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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 50 ]. This is test number [ 157 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. (50) | %0.(0)
Mathematica | % 98. (49) %2 (1)
Maple % 74. (37) | %26. (13)
Maxima %28.(14) | % 72. (36)
Fricas % 56. (28) | % 44. (22)
Sympy %6.(3) % 94. (47)
Giac % 34. (17 ) | % 66. (33)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 70. 20. 8. 2.
Maple 58. 16. 0. 26.
Maxima 24. 4. 0. 72.
Fricas 48. 8. 0. 44.
Sympy 6. 0 0. 94.
Giac 26. 8 0. 66.




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.13 120.76 1. 69. 1.
Mathematica 0.64 172.67 1.39 107. 1.
Maple 0.27 210.14 1.67 93. 1.42
Maxima 1.09 79.36 1.73 81.5 1.66
Fricas 2.48 244.25 3.3 144.5 2.16
Sympy 0.34 38. 0.88 41. 0.87
Giac 1.22 126.24 1.7 61. 1.13
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica
Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi
A rudes (1B BRABAIIT 7125 2627
}
B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {[T}[23][4 1617} 8 0} 10} 11} 12}[13} [15] 16} 18} [19} [20} 01} 23} [07} [28} [29} [30} 33} [84} 85},
(43} 44} |43, [46, |47, 48} [49} 0]}

B grade: {[14[22] 31} 32,[36 38} 39} [40} [41} [2] }
C grade: {}
F grade: {

2.1.3 Maple

gde {23 24 6} 7 8} 0 [0 [13 (L4 [L5} (16} (17,21} 22} 23} 27,28}, 29, 30} 82} B3} B4} 383, B} 40

15
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B grade: [T1,12) T8, 10 20,20 2526}

C grade: { }

F grade: {[1}[31} 35 36,37 41} 43} [£4} 45} 46} (17} 48} [49]}

2.1.4 Maxima

A grade: (B BB B3 22 8B AT
B grade: {El}
C grade: { }

F grade: { [1}[G,[T0} [T} [L3} 15} 19}[20} 21} 23, [24} [25} [26}[27} [28} 29} B0} B1} 32} [33, 34} 35}
36 372 43,4 45 146} 47 48 a5} 50

21.5 FriCAS

A grade: {[2}3}[4}[5} 7,8} [0} [LO} LT} [12} [15} [18} [19} [20} [21]} [25} [26} [38} 39} [40} [41} [47} (48, [49] }
B grade: {}

C grade: { }

F grade: {[1}[6}[13}17}[23}[27} 28} 29} 30} 31} [32} 33| 34} 35} 36} 37} 42} 43} 44} 45} 46} 50|}

2.1.6 Sympy
A grade: {[10)1T}[12)}

B grade: { }

C grade: { }

F grade: { [T, 2}[3} (4} @Iﬂ@@ﬂ

21.7 Giac

A grade: (BBABTEH DB B
B grade: {[14}[24} [25][26] }

C grade: { }

F grade: {[1} 613} (17, 18} 1920} 21} [22 28} 27 28} 29}30} 31} [32} 33} 34} B5 36} 87 [38} 39} (40} 41}
(12} 43} [44} |45} 46} 48, |49, 501}

=]
Bl
B
EE
B
EE

}EEIII

EI
k3
Bl
=
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 56 0 0 0 0 0
normalized size | 1 1. 0.9 0. 0. 0. 0. 0.
time (sec) N/A 0.087 0.034 0.26 0. 0. 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 40 43 89 97 0 55
normalized size | 1 1. 0.69 0.74 1.53 1.67 0. 0.95
time (sec) N/A 0.02 0.026 0.114 1.001  2.281 0. 1.101
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 35 38 70 84 0 46
normalized size | 1 1. 0.74 0.81 1.49 1.79 0. 0.98
time (sec) N/A 0.018 0.023 0.108 1.001  2.198 0. 1.132
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 28 31 51 69 0 36
normalized size | 1 1. 0.78 0.86 1.42 1.92 0. 1.
time (sec) N/A 0.011 0.018 0.108 0984  2.156 0. 1.116
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 25 28 45 0 20
normalized size | 1 1. 1. 1.39 1.56 2.5 0. 1.11
time (sec) N/A 0.004 0.005 0.107 0971 2178 0. 1.117
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 54 63 0 0 0 0
normalized size | 1 1. 0.96 1.12 0. 0. 0. 0.
time (sec) N/A 0.079 0.026 0.2 0. 0. 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 32 45 69 63 0 41
normalized size | 1 1. 0.84 1.18 1.82 1.66 0. 1.08
time (sec) N/A 0.016 0.02 0.11 1.463 2.19 0. 1.108
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 55 57 108 86 0 51
normalized size | 1 1. 1.02 1.06 2. 1.59 0. 0.94
time (sec) N/A 0.019 0.032 0.111 1.517  2.241 0. 1.116
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 68 68 45 67 143 105 0 61
normalized size | 1 1. 0.66 0.99 21 1.54 0. 0.9
time (sec) N/A 0.024 0.049 0.108 1.504  2.398 0. 1.122
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 42 66 0 88 51 63
normalized size | 1 1. 0.75 1.18 0. 1.57 091 112
time (sec) N/A 0.042 0.039 0.175 0. 2.469  0.599 1.088
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 44 93 0 86 41 53
normalized size | 1 1. 0.94 1.98 0. 1.83 087 113
time (sec) N/A 0.02 0.027 0.152 0. 255 0266 1.097
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 51 32 55 22 38
normalized size | 1 1. 1. 1.96 1.23 212 0.85 1.46
time (sec) N/A 0.009 0.013 0.151 0964 2.606 0.165 1.081
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 59 59 59 76 0 0 0 0
normalized size | 1 1. 1. 1.29 0. 0. 0. 0.
time (sec) N/A 0.06 0.02 0.236 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 93 41 70 225 0 82
normalized size | 1 1. 3. 1.32 2.26 7.26 0. 2.65
time (sec) N/A 0.03 0.136 0.145 0962 2411 0. 1.108
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 36 54 0 84 0 82
normalized size | 1 1. 0.95 1.42 0. 2.21 0. 2.16
time (sec) N/A 0.021 0.021 0.172 0. 2.285 0. 1.11
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 69 98 0 294 0 108
normalized size | 1 1. 1.15 1.63 0. 4.9 0. 1.8
time (sec) N/A 0.042 0.043 0.178 0. 2.401 0. 1.104
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 60 98 0 0 0 0
normalized size | 1 1. 0.87 1.42 0. 0. 0. 0.
time (sec) N/A 0.093 0.084 0.336 0. 0. 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 197 197 173 509 0 374 0 0
normalized size | 1 1. 0.88 2.58 0. 1.9 0. 0.
time (sec) N/A 0.232 0.183 0.237 0. 2.498 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 155 155 150 359 0 316 0 0
normalized size | 1 1. 0.97 2.32 0. 2.04 0. 0.
time (sec) N/A 0.139 0.28 0.217 0. 2.61 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 116 116 131 273 0 284 0 0
normalized size | 1 1. 1.13 2.35 0. 2.45 0. 0.
time (sec) N/A 0.09 0.174 0.212 0. 2.535 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 110 126 0 254 0 0
normalized size | 1 1. 1.41 1.62 0. 3.26 0 0
time (sec) N/A 0.053 0.118 0.208 0. 2.438 0 0
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 115 51 74 184 0 0
normalized size | 1 1. 3.11 1.38 2. 4.97 0 0
time (sec) N/A 0.023 0.139 0.203 0945 2541 0 0
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 200 200 284 374 0 0 0 0
normalized size | 1 1. 1.42 1.87 0. 0. 0 0
time (sec) N/A 0.309 0.319 0.404 0. 0. 0 0
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 70 70 112 154 0 666 0 174
normalized size | 1 1. 1.6 2.2 0. 9.51 0. 2.49
time (sec) N/A 0.097 0.301 0.219 0. 2.583 0. 1.635
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 125 125 198 452 0 999 0 375
normalized size | 1 1. 1.58 3.62 0. 7.99 0. 3.
time (sec) N/A 0.192 1.04 0.243 0. 2.682 0. 1.665
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 181 181 241 760 0 1241 0 792
normalized size | 1 1. 1.33 4.2 0. 6.86 0. 4.38
time (sec) N/A 0.288 0.406 0.226 0. 3.046 0. 1.841
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 381 381 667 734 0 0 0 0
normalized size | 1 1. 1.75 1.93 0. 0. 0. 0.
time (sec) N/A 0.302 9.374 0.97 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 288 288 473 540 0 0 0 0
normalized size | 1 1. 1.64 1.88 0. 0. 0. 0.
time (sec) N/A 0.232 6.625 0.572 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 154 154 142 327 0 0 0 0
normalized size | 1 1. 0.92 212 0. 0. 0. 0.
time (sec) N/A 0.131 0.145 0.524 0. 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 94 94 111 179 0 0 0 0
normalized size | 1 1. 1.18 1.9 0. 0. 0. 0.
time (sec) N/A 0.063 0.108 0.325 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 310 310 813 0 0 0 0 0
normalized size | 1 1. 2.62 0. 0. 0. 0. 0.
time (sec) N/A 0.485 2.23 0.627 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 244 244 686 341 0 0 0 0
normalized size | 1 1. 2.81 1.4 0. 0. 0. 0.
time (sec) N/A 0.395 2.222 0.404 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 494 494 442 770 0 0 0 0
normalized size | 1 1. 0.89 1.56 0. 0. 0. 0.
time (sec) N/A 0.397 0.491 0.59 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 278 278 248 429 0 0 0 0
normalized size | 1 1. 0.89 1.54 0. 0. 0. 0.
time (sec) N/A 0.259 0.423 0.476 0. 0. 0. 0.
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Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 154 154 160 0 0 0 0 0
normalized size | 1 1. 1.04 0. 0. 0. 0. 0.
time (sec) N/A 0.104 0.093 0.454 0. 0. 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 430 430 1058 0 0 0 0 0
normalized size | 1 1. 2.46 0. 0. 0. 0. 0.
time (sec) N/A 0.533 3.481 0.697 0. 0. 0. 0.
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 362 362 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.595 180.003 0.884 0. 0. 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 148 81 96 227 0 0
normalized size | 1 1. 2.55 1.4 1.66 3.91 0. 0.
time (sec) N/A 0.073 0.223 0.254 0971 2841 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 148 81 96 227 0 0
normalized size | 1 1. 2.55 1.4 1.66 3.91 0. 0.
time (sec) N/A 0.076 0.147 0.262 0997  2.628 0. 0.
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Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 137 81 96 227 0 0
normalized size | 1 1. 2.36 1.4 1.66 3.91 0. 0.
time (sec) N/A 0.078 0.367 0.265  0.998 2.49 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F A A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 130 0 89 216 0 0
normalized size | 1 1. 2.65 0. 1.82 441 0. 0.
time (sec) N/A 0.072 0.335 0.35 0.95 2.596 0. 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-1) F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 280 116 0 0 0 0
normalized size | 1 1. 3.29 1.36 0. 0. 0. 0.
time (sec) N/A 0.081 0.85 0.392 0. 0. 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 99 99 95 0 0 0 0 0
normalized size | 1 1. 0.96 0. 0. 0. 0. 0.
time (sec) N/A 0.117 0.301 0.181 0. 0. 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 91 91 107 0 0 0 0 0
normalized size | 1 1. 1.18 0. 0. 0. 0. 0.
time (sec) N/A 0.107 0.191 0.176 0. 0. 0. 0.
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 91 91 54 0 0 0 0 0
normalized size | 1 1. 0.59 0. 0. 0. 0. 0.
time (sec) N/A 0.092 0.06 0.175 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 45 45 79 0 0 0 0 0
normalized size | 1 1. 1.76 0. 0. 0. 0. 0.
time (sec) N/A 0.058 0.054 0.175 0. 0. 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 34 0 0 63 0 69
normalized size | 1 1. 0.87 0. 0. 1.62 0. 1.77
time (sec) N/A 0.03 0.041 0.176 0. 2.434 0. 1.159
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 30 0 0 80 0 0
normalized size | 1 1. 0.73 0. 0. 1.95 0. 0.
time (sec) N/A 0.042 0.05 0.177 0. 2.484 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 54 0 0 100 0 0
normalized size | 1 1. 0.64 0. 0. 1.19 0. 0.
time (sec) N/A 0.065 0.141 0.179 0. 2.711 0. 0.
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Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 59 92 0 0 0 0
normalized size | 1 1. 0.86 1.33 0. 0. 0. 0.
time (sec) N/A 0.091 0.051 0.347 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi

results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules .

the integrand. Finally the ratio —

integrand size

is given. The larger this ratio is, the harder the

integral was to solve. In this test, problem number [34] had the largest ratio of [ 1.2 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand T
# | grade steps unique antideri\.zative leaf size togrand leaf siz8
used rules leaf size

