_)*x(x_))"(m_.))/((a_) + (b_.
)*¥Sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cot[c +
d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Cos[c + d*x]*Cot[c + d*x] (n -
1))/(a + b*Sinl[c + d*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E” (2% I*k*Pi)*E~ (2xI* (e + f*xx)))/(1 + E~(2%Ixk*Pi)*E~(2xIx(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (b*x(F~(gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}r, x] && GtQ[m, 0]
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Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential([u, x]}, Dist[v/D[v, x]
, Subst [Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)x((a_.) + (b_.)*(x_))"(p_.)1/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + bxx) pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 4519

Int[(Cos[(c_.) + (d_.)*(x_)]*((e_.) + (f_.)*x(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_)*(x_)1), x_Symbol] :> -Simp[(I*(e + f*x)"(m + 1))/ (b*f*(m + 1)
), x] + (Int[((e + f*x)"m*E~(I*(c + d*x)))/(a - Rt[a"2 - b72, 2] - I*b*xE~(I
*¥(c + d*x))), x] + Int[((e + fxx) " m*xE~(I*(c + d*x)))/(a + Rt[a"2 - b"2, 2]
- I*b*E~(I*(c + d*x))), x]) /; FreeQ[{a, b, ¢, d, e, f}, x] && IGtQ[m, 0] &
& PosQ[a"2 - b~2]

Rubi steps
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-1 b 2 2 t
[E R St ( [ sl bx))

X —a + csc(x)

_ x? cot(x) 1
= —Subst (f T asin( dx,x,csc™(a + bx))

=- (a Subst (f fcﬂ dx, x,csc™Ha + bx))) — Subst (f x? cot(x) dx, x, csc™Ha + bx))

— asin(x)
21x 2 ) eixe 5
= 2i Subst ( —dx, x,csc” (a + bx)) —a Subst ( dx, x,csc™(a + bx)
1- - V1 - a2 +iae™
) ) iaeicsc‘l(a+bx) . ) zael csc(a+bx) . )
=csc(a+bx)*log|l + ———|+csc ' (a + bx)*log|1 + ———— |- csc™(a + bx)
iz 1+Vi-a2
) 5 iaei csc(a+bx) . ) iaei cscHa+bx) . 5
=csc (a+ bx)*log|1 + ——— |+ csc™(a + bx)*log|1 + ————|—csc™(a + bx)
Vi 1+Vi-a2
) ) iaei csc™ L (a+bx) . ) z'uei cscH(a+bx) . )
=csc(a+ bx)*log|1l + ————— |+ csc ' (a + bx)“log|1 + ———=|—-csc ' (a + bx)
- V1 —a? 1+V1-a?
) ) iaei cscHa+bx) ) ) iaei csc(a+bx) . )
=csc(a+ bx)*log|1l + ————|+csc ' (a + bx)*log|1 + ———— |- csc™(a + bx)
iz 1+Vi-a2

Mathematica [A] time = 0.320781, size = 408, normalized size = 1.26

iaei cscHa+bx)

"VI-a2-1

iaei cscHa+bx)

V-2 +1

PO |
igetcsc (a+

—2icsc™H(a + bx)PolyLog | 2
1-a2 -

] —2icsc™ (a + bx)PolyLog [2 ] + 2PolyLog (3,

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCscla + bxx]~2/x,x]

[Out] (I/6)*Pi~3 - (I/3)*ArcCscla + b*x]~3 - ArcCscla + b*x] 2*Logl[l - E~((-I)*Ar
cCscla + b*x])] - ArcCscla + b*x] 2xLog[l + E~(I*ArcCsc[a + b*x])] + ArcCsc
[a + b*x]"2xLog[1l - (I*a*xE~(I*ArcCscla + b*x]))/(-1 + Sqrt[1l - a"2])] + Arc
Cscla + b*x] 2xLog[l + (I*axE~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a~2])] - (
2*%I)*ArcCsc[a + bxx]*PolyLog[2, E~((-I)*ArcCscla + b*x])] + (2*%I)*ArcCscla
+ bxx]*PolyLog[2, -E~(I*ArcCscla + b*x])] - (2*I)*ArcCsc[a + bxx]*PolyLogl[2
, (Ixa*E~(I*ArcCscla + bxx]))/(-1 + Sqrt[1 - a"2])] - (2*I)*ArcCscla + b*x]
xPolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a~2])] - 2*PolyLog
[3, E7((-I)*ArcCsc[a + b*x])] - 2xPolyLogl[3, -E~(I*ArcCscl[a + bxx])] + 2%Po
lyLog[3, (I*a*E~(I*ArcCscla + b*x]))/(-1 + Sqrt[1l - a~2])] + 2*PolyLogl[3, (
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(-I)*a*E~ (I*ArcCscla + b*x]))/(1 + Sqrt[l - a~2])]

Maple [F] time = 0.804, size = 0, normalized size = 0.

f (arccsc (bx + a))2
" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)”~2/x,x)

[Out] int(arccsc(b*x+a)”~2/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f arcesc (bx + a)2

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”2/x,x, algorithm="maxima")

[Out] integrate(arccsc(b*x + a)~2/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

: arcesc (bx + a)?
integral ” X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”2/x,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~2/x, x)




Sympy [F] time = 0., size = 0, normalized size = 0.

acsc? (a + bx)
e,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**2/x,x)

[Out] Integral(acsc(a + b*x)**2/x, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arccsc (bx + a)2
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”2/x,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~2/x, x)
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3 39 f csc N (a+bx)? dx

x2

Optimal. Leaf size=254

: icsc’l(a+bx) : icsc’l(a+bx) ; icsc’l(a+bx)
2bPolyLog (2, —m_ﬁ) 2bPolyLog (2, —melﬁ) 2ib csc™(a + bx) log (1 + WPW) 2ib csc™l
- + - +
av1 - a2 av1l - a2 av1 - a2

[Out] -((bxArcCscla + b*x]~2)/a) - ArcCscla + bxx]72/x - ((2*%I)*bxArcCscla + b*x]
xLog[1 + (I*xa*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a"2])])/(axSqrt[1l - a~2]

) + ((2%I)*b*ArcCsc[a + bxx]*Log[l + (I*a*E~(I*ArcCscla + b*x]))/(1 + Sqrtl[

1 - a"2])]1)/(axSqrt[1 - a~2]) - (2%b*PolyLog[2, ((-I)*a*E~(IxArcCscla + Db*x
1))/ - Sqrtll - a~2])])/(a*xSqrt[1 - a~2]) + (2*bxPolyLog[2, ((-I)*axE~(Ix*
ArcCscla + b*x]))/(1 + Sqrt[l - a~2])])/(a*Sqrt[1l - a~2])

Rubi [A] time = 0.415623, antiderivative size = 254, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 8, integrand size = 12, e

integrand size
0.667, Rules used = {5259, 4427, 4191, 3323, 2264, 2190, 2279, 2391}

: icsc“l(u+bx) . icscl (a+bx) . - icscl (a+bx) . B
2bPolyLog (2, —WPW) 2bPolyLog (2, —melﬁ) 2ib csc™(a + bx) log (1 + WPW) 2ib csc™H
- + - +
avl —a? avl —a? avl —a?

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]~2/x"2,x]

[Out] -((b*ArcCsc[a + b*x]~2)/a) - ArcCscla + bxx]~2/x - ((2xI)*b*ArcCscla + b*x]
xLog[1 + (I*xa*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a"2])])/(axSqrt[1l - a~2]

) + ((2%I)*b*ArcCsc[a + bxx]*Log[l + (I*a*E~(I*ArcCscla + b*x]))/(1 + Sqrtl[

1 - a"2])])/(axSqrt[1 - a”2]) - (2%b*PolyLogl[2, ((-I)*a*E~(I*ArcCscla + b*x
1))/ - Sqrtll - a~2])])/(a*xSqrt[1l - a~2]) + (2*bxPolyLog[2, ((-I)*axE~(Ix*
ArcCscla + b*x]))/(1 + Sqrt[l - a~2])])/(a*Sqrt[1l - a~2])

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*(x_)I*(b_.))"(p_)*((e_.) + (f_.)*x(x_))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCscl[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]
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Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl(c_.) + (d_.)*x(x_)]1*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (a)) " (a_.)*x((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
fxx) m*(a + b*Csclc + d*x])"(n + 1))/ (b*dx(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csclc + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (@)~ (n_)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E"(Ix(e + fx*xx)))/(Ixb + 2*%a*xE~(I*(e + f*x
)) — I*b*E~(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkF"u)/(b - q + 2*xc*F"u), x], x] - Dist[(2*c)/q, Int[((f + gkx)"
m*xF~u) /(b + q + 2%cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[v,
2xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(@m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391



Int[Log[(c_.)*((d_) + (e_
, —(cxexx"n)]/n, x] /; FreeQ[{c,

Rubi steps

-1 2
fwdx = —(bSubst(

2
csc™H(a + bx)?

D*x(x_)”

x?% cot(x) csc(x)
(—a + csc(x))?

(n_

d, e’ n},

M1/,
x] && EqQ[cxd, 1]
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x_Symbol] :> -Simp[PolyLogl[2

dx, x,csc(a + bx)))

I G - -1
= " + (2b) Subst ( f E— dx,x,csc™H(a + bx))

- —w + (2b) Subst (f( a

besc™H(a + bx)?

csc™H(a + bx)?
- +

x —_
m) dx, x,csc™(a + bx))

(2b) Subst ( [

dx, x, csc(a + bx))

1-a sm(x)

a

besc™H(a + bx)?

X

csc™H(a + bx)?
- +

a
eXx

(4b) Subst ( [ _ x, x, csc(a + bx))

—ia+2e% +ige2ix

a

besc™H(a + bx)?

X

csc™H(a + bx)?
- +

a

(4ib) Subst ( I dx, x, cscL(a + bx)) (4

eXx
2-2V1-a2+2ige’*

a

besc™H(a + bx)?

X

~ csc™Ha + bx)2

zcsc 1(u+bx)
2ibescY(a + bx) log [1 + = ) 2ibcsc(a + 1
- ﬂ

a

besc™H(a + bx)?

X

_ csc™H(a + bx)? ~

+

—

; icsc’l(a+bx)
2ibescH(a + bx)log |1+ =———| 2ibesc(a +
ibcsc™(a + bx) log ( = ibcsc™Ha +1

a

besc™H(a + bx)?

X

_ csc™H(a + bx)? _

+

[Eiy

a

iaei csc’l(a+bx)

. -1 1
2ibcsc™(a + bx) log (1 + e

) 2ibesca + |

a

Mathematica [B]

2t tan

_1[ rz—tan(% csc_l(a+bx))

X

2

—2cos! ( %) tanh™

+

av1l - a2

time = 3.09822, size = 802, normalized size = 3.16

(a-1) te

+(7'(—2 csc’l(a+bx)) tanh ™

1 (a+1) cot( % (2 csc_l(a+bx)+n))
a2-1

(a+bx) csc™(a+bx)? Vi-a?
b +
bx 1_,12

+

Antiderivative was successfully verified.
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[In] Integrate[ArcCscla + b*x]~2/x72,x]

[Out] -((b*x(((a + b*x)*ArcCscla + b*x]~2)/(b*x) + (2*#Pi*ArcTan[(a - Tan[ArcCsc[a
+ b*x]/2])/Sqrt[1 - a”2]]1)/Sqrt[1 - a~2] + (2*(-2*ArcCos[a”(-1)]*ArcTanh[((
1 + a)*Cot [(Pi + 2%ArcCscl[a + b*x])/4])/Sqrt[-1 + a”2]] + (Pi - 2%ArcCscla
+ b*xx])*ArcTanh[((-1 + a)*Tan[(Pi + 2*ArcCscl[a + b*x])/4])/Sqrt[-1 + a~2]]
+ (ArcCos[a”(-1)] + (2*%I)*(-ArcTanh[((1 + a)*Cot[(Pi + 2%ArcCscla + bx*x])/4
1)/8qrt[-1 + a”2]] + ArcTanh[((-1 + a)*Tan[(Pi + 2xArcCsc[a + bx*x])/4])/Sqr
t[-1 + a”2]]1))*Log[((1/2 + I/2)*Sqrt[-1 + a~2])/(Sqrt[a]*E~((I/2)*ArcCscla
+ bxx])*Sqrt [-((b*x)/(a + b*x))])] + (ArcCos[a~(-1)] + (2*I)*ArcTanh[((1 +
a)*Cot [(Pi + 2*ArcCscla + bx*x])/4]1)/Sqrt[-1 + a~2]] - (2*I)*ArcTanh[((-1 +
a)*Tan[(Pi + 2*xArcCscla + b*xx])/4]1)/Sqrt[-1 + a~2]])*Log[((1/2 - I/2)*Sqrt[
-1 + a”2]*E~((I/2)*ArcCscla + b*x]))/(Sqrtla]*Sqrt[-((b*x)/(a + b*x))])] -
(ArcCos[a~(-1)] - (2xI)*ArcTanh[((1 + a)*Cot[(Pi + 2xArcCscl[a + bxx])/4])/S
qrt[-1 + a”2]1)*Logl[((-1 + a)*(I + I*a + Sqrt[-1 + a”2])*(-I + Cot[(Pi + 2%
ArcCscla + b*x])/41))/(ax(-1 + a + Sqrt[-1 + a"2]*Cot[(Pi + 2*ArcCscl[a + bx*
x])/41))]1 - (ArcCos[a”(-1)] + (2xI)*ArcTanh[((1 + a)*Cot[(Pi + 2*ArcCscla +
b*x])/4])/Sqrt[-1 + a~2]])*Logl[((-1 + a)*(-I - Ixa + Sqrt[-1 + a”2])*(I +
Cot[(Pi + 2xArcCscla + bxx])/4]))/(a*x(-1 + a + Sqrt[-1 + a~2]*Cot[(Pi + 2xA
rcCscla + b*x])/4]1))] + Ix(-PolyLog[2, ((1 - IxSqrt[-1 + a~2])*(1 - a + Sqr
t[-1 + a”2]*Cot[(Pi + 2xArcCscla + b*x])/4]))/(ax(-1 + a + Sqrt[-1 + a~2]*C
ot [(Pi + 2xArcCscla + bxx])/4]))] + PolyLogl[2, ((1 + I*Sqrt[-1 + a"2])*(1 -

a + Sqrt[-1 + a"2]*Cot[(Pi + 2xArcCscla + bx*x])/4]))/(ax(-1 + a + Sqrt[-1
+ a”2]*Cot [(Pi + 2*ArcCscla + b*x])/41))]1)))/Sqrt[-1 + a~2]))/a)

Maple [A] time = 0.493, size = 307, normalized size = 1.2

_b(arcesc (bx + 1)) _ (arcesc (bx + 1)) o barccsc (bx + a) ln( 1 (—a ( i N /1 (s a)_z) vi A
i—Va2 -1 bx+a

a x ava? -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(bxx+a)”2/x"2,x)

[Out] -b*arccsc(b*x+a)~2/a-arccsc(b*x+a) " 2/x+2*b/a*arccsc(b*x+a)/(a"2-1)"(1/2)*1n
((a*x(I/(b*xx+a)+(1-1/(b*x+a)~2)~(1/2))+I-(a"2-1)"(1/2))/(I-(a"2-1)"(1/2)))-
2%b/a*arccsc(bxx+a)/(a”2-1)"(1/2)*1n((-ax(I/ (bxx+a)+(1-1/(b*x+a) ~2) ~(1/2))+
(a”2-1)"(1/2)+I) /(I+(a~2-1)"(1/2)))+2*xIxb/a/(a"2-1) " (1/2) *dilog ((—a* (I/ (b*x
+a)+(1-1/(b*xx+a)~2)~(1/2))+(a"2-1)"(1/2)+I)/(I+(a~2-1)"(1/2)))-2*I*b/a/(a"2
-1)7(1/2)*dilog((-a*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+I-(a~2-1)"(1/2))/(I-(
a"2-1)"(1/2)))
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”2/x72,x, algorithm="maxima"

[Out] Timed out

Fricas [F] time = 0., size = 0, normalized size = 0.

arcesc (bx + a)2 )
,X

integral ( 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”2/x72,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~2/x72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

acsc? (a + bx)
[

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**2/x**2,x)

[Out] Integral(acsc(a + b*x)**2/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arcesc (bx + a)2
f > dx
X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”2/x"2,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~2/x72, x)
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3.33 f x% cscHa + bx)? dx

Optimal. Leaf size=464

6ia® csc™!(a + bx)PolyLog (2, —eiCSC_l(“bx)) 6ia® csc™!(a + bx)PolyLog (2, eiCSC_l(”+bx)) 6a2PolyLog (3, — ¢
- + +
b3 b3 b3

[Out] ((a + b*x)*ArcCscla + b*x])/b~3 - ((3*%I)*axArcCscla + b*x]~2)/b~3 - (3*a*(a
+ b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x]72)/b~3 + ((a + b*x) 2%Sqrt
[1 - (a + b*x)~(-2)]*ArcCscla + b*x]~2)/(2%xb~3) + (a”3*ArcCscla + b*x]~3)/(
3*b~3) + (x73*ArcCscla + b*x]~3)/3 + (ArcCscl[a + bxx] 2*ArcTanh[E~ (I*ArcCsc
[a + b*x])])/b~3 + (6%a~2*%ArcCscla + b*x] 2+ArcTanh[E~(I*ArcCscla + b*x])])
/b~3 + ArcTanh[Sqrt[1 - (a + b*x)~(-2)]]1/b"3 + (6%axArcCscla + b*x]*Log[l -
E~((2*I)*ArcCscla + b*x])]) /b3 - (I*ArcCscl[a + b*x]*PolyLog[2, -E~(I*ArcC
scla + bxx])])/b~3 - ((6%I)*a"2xArcCscl[a + b*x]*PolyLog[2, -E~(IxArcCscla +
b*x])])/b"3 + (I*ArcCscla + b*x]*PolyLog[2, E~(I*ArcCscl[a + b*x])])/b~3 +
((6xI)*a~2xArcCsc[a + b*x]*PolyLog[2, E~(IxArcCscla + bxx])])/b~3 - ((3*I)=*
a*PolyLog[2, E~((2*I)*ArcCsc[a + b*x])])/b~3 + PolyLogl[3, -E~(I*ArcCscla +
bxx])]/b~3 + (6%a~2*%PolyLog[3, -E~(I*ArcCscl[a + b*x])])/b~3 - PolyLogl[3, E~
(I*ArcCscla + b*x])]1/b"3 - (6%¥a”2*PolyLog[3, E~(I*ArcCsc[a + b*x])])/b"3

Rubi [A] time = 0.402194, antiderivative size = 464, normalized size of antiderivative =

. . b f rul
1., number of steps used = 25, number of rules used = 14, integrand size = 12, e T -
integrand size

1.167, Rules used = {56259, 4427, 4190, 4183, 2531, 2282, 6589, 4184, 3717, 2190, 2279, 2391,
4186, 3770}

6ia® csc™(a + bx)PolyLog (2, —eicsc_l(“bx)) 6ia® csc™(a + bx)PolyLog (2, eiCSC_l(“bx)) 6a°PolyLog (3, i
- + +
b3 b3 b3

Antiderivative was successfully verified.

[In] Int[x"2*%ArcCscla + bx*x]~3,x]

[Out] ((a + b*x)*ArcCscl[a + b*x])/b"3 - ((3*I)*a*xArcCscl[a + b*x]"2)/b"3 - (3*xa*x(a
+ b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcCscl[a + b*x]72)/b"3 + ((a + b*x) 2xSqrt
[1 - (a + bxx)~(-2)]*ArcCscla + b*x]~2)/(2*¥b~3) + (a~3xArcCscla + b*x]~3)/(
3*b73) + (x73*ArcCscla + b*x]~3)/3 + (ArcCscla + b*x] "2*ArcTanh[E~ (I*ArcCsc
[a + b*x])])/b"3 + (6*xa~2*xArcCscla + b*x] " 2xArcTanh[E~(I*ArcCscla + b*x])])
/b~3 + ArcTanh[Sqrt[1 - (a + b*x)~(-2)]]1/b"3 + (6*%axArcCscla + b*x]*Logl[l -
E~((2xI)*ArcCscla + b*x])])/b~3 - (I*ArcCscla + b*x]*PolyLog[2, -E~(I*ArcC
scla + b*x])])/b~3 - ((6%I)*a~2*xArcCscl[a + b*x]*PolyLog[2, -E~(I*ArcCscla +
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b*x])]1)/b~3 + (I*ArcCscla + b*x]*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b~3 +
((6*I)*a~2*ArcCscla + b*x]*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b~3 - ((3*I)*
axPolyLog[2, E~((2*I)*ArcCscl[a + b*x])])/b~3 + PolyLog[3, -E~(I*ArcCscla +
b*x])]1/b~3 + (6%a~2*PolyLog[3, -E~(I*ArcCscla + b*x])])/b~3 - PolyLog[3, E~
(IxArcCscla + b*x])]/b~3 - (6*a~2*PolyLogl[3, E~(I*ArcCscl[a + b*x])])/b~3

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCscl[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl[(c_.) + (d_.)*x(x )]*(Csc[(c_.) + (d_.)*(x.)
Ix(b_.) + (@) " (@_.)*((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
f*x)"m*x(a + b*Cscl[c + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csclc + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*x(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (£_)*(x)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥xArcTanh[E~(Ix*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_)))) " (m_D1*x((£f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] & GtQ[m, O]

Rule 2282
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponential([u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, pt, x] && EqQ[bxd, axe]

Rule 4184

Int[csc[(e_.) + (f_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x)"m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (d_.)*(x))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*xE~ (2% I*k*Pi)*E~ (2%Ix(e + f*xx)))/(1 + E~(2*%I*k*Pi)*E~(2xIx(e + fx*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, 0]

Rule 2190

Int [(((F)"((g_)*((e_.) + (f_)*xx)N)"(m_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[1 + (b*x(F~(g*x(e + f*x)))"n)/al)/(bxf*xg*n*Logl[F]), x] - Di
st [(d*m) / (b*xfxgxnxLog[F]1), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*xn*Log[F]), Subst[Int[Logla + bxx]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[lc*xd, 1]



Rule 4186

Int[(cscl(e_.) + (f_
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D*x(x_)1*(b_.)) () *((c_.) + (d_.)*(x_))"(m_), x_Symbo

1] :> -Simp[(b~"2*(c + d*x) “m*Cot[e + f*x]*(b*Cscle + f*x])~(n - 2))/(f*x(n -
1)), x] + (Dist[(b"2xd"2*m*x(m - 1))/(f"2x(n - 1)*x(n - 2)), Int[(c + dxx)~(
m - 2)*%(b*xCscle + f*x])"(n - 2), x], x] + Dist[(®b"2x(n - 2))/(n - 1), Int[(
c + d*xx) “mx(b*Cscle + f*x])~(n - 2), x], x] - Simp[(b~2xd*m*(c + d*x)~(m -
1)*(b*Cscle + f*x])~(n - 2))/(f 2%x(n - 1)*x(n - 2)), x]) /; FreeQ[{b, c, d,

e, £}, x] && GtQ[n,

Rule 3770

Int[cscl(c_.) + (d_

1] && NeQ[n, 2] && GtQ[m, 1]

D*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

fxz csc™Ha + bx)3dx = —

Subst ( [ 23 cot(x) esc(x)(—a + csc(x))? dx, x, csc™ (a + bx))

b3
1 Subst ( [ x3(—a + csc(x))3 dx, x, csc™Ha + bx
§x3 csc™Ha + bx)® - (f ( (b;) ( ))
1 Subst a3x2 + 3a2x2 csc(x) — 3ax? csc(x) + x2 csc3(x)) dx, x, csc™
§x3 Csc‘l(a+bx)3— (f( ( ) b3 ( ) ( ))
3 cgel 3 Subst ( [ 22 csc®(x) dx, x, csc™1(a + bx 3a) Suk
_avcsc(a+ bx) N x3 ese(a + bx)P - (f (x) ( )) N (3a)
33 3 b3
1 _ T _
 (a+bx)esc(a+ b) ) 3a(a + bx),[1 - o O5C Ya + bx)? . (a+bx)*\1- R O 1,
B b3 b3 2b3

_(@+bx)escMa+bx)  Biacsc(a+ bx)2 3a(a + bx)|[1 - (arbx )2 cscM(a+bx)>  (a+bx

b3 b3 b3 *

_(a+bx)escM@a+bx)  BiacscTl(a+bx)* 3a(a +bx)\[1 - )2 csc™Ha+bx)*  (a+bx

b b b3 *

_(a+bx)escM@a+bx)  BiacscTl(a+bx)* 3a(a +bx)\[1 - )2 cscM(a+bx)>  (a+bx

b3 b3 b3 *

_(a+bx)escM@+bx)  BiacscTl(a+bx)* 3a(a + bx)\[1 ~ —~ )2 cscM(a+bx)>  (a+bx

b3 b3 b3 *
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Mathematica [A] time = 9.30196, size = 656, normalized size = 1.41

24i (602 + 1) csc™}(a + bx)PolyLog (2, —¢' Csc_l(””’x)) — 24i (6u2 + 1) csc1(a + bx)PolyLog (2, eiCSC_l(”+b")) —1444]

Warning: Unable to verify antiderivative.

[In] Integrate[x~2xArcCscla + b*x]~3,x]

[Out] -((72*xI)*axArcCscla + b*x]~2 - 12*ArcCscla + b*x]*Cot[ArcCscla + b*x]/2] +
36*axArcCscla + b*x] "2*Cot [ArcCscla + b*x]/2] - 2*ArcCscla + b*x] " 3*Cot [Arc
Cscla + b*x]/2] - 12%a~2*ArcCscl[a + b*x] “3*Cot[ArcCsc[a + b*x]/2] - 3*ArcCs
c[a + b*x] 2*Csc[ArcCscla + b*x]/2]72 + 6*xaxArcCsc[a + b*x] ~3*Csc[ArcCscla
+ b*x]/2]172 - (ArcCscla + b*x] "3*Csc[ArcCscla + bxx]/2]174)/(2*(a + b*x)) +
12xArcCscla + bxx]"2*Log[l - E~(I*ArcCscla + b*x])] + 72*a"2*ArcCscla + b*x
172+Log[1 - E~(I*ArcCscla + b*x])] - 12%ArcCscla + b*x] 2xLog[1l + E~(I*ArcC
scla + b*xx])] - 72*a"2xArcCscla + b*x] "2*xLog[l + E~(I*ArcCscl[a + bxx])] - 1
44xaxArcCscla + b*x]*Log[l - E~((2*I)*ArcCscla + b*x])] + 24xLog[Tan[ArcCsc
[a + b*x]/2]] + (24*I)*(1 + 6*a”~2)*ArcCsc[a + b*x]*PolyLog[2, -E~(I*ArcCscl
a + b*xx])] - (24*I)*(1 + 6%a”2)*ArcCscl[a + b*x]*PolyLog[2, E~(I*ArcCscla +
bxx])] + (72*I)*axPolyLogl[2, E~((2xI)*ArcCscla + b*x])] - 24xPolyLog[3, -E~
(IxArcCscla + b*x])] - 144xa~2*PolyLog[3, -E~(I*ArcCscl[a + b*x])] + 24xPoly
Log[3, E"(I*ArcCscl[a + b*x])] + 144*a”2+PolyLog[3, E~(I*ArcCscla + b*x])] +
3*xArcCscla + b*xx] 2*xSec[ArcCscla + b*x]/2]72 + 6*xaxArcCscl[a + b*x] " 3*Sec[A
rcCscla + bxx]/2]72 - 8+(a + b*x) "3*ArcCscl[a + bxx] ~3*Sin[ArcCscla + b*xx]/2
174 - 12%ArcCscl[a + b*x]*Tan[ArcCscl[a + b*x]/2] - 36*axArcCscla + b*x] " 2*Ta
n[ArcCscl[a + b*x]/2] - 2*ArcCscla + b*x] “3*Tan[ArcCscl[a + b*x]/2] - 12xa~2%
ArcCscl[a + b*x] ~3*Tan[ArcCscla + bxx]/2])/(24*b"3)

Maple [A] time = 0.578, size = 809, normalized size = 1.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(b*x+a)”3,x)

[Out] -6%Ixa~2*arccsc(b*x+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b"3+6*I%
a~2*arccsc(bxx+a)*polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b"3+I*arccsc(b
xx+a)*polylog(2,I/(bxx+a)+(1-1/(b*xx+a)~2)~(1/2))/b~3-I*arccsc(b*x+a)*polylo
g(2,-I/(b*xx+a)-(1-1/(b*x+a)~2)~(1/2))/b"3+1/3%a"3*arccsc(b*x+a) "3/b~3-3*I*a
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*xarccsc(b*x+a) "2/b"3+6*%a"2*polylog(3,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b"3-
6*a~2xpolylog(3,I/ (bxx+a)+(1-1/(b*x+a)~2)~(1/2)) /b~ 3+polylog(3,-I/(b*x+a)-(
1-1/(b*x+a)~2)~(1/2)) /b~ 3-polylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-2/
b~ 2*xarccsc (bxx+a) "2* ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) *x*a+1/2/b*arccsc (bxx+a
)" 2% ((—1+(b*x+a) "2) /(b*xx+a) "2) ~(1/2) *x~2+6/b"3*a*arccsc (b*x+a) *1n(1-I/ (b*x+
a)-(1-1/(b*x+a)~2)~(1/2))+6/b"3*a*arccsc(b*x+a) *In(1+I/ (bxx+a)+(1-1/(b*x+a)
~2)7(1/2))-3/b"3*a"2*arccsc(b*x+a) “2*x1n(1-I/(b*x+a)-(1-1/(b*x+a)~2) ~(1/2))+
3/b73*a"2*xarccsc (bxx+a) "2+x1n(1+I/ (bxx+a)+(1-1/(b*xx+a)~2)~(1/2))-5/2/b"3*arc
csc(b*x+a) "2x ((-1+(b*x+a) ~2) / (b*x+a) "2) ~(1/2) *a~2-6*I1/b~3*a*polylog(2,I/(b*
x+a)+(1-1/(b*x+a) ~2) ~(1/2))-6*%I/b~3*a*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)"
(1/2))+1/b"2*arccsc(b*x+a) *x+1/2/b"3*arccsc(b*x+a) "2*x1n(1+I/(b*x+a)+(1-1/(b
*x+a)~2) " (1/2))-1/2/b"3*arccsc(b*x+a) “2*x1n(1-I/ (bxx+a)-(1-1/(b*x+a) ~2)~(1/2
))+1/b"3*arccsc(b*x+a)*a+2/b~3*arctanh (I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))+1/3
*x~3*arccsc(b*x+a) 3

Maxima [F] time = 0., size = 0, normalized size = 0.

1 31 , 12(b
§x3arctan(1,\/bx+a+1\/bx+a—1) —Zx3arctan(1,\/bx+a+1\/bx+a—1)log(b2x2+2abx+a2) —f—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a)”3,x, algorithm="maxima")

[Out] 1/3*x73*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 1/4*x"3*arctan?
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b™2%x"2 + 2%axb*x + a”2)72 - i
ntegrate(1/4*(12x(b~3*x"b*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) +
3xaxb~2*xx"4xarctan2(l, sqrt(b*x + a + 1)*sqrt(b*xx + a - 1)) + (3*a"2*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*s
grt(b*x + a - 1)))*b*x~3 + (a"3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)) - axarctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x"2)xlog(b*x + a)
~2 - (4xb*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"3*log
(b™2%x72 + 2*axbxx + a”2)72)*sqrt(b*xx + a + 1)*sqrt(b*x + a - 1) - 4*x(b73*x
“bkxarctan2(1, sqrt(bxx + a + 1)*sqrt(b*x + a - 1)) + 2%axb”2xx"4*arctan2(1,
sqrt(b*xx + a + 1)*sqrt(b*x + a - 1)) + (a"2*xarctan2(l, sqrt(b*x + a + 1)x*s
grt(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x"3
+ 3x(b~3*x"b*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3xa*xb”2*x"4x
arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2xarctan2(l, sqrt(bx
X + a + 1)*sqrt(b*x + a - 1)) - arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)))*b*x~3 + (a”3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a*arct
an2(1, sqrt(bxx + a + 1)*sqrt(b*x + a - 1)))*x"2)xlog(b*x + a))*log(b~2*x"2



+ 2xaxb*xx + a”2))/(b"3%x"3 + 3%a*xb”2*xx"2 + a~3 + (3*%a"2 - 1)*bxx - a),
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X)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x2 arcesc (bx + a)°, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a)”3,x, algorithm="fricas")

[Out] integral(x~2*arccsc(b*x + a)~3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x% acsc® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(b*x+a)**3,x)

[Out] Integral(x*x2*acsc(a + b*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x2 arcese (bx + a)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a)”3,x, algorithm="giac")

[Out] integrate(x~2*arccsc(bxx + a)~3, x)
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3.34 f x cscHa + bx)? dx
Optimal. Leaf size=264

6ia csc!(a + bx)PolyLog (2, —eiCSC_l(“bx)) 6ia csc™(a + bx)PolyLog (2, eicsc_l(“bx)) 3iPolyLog (2, eZiCSC_l(“bx))
- +
b? b? 2b?