1 A 7 6 1. 10 0.6

2 A 4 3 1. 10 0.3

3 A 4 3 1. 10 0.3

4 A 4 3 1. 0.375

5 A 3 3 1. 6 0.5

6 A 7 6 1. 10 0.6

U A 5 5 1. 10 0.5

3 A 6 5 1. 10 0.5

9 A 7 5 1. 10 0.5

10 A 5 4 1. 10 0.4

11 A 4 4 1. 8 0.5

12 A 3 3 1. 6 0.5

13 A 6 6 1. 10 0.6

14 A 5 5 1. 10 0.5

15 A 3 3 1. 10 0.3
Continued on next page




Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size togrand leaf size
used rules leaf size

16 A 6 6 1. 10 0.6
17 A 7 6 1. 10 0.6
18 A 9 8 1. 10 0.8
19 A 8 7 1. 10 0.7
20 A 7 6 1. 10 0.6
21 A 6 6 1. 8 0.75
22 A 5 5 1. 6 0.833
23 A 14 8 1. 10 0.8
24 A 5 5 1. 10 0.5
25 A 7 7 1. 10 0.7
26 A 8 8 1. 10 0.8
27 A 20 9 1. 12 0.75
28 A 17 9 1. 12 0.75
29 A 11 8 1. 10 0.8
30 A 8 6 1. 8 0.75
31 A 17 9 1. 12 0.75
32 A 12 8 1. 12 0.667
33 A 25 14 1. 12 1.167
34 A 16 12 1. 10 1.2
35 A 10 7 1. 8 0.875
36 A 20 10 1. 12 0.833
37 A 14 9 1. 12 0.75
38 A 7 6 1. 14 0.429
39 A 7 6 1. 16 0.375
40 A 7 6 1. 16 0.375
41 A 6 6 1. 14 0.429
42 A 7 7 1. 10 0.7
43 A 6 4 1. 10 0.4
44 A 6 4 1. 8 0.5
45 A 5 3 1. 6 0.5
46 A 6 5 1. 10 0.5
47 A 3 3 1. 10 0.3

Continued on next page
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Table 2.1 — continued from previous page

number of

number of

normalized

# | grade steps unique antiderivative i?;:frs?;d %
used rules leaf size

48 A 5 4 1. 10 04

49 A 6 4 1. 10 04

50 A 8 8 1. 19 0.421
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Chapter 3

Listing of integrals

o)

3.1 fL

X

dx

Optimal. Leaf size=62

1 i sec™ 1 2 1 L
1—0iP01yL0g (2, _621 sec 1(ax5)) + Eisec—l (IZJCS) _ g gec1 (EIXS) log (1 n eZz sec 1(ax5))

[Out] (I/10)*ArcSecl[a*x~5]"2 - (ArcSec[a*x~5]*Log[1 + E~((2+I)*ArcSec[a*x~5])])/5
+ (I/10)*PolyLog[2, -E~((2+I)*ArcSec[a*x"5])]

Rubi [A] time = 0.0870773, antiderivative size = 62, normalized size of antiderivative =
number of rules

1., number of steps used = 7, number of rules used = 6, integrand size = 10,
0.6, Rules used = {5218, 4626, 3719, 2190, 2279, 2391}

1 isec— 1 2 1 .
ElPOlyLOg (2, _EZZSeC 1(”5)) + Eisec—l (ax5) _ g sec‘l (ﬂXS) lOg (1 + eZZ sec 1(11x5))

integrand size

Antiderivative was successfully verified.

[In] Int[ArcSecla*x~5]/x,x]

[Out] (I/10)*ArcSecl[a*x"5]"2 - (ArcSec[axx~5]*Log[l + E~((2*I)*ArcSec[a*x~5])])/5
+ (I/10)*PolyLog[2, -E~((2*I)*ArcSec[a*x~5])]

Rule 5218

31
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Int[((a_.) + ArcSec[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
xArcCos[x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4626

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + bxx)"n/Cot[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Rule 3719

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x) m*E~(2*xI*(e
+ fxx)))/(1 + ET(2xIx(e + f*x))), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps
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1(..5 _
fwmc = éSubst (f%l(ax)dx,x,xf’)
L)
= —[g Subst [dex,x, FJ]

- st xtamn et o)

1 2 2
= 1—Ozsec ( x5) = i Subst (fl —dx, x, sec”! (ax5))

1 . -1 5 2 1 2isec” (ax) 1 2 1
—1—Ozsec (ax) —gsec ( )10g(1+e ) gSubst(flog 1+e’x) dx, x,sec” (ax
1 2 1 - 1 log(1 + -
= 1—01'sec‘1 (ax5) 3 sec™! (ax5) log (1 4 ePisee 1(”x5)) Tk i Subst (f log + %) dx, x, €25 (o

X
1 2 1 o 1 ;
= 1—01'sec‘1 (ax5) -3 sec™! (ax5) log (1 + eisee 1(“"5)) + —iLi, ( g2isec 1(“"5))

Mathematica [A] time = 0.0336328, size = 56, normalized size = 0.9

—01 (PolyLog (2 —gPsee (”xs)) +sec™! (ax5) (sec‘1 (ux5) +2ilog (1 + eZiseC_l(”xs))))

Antiderivative was successfully verified.

[In] Integrate[ArcSec[a*x~5]/x,x]

[Out] (I/10)*(ArcSecla*x~5]*(ArcSec[a*xx~5] + (2xI)*Logl[l + E~((2*I)*ArcSec[a*x"5]
)1) + PolyLogl[2, -E~((2*I)*ArcSec[a*x"5])])

Maple [F] time = 0.26, size = 0, normalized size = 0.

f arcsec (axs) ;

X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(a*xx~5)/x,x)

[Out] int(arcsec(a*x”5)/x,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

S +1 5-11 1 1
542 f Vax a4;{?x_ 2 08 (1) dx — 5i a? f % dx + arctan (\/ax5 +1Vax5 - 1) log (x) - Ei log (aleo) lo;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a*x~5)/x,x, algorithm="maxima"

[Out] -5*%a~2*integrate(sqrt(a*x”™5 + 1)*sqrt(a*x™5 - 1)*log(x)/(a"4*x"11 - a~2*x),
x) - b*xIxa~2*xintegrate(log(x)/(a"4*x~11 - a”2*x), x) + arctan(sqrt(a*xx~5 +
1)*sqrt(axx™5 - 1))*log(x) - 1/2*I*xlog(a”2*x~10)*log(x) + 1/2*Ixlog(a*x”5

+ 1)*log(x) + 1/2%Ixlog(-a*x”5 + 1)*log(x) + I*log(a)*log(x) + 5/2*I*log(x)

72 + 1/10%I*dilog(a*x”5) + 1/10*%I*dilog(-a*x~5)

Fricas [F] time = 0., size = 0, normalized size = 0.

arcsec (ax5)
—— ’x
x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a*x~5)/x,x, algorithm="fricas")

[Out] integral(arcsec(a*x”5)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f asec (axS)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(a*xx**5)/x,x)

[Out] Integral(asec(a*x**5)/x, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f arcsec (axs)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a*x”5)/x,x, algorithm="giac")

[Out] integrate(arcsec(a*x”5)/x, x)
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32  [xPsec (\/E) dx

Optimal. Leaf size=58

1 1 3 1
—x*sec™! (\/E) - %(x —1)y72 - E(x _q)2 Z(x _1)32 -

4

[Out] -Sqrtl[-1 + x]1/4 - (-1 + x)7(3/2)/4 - (3x(-1 + x)7(5/2))/20 - (-1 + x)~(7/2)
/28 + (x"4xArcSec[Sqrt[x]])/4

Rubi [A] time = 0.0197305, antiderivative size = 58, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 10, e o e

0.3, Rules used = {5270, 12, 43}

integrand size

1 1 3 1
—x*sec™ (Vi) - D=1 = S 1R - (-1 - 2

4

Antiderivative was successfully verified.

[In] Int[x"3*ArcSec[Sqrt[x]],x]

[Out] -Sqrtl[-1 + x]1/4 - (-1 + x)7(3/2)/4 - (3x(-1 + x)7(5/2))/20 - (-1 + x)~(7/2)
/28 + (x"4xArcSec[Sqrt([x]])/4

Rule 5270

Int[((a_.) + ArcSec[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + bxArcSec([u]))/(d*x(m + 1)), x] - Dist[(b*u)/(d*(m

+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), xJ, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},



37

x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
fx3 sec™! (\/E) dx = }Lx‘l sec™ (\/E) - }L L dx
2V-1+x
= j—Lx‘* sec”! (\/E) - %f \/ch dx
= }Lx‘l sec! (\/E) - % (\/ﬁ +3V-1+x+3(-1+x)¥2 + (-1 + x)5/2) dx
= —%m - 411(_1 +x)32 - 2%(—1 +x)22 - 2l8(—1 +x)712 + }LX4 sec™! (\/E)

Mathematica [A] time = 0.0261725, size = 40, normalized size = 0.69

1x‘L sec™! (\/&) L Vx -1 (59(3 +6x% + 8x + 16)

4 140

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcSec[Sqrt[x]],x]

[Out] -(Sqrt[-1 + x]*(16 + 8*x + 6%x~2 + 5*x73))/140 + (x"4*ArcSec[Sqrt[x]])/4

Maple [A] time = 0.114, size = 43, normalized size = 0.7

4 (x=1)(5x° + 6x% + 8x +16)

X 1 1
Zarcsec (\/E) - 140 \/E ﬁ
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*arcsec(x~(1/2)),x)

[Out] 1/4xx"4*arcsec(x”(1/2))-1/140*%(x-1)*(5xx~3+6%xx~2+8*xx+16) /((x-1)/x)~(1/2)/x"
(1/2)
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Maxima [A] time = 1.00133, size = 89, normalized size = 1.53
7 5 3
1 7( 1 2 3 51 2 1 1 31 2 1 1
—%xZ(—;+1) —%xZ(—;+1) +Zx4arcsec(\/§)—1x2(—;+1) —Z\/; —;4‘1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x~(1/2)),x, algorithm="maxima"

[Out] -1/28*x~(7/2)*(-1/x + 1)°(7/2) - 3/20*%x~(5/2)*(-1/x + 1)7(5/2) + 1/4*x"4*ar
csec(sqrt(x)) - 1/4xx~(3/2)*(-1/x + 1)7(3/2) - 1/4*sqrt(x)*sqrt(-1/x + 1)

Fricas [A] time = 2.28065, size = 97, normalized size = 1.67

}Ex4arcsec(\/§) - % (Sx3 +6x? +8x+16)\/x—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x~(1/2)),x, algorithm="fricas")

[Out] 1/4*x"4xarcsec(sqrt(x)) - 1/140%(5xx"3 + 6*x~2 + 8*x + 16)*sqrt(x - 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asec(x**(1/2)),x)

[Out] Timed out

Giac [A] time = 1.1011, size = 55, normalized size = 0.95

1 1 1 7 3 51 34 1
Zx4arccos($)—%(x—1)z—%(x—1)z_1(x_1)z+£1_Z\/x_1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x~(1/2)),x, algorithm="giac")

[Out] 1/4*x"4xarccos(1/sqrt(x)) - 1/28*%(x - 1)7(7/2) - 3/20%(x - 1)7(5/2) - 1/4%(
x - 1)7(3/2) + 4/35%i - 1/4xsqrt(x - 1)
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33  [x?sec (\/E) dx

Optimal. Leaf size=47

1 1 2
~x®sec™ (Vi) - (- 1)52 - 1)%%2 - 8

3

[Out] -Sqrt[-1 + x]/3 - (2*%(-1 + x)~(3/2))/9 - (-1 + x)~(5/2)/15 + (x~3*ArcSec[Sq
rt[x]11)/3

Rubi [A] time = 0.017687, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 10, e o e

0.3, Rules used = {5270, 12, 43}

integrand size

1 1 2
~x®sec™ (Vi) - (- 1)52 — - 1)%%2 — 8

3

Antiderivative was successfully verified.

[In] Int[x"2*ArcSec[Sqrt[x]],x]

[Out] -Sqrt[-1 + x]/3 - (2*%(-1 + x)7(3/2))/9 - (-1 + x)~(5/2)/15 + (x~3*ArcSec[Sq
rt[x]11)/3

Rule 5270

Int[((a_.) + ArcSec[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + bxArcSec([u]))/(d*x(m + 1)), x] - Dist[(b*u)/(d*(m

+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), xJ, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
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x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
1 1 x2
x?sec™t (Vx) dx = =¥ sec (Vx) - = | ——=dx
f (\/—) 3 (‘/—) 3J oV i+x

1 1 x?

= —x3sec! (vx) - —f dx
3 ( ) 6J -1+x
1 1 1

= =x3sec”! (Vx) - = ( +2V-1+x+ —1+x3/2)dx
3 (Vo) -5 ) | ==~+2 (-1+%)

1 2 1 1
=g V-l+x-g-1+ x)¥2 - FC1+ x)%2 + §x3 sec™! (\/E)

Mathematica [A] time = 0.0225538, size = 35, normalized size = 0.74

1x3 sec”! (\/E) - l\/x -1 (3x2 +4x + 8)

3 45
Antiderivative was successfully verified.

[In] Integrate[x~2*ArcSec[Sqrt([x]],x]

[Out] -(Sqrt[-1 + x]*(8 + 4xx + 3%x72))/45 + (x"3*ArcSec[Sqrt[x]])/3

Maple [A] time = 0.108, size = 38, normalized size = 0.8

X3 (x—l)(3x2+4x+8)

1 1
garcsec (\/E) - 5 \/E %
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arcsec(x~(1/2)),x)

[Out] 1/3%x"3*%arcsec(x”(1/2))-1/45%(x-1)*(3*x"~2+4xx+8)/((x-1)/x)"(1/2)/x~(1/2)
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Maxima [A] time = 1.00123, size = 70, normalized size = 1.49

5 3
1 5(1 2 1 2 3 2 1
—Exz’(—;+1) +§x3arcsec(\/§)—§x2(—;+1) —5\& —;+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xarcsec(x”(1/2)),x, algorithm="maxima")

[Out] -1/15*x~(5/2)*(-1/x + 1)7(5/2) + 1/3*x"3*arcsec(sqrt(x)) - 2/9*x~(3/2)*(-1/
x + 1)7(3/2) - 1/3*sqrt(x)*sqrt(-1/x + 1)

Fricas [A] time = 2.19825, size = 84, normalized size = 1.79
1

§x3arcsec(\/§) -~ % (3x2 +4x+8)\/x—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(x~(1/2)),x, algorithm="fricas")

[Out] 1/3*x"3*arcsec(sqrt(x)) - 1/45*%(3*x"2 + 4xx + 8)*sqrt(x - 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*asec(x**(1/2)),x)

[Out] Timed out

Giac [A] time = 1.1321, size = 46, normalized size = 0.98

1 1 1 5 2 3 o1
§x3arccos(—)—ﬁ(x—1)z—§(x_1)z+_l_§ x—1

Nz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(x~(1/2)),x, algorithm="giac")

[Out] 1/3*x"3*arccos(1/sqrt(x)) - 1/15x(x - 1)7(5/2) - 2/9*%(x - 1)7(3/2) + 8/45%i
- 1/3*sqrt(x - 1)
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34  [xsec (\/E) dx

Optimal. Leaf size=36

1 1
2 np-1 32 _
X< sec (\/}) (x-1) 5

2 6

[Out] -Sqrt[-1 + x]/2 - (-1 + x)~(3/2)/6 + (x"2*ArcSec[Sqrt[x]])/2

Rubi [A] time = 0.0113633, antiderivative size = 36, normalized size of antiderivative =

. . number of rules
1., number of steps used = 4, number of rules used = 3, integrand size = 8, e = =

integrand size
0.375, Rules used = {5270, 12, 43}

Vi-1

2

1 1
2 el 32
¥ sec (\/E) - g(x —-1)%2 -

Antiderivative was successfully verified.

[In] Int[x*ArcSec[Sqrt[x]],x]

[Out] -Sqrt[-1 + x]/2 - (-1 + x)~(3/2)/6 + (x"2*ArcSec[Sqrt[x]])/2

Rule 5270

Int[((a_.) + ArcSec[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + bxArcSec[u]))/(d*x(m + 1)), x] - Dist[(b*u)/(d*(m
+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), x], xl], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !'Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le



Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

1

[vsec (V) dr = g seet (R) - 5 [ Nersla
:%x sec™ (V&) - %fmdx
- 35t (V) - 1 [ [+ V)
= —%\/—1—+x—%( 1+ )% + ;x sec (Va)

Mathematica [A] time = 0.017784, size = 28, normalized size = 0.78

1x2 sec™! (\/E) - %V -1(x+2)

2
Antiderivative was successfully verified.

[In] Integrate[x*ArcSec([Sqrt([x]],x]

[Out] -(Sqrt[-1 + x]*(2 + x))/6 + (x"2*xArcSec[Sqrt[x]])/2

45

Maple [A] time = 0.108, size = 31, normalized size = 0.9

2 x-Dkx+2) 1 1

%aresec (\/E) - G \/E ﬁ

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsec(x~(1/2)),x)

[Out] 1/2*%x"2*arcsec(x”(1/2))-1/6*%(x-1)*(x+2)/((x-1)/x)"(1/2)/x~(1/2)
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Maxima [A] time = 0.983566, size = 51, normalized size = 1.42

3
1 31 2 1 1 [ 1
2 2
—ng(—;+1) +§x arcsec(\/;)—E\/E —;+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(x”(1/2)),x, algorithm="maxima")

[Out] -1/6%x"(3/2)*(-1/x + 1)7(3/2) + 1/2*x"2*arcsec(sqrt(x)) - 1/2*sqrt(x)*sqrt(
-1/x + 1)

Fricas [A] time = 2.15562, size = 69, normalized size = 1.92

1 1
> x% arcsec (\/E) -2 (x+2)Vx -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(x”(1/2)),x, algorithm="fricas")

[Out] 1/2*x"2*arcsec(sqrt(x)) - 1/6%(x + 2)*sqrt(x - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x asec (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asec(x**(1/2)),x)

[Out] Integral(x*asec(sqrt(x)), x)

Giac [A] time = 1.11629, size = 36, normalized size = 1.

1, LA T SR B O o
—X-arccos|{—|—-x— —1— = NX—
2 6 2

Vx 3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(x~(1/2)),x, algorithm="giac")

[Out] 1/2*x"2*arccos(1/sqrt(x)) - 1/6x(x - 1)7(3/2) + 1/3*i - 1/2*sqrt(x - 1)



48

35  [sec?! (\/E) dx

Optimal. Leaf size=18
xsec™! (\/E) -Vx-1

[Out] -Sqrt[-1 + x] + x*ArcSec[Sqrt[x]]

Rubi [A] time = 0.0043606, antiderivative size = 18, normalized size of antiderivative
number of rules

1., number of steps used = 3, number of rules used = 3, integrand size = 6,
0.5, Rules used = {5268, 12, 32}

integrand size

xsec”! (\/E) —-Vx-1

Antiderivative was successfully verified.

[In] Int[ArcSec[Sqrt([x]],x]
[Out] -Sqrt[-1 + x] + x*ArcSec[Sqrt[x]]

Rule 5268

Int[ArcSec[u_], x_Symbol] :> Simp[x*ArcSec[u], x] - Dist[u/Sqrt[u~2], Int[S
implifyIntegrand[(x*D[u, x])/(u*Sqrt[u~2 - 11), x], x], x] /; InverseFuncti
onFreeQ[u, x] && !FunctionOfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol]l :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 32
Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*(m +

1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rubi steps
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fsec‘l( )x—xsecl(\ﬂ) fz\/%dx

003 [
= V-1 +x + xsec! (\/_)

Mathematica [A] time = 0.0052079, size = 18, normalized size = 1.

xsec™! (\/E) -Vx-1

Antiderivative was successfully verified.

[In] Integrate[ArcSec[Sqrt[x]],x]

[Out] -Sqrt[-1 + x] + x*ArcSec[Sqrt[x]]

Maple [A] time = 0.107, size = 25, normalized size = 1.4

xarcsec -(x-1)— \/7 \/_

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(x~(1/2)),x)

[Out] x*arcsec(x~(1/2))-1/((x-1)/x)~(1/2)/x~(1/2)*(x-1)

Maxima [A] time = 0.970726, size = 28, normalized size = 1.56
1
xarcsec (\/E) - \/E — +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x”(1/2)),x, algorithm="maxima")



[Out] x*arcsec(sqrt(x)) - sqrt(x)*sqrt(-1/x + 1)
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Fricas [A] time = 2.17848, size = 45, normalized size = 2.5

x arcsec (\/E) -Vx-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2)),x, algorithm="fricas")

[Out] x*arcsec(sqrt(x)) - sqrt(x - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (\/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(x**(1/2)),x)

[Out] Integral(asec(sqrt(x)), x)

Giac [A] time = 1.11703, size = 20, normalized size = 1.11

1
xarccos(—) +i—-Vx-1

N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x”(1/2)),x, algorithm="giac")

[Out] x*arccos(1/sqrt(x)) + i - sqrt(x - 1)
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36 [Ty,

X

Optimal. Leaf size=56
iPolyLog (2, ¢ Secil(‘/})) +isec™! (\/;)2 —2sec™t (\/§) log (1 +¢% Secfl(‘/}))

[Out] IxArcSec[Sqrt[x]]~2 - 2*ArcSec[Sqrt[x]]*Logl[l + E~((2*I)*ArcSec[Sqrt[x]])]
+ IxPolyLog[2, -E~((2*I)*ArcSec[Sqrt[x]])]

Rubi [A] time = 0.0788201, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, e -

integrand size
0.6, Rules used = {5218, 4626, 3719, 2190, 2279, 2391}

iPolyLog (2, —ezisecil(ﬁ)) +isec™! (\/;)2 —2sec™t (\/§) log (1 + ezisecfl(ﬁ))

Antiderivative was successfully verified.

[In] Int[ArcSec[Sqrt([x]]/x,x]

[Out] IxArcSec[Sqrt[x]]~2 - 2*ArcSec[Sqrt[x]]*Logl[l + E~((2*I)*ArcSec[Sqrt[x]])]
+ I*PolyLog[2, -E~((2*I)*ArcSec[Sqrt[x]])]

Rule 5218

Int[((a_.) + ArcSec[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*xArcCos[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4626

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x)"n/Cot[x], x], x, ArcCos[cxx]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Rule 3719

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
Ix(c + d*x)"(m + 1))/(@*(m + 1)), x] - Dist[2*I, Int[((c + d*x) "m*E~(2*I*(e
+ £xx)))/(1 + E"(2xIx(e + f*x))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]
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Rule 2190

Int[(((F_)A((g_.)*((e_.) + (f_-)*(X_))))A(n_.)*((C_.) + (d_-)*(X_))A(m_.))/
(@) + (b_)*((F)~((g_)*((e_.) + (£_)*x)D))))"(n_.)), x_Symbol] :> Simp
[((c + dx) mxLogl1 + (bx(F"(g*(e + £%x)))7n)/al)/(bxfxgrnsLoglF1), x] - Di
st [(d*m) / (bxf*g*n*Log[F]), Int[(c + d*x)"(m - 1)*Logll + (bx(F~(gx(e + f*x)
))7"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] & IGtQ[m, O]

Rule 2279

Int[Logl(a_ ) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps

-1

f (V) e 2 S ( f 3T gy, ﬁ)
X X

-1
- (2 Subst (f COSX () dx, x, %))
x

= 2 Subst (fxtan(x) dx, x, cos™! (%))
x

2

1 1
=icos™! (— — 4iSubst (f —dx, x, cos™! (—))
Vx 1+ Vx
2 . 1
1 1 2icos =
=icos™ (— -2cos' | —=|log|1 +e e (‘&) + 2 Subst (flog 1 +ez”‘) dx, x, cos™ (
\x Vx
2 . 1
1 1 2icos™! = log(1 + 2
=icos™! (— —-2cos™t{—=|log l+e 7 (‘5) —iSubst(f 0g(1 + 1) dx, x, reos
Vx Vx X
2 ) 1 . 1
1 1 2icos™ [ — 2icos 1 =
=icos™! (— —2cos [—=|log|1+e (‘&) +iLi2(—e o (W))
Vx Vx

Mathematica [A] time = 0.0262626, size = 54, normalized size = 0.96

i(PolyLog (2, ¢ (V) 4 sec”t (V&) (sec (V) + 2ilog (1 + &2 (V) )

o

L
(%)

)
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Antiderivative was successfully verified.