[Out] (((3*I)/2)*ArcCscla + b*x]~2)/b"2 + (3*(a + b*x)*Sqrt[1l - (a + bxx)~(-2)]*A
rcCscla + b*x]~2)/(2xb~2) - (a”2xArcCscla + b*x]~3)/(2%b~2) + (x"2%ArcCscla

+ bxx]73)/2 - (6*axArcCscla + b*x] "2*ArcTanh[E~ (I*ArcCsc[a + b*x])])/b"2 -
(3*ArcCscla + b*x]*Log[l - E~((2*I)*ArcCscla + b*x])])/b"2 + ((6*I)*axArcC
scla + b*x]*PolyLog[2, -E~(I*ArcCscla + b*x])])/b~2 - ((6%I)*axArcCsc[a + b
*x]*PolyLog[2, E~(I*ArcCscla + b*x])])/b"2 + (((3+I)/2)*PolylLogl[2, E~((2*I)
xArcCscla + b*x])]) /b2 - (6*a*PolyLog[3, -E~(I*ArcCscla + b*x])])/b"2 + (6
*a*PolyLog[3, E~(IxArcCscla + bxx])])/b~2

Rubi [A] time = 0.255632, antiderivative size = 264, normalized size of antiderivative =

. . b f rul
1., number of steps used = 16, number of rules used = 12, integrand size = 10, ==
integrand size

= 1.2, Rules used = {5259, 4427, 4190, 4183, 2531, 2282, 6589, 4184, 3717, 2190, 2279, 2391}

6ia csc™(a + bx)PolyLog (2, —eicscfl(“bx)) 6ia csc™(a + bx)PolyLog (2, eicscfl(“bx)) 3iPolyLog (2, ezz’cscfl(“b"))
- +
b? b? 202

Antiderivative was successfully verified.

[In] Int[x*ArcCscla + b*x]~3,x]

[Out] (((3*I)/2)xArcCscla + b*x]72)/b"2 + (3*(a + b*x)*Sqrt[l - (a + b*x)~(-2)]*A
rcCscla + b*xx]~2)/(2xb~2) - (a”2xArcCscla + b*x]~3)/(2%b~2) + (x"2%ArcCscla

+ b*x]73)/2 - (6*axArcCscla + b*x] " 2*ArcTanh[E”~ (I*ArcCscl[a + b*x])])/b"2 -
(3*ArcCscla + b*x]*Log[l - E~((2*I)*ArcCscla + b*x])])/b"2 + ((6*I)*axArcC
scla + b*x]*PolyLog[2, -E~(I*ArcCscla + b*x])])/b~2 - ((6%I)*axArcCsc[a + b
*xx]*PolyLog[2, E~(I*ArcCscla + b*x])])/b"2 + (((3*I)/2)*PolyLogl2, E~((2*I)
xArcCscla + b*x])])/b~2 - (6*a*PolyLog[3, -E~(I*ArcCscla + b*x])])/b~2 + (6
*a*xPolyLog[3, E~(I*ArcCscla + b*x])])/b"2

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_)*xx_)I*M_.))"(p_)*((e_.) + (f_)*x(x))"(m
_.), x_Symbol] :> -Dist[(d"(m + 1))~(-1), Subst[Int[(a + b*x) pxCsc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
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d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*x(x )]*(Csc[(c_.) + (d_.)*(x.)
Ix(b_.) + (@) (n_.)*x((e_.) + (f_)*(x_)) " (m_.), x_Symbol] :> -Simp[((e +
fxx)"m*(a + b*Csclc + d*x])"(n + 1))/(b*d*x(n + 1)), x] + Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*xx)"(m - 1)*(a + b*Cscl[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E"(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2531

Int[Log[l + (e_)*((F_)"((c_)*((a_.) + (b_)*&x_D))ND"(@_)I*x((E_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] & GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential([u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)I[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)"pl/(e*p), x] /; FreeQ[{a, b, ¢, d
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, €, n, pt, x] & EqQ[b*d, axe]

Rule 4184

Int[csc[(e_.) + (£_)*(x )17 2x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pL((c + d*x)"m*Cot[e + f*xx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2% I*k*Pi)*E~(2xI*(e + f*x)))/(1 + E~-(2*%I*k*Pi)*E~(2xI*(e + fxx))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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Subst ( f x3 cot(x) csc(x)(—a + csc(x)) dx, x, csc™Ha + bx))

fxcsc‘1 (a+bx)3dx = -

2
1 3 Subst ( [ x?(=a + csc(x))? dx, x, csc ™ Ha + bx))
L 3
= Ex csc(a + bx)® — T
1, , 3Subst ( il (azxz — 2ax? csc(x) + x? cscz(x)) dx, x, csc”(a + bx))
= Sx“csc (a + bx)° - T
2 (g + bx)3 3Subst ( [ x2 csc?(x) dx, x, csc™L(a + bx 3a)
e 2; %) + 2x cscl(a + bx)® - (f (2;2 ( )) + o)
3(a +bx) |1 - o )2 csc M a+bx)? 2 g0 g + bx)3 . s by 6a csc(a +
-~ x csc(a + bx)? - ————
2b? 2b2 2
_ Bicsc!(a + bx)? . 3(a + bx)\/l (a+bx )2 csc™(a + bx)? a2 csc™H(a + bx)? . 1, (g4
N 212 2b2 212 e
_ Bicsc(a + bx)? . 3(a + bx)\/l (a+bx )2 csc™(a + bx)? a2 csc™H(a + bx)? . 1, (g4
N 212 2b2 212 e

_ 3i csc‘l(a + bx)z . 3(a + bx)1 1- (@t )2 CSC 1(61 + bx)z az CSC_l({Z + bx)3 1

2 o1
2 2 2 +§x csc(a +

1 -1 2
3icscl(a + bx)? 3(a + bx) /1 - Ty csc(a + bx) az csc(a + bx)? . s
= x a
202 202 202 2t o

Mathematica [A] time = 0.805551, size = 314, normalized size = 1.19

12ia csc™!(a + bx)PolyLog( gl s 1(“””‘)) 12ia csc™Y(a + bx)PolyLog (2, eicsc_l(“bx)) + 3iPolyLog (2, gRiesc at

Warning: Unable to verify antiderivative.

[In] Integrate[x*ArcCscla + b*x]~3,x]

[Out] ((3*I)xArcCscla + b*x]"2 + 3*axSqrt[(-1 + a”2 + 2%axb*x + b™2%x72)/(a + bxx
)"2]xArcCscla + b*x]~2 + 3xb*x*Sqrt[(-1 + a”2 + 2*axbxx + b™2*x72)/(a + b*x
)"2]*ArcCscla + b*x]~2 - a"2%ArcCscla + b*x]~3 + b™2xx"2*xArcCscl[a + b*x]~3
+ 6*axArcCscl[a + b*xx] 2+Log[l - E~(I*ArcCscla + b*x])] - 6*axArcCsc[a + b*x
172«Log[1 + E~(I*ArcCscla + b*x])] - 6*%ArcCscla + b*x]*Log[l - E~((2*I)*Arc
Cscla + b*x])] + (12xI)*axArcCscla + b*x]*PolyLog[2, -E~(I*ArcCscl[a + bx*x])
1 - (12#I)*axArcCscla + b*x]*PolyLog[2, E~(I*ArcCscla + b*x])] + (3*I)*Poly
Logl[2, E7((2*%I)*ArcCsc[a + b*x])] - 12*%axPolyLogl[3, -E~(I*ArcCscl[a + bxx])]
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+ 12%a*PolyLog[3, E~(I*ArcCscl[a + b*x])])/(2%b~2)

Maple [A] time = 0.425, size = 481, normalized size = 1.8

x? (arcesc (bx + a))3 ~ a? (arccsc (bx + a))3 N 3 x (arccsc (bx + a))2 -1+ (bx + a)2 N 3 (arccsc (bx + a))2 a [-1+(
2 212 2b (bx + a)* 202 (bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(b*x+a)”~3,x)

[Out] 1/2*x"2*arccsc(b*x+a)~3-1/2*a"2*arccsc(b*xx+a) ~3/b~2+3/2/b*arccsc (b*x+a) ~2x*(
(-1+(b*x+a) "2) / (b*xx+a) "2) "~ (1/2) *x+3/2/b"2*arccsc (b*xx+a) "2x ((-1+ (b*x+a) ~2) / (
b*x+a) ~2) "~ (1/2)*a+3/2*I*arccsc(b*x+a) "2/b"2+3/b"2*a*arccsc(b*x+a) "2*x1n(1-I/
(bxx+a)-(1-1/(b*x+a) ~2)~(1/2))-3/b"2*xa*arccsc (b*x+a) "2*1n(1+I/(b*x+a)+(1-1/
(b*x+a)~2)~(1/2))-3/b"2*arccsc(b*x+a)*1n(1-I/ (b*x+a)-(1-1/(b*x+a) ~2) ~(1/2))
+6*xaxpolylog(3,I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~2-3/b"2*arccsc(b*x+a)*1n(
141/ (bxx+a) +(1-1/ (b*xx+a) "2) ~(1/2) ) -6*axpolylog(3,-I/(b*x+a)-(1-1/(b*x+a)~2)
~(1/2))/b~2-6xI*a*arccsc(bxx+a)*polylog(2,I/(bxx+a)+(1-1/(bxx+a)~2)~(1/2))/
b~2+6*xI*a*xarccsc(b*xx+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b~2+3*I
/b~ 2*xpolylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+3*I/b"2*polylog(2,-I/(b*x+a
Y=-(1-1/(b*x+a)~2)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 3.3 2 3(8‘
Exzarctan(l,\/bx+a+1\/bx+a—1) —gxzarctan(l,\/bx+a+1\/bx+a—1)log(b2x2+2abx+a2) —f—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~3,x, algorithm="maxima")

[Out] 1/2*x"2%arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3/8%x"2*arctan2
(1, sqrt(bxx + a + 1)*sqrt(b*x + a - 1))*log(b™2%x"2 + 2%axb*x + a”2)72 - i
ntegrate(3/8* (8% (b~ 3*x"4*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) +
3*axb~2*x"3*%arctan2(1l, sqrt(b*x + a + 1)*sqrt(bxx + a - 1)) + (3xa"2*arctan

2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(1l, sqrt(b*x + a + 1)*sq
rt(bxx + a - 1)))*b*x"2 + (a"3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a -
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1)) - a*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x)*log(b*x + a)~2

- (4xbxx~2xarctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"2*log(b”
2%x72 + 2%axbxx + a”2)72)*sqrt(b*x + a + 1)xsqrt(b*x + a - 1) - 4% (b~ 3%x"4x
arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2*axb~2*x"3*arctan2(l, sq
rt(bxx + a + 1)*sqrt(b*x + a - 1)) + (a"2*arctan2(1l, sqrt(b*x + a + 1)*sqrt
(b*x + a - 1)) - arctan2(1l, sqrt(b*x + a + 1)*xsqrt(b*x + a - 1)))*b*x"2 + 2
*(b~3xx"4*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3xa*xb~2xx~3*arc
tan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(l, sqrt(b*x +
a + D)*sqrt(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*sqrt(bxx + a - 1)
))*bxx"2 + (a”3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a*arctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x)*log(b*x + a))*log(b~2*x"2 + 2%
axbxx + a”2))/(b73%x73 + 3*ka*xb"2*x"2 + a”3 + (3%¥a”2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x arccsc (bx + u)3 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~3,x, algorithm="fricas")

[Out] integral(x*arccsc(b*x + a)~3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f xacsc (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsc(b*x+a)**3,x)

[Out] Integral(x*acsc(a + b*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f xarccsc (bx + a)3 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~3,x, algorithm="giac")

[Out] integrate(x*arccsc(b*x + a)~3, x)
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3.35 f csc™H(a + bx)3 dx
Optimal. Leaf size=140

6i csc™(a + bx)PolyLog (2, —eiCSC_l("”bx)) 6i csc™(a + bx)PolyLog (2, eiCSC_l(“b")) 6PolyLog (3, —gicsc avb)
- + +
b b b

[Out] ((a + b*x)*ArcCscl[a + b*x]~3)/b + (6%ArcCscla + b*x] 2xArcTanh[E~ (I*ArcCsc[
a + b*x])]1)/b - ((6%I)*ArcCscla + b*x]*PolyLog[2, -E~(I*ArcCscla + b*x])])/

b + ((6xI)*ArcCsc[a + b*x]*PolyLog[2, E~(I*ArcCscl[a + bxx])])/b + (6%PolyLo

g3, -E~(I*ArcCscla + b*x])])/b - (6*PolyLogl[3, E~(I*ArcCscl[a + b*x])])/b

Rubi [A] time = 0.101629, antiderivative size = 140, normalized size of antiderivative =
1., number of steps used = 10, number of rules used = 7, integrand size = 8, number of rules _

integrand size
0.875, Rules used = {5253, 5217, 3758, 4183, 2531, 2282, 6589}

6i csc™(a + bx)PolyLog (2, —eicsc_l(“bx)) 6i csc™(a + bx)PolyLog (2, eiCSC_l(“bx)) 6PolyLog (3, —gicsc™ (a+by)
- + +
b b b

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]~3,x]

[Out] ((a + b*x)*ArcCscl[a + b*x]~3)/b + (6%ArcCscla + b*x] 2xArcTanh[E~ (I*ArcCsc[
a + b*x])]1)/b - ((6+I)*ArcCscla + b*x]*PolyLog[2, -E~(I*ArcCscla + b*x])])/

b + ((6%I)*ArcCscl[a + b*x]*PolyLog[2, E~(IxArcCscla + b*x])])/b + (6*PolyLo

gl[3, -E~(I*ArcCscla + b*x])])/b - (6*PolyLogl[3, E~(I*ArcCscl[a + b*x])])/b

Rule 5253

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Dist[1/d,
Subst [Int[(a + b*ArcCsc[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, 0]

Rule 5217

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))"(n_), x_Symbol] :> -Dist[c~(-1), Sub
st[Int[(a + b*x) n*Csc[x]*Cot[x], x], x, ArcCsclc*x]], x] /; FreeQ[{a, b, c
, n}, x] && IGtQ[n, O]

Rule 3758
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Int[Cot[(a_.) + (b_)*x(x )" (n_.)]1"(q_.)*Cscl(a_.) + (b_)*(x)"(m_.)1"(p_.)
*(x_ )" (m_.), x_Symbol]l :> -Simp[(x"(m - n + 1)*Cscl[a + b*x"n] p)/(b*n*p), x
] + Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Cscla + b*x"n]"p, x], x] /; Fre
eQ[{a, b, p}r, x] && IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(I*x(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - D*Logll + E"(Ix(e + f*xx))], x], x]) /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunctionl[u, x]/x, x], x, v], x]1] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v.] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*xd, axe]

Rubi steps
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Subst ( [esc (x)Pdx, x,a + bx)

f csc™Ha + bx)3dx = i

Subst ( [ %% cot(x) esc(x) dx, x, csc™ (a + bx))

_(@a+by)escl(a+bx)® 3 Subst (fx2 csc(x) dx, x, csc™Ha + bx))

b b
_@+besci@+ b bosci(a+baf tanh ! (f) 6 Subst ([ xlog (1-e”) dx
b b b
(a + bx)cscMa + bx)®  6cscHa + bx)? tanh ™ (ei CSC*l(“bx)) 6i csc™!(a + bx)Li, (—eicscfl‘
b b b
(a + bx)cscMa + bx)®  6cscH(a + bx)? tanh™" (ei Cscfl(“bx)) 6i csc™(a + bx)Li, (—eicscfl‘
b b b
(a+bx)cscH(a+bx)?  6esc(a+bx)? tanh ™ (¢ CSC*l(“bx)) 6i csc™!(a + bx)Li, (—eicscfl‘
b b b

Mathematica [A] time = 0.118717, size = 162, normalized size = 1.16

—6i csc™(a + bx)PolyLog (2, —eicscfl(ﬁb")) + 6i csc™(a + bx)PolyLog (2, eicscfl(ﬁbx)) + 6PolyLog (3, —eicscfl(ﬁb"))

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCscl[a + b*x]~3,x]

[Out] (axArcCscl[a + b*x]~3 + bxx*ArcCscla + b*x]~3 - 3*%ArcCsc[a + b*x] 2xLog[1l -
E~(I*ArcCscla + b*x])] + 3%ArcCscla + b*x] 2xLog[l + E~(I*ArcCscla + bx*x])]

- (6xI)xArcCscla + bxx]*PolyLog[2, -E~(IxArcCscl[a + bxx])] + (6%I)*ArcCscl[

a + bxx]*PolyLog[2, E~(I*ArcCscla + b*x])] + 6*PolyLogl[3, -E~(I*ArcCscla +
b*x])] - 6+PolyLog[3, E~(I*ArcCscla + b*x])]1)/b

Maple [A] time = 0.306, size = 247, normalized size = 1.8

x (arcecsc (bx + a))3 +

3 2 . .
(arccsc (bx + a))” a 43 (arccsc (bx + a)) 1+ i N /1 b+ a)_z ~ 6iarccsc (bx + ¢
b b bx+a b

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arccsc(b*x+a)~3,x)

[Out] x*arccsc(b*x+a) ~3+1/b*arccsc(b*x+a) "3*a+3/b*arccsc (b*x+a) " 2*1n(1+I/ (b*xx+a)+
(1-1/(b*x+a) ~2) ~(1/2))-6*Ixarccsc(b*x+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)”
2)7(1/2)) /b-3/b*arccsc(b*x+a) ~2*¥1n(1-I/(b*x+a)-(1-1/(b*x+a) ~2)~(1/2))+6*I*a

rccsc (b*x+a) *polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b+6xpolylog(3,-I/(b

xx+a) - (1-1/(b*x+a) ~2) ~(1/2)) /b-6*polylog(3,I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))

/b

Maxima [F] time = 0., size = 0, normalized size = 0.