[In] Integrate[ArcSec[Sqrt[x]]/x,x]

[Out] I*(ArcSec[Sqrt([x]]*(ArcSec([Sqrt[x]] + (2*I)*Logl[l + E~((2*I)*ArcSec[Sqrt[x]
1)1) + PolyLogl[2, -E~((2xI)*ArcSec[Sqrt[x]])])

Maple [A] time = 0.2, size = 63, normalized size = 1.1

i(arcsec (\/;))2 ~ 2arcsec (‘/;) In (1 + (% + im)z] + ipolylog (2, - (% + iﬁ)z)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(arcsec(x”(1/2))/x,x)

[Out] I*arcsec(x”(1/2)) " 2-2%arcsec(x~(1/2))*1n(1+(1/x~(1/2)+Ix(1-1/x)"(1/2))"2)+I
*polylog(2,-(1/x~(1/2)+Ix(1-1/x)"(1/2))"2)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f arcsec (\/E)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x”(1/2))/x,x, algorithm="maxima")

[Out] integrate(arcsec(sqrt(x))/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arcsec (\/E) , x]

int |
integra ( "

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arcsec(x~(1/2))/x,x, algorithm="fricas")

[Out] integral(arcsec(sqrt(x))/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (\/E) 5

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(x**(1/2))/x,x)

[Out] Integral(asec(sqrt(x))/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arcsec (\/E)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x,x, algorithm="giac")

[Out] integrate(arcsec(sqrt(x))/x, x)
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3.7 fm dx

x2

Optimal. Leaf size=38

- sec™t (v
i 1+1tan_1( x—l)—M
2x 2 x

[Out] Sqrt[-1 + x]/(2*x) - ArcSec[Sqrt[x]]/x + ArcTan[Sqrt[-1 + x]]/2

Rubi [A] time = 0.0156021, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, e -

integrand size
0.5, Rules used = {5270, 12, 51, 63, 203}

—_

1( x—l) ~ sec™! (\/E)

X

X — +1t 3
— n
2 2

Antiderivative was successfully verified.

[In] Int[ArcSec[Sqrt[x]]/x"2,x]
[Out] Sqrt[-1 + x]/(2*x) - ArcSec[Sqrt[x]]/x + ArcTan[Sqrt[-1 + x]]/2

Rule 5270

Int[((a_.) + ArcSeclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + bxArcSec[u]))/(d*x(m + 1)), x] - Dist[(b*u)/(d*(m
+ 1)xSqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u2 - 1]1), xJ], %], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] &% !'Function0fQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*xx)"(m + D*(c + d*x)"(n + 1))/ ((bxc - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
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1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] I| (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)~"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

sec”! (\/E) sec™! (\/E) 1
f x2 ax == x * f 2V-1 + xx? =
S (/. S Bt
- x 2J -1+ xx2

_«/—1+x_sec_1(\/§)+1f 1
2x x 4J V-1 +xx

A= sec™! (1/x
= 1+x_ (\/—)+18ubst f ! dx,x, V-1 +x
2x X 2 1+x2
V-1+x sec! (\/E)

1
= — + E tan™! (V—l + x)

2x X

Mathematica [A] time = 0.0203111, size = 32, normalized size = 0.84

Vx—1-xsin™" (%) —2sec™! (\/§)

2x

Antiderivative was successfully verified.

[In] Integrate[ArcSec[Sqrt[x]]/x"2,x]
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[Out] (8qrt[-1 + x] - 2*ArcSec[Sqrt[x]] - x*ArcSin[1/Sqrt[x]1])/(2*x)

Maple [A] time = 0.11, size = 45, normalized size = 1.2

1 1 1 1 3
—;arcsec (\/E) + va -1 (— arctan (ﬁ)x + Vx — 1) \/Ex 2
X

Verification of antiderivative is not currently implemented for this CAS.
[In] int(arcsec(x~(1/2))/x"2,x)

[Out] -arcsec(x™(1/2))/x+1/2x(x-1)"(1/2)*(-arctan(1/(x-1)~(1/2))*x+(x-1)"(1/2))/(
(x-1)/x)~(1/2)/x~(3/2)

Maxima [A] time = 1.46345, size = 69, normalized size = 1.82

\/E\/—l +1 arcsec (vx) 1 1
- X (\/_) + 5 arctan [\ﬁ — + 1)

2ffit))
X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x”(1/2))/x"2,x, algorithm="maxima")

[Out] -1/2*sqrt(x)*sqrt(-1/x + 1)/(x*(1/x - 1) - 1) - arcsec(sqrt(x))/x + 1/2*arc
tan(sqrt (x)*sqrt(-1/x + 1))

Fricas [A] time = 2.19028, size = 63, normalized size = 1.66

(x —2) arcsec (\/E) +Vx -1

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x"2,x, algorithm="fricas")
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[Out] 1/2*%((x - 2)*arcsec(sqrt(x)) + sqrt(x - 1))/x

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (\/E) "

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(x**(1/2))/x**2,x)

[Out] Integral(asec(sqrt(x))/x**2, x)

Giac [A] time = 1.10828, size = 41, normalized size = 1.08

[ 1 1
2 - v + — arccos (—)

24/x x 2 Vx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x"2,x, algorithm="giac")

[Out] 1/2*sqrt(-1/x + 1)/sqrt(x) - arccos(l/sqrt(x))/x + 1/2*arccos(1l/sqrt(x))
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38 [Ty,

x3
Optimal. Leaf size=54
x-1 Sec_1(\/§)+3\/x—1 3 ( x—1)

+—tan™!
822 222 Tex 16 ™M

[Out] Sqrt[-1 + x]/(8%x72) + (3*Sqrt[-1 + x])/(16*x) - ArcSec[Sqrt([x]]/(2xx~2) +
(3xArcTan[Sqrt[-1 + x]1)/16

Rubi [A] time = 0.018859, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e -

integrand size
0.5, Rules used = {5270, 12, 51, 63, 203}
x-1 Sec_1(\/§)+3\/x—1 3 1( 1)
— x f—

+ 2 tan”
822 222 Tex 16 ™M

Antiderivative was successfully verified.

[In] Int[ArcSec[Sqrt[x]]/x"3,x]

[Out] Sqrt[-1 + x]/(8%x72) + (3*Sqrt[-1 + x])/(16*x) - ArcSec[Sqrt[x]]/(2xx~2) +
(3*ArcTan[Sqrt[-1 + x]])/16

Rule 5270

Int[((a_.) + ArcSec[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + bxArcSec[u]))/(d*x(m + 1)), x] - Dist[(b*u)/(d*(m
+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), xJ, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*xx)"(m + D*(c + d*x)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(d*(
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m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*xx)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && ! (LtQ

[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[la/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

sec™! (\/E) sec 1(
f— dx=-—7 f dx
X’ 22 2 2\/—1 + xx3
sec 1(
T2 T3 f w/—_1 n xxa
V-1 +x sec(

8x2 2x2 " 16 f w/_1 + xe
V-1+x 3vVl+x sec(yx
* 2] m=
8x2 16x 2x2 3 1+ xx

_m+3m sec_l(x+  Subs L
Y 16x 222 WS\ ) T2 V-l+x
V-1 3v-1 sect(vx) 3
_ tX x_ (\/_)+—tan‘1(\/—1+x)
8x? 16x 2x? 16

Mathematica [A] time = 0.0315698, size = 55, normalized size = 1.02

(g 2)- ol B3

+ —
8x%2 " 16+4/x 2x2 16
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Antiderivative was successfully verified.

[In] Integrate[ArcSec[Sqrt[x]]/x"3,x]

[Out] (1/(8*x~(3/2)) + 3/(16%Sqrt[x]))*Sqrt[(-1 + x)/x] - ArcSec[Sqrt[x]]/(2*x~2)
- (3%ArcSin[1/Sqrt[x]])/16

Maple [A] time = 0.111, size = 57, normalized size = 1.1

1

1
—ﬁarcsec (\/E) + % x-1 (—3 arctan(

1 _5
1)x2+3x\/x—1+2\/x—1) x 2
x—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(x~(1/2))/x"3,x)

[Out] -1/2*arcsec(x™(1/2))/x72+1/16%(x-1)"(1/2)*(-3xarctan(1/(x-1)"(1/2))*x"2+3*x
*(x=1)7(1/2)+2% (x-1)7(1/2)) / ((x=1) /)~ (1/2) /%7 (56/2)

Maxima [B] time = 1.51742, size = 108, normalized size = 2.

3(1 1
3x2(—— +1) +5\/;\/_‘ +1 arcsec (vx 1
- - - (\/_) + i arctan [\/E 2 + 1)

2 222 16
16(x2(31—c—1) —2x(§—1)+1) *

N w

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x"3,x, algorithm="maxima"

[Out] 1/16%(3*x~(3/2)*(-1/x + 1)7(3/2) + b*sqrt(x)*sqrt(-1/x + 1))/(x"2x(1/x - 1)
"2 - 2xx*x(1/x - 1) + 1) - 1/2*arcsec(sqrt(x))/x"2 + 3/16*xarctan(sqrt(x)*sqr
t(-1/x + 1))

Fricas [A] time = 2.24137, size = 86, normalized size = 1.59

(3 x% - 8) arcsec (\/E) +(Bx+2)Vx-1

16 x2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x"3,x, algorithm="fricas")

[Out] 1/16%((3*x~2 - 8)*arcsec(sqrt(x)) + (3*x + 2)*sqrt(x - 1))/x72

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(x**(1/2))/x**3,x)

[Out] Timed out

Giac [A] time = 1.11598, size = 51, normalized size = 0.94

s 1
3(x_1)§ +5\/m ) arccos (@) + i arctan( x—l)
1612 2 x2 16

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x"3,x, algorithm="giac")

[Out] 1/16%(3*x(x - 1)7(3/2) + b*sqrt(x - 1))/x"2 - 1/2%arccos(1/sqrt(x))/x"2 + 3/
16*arctan(sqrt(x - 1))
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39 [T,

x4

Optimal. Leaf size=68

5vx -1 ngj__ﬁm4(VQ)+5V§jT 5 ( x—l)

+ +—tan”!
7222 183 323 a8x a8 "

[Out] Sqrt[-1 + x]/(18%x73) + (5*Sqrt[-1 + x])/(72xx"2) + (5xSqrt[-1 + x])/(48%x)
- ArcSec[Sqrt([x]]/(3*x"3) + (5%ArcTan([Sqrt[-1 + x]])/48

Rubi [A] time = 0.0236281, antiderivative size = 68, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 10, e -

integrand size
0.5, Rules used = {5270, 12, 51, 63, 203}

5V§ii4_VEiT__$m4(v@)+5v§iT 5 1( x—1)

+ 2 tan
7222 183 323 a8x a8 "

Antiderivative was successfully verified.

[In] Int[ArcSec[Sqrt[x]]/x"4,x]

[Out] Sqrt[-1 + x]/(18%x73) + (5*Sqrt[-1 + x])/(72%xx"2) + (5xSqrt[-1 + x])/(48%x)
- ArcSec[Sqrt([x]]1/(3*xx73) + (5xArcTan[Sqrt[-1 + x]])/48

Rule 5270

Int[((a_.) + ArcSec[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((c + d*x)"(m + 1)*(a + bxArcSec[u]))/(d*x(m + 1)), x] - Dist[(b*u)/(d*(m
+ 1)*Sqrt[u~2]), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(uxSqrt[
u™2 - 11), xJ, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*xx)"(m + D*(c + d*x)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(d*(
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m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*xx)"(m + 1)*(c + d*x)"n, x], x
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[la/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
sec™! (\/E) sec™! (
f _ A= f dx
x4 33 3 2\/—1 + xxt
sec™! (
- 3x3 6 f \1_1 + xx4
V-1+x SeC_l

1883 3x3 36f ‘/—_1+xx3

B V-1+x N 5vV-1+x SeC_l

18x3 72x2 3x3 B f \/_1 + xx2

CV-1+x N 5v-1+x N 5V1+x sec(vVx f
o 18x8 72x2 48x 3x3 "% \/—_1 T ox
_Vex 5VAax 5y-l+x sec™! (V) . Sbt L
T 180 7222 48x 30 W et
-1
-1+ 5vV-1+ 5v-1+ sec X 5
= v an v an i (\/—)+—tan‘1(\/—1+x)
18x3 72x2 48x 3x3 48

s
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Mathematica [A] time = 0.0494117, size = 45, normalized size = 0.66

Vx -1 (15x2 +10x + 8) —15x3sin™! (%) - 48sec™! (\/§)
1443

Antiderivative was successfully verified.

[In] Integrate[ArcSec[Sqrt[x]]/x~4,x]

[Out] (Sqrt[-1 + x]*(8 + 10*x + 15%x72) - 48*%ArcSec[Sqrt([x]] - 15*x~3*ArcSin[1/Sq
rt [x]]1)/(144%x"3)

Maple [A] time = 0.108, size = 67, normalized size = 1.

x—

1 1
—ﬁarcsec (\/E) Vx -1 (—15 arctan (

T 1aa

1 1 7
)x3+15x2\/x—1+10x\/x—1+8\/x—1) X2
Vx -1

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(x~(1/2))/x"4,x)

[Out] -1/3*arcsec(x”(1/2))/x"3+1/144x(x-1)"(1/2)*(-15*arctan(1/(x-1)"(1/2))*x~3+1
5%x7 2% (x-1) " (1/2) +10*x* (x-1) " (1/2)+8* (x-1)~(1/2)) / ((x-1)/x)~(1/2) /x~(7/2)

Maxima [B] time = 1.50427, size = 143, normalized size = 2.1

5

N w

5 5 3
15x5(—j—c + 1)2 + 40xi(—§ + 1) +33VX\-2+1  aresec (V2) s ]
- 3 7 - + — arctan|vxq/—= +1
1 1 1 3x3 48 x
144 x3(; —1) —3x2(; —1) +3x(; —1) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x"4,x, algorithm="maxima"

[Out] -1/144*(15%x~(5/2)*(-1/x + 1)7(5/2) + 40*x~(3/2)*(-1/x + 1)7(3/2) + 33xsqrt
(x)*sqrt(-1/x + 1))/(x"3*%(1/x - 1)73 - 3*xx72x(1/x - 1)72 + 3*xx*x(1/x - 1) -
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1) - 1/3xarcsec(sqrt(x))/x"3 + 5/48*arctan(sqrt(x)*sqrt(-1/x + 1))

Fricas [A] time = 2.39751, size = 105, normalized size = 1.54

3 (5 x® - 16) arcsec (\/E) + (15 x? +10x + 8)\/x -1

144 x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x"4,x, algorithm="fricas")

[Out] 1/144x(3*%(5*x~3 - 16)*arcsec(sqrt(x)) + (15*%x~2 + 10*x + 8)*sqrt(x - 1))/x"
3

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(x**(1/2))/x**4,x%)

[Out] Timed out

Giac [A] time = 1.12156, size = 61, normalized size = 0.9

5 3 1
15(x-1)2 +40(x-1)2 + 33vVx-1 ) arccos ($)

5
+ — arctan( X — 1)
144 x3 3x3 48

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(x~(1/2))/x"4,x, algorithm="giac")

[Out] 1/144x(15%(x - 1)7(5/2) + 40*(x - 1)7(3/2) + 33xsqrt(x - 1))/x"3 - 1/3*arcc
os(1/sqrt(x))/x~3 + 5/48*arctan(sqrt(x - 1))
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310  [xsec!(%) dx

Optimal. Leaf size=56

3/2
1 x? 1., [ x 1 X
2801 _ -3 I DO iy
9a (1 az) 3a 1 ) +3x CoS (a)

[Out] -(a”3*Sqrt[l - x72/a72])/3 + (a”3*%(1 - x72/a"2)"(3/2))/9 + (x"3*ArcCos[x/al
)/3

Rubi [A] time = 0.0424593, antiderivative size = 56, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 4, integrand size = 10, number of rules _

0.4, Rules used = {5264, 4628, 266, 43}

32
1 2 1 2 1
—a’ (1 - x_) —=a’4|1- x_2 + =x%cos™? (E)
3 a

integrand size

3 a

Antiderivative was successfully verified.

[In] Int[x"2*ArcSecla/x],x]

[Out] -(a”3*Sqrt[l - x72/a72])/3 + (a”3*(1 - x72/a"2)"(3/2))/9 + (x~3*ArcCos[x/al
)/3

Rule 5264

Int[ArcSec[(c_.)/((a_.) + (b_)*(x_ )" (n_.))]"(m_.)*(u_.), x_Symbol] :> Int[
u*xArcCos[a/c + (b*x"n)/c]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4628

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcCos[c*x]) n)/(d*x(m + 1)), x] + Dist[(b*c*n
)/ (dx(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcCos[c*x])"(n - 1))/Sqrt[l - c"2
xx~2], x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b



68

, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

fxz sec™1 (E) dx = fxz cos™! (E) dx
x a

Mathematica [A] time = 0.0387233, size = 42, normalized size = 0.75

1 1 2
—x3sec? (E) - —a (2a2 + xz) 1-=
3 x/ 9 a?

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcSecla/x],x]

[Out] -(ax(2*a”2 + x72)*Sqrt[1 - x72/272])/9 + (x"3*ArcSec[a/x])/3
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Maple [A] time = 0.175, size = 66, normalized size = 1.2

IS (a)+x4 1+a2 2a2+1 !
—a®| ———arcsec (- |+ — -1+ 5|25 _
3ad x/  9a* 2\ x? 2 2
ane
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arcsec(a/x),x)

[Out] -a”3*(-1/3/a"3*x"3*arcsec(a/x)+1/9*%(-1+a"2/x"2)*(2*xa~2/x"2+1) /((-1+a~2/x"2)
/a”2%x"2) " (1/2)/a"4*xx"4)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(a/x),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 2.46903, size = 88, normalized size = 1.57

1 1 2 _x2
— x3 arcsec (E) - = (2 a%x + x3) e
3 X 9

12
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(a/x),x, algorithm="fricas")

[Out] 1/3*x~3*arcsec(a/x) - 1/9%(2*a”2*x + x"3)*sqrt((a”2 - x72)/x72)
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Sympy [A] time = 0.599257, size = 51, normalized size = 0.91

2 2
3 x 2 X
2a 1[1—; ax 1[1—a—2 x3asec(%)
B— - 5 + = fora#0
3

3
otherwise

X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*asec(a/x),x)

[Out] Piecewise((-2*a**3xsqrt(l - x**2/a**2)/9 - axx**x2*sqrt(l - x**2/a**2)/9 + x
xx3*asec(a/x)/3, Ne(a, 0)), (zoo*xx*x3, True))

Giac [A] time = 1.08763, size = 63, normalized size = 1.12

1, xy 2, x2 1, | x?
- X arccos(—)——a ——+1-—ax“|-—— +1
3 al 9 a? 9 a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(a/x),x, algorithm="giac")

[Out] 1/3*x~3*arccos(x/a) - 2/9*%a”"3*xsqrt(-x"2/a"2 + 1) - 1/9*%axx"2*sqrt(-x~2/a"2
+ 1)
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3.11 fxsec‘1 (g) dx

Optimal. Leaf size=47

1 2 1 xy 1 x
—Zaxﬂl -t Zaz sin~! (E) + Exz cos™! (5)

[Out] -(a*x*Sqrt[l - x72/a"2])/4 + (x"2%ArcCos([x/al)/2 + (a"2*%ArcSin[x/al)/4

Rubi [A] time = 0.0201988, antiderivative size = 47, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 8, o -

integrand size
0.5, Rules used = {5264, 4628, 321, 216}

1 ¥ 1 xy 1 x
—Zaxﬂl -t Zaz sin”! (E) + Exz cos™! (5)

Antiderivative was successfully verified.

[In] Int[x*ArcSecla/x],x]
[Out] -(a*xxSqrt[l - x72/a"2])/4 + (x"2*ArcCos[x/al)/2 + (a~2xArcSin[x/al)/4

Rule 5264

Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(m_.))] " (m_.)*(u_.), x_Symbol]l :> Int[
uxArcCos[a/c + (b*x"n)/c]l™m, x] /; FreeQ[{a, b, c, n, m}, x]

Rule 4628

Int[((a_.) + ArcCos[(c_.)*(x_ )]*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcCos[c*x])"n)/(d*(m + 1)), x] + Dist[(b*c*n
)/(dx(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcCos[c*x])"(n - 1))/Sqrt[1l - c72
*x~2], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 321

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n)p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]
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Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

f = dx
1-2
1 X )
R S | a
== =)+
2x o (a) 2a
1 2 1 1 1
= —axqf1- 2 4 Zx2cos ! (f) + —af dx
27N T2 i) 2

Mathematica [A] time = 0.0268036, size = 44, normalized size = 0.94

1 2 x
—|-axqf1- Ty a2sin! (—) +2x? sec™! (E)
4 a? a x

Antiderivative was successfully verified.

[In] Integrate[xxArcSec[a/x],x]

[Out] (-(a*x*Sqrt[l - x72/a"2]) + 2*x"2*ArcSecla/x] + a~2*xArcSin[x/al)/4

Maple [B] time = 0.152, size = 93, normalized size = 2.

x2 (a)+ax 1+a2 . 1 1 X3 1+a2 1

—arcsec| — —Al— — arctan - | = B .

2 X 4 x? a2 2 2\ 4a x2 2 2
el ) e

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsec(a/x),x)
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[Out] 1/2*x"2*arcsec(a/x)+1/4*ax(-1+a~2/x72)"(1/2)/((-1+a~2/x72)/a~2*x"2) " (1/2) *x
xarctan(1/(-1+a~2/x72)"(1/2))-1/4/a*x(-1+a~2/x72) / ((-1+a~2/x72) /a~2*x"2) ~(1/

2)*x"3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(a/x),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 2.54974, size = 86, normalized size = 1.83

1 a2 -x2 1 a
2 2 2 z
——X =z —Z(a -2x )arcsec(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(a/x),x, algorithm="fricas")

[Out] -1/4%x"2xsqrt((a”™2 - x72)/x72) - 1/4*x(a"2 - 2*x~2)*arcsec(a/x)

Sympy [A] time = 0.266126, size = 41, normalized size = 0.87
‘<2
_azaszc(g) B ”x\[i_;_z N xzaszc(g) fora+0
&x? otherwise

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*asec(a/x),x)

[Out] Piecewise((-a*x2*asec(a/x)/4 - axxxsqrt(l - x*x2/a*x2)/4 + x*x2xasec(a/x)/2

, Ne(a, 0)), (zoo*x*x*2, True))
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Giac [A] time = 1.09669, size = 53, normalized size = 1.13
1, X 1, X
—— a“ arccos (—) + = x* arccos (—) ——axy[—— +1
4 a 2 a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(a/x),x, algorithm="giac")

[Out] -1/4*a”2*xarccos(x/a) + 1/2*x"2%arccos(x/a) - 1/4xaxx*sqrt(-x~2/a"2 + 1)



75

3.12 fsec‘1 (Z) dx

Optimal. Leaf size=26

(X x?
xcos |—)—a 1——2
a a

[Out] -(a*Sqrt[l - x"2/a"2]) + x*ArcCos([x/a]

Rubi [A] time = 0.0092175, antiderivative size = 26, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 6, o -

integrand size
0.5, Rules used = {5264, 4620, 261}

l(x) [ 2
xcos =) —ay/l-—=

2
a a

Antiderivative was successfully verified.

[In] Int[ArcSecla/x],x]
[Out] -(a*Sqrt[1 - x~2/a"2]) + x*ArcCos[x/a]

Rule 5264

Int[ArcSec[(c_.)/((a_.) + (b_)*(x )" (m_.))] " (m_.)*(u_.), x_Symbol] :> Int[
uxArcCos[a/c + (b*x"n)/cl™m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4620

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
cCos[c*x])"n, x] + Dist[bxc*n, Int[(x*(a + b*ArcCos[c*x])~(n - 1))/Sqrt[1 -
c™2%x~2], x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (oxn*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps
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-1 X
=xcos |- |+
a

[ 2 e
= -a4/1 - — +xcos (—)
a a
time = 0.0125269, size = 26, normalized size = 1.

L (a x?
xsec (-] —a 1——2
X a

Antiderivative was successfully verified.

Mathematica [A]

[In] Integrate[ArcSecla/x],x]

[Out] -(a*Sqrt[l - x"2/a"2]) + x*ArcSecla/x]

Maple [B] time = 0.151, size = 51, normalized size = 2.

X a x? a2 1
—a|-—arcsec(— |+ — —1+—2 _—
a X a X 2 2
a1+ 5)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(arcsec(a/x),x)

[Out] -ax(-1/ax*x*arcsec(a/x)+1/((-1+a~2/x"2)/a"2xx"2) "~ (1/2)/a"2xx"2x(-1+a"2/x"2))

Maxima [A] time = 0.964025, size = 32, normalized size = 1.23

a
X arcsec (—)—a - +1
X a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x),x, algorithm="maxima"

[Out] x*arcsec(a/x) - axsqrt(-x"2/a"2 + 1)

Fricas [A] time = 2.60646, size = 55, normalized size = 2.12

a a2 — x2

X arcsec (—) - X
X

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x),x, algorithm="fricas")

[Out] x*arcsec(a/x) - x*sqrt((a™2 - x72)/x72)

Sympy [A] time = 0.164664, size = 22, normalized size = 0.85

x2 a
{—awll -= +xasec(3—c) fora+0

Sox otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(a/x),x)

[Out] Piecewise((-a*sqrt(l - xx*2/a*x2) + xxasec(a/x), Ne(a, 0)), (zoo*x, True))

Giac [A] time = 1.08103, size = 38, normalized size = 1.46

X
X arccos (—) x2
of ———27 —[-55 +1
a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x),x, algorithm="giac")



[Out] ax(x*arccos(x/a)/a - sqrt(-x"2/a"2 + 1))
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w12
313  [—=dx
X
Optimal. Leaf size=59
_L _zfcos-l(f))_l. _1(5)2 _1(5) ( zicos-l(f))
2zPolyLog(Z, e Sicos™ | =) +cosT [~ log|1+e

[Out] (-I/2)*ArcCos[x/al”2 + ArcCos[x/al*Logl[l + E~((2*I)*ArcCos([x/al)] - (I/2)*P
olyLog[2, -E~((2*I)*ArcCos[x/al)]

Rubi [A] time = 0.0598754, antiderivative size = 59, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 10, e =

0.6, Rules used = {56264, 4626, 3719, 2190, 2279, 2391}

integrand size

1 1 ;1(x 1 2 i cos— x
—EiPolyLog (2, _pricos 1(11)) _ Eicos‘l (;_C) + cos] (g) log (1 4 g2ico 1(:1))

Antiderivative was successfully verified.