3 5 3(4(b3x<
xarctan(l,\/bx+a+1\/bx+a—1) —Zxarctan(l,\/bx+a+1\/bx+a—1)log(b2x2+2abx+a2)2—f—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”3,x, algorithm="maxima"

[Out] x*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3/4xx*arctan2(1l, sqrt
(b*x + a + 1)*sqrt(b*x + a - 1))*log(b~2*x~2 + 2%a*xbxx + a~2)"2 - integrate
(3/4*% (4% (b~3*x"3xarctan2(l, sqrt(b*x + a + 1)*sqrt(bxx + a - 1)) + 3xa*xb™2x
x"2%arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + a"3*arctan2(l, sqrt(b
xx + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b
*x + a - 1)) - arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - a*arc
tan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*log(b*x + a)”2 - (4*xbxx*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*xx*xlog(b~2*x"2 + 2%axb*x +
a”2)"2)xsqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4*%(b~3*x"3*arctan2(l, sqrt(bx
x +a + 1)*sqrt(b*x + a - 1)) + 2%axb~2*xx"2*arctan2(1l, sqrt(bxx + a + 1)*sq
rt(b*x + a - 1)) + (a"2*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a
rctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*xx + (b~3*x"3*arctan2(1l, s
grt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*axb~2*x"2*arctan2(1l, sqrt(b*x + a +

1)*sqrt(b*x + a - 1)) + a”3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)
) + (3*a”2*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(l, sqr
t(b*xx + a + 1)*sqrt(b*x + a - 1)))*b*x - a*arctan2(l, sqrt(b*x + a + 1)*sqr
t(b*x + a - 1)))*log(b*xx + a))*log(b~2*x"2 + 2*axb*xx + a~2))/(b~3*x"3 + 3xa
*b72%x"2 + a~3 + (3*%a”"2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (arccsc (bx + a)3 , x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”3,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~3, x)

199

Sympy [F] time = 0., size = 0, normalized size = 0.

f acsc (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**3,x)

[Out] Integral(acsc(a + b*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arcesc (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~3, x)
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3 36 f csc N a+bx)3 dx

X
Optimal. Leaf size=448

'aei cscNa+bx)

1-+vV1-a?

iaei cscHa+bx)

V1-a2+1

[Out] ArcCscla + b*x]"3%Log[l + (I*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[l - a~2])]
+ ArcCscla + b*x] " 3*Log[l + (Ixa*E~(IxArcCscla + bxx]))/(1 + Sqrt[l - a~2])
] - ArcCscla + b*x] 3*Log[1l - E~((2xI)*ArcCsc[a + b*x])] - (3+I)*ArcCscla +
b*x] "2%PolyLog[2, ((-I)*axE~(I*ArcCscla + b*x]))/(1 - Sqrt[1 - a~2])] - (3
*I)*ArcCsc[a + b*x] "2+PolyLog[2, ((-I)*a*E”(IxArcCscla + b*x]))/(1 + Sqrt[1
- a”2])] + ((3%I)/2)*ArcCsc[a + bxx] 2*PolyLog[2, E~((2%I)*ArcCscla + b*x]
)] + 6%xArcCsc[a + bxx]*PolyLog[3, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[
1 - a”2])] + 6xArcCscla + b*x]*PolyLog[3, ((-I)*a*E~(I*ArcCscla + bx*x]))/(1
+ Sqrt[1 - a~2])] - (3xArcCscla + b*x]*PolyLogl[3, E~((2*I)*ArcCscla + bxx]
)1)/2 + (6*%I)*PolyLogl[4, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[l - a~2])
1 + (6*I)*PolyLogl[4, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[1l - a"2])] -
((3%I)/4)*PolyLog[4, E~((2xI)*ArcCsc[a + bxx])]

—3icsc!(a + bx)?PolyLog [2, -~ ) —3icscl(a + bx)*PolyLog [2, -~ ) + 6 csc™(a + bx)PolyL

Rubi [A] time = 0.542109, antiderivative size = 448, normalized size of antiderivative =
1., number of steps used = 20, number of rules used = 10, integrand size = 12, M
integrand size

= 0.833, Rules used = {5259, 4552, 4529, 3717, 2190, 2531, 6609, 2282, 6589, 4519}
mei cscY(a+bx)

1-+vV1-a?

iaei cscY(a+bx)

V1i-a2+1

—3icsc!(a + bx)?PolyLog [2, - ] —3icsc™ (a + bx)*PolyLog [2, - ] +6csc(a + bx)PolyL.

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]~3/x,x]

[Out] ArcCscla + b*x]~3%Log[l + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])]
+ ArcCscla + b*x] " 3*Log[l + (Ixa*E~(IxArcCscla + bxx]))/(1 + Sqrt[l - a~2])
] - ArcCscl[a + b*x] 3*Log[1l - E~((2xI)*ArcCsc[a + b*x])] - (3+I)*ArcCscla +

b*x] "2xPolyLog[2, ((-I)*a*E~(I*ArcCscla + bxx]))/(1 - Sqrt[1l - a"2])] - (3
xI)*ArcCsc[a + bxx] "2*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[1

- a”2])] + ((3%I)/2)*ArcCsc[a + bxx] 2*PolyLog[2, E~((2*I)*ArcCscla + b*x]

)] + 6xArcCscla + bxx]*PolyLog[3, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[

1 - a”2])] + 6%ArcCscla + b*x]*PolyLog[3, ((-I)*a*E~(I*ArcCscl[a + bxx]))/(1

+ Sqrt[1 - a”2])] - (3*ArcCscla + b*x]*PolyLogl[3, E~((2+I)*ArcCscla + bxx]
)1)/2 + (6%I)*PolyLog[4, ((-I)*axE~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])
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1 + (6%I)*PolyLogl4, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 + Sqrt[l - a~2])] -
((3%I)/4)*PolyLogl[4, E~((2xI)*ArcCsc[a + bxx])]

Rule 5259

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)I*(b_.))"(p_)*x((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4552

Int[((Ce_.) + (£_)*(x_))"(m_D*(F_)[(c_.) + (d_)*(x_)]1"(n_.)*(G_) [(c_.) +

(d_D)*x )1 (p_.))/(Cscl(c_.) + (d_)*(x)]1*(b_.) + (a_)), x_Symbol] :> In
t[((e + f*x)"m*Sin[c + d*x]*F[c + d*x] n*G[c + d*x]"p)/(b + axSin[c + d*x])
, x] /; FreeQ[{a, b, ¢, d, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, pl

Rule 4529

Int[(Cot[(c_.) + (d_)*(x_ )] (n_.)*x((e_.) + (£_)*x(x_))"(m_.))/((a_) + (b_.
)*¥Sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cot[c +
d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Cos[c + d*x]*Cotl[c + d*x] (n -
1))/(a + b*Sinl[c + d*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E” (2xIxk*Pi)*E~ (2xI* (e + f*xx)))/(1 + E~(2%Ixk*Pi)*E~(2*I*x(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
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)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1) *PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}y, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*¥(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, c*(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 4519

Int[(Cos[(c_.) + (d_)*(x_)I*((e_.) + (f_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(I*(e + f*x)"(m + 1))/(b*f*(m + 1)
), x] + (Int[((e + f*x)"m*E~(I*(c + d*x)))/(a - Rt[a"2 - b~2, 2] - I*bxE~(I
x(c + d*x))), x] + Int[((e + fxx) m*E~(Ix(c + d*x)))/(a + Rt[a"2 - b~2, 2]
- Ixb*xE~(I*(c + d*x))), x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] &
& PosQ[a"2 - b~2]

Rubi steps



f csc™Ha + bx)®

X

Mathematica [A]

-3icscl(a + bx)?PolyLog [2

dx = —Subst (f
= — Subst (f

x3 cot(x) csc(x)

—a + csc(x)
x3 cot(x)
1 - asin(x)

x3 cos(x)

dx, x, csc(a + bx))

dx, x,csc™(a + bx))

203

__ -1 _ 3 -1
= (a Subst (f T~ asin() dx, x,csc™(a + bx))) Subst (fx cot(x) dx, x,csc™(a + bx))

= 2iSubst (

=csc(a +bx)3log|1 +

=csc(a+bx)?log|1 +

= csc Ha + bx)® log|1 +

= cscHa + bx)®log |1 +

=cscl(a+bx)3log|1 +

iae

icscH(a+bx)

' V1-a2-1

sz 3

1-

iae

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCscla + bxx]~3/x,x]

—dx, x, csc™Ha + bx)) — aSubst (

iaei cscHa+bx)

_\ll_aZ

iaei csc (a+bx)

_Vl—HZ

icscHa+bx)
1-vV1-a?
iaeicsc‘l(a+bx)

— V1 -g2
iaei csc Ha+by)

_\/1_a2

J —3icsc(a + bx)*PolyLog [2, -

e x

3

+csc7l(a + bx)® log

+ csc™Ha + bx)® log

+csc7l(a + bx)® log

+ csc™Ha + bx)® log

+csc7l(a + bx)3 log

time = 0.344205, size = 554, normalized size = 1.24

iae

- V1 — a2 + iaei™

zael csc(a+bx)

1+ V1-a2

iaei cscHa+bx)

1+ V1 - a2

iaei cscH(a+bx)
1+ V1 -a?
iaei cscH(a+bx)
1+ V1 -a?
iaei cscHa+bx)

1+ V1 - a2

1+

1+

1+

1+

1+

icscH(a+bx)

V1-a2+1

dx, x,cscN(a + bx

—csc™Ha + bx)

—csc™Ha + bx)

— csc™Na + bx)

— csc™Ha + bx)

— csc™Ha + bx)

J +6cscl(a + bx)PolyL

[Out] (I/8)*Pi~4 - (I/4)*ArcCscl[a + b*x]~4 - ArcCscl[a + bxx]~3xLogl[l - E~((-I)*Ar
cCscla + b*x])] - ArcCscla + b*x] 3*Log[l + E~(I*ArcCscl[a + b*x])] + ArcCsc
[a + b*x]~3*Log[1l - (I*a*xE~(I*ArcCscla + b*x]))/(-1 + Sqrt[l - a~2])] + Arc
Cscla + b*x]~3*xLogl[l + (I*axE~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a~2])] - (
3xI)xArcCsc[a + bxx]“2*PolyLog[2, E~((-I)*ArcCscl[a + b*x])] + (3*I)*ArcCsc[

a + b*x]~2xPolyLogl[2,

yLogl2,

+ bxx] "2xPolyLogl[2,

-E~(I*ArcCscla + b*x])] - (3*I)xArcCscla + b*x] 2*Pol
(I*a*E~ (I*ArcCscla + b*x]))/(-1 + Sqrt[l - a"2])] - (3*I)*ArcCscla
((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[1l - a”2])] - 6
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*ArcCsc[a + bxx]*PolyLog[3, E~((-I)*ArcCscl[a + b*x])] - 6%ArcCsc[a + b*x]*P
olyLog[3, -E~(I*ArcCscla + b*x])] + 6*xArcCsc[a + b*x]*PolyLogl[3, (I*axE~(Ix
ArcCscla + b*x]))/(-1 + Sqrt[1 - a”2])] + 6*ArcCscla + b*x]*PolyLog[3, ((-I
)*axE~ (I*ArcCscla + b*x]))/(1 + Sqrt[l - a”2])] + (6%xI)*PolyLogl[4, E~((-I)*
ArcCscla + b*x])] - (6%xI)*PolyLog[4, -E~(IxArcCscla + b*x])] + (6*I)*PolyLo
gl4, (I*xaxE~(I*ArcCscla + b*x]))/(-1 + Sqrt[1l - a~2])] + (6*I)*PolyLogl4, (
(-I)*a*E~ (I*ArcCscla + b*x]))/(1 + Sqrt[l - a~2])]

Maple [F] time = 0.875, size = 0, normalized size = 0.

f (arccsc (bx + u))3
" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)”~3/x,x)

[Out] int(arccsc(b*x+a)”~3/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f arcesc (bx + a)3
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”3/x,x, algorithm="maxima")

[Out] integrate(arccsc(b*x + a)~3/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arccsc (bx + a)3 )
,X
X

integral (

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsc(b*x+a)”3/x,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~3/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

acsc (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**3/x,x)

[Out] Integral(acsc(a + b*x)**3/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arccsc (bx + a)3
f ” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3/x,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~3/x, x)
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3 37 f csc N a+bx)3 dx

x2
Optimal. Leaf size=378

. iece—l
igelcsc (

1-V1-

ool csc_l(a+bx) ool csc_l(u+bx)
-1 _ e -1 _ e . _
6b csc™ (a + bx)PolyLog (2, e ) ) 6b csc™ (a + bx)PolyLog (2, e ) 6ibPolyLog (3,

avl - a? avl - a? avl - a?

[Out] -((bxArcCscla + b*x]~3)/a) - ArcCscla + b*x]73/x - ((3*I)*bxArcCscla + b*x]
~2+Log[1 + (Ixa*E~(IxArcCscla + bxx]))/(1 - Sqrt[l - a~2])])/(axSqrt[1l - a~

2]) + ((3*I)*bxArcCscla + bxx] 2xLog[l + (I*a*E~(I*ArcCscl[a + b*x]))/(1 + S
qrt[1 - a”2])]1)/(a*Sqrt[1 - a”2]) - (6*bxArcCsc[a + bxx]*PolyLog[2, ((-I)*a

*E~ (I*ArcCscla + b*xx]))/(1 - Sqrt[l - a~2])]1)/(a*xSqrt[1 - a~2]) + (6*b*ArcC

scla + b*x]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[1l - a~2])])
/(axSqrt[1 - a~2]) - ((6*%I)*bxPolyLogl[3, ((-I)*a*E~(IxArcCscla + b*x]))/(1

- Sqrt[1l - a”2])])/(a*xSqrt[1 - a”2]) + ((6%I)*b*PolyLogl[3, ((-I)*a*xE~(I*Arc
Cscla + b*x]))/(1 + Sqrt[l - a~2])])/(a*Sqrt[1 - a~2])

Rubi [A] time = 0.616608, antiderivative size = 378, normalized size of antiderivative
number of rules

1., number of steps used = 14, number of rules used = 9, integrand size = 12, “ntegrand size
0.75, Rules used = {5259, 4427, 4191, 3323, 2264, 2190, 2531, 2282, 6589}
iaeicsc_l(

1-V1-

inet csc_l(u+bx) inet csc_l(u+bx)

s N ) 6ibPolyLog (3, -
avl - a? avl - a? avl - a?

6b csc™1(a + bx)PolyLog (2, - ) 6b csc™1(a + bx)PolyLog (2, -
+

Antiderivative was successfully verified.