[In] Int[ArcSecla/x]/x,x]

[Out] (-I/2)*ArcCos[x/al”2 + ArcCos[x/al*Logl[l + E~((2xI)*ArcCos[x/al)] - (I/2)%P
olyLog[2, -E~((2*I)*ArcCos[x/al)]

Rule 5264

Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(m_.))] " (m_.)*(u_.), x_Symbol] :> Int[
u*ArcCos[a/c + (b*x"n)/cl”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4626

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x)"n/Cot[x], x], x, ArcCos[cxx]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Rule 3719

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
Ix(c + d*x)"(m + 1))/(@*(m + 1)), x] - Dist[2*I, Int[((c + d*x) "m*E~(2*I*(e
+ £xx)))/(1 + E"(2xIx(e + f*x))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]
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Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, nt, x] && GtQ[a, O]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

f sec™! (f—c) e f cos™! (E)

X

— st [ xtanoyds o ()

1 21x
= ——icos™ (E) + 2i Subst dx, x, cos™ (f)
2 a 1 + e2ix a
1. 1 (* 2 chos f 2 1 (*
= —5icos (E) + cos” ( ) ( ) Subst (flog 1 +e lx) dx, x, cos (E))
1 2 (2) log(1 + ; x
= ——icos™ (f) + cos” (f) log( ZZCOS a ) —iSubst IM dx, x, €2 @)
2 a a 2 X
1 X 2 X X 1 L S1(Xx
_ -1(* -+ chos )\ s [ J2icos (E))
chos (a) + cos” (a)log( ) Zlez( e

Mathematica [A] time = 0.0204337, size = 59, normalized size = 1.

1. 2isec_1(5) 1. i (a)Z 1 (g) ( 2isec—1(ﬂ))
21PolyLog (2, e ) Sisec™ | + sec " log(1+e

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSecla/x]/x,x]
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[Out] (-I/2)*ArcSecl[a/x]"2 + ArcSecla/x]*Logl[l + E~((2*I)*ArcSec[a/x])] - (I/2)*P
olyLog[2, -E~((2*I)*ArcSecla/x])]

Maple [A] time = 0.236, size = 76, normalized size = 1.3
2 2
i( (a))2+ (a)l 1+ x+‘ 1 « : lylog|2 x+, 1 2
——|ar - r —|In - \/ -=||-= —[=+iy/1-=
> |arcsec " arcsec " . i 2 5polylog|2, . i 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(a/x)/x,x)

[Out] -1/2xIxarcsec(a/x) " 2+arcsec(a/x)*1n(1+(x/a+I*(1-x"2/a"2)~(1/2))"2)-1/2*I*po
lylog(2,-(x/a+I*(1-x72/a72)"(1/2))"2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

a
arcsec (—)
integral [—x, x]
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x,x, algorithm="fricas")

[Out] integral(arcsec(a/x)/x, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

Ide

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(a/x)/x,x)

[Out] Integral(asec(a/x)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

a

f arcsec (x) J
—ax

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x,x, algorithm="giac")

[Out] integrate(arcsec(a/x)/x, x)
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Optimal. Leaf size=31

tanh_l( 1—;) cos1 (g)

a X

[Out] -(ArcCos[x/al/x) + ArcTanh[Sqrt[1 - x"2/a"2]]/a
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Rubi [A] time = 0.0296163, antiderivative size = 31, normalized size of antiderivative =

1., number of steps used = 5, number of rules used = 5, integrand size = 10,

0.5, Rules used = {5264, 4628, 266, 63, 208}

tanh™" (\/1 - ;C—i) cos1 ({)

a

a X

Antiderivative was successfully verified.

[In] Int[ArcSecla/x]/x"2,x]

[Out] -(ArcCos[x/al/x) + ArcTanh[Sqrt[1 - x"2/a"2]]/a

Rule 5264

Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(n_.))] " (m_.)*(u_.), x_Symbol]
u*ArcCos[a/c + (b*x"n)/cl”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4628

number of rules

integrand size

:> Int[

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcCos[c*x])™n)/(d*x(m + 1)), x] + Dist[(b*c*n
)/(dx(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcCos[c*x])"(n - 1))/Sqrt[1l - c~2
*x~2], x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b

, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]
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Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

x2 x2
f ! : dx
()
B x a
Subst | [ —— dx, x, x2
~ _cos‘1 (Z) ) [fx fi-5 ]
Bl X 2a
cos™? (f) 1 2
:—Ta+a8ub8t[fmdx,x, 1—a—2]

x tanh ™ [+/1 = 2
cos™! (—) 2
=— +
x a

Mathematica [B] time = 0.13649, size = 93, normalized size = 3.

2
x‘/ﬂ—z—l log| —— +1|-1log|1 - ——
X a2 a2 —-1(4
Wt W) sec(3)

/ x2 - X
2(12 1- a_z

Antiderivative was successfully verified.

[In] Integrate[ArcSecla/x]/x"2,x]
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[Out] -(ArcSecla/x]/x) + (Sqrt[-1 + a~2/x"2]*x*(-Log[l - a/(Sqrt[-1 + a~2/x"2]*x)
] + Logl[l + a/(Sqrt[-1 + a~2/x72]*x)]))/(2*%a"2*Sqrt[1 - x72/a"2])

Maple [A] time = 0.145, size = 41, normalized size = 1.3

1 a\ 1. (a a x?
——arcsec (—) +-In[=+4+—=4/1-=
X x/ a |x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(a/x)/x"2,x)

[Out] -arcsec(a/x)/x+1/axln(a/x+1/x*ax(1-x"2/a~2)"(1/2))

Maxima [A] time = 0.961596, size = 70, normalized size = 2.26

2aarcsec(§) 1 \/T 1 \/T
—— ~log —a—2+1+1 + log |- —a—2+1+1

2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x"2,x, algorithm="maxima"

[Out] -1/2x(2*a*arcsec(a/x)/x - log(sqrt(-x~"2/a"2 + 1) + 1) + log(-sqrt(-x~2/a"2
+ 1) + 1))/a

Fricas [B] time = 2.41124, size = 225, normalized size = 7.26

V 2—x2 72
a2—;22 — 2 (ax — a) arcsec (g) - xlog (x /2 x2x n a) +xlog (x axzx ~ u)

2ax

2 axarctan|—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x72,x, algorithm="fricas")



86

[Out] -1/2%(2*a*x*arctan(-x"2*sqrt((a”2 - x72)/x72)/(a"2 - x72)) - 2x(a*x - a)*ar
csec(a/x) - x*xlog(xxsqrt((a™2 - x72)/x72) + a) + x*log(x*sqrt((a”2 - x72)/x

~2) - a))/(ax*x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (g) I

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(a/x)/x**2,x)

[Out] Integral(asec(a/x)/x**2, x)

Giac [B] time = 1.108, size = 82, normalized size = 2.65

log(|a+\/a2—x2|) log(|—a+\/a2—x2|)
4 - a arccos (;—C)

a

2 |a| X

Verification of antiderivative is not currently implemented for this CAS
[In] integrate(arcsec(a/x)/x"2,x, algorithm="giac")

[Out] 1/2*a*x(log(abs(a + sqrt(a™2 - x72)))/a - log(abs(-a + sqrt(a™2 - x72)))/a)/

abs(a) - arccos(x/a)/x
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315 | i)

Optimal. Leaf size=38

[Out] Sqrtl[l - x"2/a~2]/(2%a*x) - ArcCos[x/al/(2*x"~2)

Rubi [A] time = 0.0213249, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e e .

0.3, Rules used = {5264, 4628, 264}

integrand size

Antiderivative was successfully verified.

[In] Int[ArcSecla/x]/x"3,x]

[Out] Sqrt[l - x"2/a~2]/(2%a*x) - ArcCos[x/al/(2*x"~2)

Rule 5264

Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(m_.))] " (m_.)*(u_.), x_Symbol] :> Int[
u*ArcCos[a/c + (b*x"n)/cl”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4628

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcCos[c*x])"n)/(d*x(m + 1)), x] + Dist[(b*c*n
)/(d*¥(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcCos[cxx])"(n - 1))/Sqrt[l - c~2
xx~2], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 264

Int[(Cc_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(m_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + bxx™n)"(p + 1))/(axcx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]
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Rubi steps

2x2 2a
2
1- z—z cos™! (2)
T 2ax 2+

Mathematica [A] time = 0.0208916, size = 36, normalized size = 0.95

x2 _1(a
xf1 -5 —asec™ (—)
a X

2ax?

Antiderivative was successfully verified.

[In] Integrate[ArcSecla/x]/x"3,x]

[Out] (x*Sqrtl[l - x72/a"2] - axArcSecla/x])/(2*a*xx”2)

Maple [A] time = 0.172, size = 54, normalized size = 1.4

1| a? ay  x a? 1
- | zzarcsec (= | = — -1+ 5 | ——=
as|2x x/ 2a X 2 2
_2(_1 _2)
a X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(a/x)/x"3,x)

[Out] -1/a"2%(1/2*a~2/x"2*arcsec(a/x)-1/2/((-1+a"2/x"2)/a"2*x"2) "~ (1/2) /a*x*x(-1+a”
2/x72))




Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x"3,x, algorithm="maxima")

[Out] Exception raised: ValueError

89

Fricas [A] time = 2.28492, size = 84, normalized size = 2.21

5 a 5 [a2—x2
a- arcsec (—) - X >
_ x x

2 a2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x"3,x, algorithm="fricas")

[Out] -1/2x(a”2*arcsec(a/x) - x"2*sqrt((a”2 - x72)/x72))/(a"2%x"2)

Sympy [F] time = 0., size = 0, normalized size = 0.

asec (E)

f x3x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(a/x)/x**3,x)

[Out] Integral(asec(a/x)/x**3, x)

Giac [A] time = 1.11039, size = 82, normalized size = 2.16

a+ Vaz—xz X
2 - X
asx (a+\/a2—x2)a2 arccos (—)
a

4a| 2 x?2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x"3,x, algorithm="giac")

[Out] 1/4*ax((a + sqrt(a”™2 - x72))/(a"2*x) - x/((a + sqrt(a”2 - x72))*a"2))/abs(a
) - 1/2%arccos(x/a)/x"2
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sec_l(ﬁ)

X
316  [——Fdx
Optimal. Leaf size=60

2 tanh ™ [4/1- 2 x
VI-> 2] cosl(2)

a

6ax? 6a° 3x3

[Out] Sqrt[l - x"2/a~2]/(6*a*x~2) - ArcCos[x/al/(3*x73) + ArcTanh[Sqrt[1 - x~2/a”
211/ (6*%a™3)

Rubi [A] time = 0.04213, antiderivative size = 60, normalized size of antiderivative = 1.,

number of steps used = 6, number of rules used = 6, integrand size = 10, number of rules_ 0.6,

integrand size
Rules used = {5264, 4628, 266, 51, 63, 208}

2 tanh ' [+4/1 - 2 x
1-— V' 2] cos™! (—)

_ a
6ax? 6a° 3x3

Antiderivative was successfully verified.

[In] Int[ArcSecla/x]/x"4,x]

[Out] Sqrt[1l - x72/a~2]/(6xaxx"2) - ArcCos[x/al/(3*x"3) + ArcTanh[Sqrt[1l - x"2/a”
211/(6*a"3)

Rule 5264

Int[ArcSec[(c_.)/((a_.) + (b_)*(x )" (n_.))] " (m_.)*(u_.), x_Symbol] :> Int[
u*xArcCos[a/c + (b*x"n)/c]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rule 4628

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcCos[c*x]) n)/(d*x(m + 1)), x] + Dist[(b*c*n
)/(d*¥(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcCos[c*x])~(n - 1))/Sqrt[l - c~2
*x~2], x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1*(a + b*x)"p, xJ, x, x"n], x] /; FreeQ[{a, b



92
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+bxx)"(m + D*(c + d*x)"(n + 1))/ ((b*c - axd)*(m + 1)), x] - Dist[(dx*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + bxx)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQl{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && ! (LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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x4 x4
f ! : dx
1 (X X<
I I
3x3 3a
1
Subst dx, x, x2
cos™1 (f) [f 2 [1-% )
— a a
3x3 6a
1
3 Subst dx, x, x2
T 6ax? 3x3 1243
2
1-2 cos‘l(f) Subst(f = dx, X, /1 x—z)
_ a2 al
6ax2 3x3 6a
2 1 _x_z
53 ooy, =
— az al 4
6ax2 3x3 6a3

Mathematica [A] time = 0.0430254, size = 69, normalized size = 1.15

2 2
a?xl1 - ;C—Z +x3log (wﬂ -~ % + 1) - 2a%sec”! (Z) - x3log(x)

6a3x3

Antiderivative was successfully verified.

[In] Integrate[ArcSecla/x]/x"4,x]

[Out] (a"2*x*Sqrt[l - x"2/a"2] - 2*a~3*xArcSec[a/x] - x"3xLogl[x] + x"3*Log[l + Sqr
t[1 - x72/a"2]]1)/(6*%a"3%x~3)

Maple [A] time = 0.178, size = 98, normalized size = 1.6

1 a 1 a? 1 X a2 |a a2 1
———arcsec|— |+ —=[-1+ = | ————=+ —/-1+ =In| - +4/-1+ = | ———
3x3 x)  6ad 2] [ 2\ 6a* x2 |x x| [ 2
—2(—1+—2) _2(_1+_2)
a X a X

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arcsec(a/x)/x"4,x)

[Out] -1/3*arcsec(a/x)/x"3+1/6/a~3*x(-1+a"2/x"2)/((-1+a"2/x"2)/a"2*%x"2)~(1/2)+1/6/
a~4x(-1+a"2/x"2)"(1/2)/ ((-1+a~2/x"2) /a~2*x"2) " (1/2)*x*1n(a/x+(-1+a"2/x"2) ~(

1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x"4,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.40078, size = 294, normalized size = 4.9

xz\/ = 2_2 2_2 2,2
2 as—x as—x as-x a
4a°x arctan| -———|-x’log (x + a) +x%log (xw/ - - a) —2ax’ ) —— -4 (a%x® - a®) arcsec (;)

+2

- 12 a3x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x"4,x, algorithm="fricas")

[Out] -1/12*%(4*xa~3*x"3*arctan(-x"2*xsqrt((a”2 - x72)/x72)/(a"2 - x72)) - x"3x*log(x
xsqrt((a”™2 - x72)/x72) + a) + x"3xlog(x*sqrt((a™2 - x72)/x72) - a) - 2%axx”
2xsqrt((a™2 - x72)/x72) - 4x(a”3%x"3 - a~3)*arcsec(a/x))/(a”3*x"3)

Sympy [F] time = 0., size = 0, normalized size = 0.

asec (E)

f x4" dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(asec(a/x)/x**4,x)

[Out] Integral(asec(a/x)/x*x4, x)

Giac [A] time = 1.1037, size = 108, normalized size = 1.8

log(|a+\/a2—x2|) 10g(|—a+\/a2—x2|) 2V2—x2
a —_—

X
a3 a3 a2x2 arccos (;)

12 |a| 3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a/x)/x"4,x, algorithm="giac")

[Out] 1/12xax(log(abs(a + sqrt(a”2 - x72)))/a"3 - log(abs(-a + sqrt(a™2 - x72)))/
a”3 + 2xsqrt(a”2 - x72)/(a"2*x72))/abs(a) - 1/3%arccos(x/a)/x"3
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317 [ g

X

Optimal. Leaf size=69

iPOlyLOg (2, _eZisec‘l(ux")) .\ isec1 (axn)z sec1 (ax™) log (1 + o2 sec‘l(ux”))

2n 2n n

[Out] ((I/2)*ArcSecla*x"n]~2)/n - (ArcSecla*x"n]*Log[l + E~((2*I)*ArcSec[a*x"n])]
)/n + ((I/2)*PolyLogl[2, -E~((2*I)*ArcSec[a*x"n])])/n

Rubi [A] time = 0.0925888, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, e -

0.6, Rules used = {56218, 4626, 3719, 2190, 2279, 2391}

integrand size

iPolyLog (2, —eZiseC_l(axn)) isec (ax")?  sec” (ax")log (1 + ¥ Sec_l(‘”‘"))
+ j—

2n 2n n

Antiderivative was successfully verified.

[In] Int[ArcSecla*x"n]/x,x]

[Out] ((I/2)*ArcSecla*x"n]~2)/n - (ArcSecl[a*x"n]*Log[l + E~((2*I)*ArcSec[a*x"n])]
)/n + ((I/2)*PolyLogl[2, -E~((2*I)*ArcSec[a*x™n])])/n

Rule 5218

Int[((a_.) + ArcSec[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
xArcCos[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4626

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x)"n/Cot[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Rule 3719

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
Ix(c + d*x)"(m + 1))/(@*(m + 1)), x] - Dist[2*I, Int[((c + d*x) m*E~(2*I*(e
+ fxx)))/(1 + ET(2%Ix(e + f*x))), x]1, x] /; FreeQl{c, d, e, f}, x] && IGtQ
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[m, 0]

Rule 2190

Int [(C(F)~((g_)*((e_.) + (£_D*(x_))))"(n_)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*(F~(g*(e + f*x)))™n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cx¥exx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps
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-1
Subst (f %(ax) dx, x, x”)

-1 n
f sec™ (ax™) gy =

x n
—1(X
Subst (f M dx, x, x—n)
X
T n
Subst (fxtan(x) dx, x, cos™! (xu;"))
B n
icos™ (2 i (2i) Subst ( [ X, x, cost (2
_ a _ 1+€2ix e a
B 2n n
-n\2 _ N 2icos~! g ) .
icos™ (XT) cos™ (%) log (1 te ( )) Subst (flog (1 + esz) dx, x,cos™! (XT))
B 2n B n + n
-n\2 —n jcos 1[0 . Feos-1(F
icos1 (XT) cos~! (XT) log (1 + eZlcoS ( 2 )) i Subst (f 10g(;+x) %, x, echos ( - ))
- 2n B n - o
an\2 -n T ’ Y
icos™ (XT) cos™! (XT) log (1 4o ( a )) iLi, (_Echos ( a ))
= - +
2n n ”n

Mathematica [C] time = 0.0843848, size = 60, normalized size = 0.87

—n

B ; 111 3 3] x2
x nHypergeometrlcPFQ({E, 5 5}, {5, E} , a_Z) x
+ log(x) (sin_1 (—) +sec! (ux”))
a

an

Antiderivative was successfully verified.

[In] Integrate[ArcSec[a*x"n]/x,x]

[Out] HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, 1/(a"2*x”(2*n))]/(a*n*x"n) +
(ArcSec[a*x"™n] + ArcSin[1/(a*x"n)])*Logl[x]

Maple [A] time = 0.336, size = 98, normalized size = 1.4

i 2 A :
> (arcsec (ax™))”  arcsec (ax") 1 1 2 L. 1
_ In|1+]|— +iy[1- 5| |+ =polylog|2,—| — +iy[1- )
n n ax" a2 (x") n ax’ a2 (x")
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(a*x"n)/x,x)

[Out] 1/2*Ixarcsec(a*x”n) 2/n-arcsec(a*x"n)*1n(1+(1/a/(x"n)+I*(1-1/a"2/(x"n)"2)(
1/2))72) /n+1/2%Ixpolylog(2,-(1/a/(x"n)+I*(1-1/a"2/(x"n)"2)"(1/2))"2)/n

Maxima [F] time = 0., size = 0, normalized size = 0.

"+ 1vax" =11
—a’n f Vax Vax 08 (%) dx + arctan (\/ax” +1Vax" — 1) log (x)
atxx2" — a2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a*x’n)/x,x, algorithm="maxima"

[Out] -a"2+*n*integrate(sqrt(a*x™n + 1)*sqrt(a*x™n - 1)*log(x)/(a~4*x*x”(2*n) - a~
2*%x), x) + arctan(sqrt(a*xx™n + 1)*sqrt(axx™n - 1))*log(x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a*x"n)/x,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (ax™) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(a*x**n)/x,x)



[Out] Integral(asec(a*x**n)/x, Xx)

100

Giac [F] time = 0., size = 0, normalized size = 0.

f arcsec (ax™) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(a*x™n)/x,x, algorithm="giac")

[Out] integrate(arcsec(a*x™n)/x, x)
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3.18 f x*sec7Ha + bx) dx

Optimal. Leaf size=197

1 1 4 2 -1
(5302 +20) a(a + bx) |1 - —— i (5842 +9) (a + b2 \1 - ——; | Psecl(ar by (40a* + 40a% + 3) tanh ™ |

300° 1206° 565 4065

[Out] (a*(20 + 53*a”2)*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)1)/(30%b"5) + (L11¥axx2x*(
a + b*x)*Sqrt[1 - (a + b*x)~(-2)])/(60*%b~3) - (x73*(a + b*x)*Sqrt[l - (a +
b*xx)~(-2)1)/(20%b72) - ((9 + B8*a~2)*(a + b*x) 2*Sqrt[1 - (a + b*x)~(-2)1)/
(120%b75) + (a~bxArcSec[a + bx*x])/(5*xb~5) + (x"5*ArcSecla + bxx])/5 - ((3 +
40*%a~2 + 40*a~4)*ArcTanh[Sqrt[1 - (a + b*xx)~(-2)]1])/(40%b~5)

Rubi [A] time = 0.231645, antiderivative size = 197, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 10, e -

integrand size
0.8, Rules used = {5258, 4426, 3782, 4056, 4048, 3770, 3767, 8}

1 1 4 2 -1
(53112 + 20) a(a + bx),[1 - Wb (58112 + 9) (a+bx)*\ /1 - e . Ssec i (a+by) (40a +40a® + 3) tanh ‘

300° 1200° 5b° 40b°

Antiderivative was successfully verified.

[In] Int[x"4*ArcSec[a + b*x],x]

[Out] (ax(20 + 53*a”2)*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)/(30%b~5) + (Ll*xa*xx™2*(
a + b*xx)*Sqrt[l - (a + b*x)~(-2)])/(60*%b"3) - (x"3*(a + b*x)*Sqrt[l - (a +

b*x) ~(-2)]1)/(20%b~2) - ((9 + B58*a~2)*(a + b*x) "2xSqrt[l - (a + bxx)~(-2)]1)/
(120%b~5) + (a"b*ArcSecla + bx*x])/(5*%b”5) + (x"5*ArcSec[a + b*x])/5 - ((3 +
40%a”2 + 40*a~4)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]]1)/(40%b~5)

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]* (dx*
e - cxf + f*Sec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[((e_.) + (f_D*(x_)) " (m_.)*Sec[(c_.) + (d_.)*x(x)]*((a_) + (b_.)*Sec[(c
_) + (Ao )*x(x)1)"(n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
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*x)"m*(a + bxSec[c + d*x])"(n + 1))/ (bxd*(n + 1)), x] - Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQl[
{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3782

Int[(cscl(c_.) + (d_D*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2*Co
tlc + dxx]*(a + b*Csclc + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*(b™2x(n - 2) + 3*a”2
*(n - 1)))*Csclc + d*x] + (a*b™2*(3*n - 4))*Csclc + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2+n]

Rule 4056

Int[((A_.) + cscl[(e_.) + (f_)*x(x)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M*(cscl(e_.) + (£_D)*xDI*(_.) + (a_))"(m_.), x_Symbol] :> -Simp[(C*Cot[
e + fxx]*(a + bxCscle + f*x])™m)/(fx(m + 1)), x] + Dist[1/(m + 1), Int[(a +
b*Cscle + f*x])~(m - 1)*Simp[a*A*x(m + 1) + ((A*b + a*B)*x(m + 1) + b*Cxkm)*C
scle + f*x] + (b*Bx(m + 1) + a*Cxm)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && IGtQ[2*m, O]

Rule 4048

Int[((A_.) + cscl[(e_.) + (f_)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M *(cscl(e_.) + (£_)*(xD)I*(b_.) + (a_)), x_Symbol] :> -Simp[(b*C*Csc[e +
fxx]*xCot[e + fxx])/(2%f), x] + Dist[1/2, Int[Simp[2*Axa + (2xB*a + b*(2*A +
C))*Cscle + f*x] + 2x(a*xC + B*b)*Cscle + f*x]"2, x], x], x] /; FreeQ[{a, b
, e, £, A, B, C}, x]

Rule 3770

Int[ecscl[(c_.) + (d_.)*(x_ )], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rubi steps

Subst ( [ xsec(x)(-a + sec(x))* tan(x) dx, x, sec™ (a + bx))
55
Subst ( f (—a + sec(x))° dx, x, sec™H(a + bx))
5b°

3@+ bx),f1 - (u+1bx)2 1, Subst (f(—a + sec(x))? (—4113 +3 (1 + 4a2) S

= - + X7 sec L(a + bx)

f x*sec™l(a + bx)dx =

5

1
= g% sec™H(a + bx) -

20062 2005
2 L 3 [T
60b3 20b2 5
T T
11ax?(a + bx) /1 - T x3(a + bx),[1 - WP (9 +58a ) (a+bx)? 1 - (a+bx)2 1
- 600> ) 20072 12065 T5
2 [ L 3 [ L 2 |
_11ax(a+bx) 1—m_x(a+bx) 1—m_(9+58a)(a+bx) 1_(u+bx)2+é
- 6003 20b2 1206°
2 [ 3 [ 2 |
11ax (a+bx)|1 - (a+bx)2 (a+bx)|1 - (a+bx)2 (9 + 58a ) (a4 bx)={ /1 - (be)z a5s
- 6003 20b2 1206°
(20 + 53a (a +bx) 1 - o b )2 11ax?(a + bx)[1 - i )2 x3(a +bx)[1 - (a+bx)2

300° 6063 2062

Mathematica [A] time = 0.182892, size = 173, normalized size = 0.88

N % (<9 (42 + 1) 122 + 20 (4842 + 31) bx + a? (154a2 + 71) + 16ab® — 64x*) - 3 (40a* + 40a2 + 3) loy

1200°

Antiderivative was successfully verified.