[In] Int[ArcCscla + b*x]~3/x72,x]

[Out] -((b*ArcCscl[a + b*x]~"3)/a) - ArcCscla + b*x]~3/x - ((3*I)*b*ArcCscla + b*x]
~2%Log[1 + (Ixa*E~(I*ArcCscla + bxx]))/(1 - Sqrt[l - a~2])])/(axSqrt[1l - a~

2]) + ((3xI)*b*ArcCscla + b*x] 2xLog[1 + (I*a*E~(I*ArcCsc[a + b*x]))/(1 + S
qrt[1 - a”2])1)/(a*xSqrt[1 - a”2]) - (6xbxArcCscl[a + b*x]*PolyLog[2, ((-I)xa

*E~ (I*ArcCscla + b*x]))/(1 - Sqrt[l - a”2])]1)/(a*xSqrt[1 - a”2]) + (6*b*ArcC

scla + b*x]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrtl[1l - a"2])])
/(axSqrt[1 - a”2]) - ((6%I)*b*PolyLogl[3, ((-I)*a*E~(IxArcCscla + b*x]))/(1

- Sqrtll - a~2])])/(a*xSqrt[1l - a~2]) + ((6%I)*b*PolyLog[3, ((-I)*axE~(I*Arc
Cscla + b*x]))/(1 + Sqrt[1l - a~2])])/(a*xSqrt[1 - a~2])

Rule 5259
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Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)I*(b_.))"(p_)*x((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> -Dist[(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4427

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl(c_.) + (d_.)*x(x_)]1*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@) (a_.)*x((e_.) + (f_)*(x_))"(m_.), x_Symbol] :> -Simp[((e +
f*x) m*x(a + b*Csclc + d*x])"(n + 1))/(bxd*x(n + 1)), x] + Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Cscl[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (@)~ (n_)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3323

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E"(Ix(e + fx*xx)))/(Ixb + 2*%a*xE~(I*(e + f*x
)) - I*b*E~(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"mxF~u) /(b - q + 2*%c*F~u), x], x] - Dist[(2%c)/q, Int[((f + g*x)~
m*F~u) /(b + q + 2%cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[v,
2xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [CCCF_)~((g_D*((e_.) + (£_)*(x))))"(n_)*((c_.) + (d_)*(x_D)"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531
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Int[Logll + (e_)*((F)"((c_)*((a_.) + (b_)*x)IN"(m_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)1)/ (b*cxn*Log[F1), x] + Dist[(g+m)/(b*c*n*Log[F1), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}r, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps
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csc™Ha + bx)® x3 cot(x) cse(x) _
f — 2 dx = - (b Subst ( m dx, x,csc™a + bx)))
—a + csc(x)

-1 3
_ S ok Subst ( f
X
2 2

-1 3
- _M + (3b) Subst (f (_x_ + x—) dx, x, csc™ (a + bx))
X a

a(l — asin(x))

2
dx, x, csc™(a + bx))

(3b) Subst (f dx, x, csc™(a + bx))

besc M a+bx)® esc7l(a + bx)® .
a X a

(6b) Subst ( ll L dx, x,csc™Ha + bx))

—ia+2eiX +ige2ix

1-asin(x)

besc™H(a + bx)? _ csc™H(a + bx)? .

a x a
. E. xz -1 .
_ beseL(a + b ) cscM(a + bx)® . (61b) Subst ( f PPN AP dx,x,csc™ (a + bx)) ) (izl

a X 1/ _a2
Zuezcw (a+bx)

-1 2] . -1
_ bescMa+bx)® escl(a+ bx)3 Sibesc™(a+ brylog|1 + 1-V1-a2 ) s Bibesc™(a+

a x 11111

I\)

i csc™(a+bx)
-1 2 iae . 1
_ bescMa+bx)®  csel(a + ba)? 3ibcsc™ (a + bx)*log |1 + — Vi-a? ) + 3ibesc(a +

a x avl - a?

) csc_l(a+bx)
; -1 2 iae ) 1
_ bescMa+bx)®  csc(a+ by 3ib csc™ (a + bx)” log (1 t e ) ) 3ibcsca +

a X alaz

inetcsc” u+bx)

-1 2 . -1
_ bescMa+bx)®  csci(a + bx)’ 3ibcsc™ (a + bx)” log (1 Y- ) ) 3ibcsc™(a +

a x avl - a?

Mathematica [A] time = 0.531832, size = 289, normalized size = 0.76

3ib| -2i cscl(a+bx)PolyLog{2,

icsc1 | a1
inet €€~ (a+bx) igel €SC” (a+bx) inel €SC” (a+bx)
E—— ————— [+2PolyLog| 3, ———— [-2Pol
(a+bx) csc™Ha+bx)3 + V1-a2-1 Vi—a241 Y08 Vi—a2-1 -

a

]+2i cscl(a+bx)PolyLog[2,—

Antiderivative was successfully verified.

[In] Integrate[ArcCscla + b*x]~3/x72,x]
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[Out] -((((a + b*x)*ArcCscla + b*x]~3)/x + ((3*I)*b*(ArcCscla + b*x] 2*xLogl[l - (I

*xa*E”~ (IxArcCsc[a + b*x]))/(-1 + Sqrt[1l - a~2])] - ArcCscl[a + bxx] 2*Log[l +
(I*xa*E~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a”2])] - (2xI)*ArcCscla + b*xx]*P

olyLog[2, (I*a*E~(IxArcCscla + b*x]))/(-1 + Sqrt[l - a~2])] + (2*I)*ArcCsc[

a + bxx]*PolyLog[2, ((-I)*a*xE~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a”2])] + 2

*PolyLog[3, (I*a*E~(I*ArcCscla + bx*x]))/(-1 + Sqrt[l - a”2])] - 2*PolyLogl3

, ((-I)*a*xE~(I*ArcCscla + b*x]))/(1 + Sqrt[1 - a~2]1)]1))/Sqrt[1 - a~2])/a)

Maple [F] time = 1.043, size = 0, normalized size = 0.

(arccsc (bx + a))3
f > dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)”~3/x72,x)

[Out] int(arccsc(b*x+a)”~3/x"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

4 (lJ3x3 E

4 arctan (1, Vbx +a+1Vbx +a - 1)3 -3 arctan (1, Vbx +a +1vVbx +a - 1) log (b2x2 + 2 abx + u2)2 + 3xf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”~3/x72,x, algorithm="maxima"

[Out] -1/4x(4*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3*arctan2(l, sq
rt(bxx + a + 1)*sqrt(b*x + a - 1))*log(b~2*x72 + 2%a*xb*x + a”2)72 - 4xx*int
egrate(-3/4*(4*x(b~3*x"3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*xx + a - 1)) + 3
*xaxb~2*x"2xarctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + a”3*arctan2(1l,
sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(l, sqrt(b*x + a + 1)
xsqrt(bxx + a - 1)) - arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x
- axarctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*log(b*x + a)~2 + (4xbx
x*xarctan2(l, sqrt(b*x + a + 1) *sqrt(b*x + a - 1))72 - b*xxxlog(b~2*x~2 + 2xa
*bxx + a”2)72)*sqrt(b*x + a + 1)*sqrt(bxx + a - 1) + 4x(b~3*x"3*arctan2(1,
sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2%a*xb”2xx"2*arctan2(1l, sqrt(b*x + a
+ Dxsqrt(bxx + a - 1)) + (a"2%arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a -
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1)) - arctan2(1l, sqrt(b*x + a + 1)*xsqrt(b*x + a - 1)))*b*x - (b~3*x"3*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*axb~2*xx"2*arctan2(1l, sqrt(b*
x +a + D)*sqrt(b*x + a - 1)) + a”3*xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*xx +
a - 1)) + (3*a"2*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2?
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - axarctan2(l, sqrt(b*x + a +
1*sqrt(b*x + a - 1)))*log(bxx + a))*log(b™2*x™2 + 2%a*xb*x + a~2))/(b~3*x”
5 + 3xaxb”2%x74 + (3*%a”2 - 1)*bxx"3 + (a”3 - a)*x72), x))/x

Fricas [F] time = 0., size = 0, normalized size = 0.

arccsc (bx + a)3 )
, X

integral ( 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”~3/x72,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~3/x72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

acsc? (a + bx)
[,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**3/x**2,x)

[Out] Integral(acsc(a + b*x)**3/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arcesc (bx + a)3 i

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”~3/x72,x, algorithm="giac")
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[Out] integrate(arccsc(bxx + a)~3/x72, x)



213

338  [xPcscl(a+bat) dx

Optimal. Leaf size=48

-1 1
(a + bx4) cscl (a + bx4) tanh [ - (a+bx4)2J
b * b

[Out] ((a + b*x"4)*ArcCscl[a + b*x"4])/(4xb) + ArcTanh[Sqrt[1l - (a + b*x"4)~(-2)]]
/ (4%Db)

Rubi [A] time = 0.0632184, antiderivative size = 48, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, e -

integrand size
0.5, Rules used = {6715, 5251, 372, 266, 63, 206}

-1 1
(a + bx4) csc! (a + bx4) tanh [ - (a+bx4)2J
ab i b

Antiderivative was successfully verified.

[In] Int[x"3*ArcCscla + b*x"4],x]

[Out] ((a + b*x"4)*ArcCscl[a + b*x"4])/(4xb) + ArcTanh[Sqrt[1 - (a + b*x"4)"(-2)]]
/ (4%Db)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQlx"(m + 1), u, x]

Rule 5251

Int[ArcCsc[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcCsc[c + d*x]
)/d, x] + Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQl[{c, d}, xI]

Rule 372

Int[(u )" (m_.)*((a_) + (b_D)*(v_)"(n_)) (p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, vl, x] /; FreeQ[{
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a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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fx3 csc™ (a + bx ) = Subst (f csc™Ha + bx) dx, x, x4)
(a + bx ) csct (a + bx4) 1
= + — Subst f dx, x, x*
4b 4 (a+bx)J1 / 1
Subst f dx x,a + bx*
(a + bx4) csc! (u + bx4) 1—
B b "
Subst f dx, x !
_ (a + bx4) csc! (a + bx4) Vi ()
N 4b - 8b
1 T
_ (a + bx4) cscl (a + bx4) Subst f e o 1= (a+bx4)2J
B 4b - 4b

s 1 g tanho
_ (a+bx )csc (a+bx ) .\

(M=)
(a+bx4)

4b

Mathematica [B]

4b

time = 0.268804, size = 127, normalized size = 2.65

2 4
(a + bx4) —1|log LY log|1- arby
(a+brt)’ (a+bxt)’-1 (a+bx*) esc™ (a + bxt)
+
8b (a + bx4 1- 5 4b
(11+hx4)

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCscla + b*x~4],x]

[Out] ((a + b*x"4)*ArcCscla + b*x"4])/(4xb) + (Sqrt[-1 + (a + b*x"4)"2]*(-Logl[l -
(a + b*xx"4)/Sqrt[-1 + (a + b*x"4)72]] + Logl[l + (a + b*x"4)/Sqrt[-1 + (a +
b*x74)72]]1))/(8xb*x(a + b*x"4)*Sqrt[1 - (a + b*x~4)~(-2)])
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Maple [A] time = 0.27, size = 65, normalized size = 1.4

arcesc (bx4 + a) x*  arcesc (bx4 + a) a 1 2
4 4 _

1 + 1D +4bln bx +a+(bx +a) 1 (bx4+u)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsc(b*x~4+a),x)

[Out] 1/4xarccsc(b*x~4+a)*x"4+1/4/b*arccsc(b*x”4+a)*a+1/4/bx1n(b*x"4+a+(b*xx"4+a)*
(1-1/(b*x~4+a)~2)~(1/2))

Maxima [A] time = 0.986677, size = 85, normalized size = 1.77

2 (bx* + a) arcesc (bx* + a) + lo —— L t1+1|-10g]- [- L 11+1
( ) ( ) & [ (bx4+a)2 ) & [ (bx4+u)2

8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x”4+a),x, algorithm="maxima")

[Out] 1/8*(2*(b*x~4 + a)*arccsc(b*x™4 + a) + log(sqrt(-1/(b*x"4 + a)~2 + 1) + 1)
- log(-sqrt(-1/(b*x~4 + a)"2 + 1) + 1)) /b

Fricas [B] time = 3.00339, size = 205, normalized size = 4.27

bx* arcesc (bx4 + a) —2garctan (—bx4 —a+ V28 + 2 abx* + a? — 1) —log (—bx4 —a+ Vb2x8 + 2 abx* + a2 — 1)

4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x”4+a),x, algorithm="fricas")

[Out] 1/4*(b*x~4*arccsc(b*x™4 + a) - 2*axarctan(-b*xx"4 - a + sqrt(b~2#x78 + 2%axb
*x74 + a”2 - 1)) - log(-b*x"4 - a + sqrt(b™2xx"8 + 2*xaxb*x™4 + a”2 - 1)))/b
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsc(b*x**4+a),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arcesc (bx"‘ + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x~4+a),x, algorithm="giac")

[Out] integrate(x~3*arccsc(b*x™4 + a), x)
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3.39 f x 1 cse (a + bx™) dx

Optimal. Leaf size=48

tanh_l( 1- ! )

(a+ bx™) csc™! (a + bx™) . (a+bxm)?

bn bn

[Out] ((a + b*x"n)*ArcCscla + b*x™n])/(b*n) + ArcTanh[Sqrt[1l - (a + b*x"n)~(-2)]]
/ (bxn)

Rubi [A] time = 0.0697476, antiderivative size = 48, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 14, e =

0.429, Rules used = {6715, 5251, 372, 266, 63, 206}

tanh_l( 1- ! )

(a+bxny?

integrand size

(a+ bx") csc™! (a + bx™)
+
bn bn

Antiderivative was successfully verified.

[In] Int[x"(-1 + n)*ArcCscla + b*x"n],x]

[Out] ((a + b*x"n)*ArcCsc[a + b*x"n])/(b*n) + ArcTanh[Sqrt[1 - (a + b*x"n)~(-2)]]
/ (b*n)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rule 5251

Int[ArcCsc[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcCsc[c + d*x]
)/d, x] + Int[1/((c + d*x)*Sqrt[1l - 1/(c + d*x)"2]), x] /; FreeQ[{c, d}, x]

Rule 372

Int[(u )" (m_.)*((a_) + (b_)*(v_)"(n_)) (p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v°m), Subst[Int[x"m*(a + b*x"n) p, x], x, vl, x] /; FreeQ[{
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a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Rubi steps
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Subst (f csc™H(a + bx) dx, x, x”)

fx‘“” csc™l (a + bx") dx =

n
Subst f - dx, x, x"
1
_ (a+bx")esc™! (a + bx") . @b\ 1
B bn n
Subst f - dx,x,a + bx"
_(a+bx"yesc! (a + bx") .\ 1=
B bn bn

1
_(a+ bx")csct (a + bx”) Subst (f \/Txx X% " (a+bxn)?
B bn

Subst Ld, , 1
3 (a + bx")csc™! (a + bx™) N oS (f 12 (a+bx”)2)

bn bn
tanh™ [ [1- —
_ (@a+bx")esc™! (a + bx") . an ( (a+bxm)?

bn bn

Mathematica [B] time = 0.30678, size = 130, normalized size = 2.71

@+ bat)? -1 [log[i + 1] —log [1 - %]]
V(a+bam?-1 (@a+bxm?-1 s (a + bx") csc™! (a + bx™)

1 bn
(a+bxny?

2bn (a + bx™)

Antiderivative was successfully verified.

[In] Integrate[x~(-1 + n)*ArcCsc[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcCscl[a + b*x"n])/(b*n) + (Sqrt[-1 + (a + b*xx"n) 2]*(-Logl[l -
(a + b*xx"n)/Sqrt[-1 + (a + b*x"n)"2]] + Log[l + (a + b*x"n)/Sqrt[-1 + (a +
bxx"n)~2]]1))/(2*b*n*x(a + b*xx"n)*Sqrt[l - (a + b*x™n)~(-2)])

Maple [F] time = 0.279, size = 0, normalized size = 0.

f x"Larcese (a + bx") dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(n-1)*arccsc(a+b*x"n),x)

[Out] int(x~(n-1)*arccsc(a+b*x"n),x)

Maxima [A] time = 0.98776, size = 89, normalized size = 1.85

2 (bx™ + a) arccsc (bx™ + a) +1og( — 5 +1 +1) —log(— [- ! 5 +1 +1)
(bx"+a) (bx"+a)

2bn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsc(a+b*x"n),x, algorithm="maxima"

[Out] 1/2*%(2*(b*x"n + a)*arccsc(b*x™n + a) + log(sqrt(-1/(b*x™n + a)~2 + 1) + 1)
- log(-sqrt(-1/(b*x™n + a)~2 + 1) + 1))/ (b*n)

Fricas [B] time = 3.27864, size = 216, normalized size = 4.5

bx" arcesc (bx™ + a) — 2 a arctan (—bx” —a+ Vb2x2" + 2 abx" + a2 — 1) - log (—bx” — a4+ Vb2x2" + 2 abx" + a2 — 1)

bn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsc(a+b*x™n),x, algorithm="fricas")

[Out] (b*x"n*arccsc(b*x™n + a) - 2*akxarctan(-b*x™n - a + sqrt(b™2*x~(2*n) + 2%axb
*x™n + a”2 - 1)) - log(-b*x™n - a + sqrt(b™2*x~(2*n) + 2%a*b*x™n + a”2 - 1)

))/ (b*n)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x**(-1+n)*acsc(atb*x**n),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x"Larcese (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x™(-1+n)*arccsc(a+b*x™n),x, algorithm="giac")

[Out] integrate(x~(n - 1)*arccsc(b*x™n + a), x)
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340  [csc(ce™) dx

Optimal. Leaf size=85

iPOlyLOg (2, e2icsc‘1 (Cau+bx)) icscl (Cea+bx)2 csel (Cea+bx) 10g (1 _ eZicsc‘1 (ce”’fh"))

20 * 2D B b

[Out] ((I/2)*ArcCsc[c*E~(a + b*x)]72)/b - (ArcCsc[c*E~(a + bxx)]*Logl[l - E~((2*I)
xArcCsc[c*E"(a + b*x)])])/b + ((I/2)*PolyLogl[2, E~((2*I)*ArcCsc[c*E~(a + bx
x)1)1)/b

Rubi [A] time = 0.0857296, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 10, e -

integrand size
0.7, Rules used = {2282, 5219, 4625, 3717, 2190, 2279, 2391}

iPolyLog (2, eZicsc‘l (Ceﬂ+bx)) i esel (Cea+bx)2 cse! (Cea+bx) log (1 _ eZicsc‘1 (ce’”h"))

20 * 2D B b

Antiderivative was successfully verified.

[In] Int[ArcCscl[c*E~(a + bx*x)],x]

[Out] ((I/2)*ArcCsc[c*E~(a + b*x)]72)/b - (ArcCsc[c*E~(a + b*x)]*Logl[l - E~((2*I)
*ArcCsc[c*E~(a + b*x)])])/b + ((I/2)*PolyLogl[2, E~((2*I)*ArcCsc[c*E~(a + b*
x)1)1) /b

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 5219
Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b

xArcSin([x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4625
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Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + bxx)"n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (@_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 :> Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2% I*k*Pi)*E~ (2%I*(e + f*x)))/(1 + E~-(2*%I*k*Pi)*E~(2xI*x(e + fxx))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + fx*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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-1
Subst (f %(Cx) dx, x, e””’")

f csc! (ce‘”b") dx =

b
L -1(x
Subst ( f L(C) dx, x, e‘”‘bx)
X
T b
—a-bx
Subst (fxcot(x) dx, x, sin” ! (e ))

- b

.. 1 p—a-bx 2 o S b ¢ 2%y d . 1 e—a-bx
B isin - +( i) Subs fm X, X, sin )
B 2b b

sin [
N el 2 gin™ (e_u_bx)log 1—625 ( ) . . 1 (e
isin ( - ) c Subst (f log (1 -~ ez”‘) dx, x, sin (
2 B b " b
—a—bx —a—bx
—a-bx 2isin~t _ 2isin | ¢

.1 (e—ﬂ—bx)z sin™! (e )10g 1-e ” ( ‘ ) i Subst [flog(—lx)dx,x,e ” (

isin - x
- 2b - b - 2b

—a—bx —a—bx
—a-bx zl‘sm‘l(‘f ) 2isin_1(e )
—a—bx a1 — T 1

fgin~l (e : ) sin ( )log 1-e iLi, (e

- 2 B b " 2

Mathematica [B]

ebx (—4\/1 — 2@+ PolyLog (2, % (1 -V1- czez(‘”bx))) + V1 — c2e2(a+bx) (10g2 (czez(‘”b")) +21og? (

time = 0.751185, size = 280, normalized size = 3.29

(Vi-ae

1
2

8bC\

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[c*E~(a + b*x)],x]

[Out] x*ArcCsc[c*E~(a + b*x)] + (E"(-a - b*x)*(4*Sqrt[-1 + ¢ 2*E~(2*(a + b*x))]*A
rcTan[Sqrt[-1 + c™24E7(2x(a + b*x))]]1*(2xb*x - Log[c™2*E~(2%(a + bxx))]) +

Sqrt[1 - c”2*E~(2x(a + b*x))]*(Log[c™2*E~(2x(a + b*x))]~2 - 4*xLog[c™2+E™ (2%

(a + bxx))]*Logl[(1 + Sqrt[l - c™2*xE~(2%(a + bx*x))])/2] + 2xLog[(1 + Sqrt[1

- ¢c"2xE7(2x(a + bxx))]1)/2]72) - 4*Sqrt[1 - c™2+#E~(2x(a + b#*x))]*PolyLogl[2,

(1 - Sgrtll - c™2*xE~(2x(a + bx*x))])/2]))/(8*b*c*xSqrt[1 - 1/(c™2*xE~(2x(a + b
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*x)))])

Maple [A] time = 0.318, size = 199, normalized size = 2.3

é (arccsc (ceb"”))2 _arcesc (ceb"+“) i i 1
b b ceb+a 2 (ebx+a)2

bx+a .

1 arcesc (ce i
- ( ) In|1+ —wia + |1-—
b ce 2 ( ‘

Verification of antiderivative is not currently implemented for this CAS.
[In] int(arccsc(ckxexp(b*x+a)),x)

[Out] 1/2*Ixarccsc(c*exp(b*x+a)) 2/b-1/b*arccsc(c*exp(b*x+a))*1n(1-I/c/exp(b*x+a)
-(1-1/c"2/exp(b*x+a) ~2)~(1/2))-1/b*arccsc(cxexp(bxx+a) ) *1n(1+I/c/exp (b*x+a)
+(1-1/c72/exp(b*x+a) "2) ~(1/2))+I/b*polylog(2,-I/c/exp(b*x+a)-(1-1/c"2/exp(b

xx+a) ~2) " (1/2))+I/b*polylog(2,I/c/exp(b*x+a)+(1-1/c"2/exp(b*x+a)~2)~(1/2))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(c*xexp(b*x+a)),x, algorithm="maxima")

[Out] Timed out

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(c*xexp(b*x+a)),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError
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Sympy [F] time = 0., size = 0, normalized size = 0.
f acsc (ce‘”bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(c*xexp(b*x+a)),x)

[Out] Integral(acsc(c*exp(a + b*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arccsc (ce(b““)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(c*exp(b*x+a)),x, algorithm="giac")

[Out] integrate(arccsc(cxe”(b*x + a)), x)
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341 [ x2dx
Optimal. Leaf size=95

4 12 (1+3i) csc™ 1 (ax) 3 [ .5 i, 2i csc™ 1 (ax) 8 24 (1+3i)csc_1(ax) 3 P40 i, 2i csc™1(ax)
(5 5)6 b1\ -3 53¢ A obi(z -7 %5

a3 pE

[Out] ((4/5 - (12%I)/B)*E~((1 + 3%I)*ArcCscla*x])*Hypergeometric2F1[3/2 - I/2, 3,
5/2 - I/2, E~((2xI)*ArcCscla*x])])/a"3 - ((8/5 - (24*I)/5)*E~((1 + 3*I)*Ar
cCsclaxx])*Hypergeometric2F1[3/2 - 1/2, 4, 5/2 - 1/2, E~((2xI)*ArcCscl[a*x])
1)/a"3

Rubi [A] time = 0.120934, antiderivative size = 95, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 10, e o e

0.4, Rules used = {5267, 12, 4471, 2251}

integrand size

2770 T 5 5 27y Ty
a3 pE

(g _ %) e(1+3i) csc_l(ax) 21:1 (g _ i 3 5 _ i.eZicsc_l(ax)) (§ _ %) e(1+3i) csc_l(ax) 21:'1 (; _ i 4 5 _ i.eZicsc_l(ax))

Antiderivative was successfully verified.

[In] Int[E"ArcCscla*x]*x~2,x]

[Out] ((4/5 - (12%I)/B)*E~((1 + 3*I)*ArcCscla*x])*Hypergeometric2F1[3/2 - I/2, 3,
5/2 - I/2, E~((2xI)*ArcCscla*xx])])/a"3 - ((8/5 - (24*I)/5)*E~((1 + 3*I)*Ar
cCscla*x])*Hypergeometric2F1[3/2 - I/2, 4, 5/2 - 1/2, E~((2xI)*ArcCsclax*x])
1)/a"3

Rule 5267

Int[(u_.)*(f_)"(ArcCscl[(a_.) + (b_.)*(x_ )] (n_.)*(c_.)), x_Symbol] :> -Dist
[b~(-1), Subst[Int[(u /. x —> -(a/b) + Csclx]/b)*f~(c*x"n)*Cscl[x]*Cot[x], x
1, x, ArcCscla + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match

Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 4471
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Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)]1 " (m_.)*(H_) [(
d_.) + (e_.)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(cx(a + b*x)),
G[d + e*x] m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] &% IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 2251

Int[((a_) + (b_)*(F_)~((e_.)*((c_.) + (d_.)*(x_)))) " (p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[(a"p*G~(h*(f + gxx))*Hypergeometric2F1[
-p, (g*xh*Log[G]l)/(d*exLogl[F]l), (gxh*Logl[G])/(d*exLog[F]) + 1, Simplify[-((b
*F~(ex(c + dx*x)))/a)]])/(g*xh*Logl[Gl), x] /; FreeQ[{F, G, a, b, ¢, d, e, £,
g, h, p}, x] && (ILtQ[p, 0] || GtQ[a, 0])

Rubi steps

X 3
a2 Subst (fecm;wdx,x, csc‘l(ax))
escHa0) 52 dy = —
f e x% dx -
Subst ( [ e cot(x) csc3(x) dx, x, csc‘l(ax))

a3

(1+3i)x (1+3i)x
Subst [f( 16 L+ 5 )3) dx, x, csc‘l(ax))

(—1+¢2i%) (—1+e2ix

253
(1+3i)x (1+3i)x
8 Subst f ‘ 5 dx, X, csc‘l(ax)) 16 Subst ( f ‘ 7 dx, x, csc‘l(ax))
(—1+¢2i%) (—1+¢2i%)
B ad ad
4 12 Nl 3 i o5 i gl 8  24i Nl 3 i 5
= _ 24 (1+3i) cscT (ax) O _ L a2 1. 2icscT(ax) O _ £\ (1+3i) csc™ (ax) o _ g2
3 (5 5)6 21:1(2 2’3’2 7€ ) (5 5)3 2F1(2 2’4’2
B ad B a3

Mathematica [A] time = 0.451027, size = 79, normalized size = 0.83

e ) (a3x3 (— cos (2 csc‘l(ax)) + sin (2 csc‘l(ax)) + 5) + (4 + 4i)ef s @) |, (% -

1243

é/ 1;2 _ ;eZicsc‘l(ax)))

i
2

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCscla*xx]*x~2,x]

[Out] (E~ArcCscla*x]*((4 + 4xI)*E™(I*ArcCsc[a*x])*Hypergeometric2F1[1/2 - I/2, 1,
3/2 - I/2, E"((2*xI)*xArcCscla*x])] + a~3*x"3%(5 - Cos[2*%ArcCscl[a*x]] + Sin[
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Maple [F] time = 0.198, size = 0, normalized size = 0.

f earccsc(ax) xZ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))*x"2,x)

[Out] int(exp(arccsc(a*x))*x"2,x%)

Maxima [F] time = 0., size = 0, normalized size = 0.

f xze(arccsc(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*xx))*x"2,x, algorithm="maxima")

[Out] integrate(x~2*e”(arccsc(a*x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (xze(amsc(”x)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x~2,x, algorithm="fricas")

[Out] integral(x~2*e”(arccsc(a*x)), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x2 pacsc (ax) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))*x**2,x)

[Out] Integral (x*x2*exp(acsc(a*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

fx26(arccsc(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x~2,x, algorithm="giac")

[Out] integrate(x~2*e”(arccsc(a*x)), x)
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3.42 f eS¢ (@) . fye

Optimal. Leaf size=87

5" 5 5 ' 5
a? a?

(§ + ﬁ) e(1+2i) cscH(ax) 21:1 (1 _ é/ 2,.2 _ é;EZicscfl(ax)) (E + &) e(1+2i) csc(ax) 21:1 (1 _ é' 3;2 _ é; 321' csc’l(ux))

[Out] ((8/5 + (4xI)/5)*E~((1 + 2xI)*ArcCscl[a*x])*Hypergeometric2F1[1 - I/2, 2, 2
- I/2, E"((2*I)*ArcCscla*x])])/a~2 - ((16/5 + (8%I)/5)*E~((1 + 2*I)*ArcCsc[
a*xx] ) *Hypergeometric2F1[1 - I/2, 3, 2 - I/2, E~((2*xI)*ArcCscla*x])])/a"2

Rubi [A] time = 0.106169, antiderivative size = 87, normalized size of antiderivative =

. . number of rules
1., number of steps used = 6, number of rules used = 4, integrand size = 8, ———— =

integrand size
0.5, Rules used = {5267, 12, 4471, 2251}
(g + %) e(1+2i) csc(ax) 21:1 (1 _ é, 2,.2 _ é;EZicscfl(ax)) (15_6 + %) e(1+2i) csc(ax) 21:1 (1 _ é, 3;2 _ é; eZi csc’l(ax))
a2 a2

Antiderivative was successfully verified.

[In] Int[E"ArcCscla*xx]*x,x]

[Out] ((8/5 + (4xI)/5)*E~((1 + 2xI)*ArcCsc[a*x])*Hypergeometric2F1[1 - I/2, 2, 2
- I/2, E((2*I)*ArcCscla*x])])/a"2 - ((16/5 + (8*I)/5)*E~((1 + 2xI)*ArcCscl
a*x])*Hypergeometric2F1[1 - I/2, 3, 2 - I/2, E"((2*I)*ArcCscla*x])])/a"2

Rule 5267

Int[(u_.)*(f_)"(ArcCsc[(a_.) + (b_.)*(x_ )] (n_.)*(c_.)), x_Symbol] :> -Dist
[b~(-1), Subst[Int[(u /. x —> -(a/b) + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot[x], x
1, x, ArcCscl[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 4471

Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)] " (m_.)*(H_) [(
d_.) + (e_.)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(cx(a + b*x)),
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G[d + exx]"m*xH[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] && IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 2251

Int[((a_) + (b_)*(F_)"((e_.)*((c_.) + (d_.)*(x_)))) " (p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[(a"p*G~(h*(f + g*x))*Hypergeometric2F1[
-p, (g*h*Log[G])/(d*exLog[F]), (g*h*Logl[G])/(d*exLog[F]) + 1, Simplify[-((b
*F~(ex(c + d*x)))/a)]])/(gxh*Logl[Gl), x] /; FreeQ[{F, G, a, b, c, d, e, f,
g, h, p}, x] && (ILtQ[p, 01 Il GtQla, 01)

Rubi steps

X 2
. Subst ( i ccow;ﬂ dx, x, csc™! (ax))
eseHan) y dy = —
f e xdx .
Subst ( [ € cot(x) csc?(x) dx, x, csc‘l(ax))

a2

gie(1+20 Aip1+20)x
Subst f -~ = | dx, x, csc Y (ax)
(-1+e2%)"  (~1+e2iX)

22
(1+2i)x (1+2i)x
(41) Subst ( i ( ‘ 7 dx, x,csc™! (ax)) (8i) Subst ( ) ( ‘ ? dx, x, csc‘l(ax))
_1+62ix _1+¢2ix
= +
a2 a2
§ + ﬁ e(1+2i) csc’l(ax) F. (1= 1 2.9 _ f.eZicsc’l(ax) E + & e(1+2i) Csc’l(ax) F. (1= i 3:2 - i'é
55 241 27T E T 5 ' 5 241 27 E Ty
= 22 B a?

Mathematica [A] time = 0.267743, size = 101, normalized size = 1.16

1 i -1 . 1 . i j S | P | ] ]
(g + %)ecsc (ax) ((2 —i)ax (,/1 — o5t ax) + (1 +2i),F, (—§,1;1 - %;ezlcsc Wf)) + e2iese (@) p, (1,1 - é;z - é,-e2

a2

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCsc[a*x]*x,x]

[Out] ((1/5 + I/10)*E~ArcCsclaxx]*((2 - I)*a*xx*x(Sqrt[l - 1/(a"2*xx"2)] + a*x) + (1
+ 2xI)*Hypergeometric2F1[-I/2, 1, 1 - I/2, E~((2*I)*ArcCscla*x])] + E~((2x
I)*xArcCsc[a*x] ) *Hypergeometric2F1[1, 1 - I/2, 2 - I/2, E~((2*I)*ArcCsc[a*x]
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Maple [F] time = 0.188, size = 0, normalized size = 0.

f earccsc(ax)x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))*x,x)

[Out] int(exp(arccsc(a*x))*x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f xe(arccse(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x,x, algorithm="maxima")

[Out] integrate(xxe”(arccsc(a*x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (xe(arccsc(“x)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x,x, algorithm="fricas")

[Out] integral(x*e~(arccsc(a*x)), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f xe?ese (ax) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))*x,x)

[Out] Integral(x*exp(acsc(a*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f xe(arccsc(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x,x, algorithm="giac")

[Out] integrate(xxe”(arccsc(a*x)), x)
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343  [e= Mgy
Optimal. Leaf size=87

(2 _ 2i)6(1+i) csc_l(ax) 2[_'1 ( i 2. % _ i eZicsc_l(ax)) (1 _ i)e(1+i) cscHax) 21:1 (% i 1 3 l 621' Csc_l(ax))

1
2 22Ty Ty

a a

[Out] ((-1 + I)*E~((1 + I)*ArcCscla*x])*Hypergeometric2F1[1/2 - I/2, 1, 3/2 - I/2
, ET((2*%I)*ArcCscla*x])])/a + ((2 - 2*¢I)*E~((1 + I)*ArcCsclax*x])*Hypergeome
tric2F1[1/2 - 1/2, 2, 3/2 - 1I/2, E~((2*I)*ArcCsclax*x])])/a

Rubi [A] time = 0.0941809, antiderivative size = 87, normalized size of antiderivative =

. . number of rules
1., number of steps used = 5, number of rules used = 3, integrand size = 6, —————

0.5, Rules used = {5267, 4471, 2251}

integrand size

. ; -1 1 i 3 i P ae—l . : -1 1 i 3 i Faae—l
@2 - 21)6(1+1) csc(ax) ,F; (E _ E’2; - E’.621 csc (ax)) 1- l)e(1+1) csc™ (ax) ,F; (E _ E’1; - E;621 csc (ax))

a a

Antiderivative was successfully verified.

[In] Int[E"ArcCscla*x],x]

[Out] ((-1 + I)*E~((1 + I)*ArcCsclaxx])*Hypergeometric2F1[1/2 - I/2, 1, 3/2 - I/2
, ET((2*¢I)*ArcCsclaxx])])/a + ((2 - 2+¥I)*E~((1 + I)*ArcCsc[a*x])*Hypergeome
tric2F1[1/2 - 1/2, 2, 3/2 - 1/2, E~((2%I)*ArcCscla*x])])/a

Rule 5267

Int[(u_.)*(f_)~"(ArcCsc[(a_.) + (b_.)*x(x_)]"(n_.)*(c_.)), x_Symbol] :> -Dist
[b~(-1), Subst[Int[(u /. x —> -(a/b) + Csc[x]/b)*f~(cx*x"n)*Csc[x]*Cot[x], x
1, x, ArcCscl[a + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 4471

Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_ )] " (m_.)*(H_) [(
d_.) + (e_.)*(x )] (n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(cx(a + b*x)),
G[d + exx] mxH[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] &% IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 2251
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Int[((a_) + (b_.)*(F_)"((e_.)*((c_.) + (d_.)*(x_))))~(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[(a"p*G~(h*(f + gxx))*Hypergeometric2F1[
-p, (g*h*Log[G])/(d*exLog[F]), (g*h*Logl[Gl)/(d*exLog[F]) + 1, Simplify[-((b
*F~(ex(c + d*x)))/a)]])/(gxh*Logl[Gl), x] /; FreeQ[{F, G, a, b, c, d, e, f,
g, h, p}, x] && (ILtQ[p, 01 Il GtQla, 01)

Rubi steps

-1
feCSCJ @) gy = _Subst ( f e* cot(x) csc(x) dx, x, csc (ax))
a

(A+i)x (A+i)x
Subst ( f (26 X 2] dx, x, csc‘l(ax)]

1-e2i% (_1+62ix)

a
P (1+i)x
(1+i)x : 4 b‘t e d -1
2 Subst ( ) i_em dx, x, csc 1(ax)) Subs [ ) —(—1+e2iX)2 x, x, csc™(ax)
== +
a a
_ )1+ csc™H(ax) 1 i .3 1, icselax) _ 97\ o(1+i) csc™(ax) 1 i 5.3 i icsce
_ (1 -1ie oFq (2 2,1, 5~ 3¢ . (2 -2i)e oFy > 2,2, S sie
= ; :

Mathematica [A] time = 0.103721, size = 54, normalized size = 0.62

. €2i csc‘l(ax)))

ecsc‘l(ax) (ax + (1 + i)eicsc‘l(ax) ZFl (% _ %/ 1;2 _ é/

a
Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCsc[a*x],x]

[Out] (E"ArcCsclaxx]*(a*x + (1 + I)*E~(IxArcCsclax*x])*Hypergeometric2F1[1/2 - I/2
, 1, 3/2 - 1I/2, E"((2xI)*ArcCscla*x])]))/a

Maple [F] time = 0.18, size = 0, normalized size = 0.

f earccsc(ax) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(exp(arccsc(a*x)),x)

[Out] int(exp(arccsc(a*x)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f e(arccsc(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x)),x, algorithm="maxima"

[Out] integrate(e”(arccsc(a*x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (e(arccsc(“x)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x)),x, algorithm="fricas")

[Out] integral(e~(arccsc(a*x)), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f pAcsC (ax) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x)),x)

[Out] Integral(exp(acsc(a*x)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f e(arccsc(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x)),x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x)), x)
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ecsc_1 (ax)

344  [——dx

X

Optimal. Leaf size=43

2iecsc_1(ax) 21:1 (_é/l;l _ é; eZicsc_l(ax) _ iecsc_l(ax)

[Out] (-I)*E~ArcCscla*x] + (2*I)*E~ArcCscla*x]*Hypergeometric2F1[-I/2, 1, 1 - I/2
, ET((2*I)*ArcCsclaxx])]

Rubi [A] time = 0.0585483, antiderivative size = 43, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e -

0.5, Rules used = {5267, 12, 4443, 2194, 2251}

integrand size
sl i I sl T
2jeCse (ax) 21:1 (_E’ 1; 1= E; eZl cscH(ax) | _ jecsc (ax)

Antiderivative was successfully verified.

[In] Int[E~ArcCscla*x]/x,x]

[Out] (-I)*E~ArcCscla*x] + (2*I)*E~ArcCsclax*x]*Hypergeometric2F1[-I/2, 1, 1 - I/2
, ET((2*I)*ArcCscla*x])]

Rule 5267

Int[(u_.)*(f_)"(ArcCsc[(a_.) + (b_.)*(x_)]"(n_.)*(c_.)), x_Symbol] :> -Dist
[b~(-1), Subst[Int[(u /. x —> —-(a/b) + Csclx]/b)*f~(c*x"n)*Csc[x]*Cot[x], x
1, x, ArcCscla + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4443

Int[Cot[(d_.) + (e_.)*(x_ )] " (n_)*(F_)~((c_.)*((a_.) + (b_.)*(x_))), x_Symb
0l] :> Dist[(-I)"n, Int[ExpandIntegrand[(F~(c*(a + b*x))*(1 + E~(2*Ix(d + e
*x)))™n)/(1 - E7(2*I*x(d + e*x)))"n, x], x], x] /; FreeQ[{F, a, b, c, d, e},
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x] && IntegerQ[n]

Rule 2194

Int[((F)~((c_)*x((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x))) "n/(b*c*n*xLogl[F]), x] /; FreeQ[{F, a, b, c, n}, xl

Rule 2251

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_)))) " (p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[(a"p*G~(h*(f + g*x))*Hypergeometric2F1[
-p, (gxhxLogl[Gl)/(d*exLogl[F]), (gxh*LoglGl)/(d*exLogl[F]) + 1, Simplify[-((b
*F~(ex(c + dxx)))/a)]]1)/(g*xh*Logl[Gl), x] /; FreeQ[{F, G, a, b, ¢, d, e, £,
g, h, p}, x] && (ILtQ[p, 0] Il GtQla, 01)

Rubi steps

dx =

f eS¢ (ax) Subst ( f ae* cot(x) dx, x, csc‘l(ax))
X a

= —Subst ( f e* cot(x) dx, x, csc‘l(ax))
= iSubst ( f (—e" % ) dx, x, csc‘l(ax))

-1+ eZix

=- (i Subst (f e*dx, x, csc‘l(ax))) — 2i Subst (f e—zix dx, x, csc‘l(ax))

-1+e

— _iecsc_l(ax) + 2iecsc‘1(ax) 21:1 _i 1:1 = 1 eZicsc‘l(ax)
2/ 7 2/

Mathematica [A] time = 0.0541905, size = 75, normalized size = 1.74

—i _ecsc_l(ax) 2[_'1 _1’1;1 _ i’. 621' csc_l(ax) _ 1 _ % e(1+2i) cscH(ax) 21:1 1’1 _ 1;2 _ i’. 621' csc_l(ax)
2 2 5 5 2 2

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCscla*x]/x,x]

[Out] (-I)*(-(E"ArcCscla*x]*Hypergeometric2F1[-I/2, 1, 1 - I/2, E~((2*I)*ArcCscla
*x])]1) - (1/5 - (2*%I)/5)*E~((1 + 2xI)*ArcCsc[ax*x])*Hypergeometric2F1[1, 1 -
I/2, 2 - 1I/2, E~((2%I)*ArcCscla*x])])
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Maple [F] time = 0.191, size = 0, normalized size = 0.

earccsc(ax)
[
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))/x,x)

[Out] int(exp(arccsc(a*x))/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
e,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x,x, algorithm="maxima"

[Out] integrate(e”(arccsc(a*x))/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
integral (—, x)
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x,x, algorithm="fricas")

[Out] integral(e~(arccsc(a*x))/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

pacsc (ax)
f dx
X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))/x,x)

[Out] Integral(exp(acsc(a*x))/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
[
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x,x, algorithm="giac")

[Out] integrate(e~(arccsc(a*x))/x, x)
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ecsc_1 (ax)

345  [—5—dx

x2

Optimal. Leaf size=39

1 1 ecsc‘l(ax)

— 1- _ecsc’l(ax) _

a
2 a2x? 2x

[Out] -(a*E~ArcCscla*x]*Sqrt[1 - 1/(a"2*x"2)])/2 - E"ArcCsc[a*x]/(2*x)

Rubi [A] time = 0.0302034, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e e =

0.3, Rules used = {5267, 12, 4433}

=1
_la , Lecsc’l(ax) B CSC (ax)
27 a2x2 2x

Antiderivative was successfully verified.

integrand size

[In] Int[E"ArcCscla*xx]/x"2,x]
[Out] -(a*E"ArcCscla*x]*Sqrt[1 - 1/(a"2%x72)])/2 - E~ArcCscla*x]/(2*x)

Rule 5267

Int[(u_.)*(f_)"(ArcCsc[(a_.) + (b_.)*(x )] (n_.)*(c_.)), x_Symbol] :> -Dist
[b~(-1), Subst[Int[(u /. x -> -(a/b) + Cscl[x]/b)*f~(c*x"n)*Csc[x]*Cot[x], x
1, x, ArcCscla + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 4433

Int[Cos[(d_.) + (e_)*(x )I*(F_ )~ ((c_.)*x((a_.) + (b_.)*(x_))), x_Symbol] :>
Simp [(b*c*Log[F]1*F~ (c*(a + b*x))*Cos[d + exx])/(e”2 + b™2xc™2xLog[F]~2), x
] + Simp[(exF~(c*(a + b*x))*Sin[d + exx])/(e”2 + b~2*c"2xLog[F]~2), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e~2 + b~2*xc~2*Log[F]~2, 0]

Rubi steps



f ooseH(ax) ; Subst ( [ a%e cos(x) dx, x, csc‘l(ax))
x=-
x2 a

=- (a Subst ( f e* cos(x) dx, x, csc‘l(ax)))

-1
= _laecsc_l(ﬂx) 1- L — M
2 \ a2x2 2x

Mathematica [A] time = 0.0401276, size = 33, normalized size = 0.85

—111[ 1 1 + l) ecsc’l(ax)

2 a’x2 = ax

Antiderivative was successfully verified.

[In] Integrate[E~ArcCscla*x]/x"2,x]

[Out] -(a*E"ArcCsclaxx]*(Sqrt[1 - 1/(a"2*x72)] + 1/(a*x)))/2
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Maple [F] time = 0.183, size = 0, normalized size = 0.

earccsc(ax)
[,

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))/x"2,x)

[Out] int(exp(arccsc(a*x))/x"2,%)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ux))
[,
X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="maxima")

[Out] integrate(e”(arccsc(a*x))/x"2, x)

Fricas [A] time = 3.28267, size = 65, normalized size = 1.67

(\/uZxZ -1+ 1)€(arccsc(ax))

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="fricas")

[Out] -1/2x(sqrt(a”2*x"2 - 1) + 1)*e”(arccsc(a*x))/x

Sympy [F] time = 0., size = 0, normalized size = 0.

pACSC (ax)
f 5 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))/x**2,x)

[Out] Integral(exp(acsc(a*x))/x**2, x)

Giac [A] time = 1.1397, size = 53, normalized size = 1.36

1T () el
2N TEe T S 2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="giac")

[Out] -1/2%a*xsqrt(-1/(a”2*x"2) + 1)*e~(arcsin(1l/(a*x))) - 1/2*e”(arcsin(1/(a*x)))
/x
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ecsc_1 (ax)

346  [——dx

3
Optimal. Leaf size=41

1 - 1 _
gazecsc @) cos (2 csc‘l(ax)) -~ EazecsC H@x) gin (2 csc! (ax))

[Out] (a"2*E~ArcCscla*x]*Cos[2%ArcCscla*x]])/5 - (a"2*E"ArcCscla*x]*Sin[2*ArcCscl[
a*x]])/10

Rubi [A] time = 0.0431414, antiderivative size = 41, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 10, e -

0.4, Rules used = {5267, 12, 4469, 4432}

integrand size

1 - 1 _
225 (@) cog (2 csc‘l(ax)) -~ EazecsC H@x) gin (2 csc! (ax))

Antiderivative was successfully verified.

[In] Int[E"ArcCscla*x]/x"3,x]

[Out] (a"2*E~ArcCscla*x]*Cos[2*xArcCscla*x]])/5 - (a"2*E"ArcCscla*x]*Sin[2*xArcCsc|[
a*xx]])/10

Rule 5267

Int[(u_.)*(f_)~"(ArcCsc[(a_.) + (b_.)*(x_)]"(n_.)*(c_.)), x_Symbol] :> -Dist
[b™(-1), Subst[Int[(u /. x —> —-(a/b) + Csclx]/b)*f~(c*x"n)*Cscl[x]*Cot[x], x
1, x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4469

Int[Cos[(f_.) + (g_)*x(x_)]1"(n_)*xF_)"((c_.)*x((a_.) + (b_.)*(x_)))*Sin[(d_
D o+ (e_)*(x_ )] (m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),
Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g}, x]
& IGtQ[m, O] && IGtQ[n, O]
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Rule 4432

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [(bxc*Log [F]*F~ (cx(a + b*x))*Sin[d + exx])/(e”2 + b~2xc"2*Log[F]~2), x
] - Simp[(exF~(c*(a + b*x))*Cos[d + exx])/(e”2 + b~ 2xc"2xLog[F]1~2), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e™2 + b~2xc"2*Log[F]~2, 0]

Rubi steps

f eS¢ (ax) i Subst ( f ae* cos(x) sin(x) dx, x, csc™! (ax))
x3 a

( 2 Subst (fe cos(x) sin(x) dx, x, csc 1(ax)))

= —( 2Subst( —e*sin(2x) dx, x, csc 1(ax)))
(%az Subst e sin(2x) dx, x, csc‘l(ax)))

1 _
¢ Hax) ¢ g (2 csc 1(ax)) 0 — 2205 (@) gip (2 csc‘l(ax))

Mathematica [A] time = 0.0459281, size = 30, normalized size = 0.73

—1101126(3%_1(”) (sin (2 csc! (ax)) —2cos (2 csc‘l(ax)))

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsclax*x]/x"3,x]

[Out] -(a"2*E"ArcCscl[a*xx]*(-2*Cos[2*ArcCscla*x]] + Sin[2*ArcCsclax*x]]))/10

Maple [F] time = 0.18, size = 0, normalized size = 0.

earccsc(ax)
[
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))/x~3,x)
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[Out] int(exp(arccsc(a*x))/x"3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
e,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="maxima"

[Out] integrate(e~(arccsc(a*x))/x"3, x)

Fricas [A] time = 3.58809, size = 80, normalized size = 1.95

(a2x2 —Va2x2 -1 - z)e(arccsc(ax))

5x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="fricas")

[Out] 1/5%(a”2*x"2 - sqrt(a™2*x"2 - 1) - 2)*e”(arccsc(a*x))/x"2

Sympy [F] time = 0., size = 0, normalized size = 0.

pacsc (ax)
f 5 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(ax*x))/x**3,x)

[Out] Integral(exp(acsc(a*x))/x**3, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
[,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x))/x"3, x)



251

ecsc_1 (ax)

dx

347

Optimal. Leaf size=84

1 1 i QZecsc_l(ax) 1 O 3 4
—§a3 1- @ecs‘s (ax) _ — Ea%csc @) cog (3 csc‘l(ax)) + Ea%csc (@) gin (3 csc! (ax))

[Out] -(a~3*E~ArcCscla*x]*Sqrt[1 - 1/(a"2%x"2)1)/8 - (a~2*E~ArcCsclaxx])/(8*x) +
(a~3*%E~ArcCscla*x]*Cos [3xArcCscl[a*x]]) /40 + (3*a"~3*%E"ArcCsc[a*x]*Sin[3*ArcC
scla*xx]]) /40

P

Rubi [A] time = 0.0671424, antiderivative size = 84, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 4, integrand size = 10, e e e

0.4, Rules used = {5267, 12, 4469, 4433}

integrand size

1 4 azecsc’l(ax) i 3 a1
——a34[1 - Wecsc (ax) _ — Ea%csc @) cos (3 csc‘l(ax)) + 4—0113€CSC (@) gin (3 csc‘l(ax))

Antiderivative was successfully verified.

[In] Int[E"ArcCsclaxx]/x"4,x]

[Out] -(a~3*E~ArcCscla*x]*Sqrt[1 - 1/(a"2%x"2)]1)/8 - (a~2*E~ArcCsclax*x])/(8*x) +
(a”3*E"ArcCsc[a*x] *Cos [3*xArcCscla*x]]) /40 + (3*a"3*E"ArcCscla*x]*Sin[3*xArcC
sclax*xx]])/40

Rule 5267

Int[(u_.)*(f_)~(ArcCsc[(a_.) + (b_.)*(x )] (n_.)*(c_.)), x_Symbol] :> -Dist
[b~(-1), Subst[Int[(u /. x —> -(a/b) + Csc[x]/b)*f~(cxx"n)*Csc[x]*Cot[x], x
1, x, ArcCscl[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 4469

Int[Cos[(f_.) + (g_)*x(x_)]1"(n_)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
D+ (e_)*(x_)]"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),
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Sin[d + e*x] mxCos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g}, xl
&% IGtQ[m, 0] && IGtQ[n, O]

Rule 4433

Int[Cos[(d_.) + (e_)*x(x )]1*(F_)"((c_.)*x((a_.) + (b_.)*(x_))), x_Symbol] :>
Simp [(b*c*Log[F]1*F~ (c*(a + b*x))*Cos[d + exx])/(e”2 + b™2xc™2xLog[F]~2), x
1 + Simp[(exF~(c*x(a + b*x))*Sin[d + e*x])/(e”2 + b~ 2*xc"2%Log[F]~2), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e~2 + b~2*xc~2*Log[F]~2, 0]

Rubi steps

f ecsc (ax) ” Subst ( f ate* cos(x) sin(x) dx, x, csc‘l(ax))
x4 a

a3 Subst (fe cos(x) sin®(x) dx, x, csc 1(”)))

(a3 Subst( (—e cos(x) — lee cos(3x)) dx, x, csc‘l(ax)))
(i 3 Subst e cos(x) dx, x, csc‘l(ax))) + }Iag’ Subst ( f e* cos(3x) dx, x, csc‘l(ux))
1

Beese (@) L@@ 1 s et 1 3 Becscian) !
= ecscax) 1 — - + —q°e®¢ " cos(3cesc T (ax)) + —ave®c M gin (3csc(a
8 a2x2? 8x 40 ( ( )) 40 ( (

Mathematica [A] time = 0.132222, size = 54, normalized size = 0.64

1 - 1 5
Ea%csc 1(‘”‘)[ 54/1 - 3 oy oS (3 csc 1(ax)) + 3sin (3 csc 1(ax))]

Antiderivative was successfully verified.

[In] Integrate[E~ArcCscla*x]/x"4,x]

[Out] (a"3*E~ArcCscla*x]*(-5*Sqrt[1 - 1/(a"2*x"2)] - 5/(a*x) + Cos[3*ArcCsc[a*x]]
+ 3*Sin[3*ArcCscla*x]])) /40

Maple [F] time = 0.181, size = 0, normalized size = 0.

earccsc(ax)
[
X
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))/x"4,x)

[Out] int(exp(arccsc(a*x))/x"4,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
f —a
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="maxima"

[Out] integrate(e”(arccsc(a*x))/x"4, x)

Fricas [A] time = 3.38539, size = 100, normalized size = 1.19

(a2x2 _ (a2x2 + 1)\/a2x2 —-1- 3)e(arccsc(ax))

103

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="fricas")

[Out] 1/10%x(a"2*x72 - (a"2*x"2 + 1)*sqrt(a™2*x"2 - 1) - 3)*e” (arccsc(a*x))/x"3

Sympy [F] time = 0., size = 0, normalized size = 0.

pAcsC (ax)
dx
f x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(ax*x))/x**4,x)



[Out] Integral(exp(acsc(axx))/x**4, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
e,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x))/x"4, x)
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ecsc_1 (ax)

348  [——dx

x5
Optimal. Leaf size=81

1 - 1 - 1 - 1 _
Ea‘LeCSC @) cos (2 csc‘l(ax)) - ﬁa‘*ecsc @) cog (4 Csc‘l(ax)) -~ %a‘*ecsc @) gin (2 csc‘l(ax)) + ﬁa‘*eCSC @) gin

[Out] (a"4*E~ArcCscla*x]*Cos[2*ArcCscla*x]])/10 - (a~4*E~ArcCsc[a*x]*Cos[4*xArcCsc
[a*xx]])/34 - (a~4*E~ArcCscla*x]*Sin[2*ArcCsc[a*x]])/20 + (a~4*E~ArcCsc[a*x]
*Sin[4*xArcCscla*x]])/136

Rubi [A] time = 0.0679689, antiderivative size = 81, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 10, fUmDer o e

0.4, Rules used = {5267, 12, 4469, 4432}

integrand size

1 - 1 - 1 - 1 _
Ea‘*ecs‘: @) cog (2 csc‘l(ax)) - ﬁa‘lecsc @) cog (4 csc‘l(ax)) -~ %a‘leCSC @) gin (2 csc‘l(ax)) + ﬁa‘*ecsc @) gin

Antiderivative was successfully verified.

[In] Int[E~ArcCscla*xx]/x"5,x]

[Out] (a"4*E~ArcCscla*x]*Cos[2*ArcCscla*x]])/10 - (a~4*E~ArcCsc[a*x]*Cos[4*xArcCsc
[a*xx]])/34 - (a~4*E~ArcCscla*x]*Sin[2*ArcCsc[a*x]])/20 + (a~4*E~ArcCsc[a*x]
*Sin[4*xArcCscla*x]]) /136

Rule 5267

Int[(u_.)*(f_)"(ArcCsc[(a_.) + (b_.)*x(x_ )] (n_.)*(c_.)), x_Symbol] :> -Dist
[b~(-1), Subst[Int[(u /. x -> -(a/b) + Cscl[x]/b)*f~(c*x"n)*Csc[x]*Cot[x], x
1, x, ArcCscla + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 4469

Int[Cos[(f_.) + (g_)*x(x_ )17 (n_)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
D+ (e_)*(x_)]"(m_.), x_Symbol] :> Int[ExpandTrigReducel[F~(c*(a + b*x)),
Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g}, x]
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&& IGtQ[m, 0] && IGtQ[n, O]

Rule 4432

Int[(F_)~((c_)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [(b*c*Log[F]1*F~ (c*(a + b*x))*Sin[d + exx])/(e”2 + b™2xc™2xLog[F]~2), x
] - Simp[(exF~(c*(a + b*x))*Cos[d + exx])/(e”2 + b~2*c"2xLog[F]~2), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e~2 + b~2*xc~2*Log[F]~2, 0]

Rubi steps
f ecsc (ax) p Subst ( f abe* cos(x) sin’(x) dx, x, csc‘l(ax))
x=-
x° a

=— (a4 Subst (f ¢ cos(x) sin®(x) dx, x, csc‘l(ax)))
1 1
— _ |4 o s X -1
= (a Subst (f(4e sin(2x) 8e sm(4x)) dx, x, csc (ax)))
_1, . 1 1, ( Y 1 )
= 8a Subst (fe sin(4x) dx, x, csc (ax)) 27 Subst fe sin(2x) dx, x, csc™ (ax)

1 - 1 - 1 _
= 4o (@) ¢og (2 csc‘l(ax)) — —gheeseT (@) cog (4 csc‘l(ax)) — —gheeseT @) gipy (2 csc‘l(ax)) + —
10 34 20 17

Mathematica [A] time = 0.128638, size = 50, normalized size = 0.62

_6% ghecse (@) (68 cos (2 csc™(ax)) + 20 cos (4 csc™ (ax)) + 34 sin (2 csc™!(ax)) - 5sin (4 csc™ (ax)))

Antiderivative was successfully verified.

[In] Integrate[E~ArcCscla*x]/x"5,x]

[Out] -(a"4*E~ArcCscla*xx]*(-68*Cos[2*ArcCsc[a*x]] + 20*Cos[4*xArcCscla*x]] + 34xSi
n[2xArcCscla*x]] - 5%Sin[4xArcCscl[a*x]]))/680

Maple [F] time = 0.179, size = 0, normalized size = 0.

earccsc(ax)
[

XD

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(exp(arccsc(a*x))/x~5,x)

[Out] int(exp(arccsc(a*x))/x"5,%)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
[,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"5,x, algorithm="maxima")
g p g

[Out] integrate(e”(arccsc(a*x))/x"5, x)

Fricas [A] time = 3.53715, size = 123, normalized size = 1.52

(6 a*x* + 3a%x% - (6 a%x® + 5)\/ a?x2 -1 - 20)e(arccsc(“"))
85 x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"5,x, algorithm="fricas")

[Out] 1/85%(6%a~4*x"4 + 3*xa”2*x"2 - (6%a”2%x"2 + 5)*sqrt(a™2*x"2 - 1) - 20)*e”(ar

ccsc(axx))/x"4

Sympy [F] time = 0., size = 0, normalized size = 0.

pACSC (ax)
f = dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))/x**5,x)



[Out] Integral(exp(acsc(axx))/x**5, x)

258

Giac [F] time = 0., size = 0, normalized size = 0.

e(arccsc(ax))
e,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"5,x, algorithm="giac")

[Out] integrate(e~(arccsc(a*x))/x"5, x)
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ad
?+dx

349  [oo gy

Optimal. Leaf size=69

iPolyLog (2, ezicscil(ﬁh’c)) icsc™(a + bx)? cscY(a + bx) log (1 _ eZicsc’l(be))
2d * 2d B d

[Out] ((I/2)*ArcCscla + b*x]~2)/d - (ArcCscl[a + b*x]*Logl[l - E~((2+I)*ArcCscla +
b*x])1)/d + ((I/2)*PolyLogl[2, E~((2xI)*ArcCscl[a + b*x])])/d

Rubi [A] time = 0.0954275, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 19, i L

integrand size
0.421, Rules used = {5257, 12, 5219, 4625, 3717, 2190, 2279, 2391}

iPolyLog (2, eZicscfl(“b’C)) icscla+bx?  cscl(a+ bx)log (1 _ Q2 csc’l(a+bx))
2d - 2d B d

Antiderivative was successfully verified.

[In] Int[ArcCscl[a + b*x]/((axd)/b + d*x),x]

[Out] ((I/2)*ArcCscla + b*x]~2)/d - (ArcCscla + b*x]*Log[l - E~((2+I)*ArcCscla +
bxx])]1)/d + ((I/2)*PolyLogl[2, E~((2xI)*ArcCscla + b*x])])/d

Rule 5257

Int[((a_.) + ArcCsc[(c_) + (d_)*(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*x(a + b*ArcCsc[x])”p, x],
x, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[d*e - c*xf, 0] &&
1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5219

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
xArcSin[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]
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Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x)"n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (24 Ixk*Pi)*E~(2+¢Ix (e + f*x)))/(1 + E~(2*%Ixk*Pi)*E~(2*Ix(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (bx(F~(gx(e + f*xx))) n)/al)/(b*f*xg*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxe*x"n)1/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rubi steps
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-1
Subst ( f bcszx ) dx,x,a+ bx)

csc™Ha + bx)
f ad dx = b
n + dx

se(x
Subst (f = x( ) dx,x,a + bx)
B d
sinfl(x) 1
Subst (f - dx, x, a+bx)
d
Subst ( f x cot(x) dx, x, sin ! (

1
a+bx
d

2 )
o1 1 . &2y o1 1
1811 (m) . (21) Subst (f m dx, X, Sin (u+bx))

2d d
2 2isin L
HPS 1 in~1 L _ a+bx . L 1
isin”' (M) st (a+bx) log|1-e ( )) Subst (flog (1 - ez”‘) dx, x,sin” ! (a+bx
= - +
2d d F
2 igin~! L _ coso—1 L
isin™! (a+lbx) sin™! (ﬁ) log|1- ezz = (”+bx)) iSubst (f log(Tlx) dx, x, 321 sm (ﬂ+bx))
B 2d - d - ¥
2 .- 1 2isin” o 2isin (2
isin™! (u:m) sin”! (m) log[1-e (ﬂ+bx)) iLi, (e (a+bx)
= - +

Mathematica [A] time = 0.0563056, size = 59, normalized size = 0.86

%i (csc‘1 (a + bx)? + PolyLog (2, % Csc_l(“””‘))) —csc™l(a + bx) log (1 — e Csc_l(‘”b"))
d

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + bxx]/((a*d)/b + d*x),x]

[Out] (-(ArcCscla + b*x]*Logl[l - E~((2*I)*ArcCscl[a + b*x])]) + (I/2)*(ArcCscla +
bxx]~2 + PolyLog[2, E~((2*I)*ArcCscla + b*x])]))/d

Maple [A] time = 0.332, size = 158, normalized size = 2.3

i 2

> (arcesc (bx + a))”  arcesc (bx + a) i i —1

2 3 i 2| 1 L 2|
. d ln(1+ oo +4/1 = (bx + a) )+dp01ylog(2, o 1-(bx +a) )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(bxx+a)/(a*d/b+d*x),x)

[Out] 1/2*Ixarccsc(b*x+a)”2/d-1/d*arccsc(bxx+a)*1n(1+I/(b*x+a)+(1-1/(b*x+a)~2)~ (1
/2))+I/d*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-1/d*arccsc(b*x+a)*1n(1
-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))+I/d*polylog(2,I/(b*x+a)+(1-1/(b*x+a) 2)(

1/2))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/(a*d/b+d*x),x, algorithm="maxima"

[Out] Timed out

Fricas [F] time = 0., size = 0, normalized size = 0.

barcesc (bx + a) )

integral ( odr ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")

[Out] integral(b*arccsc(b*x + a)/(b*xd*x + axd), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

b facsc(u+bx) dx

a+bx

d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(acsc(b*x+a)/(a*d/b+d*x),x)

[Out] bxIntegral(acsc(a + b*x)/(a + b*x), x)/d

Giac [F] time = 0., size = 0, normalized size = 0.

f arccsc (bx + a) i

ad
dx+?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)/(d*x + axd/b), x)



264



ol e S R

LT S S o S e S S S S S Sy S S et
H S © 0 N A W N R o ©

Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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