[In] Integrate[x~4*ArcSec[a + b*x],x]

[Out] (Sqrt[(-1 + a”2 + 2*axb*x + b™2*xx72)/(a + b*x) 2]*(a"2%(71 + 1564*%a~2) + 2xa
*x(31 + 48%a”2)*bxx — 9% (1 + 4%a”2)*b"2*x"2 + 16%axb”3*x"3 - 6*%b"4xx"4) + 24
xb~6*x"b*ArcSec[a + bxx] - 24*a”5*xArcSin[(a + b*x)~(-1)] - 3%(3 + 40*%a"2 +
40*a~4)*Log[(a + bxx)*x(1 + Sqrt[(-1 + a~2 + 2*axb*x + b™2xx"2)/(a + b*x)~2]
)1)/(120%b~5)
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Maple [B] time = 0.237, size = 509, normalized size = 2.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4x*xarcsec(b*x+a),x)

[Out] -1/5/b75x(-1+(b*x+a)~2)~(1/2)/((-1+(b*x+a) ~2)/(b*x+a) ~2) " (1/2) / (b*x+a)*a 5*
arctan(1/(-1+(b*x+a)~2) " (1/2))-1/b~5*x (-1+(b*x+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) /(
b¥x+a) ~2) " (1/2) / (bxx+a)*a~4*1n (b*x+a+ (-1+(b*x+a) ~2) ~(1/2))-3/40/b"4* (-1+ (b*
x+a) "2) / ((-1+(bxx+a) ~2) / (b*x+a) "2) ~(1/2) / (b*x+a) *x-1/b 5% (-1+(b*x+a) ~2) ~(1/
2)/ ((-1+(bx*x+a) ~2) / (bxx+a) ~2) " (1/2) / (b*xx+a) *a~2*x1n (b*x+a+ (-1+ (b*x+a) ~2) ~(1/
2))-1/20/b”~2* (=1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (bxx+a) "2) ~(1/2) / (bxx+a) *x~3+11
/60/b~ 3% (—1+(b*xx+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) “2) ~(1/2) / (b*x+a) *x~2*a-29/60
/o7 4% (—1+(bxx+a) ~2) / ((-1+(b*x+a) ~2) / (bxx+a) ~2) ~(1/2) / (b*x+a) *x*a~2+1/5*x " 5%
arcsec(b*x+a)+77/60/b" 5% (-1+(b*xx+a) ~2) / ((-1+(b*x+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*
x+a)*a~3+71/120/07 5% (-1+(bxx+a) "2) / ((-1+(b*x+a) "2) / (b*x+a) "2) " (1/2) / (b*x+a)
*a-3/40/b75* (=1+(b*x+a) "2) ~(1/2) / ((-1+(b*x+a) "2) / (bxx+a) "2) " (1/2) / (b*x+a) 1
n (b*x+a+(-1+(bkx+a) ~2) " (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

%1ogwx+a+1y+%1og@x+a—1ﬁ

(b2x6 + abx5)e(

d>
5 (b2x2 +2abx + a? + (b2x2 +2abx + a? - 1)eﬂog(bx“”1)+10g(bx+“‘1)) - 1)

1
gx5arctan(\/bx+a+1\/bx+a—l) —f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arcsec(b*x+a),x, algorithm="maxima"

[Out] 1/5*x"6*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/5x(b~2*x~
6 + a*xbxx"5)*e”(1/2xlog(b*x + a + 1) + 1/2xlog(b*x + a - 1))/(b72%x"2 + 2*a

xb*x + a2 + (b72*x72 + 2%axb*xx + a”2 - 1)*e” (log(b*x + a + 1) + log(b*x +
a-1) -1, %

Fricas [A] time = 2.4978, size = 374, normalized size = 1.9

24 b°x° arcsec (bx + a) + 48 a° arctan (—bx —a+ Vb2x2 + 2abx + a? — 1) +3 (40 a* +40a% + 3) log (—bx —a+ Vbh2x2
120 b°
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arcsec(b*x+a),x, algorithm="fricas")

[Out] 1/120%(24xb~5*x~b*arcsec(b*x + a) + 48+a~b*xarctan(-b*x - a + sqrt(b™2*x"2 +
2xaxb*x + a”2 - 1)) + 3x(40*%a”4 + 40%a”2 + 3)*log(-b*x - a + sqrt(b™2xx"2

+ 2%axbxx + a2 - 1)) - (6*b73*x"3 - 22%axb”2*x"2 - 154*a”~3 + (58*a”"2 + 9)*

b*x - 71xa)*sqrt(b~2%x72 + 2*%axb*x + a”2 - 1))/b75

Sympy [F] time = 0., size = 0, normalized size = 0.

f x* asec (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4*asec(b*x+a),x)

[Out] Integral(x**4*asec(a + b*x), X)

Giac [F] time = 0., size = 0, normalized size = 0.

f x* arcsec (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arcsec(b*x+a),x, algorithm="giac")

[Out] integrate(x~4*arcsec(b*x + a), x)
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3.19 f x3secHa + bx) dx

Optimal. Leaf size=155

(17ﬂ + 2) (a + bX)’ ,1 - m _ at sec'l(a + bX) .\ (Za + 1) atanh ( 1 (u+bx)2) X (a + bX), ,1 - m 61([

1264 4b* Qb4 - 1262

[Out] -((2 + 17*xa"2)*(a + b*x)*Sqrt[1l - (a + b*x)~(-2)]1)/(12%b"4) - (x"2*x(a + b*x
)*Sqrt[1 - (a + b*x)~(-2)]1)/(12+%b"2) + (ax(a + b*x)~2*Sqrt[l - (a + b*x)~(-
2)1)/(3*b~4) - (a~4xArcSecl[a + b*x])/(4%¥b~4) + (x"4xArcSecla + b*x])/4 + (a

*x(1 + 2xa~2)*ArcTanh[Sqrt[1 - (a + bxx)~(-2)]]1)/(2*¥b~4)

Rubi [A] time = 0.139038, antiderivative size = 155, normalized size of antiderivative =

. . number of rules
1., number of steps used = 8, number of rules used = 7, integrand size = 10, ——— =

integrand size
0.7, Rules used = {5258, 4426, 3782, 4048, 3770, 3767, 8}

T 2 -1 1 5 [ T
(17”2 + 2) (a+ bx)\ll T @ a*sec™(a + bx) N (Za + 1) atanh ( 1 (a+bx)2) x(a+bx)1 - (a+bx)2 N a_(t

1264 414 214 B 1262

Antiderivative was successfully verified.

[In] Int[x"3%ArcSec[a + b*x],x]

[Out] -((2 + 17*a"2)*(a + bxx)*Sqrt[1l - (a + b*xx)~(-2)]1)/(12%xb~4) - (x72*(a + b*x
)*Sqrt[1 - (a + b*x)~(-2)]1)/(12%b"2) + (ax(a + b*x)"2*3qrt[1 - (a + b*x)~ (-
2)]1)/(3*b~4) - (a"4xArcSecla + bx*x])/(4%b~4) + (x"4*ArcSecla + b*x])/4 + (a

*x(1 + 2xa”2)*ArcTanh[Sqrt[1 - (a + bxx)~(-2)]]1)/(2*%b~4)

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_.)*x(x_)]*(b_.)) " (p_.)*((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e — cxf + fxSec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
£}, x] & IGtQlp, 01 && IntegerQ[m]

Rule 4426

Int[((e_.) + (£_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl(c
_) + (Ao )*x(x )17 (n_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m* (a + b*Sec[c + d*x])"(n + 1))/(b*d*x(n + 1)), x] - Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQl[
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{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3782

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
t[c + d*x]*(a + b*Cscl[c + d*x])"(n - 2))/(d*¥(n - 1)), x] + Dist[1/(n - 1),
Int[(a + bxCsclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b™2%(n - 2) + 3*a”2
x(n - 1)))*Csc[c + d*x] + (a*xb™2%(3*n - 4))*Csc[c + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2+n]

Rule 4048

Int[((A_.) + cscl[(e_.) + (f_.)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M *(cscl(e_.) + (£_)*(xD)1*(b_.) + (a_)), x_Symbol] :> -Simp[(b*C*Csc[e +
fxx]*xCot[e + fxx])/(2xf), x] + Dist[1/2, Int[Simp[2*Axa + (2xB*a + b*x(2*xA +
C))*Cscle + fxx] + 2x(axC + Bxb)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a, b
, e, T, A, B, C}, x]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQl{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_ ), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps
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Subst ( [ xsec(x)(-a + sec(x))® tan(x) dx, x, sec ™ (a + bx))

f x®sec™H(a + bx)dx =

b
1 Subst ( [(=a + sec(x))*dx, x, sec™}(a + bx
= ZX4 sec™(a + bx) - (f( (4?;4 ( ))
) x%(a + bx) /1 - m 1, Subst (f(—a + sec(x)) (—3a3 + (2 + 9a2) sec(x
=— P + 1 sec (a+bx) - 1o
T T
B x?(a + bx),[1 - P a(a + bx)? /1 - @z 1, ) Subst (f (6a4 -12a (
=- 5 + W + Zx sec™(a + bx) —
T
- x?(a + bx),[1 - —(a+bx)2 . a(a + bx)%\[1 - —(a+bx)2 a* sec™(a + by) . x e a4 b) ¢ (_a
B 1202 3b* 4b* 4
T
x?(a + bx),[1 - W a(a + bx)21 /1 e atsec1(a + bx) W a (
= P + T + 4x sec™(a + bx) + —
T
) (2 + 17a2) (a+bx)\[1 - o 2(11 +bx)[1 - — )2 a(a + bx)21 /1 - (u+bx)2 7t secm
B 12b* 12h2 4

Mathematica [A] time = 0.279875, size = 150, normalized size = 0.97

2 252 _ 2 252 _
A\ /% (9a2bx +13a% - 3ab?x? + 2a + b33 + be) +6 (2a2 + 1) alog ((a + bx) (1 /% + 1)) + 34

120

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcSec[a + b*x],x]

[Out] (-(Sqrtl[(-1 + a2 + 2xaxb*x + b™2*x"2)/(a + b*x)"2]*(2xa + 13*a”3 + 2*b*x +
9%a~2xb*x - 3*axb"2*x"2 + b73*x73)) + 3xb"4*x"4xArcSec[a + b*x] + 3*a"4x*Ar
cSin[(a + b*x)~(-1)] + 6*ax(1l + 2*xa~2)*Log[(a + b*x)*(1 + Sqrt[(-1 + a2 +
2xa*xbxx + b72*x72)/(a + bxx)~2])])/(12%¥b~4)

Maple [B] time = 0.217, size = 359, normalized size = 2.3

xtarcsec (bx + a) (—1 + (bx + a)z) 2 1 at [ ) 1 1
- + -1 + (bx + a)” arctan
4 12 b2 (bx + a) /_1+(bx+§)2 4b* (bx + a) \/_1 + (bx + ) \/—1+(b;
(bx+a) (bx+
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arcsec(b*x+a),x)

[Out] 1/4xx"4x*arcsec(bxx+a)-1/12/b"2x(-1+(b*x+a)~2)/((-1+(b*x+a)~2)/(bxx+a)~2)" (1
/2)/ (b*x+a) *x~2+1/4/b"4x (-1+(b*xx+a) "2) ~(1/2) / ((-1+(b*x+a) ~2) / (b*xx+a) ~2) ~(1/

2) / (bxx+a)*a~4*arctan(1/(-1+(b*x+a) ~2) ~(1/2))+1/3/b"3* (-1+(b*x+a) ~2) / ((-1+(
bxx+a) "2) / (bxx+a) ~2) " (1/2) / (b*x+a) *x*a+1/b~4* (-1+ (b*x+a) "2) " (1/2) / ((-1+(b*x

+a) "2) / (b*x+a)~2) "~ (1/2) / (b*x+a) *a~3*1n(b*x+a+(-1+(b*x+a)~2) ~(1/2))-13/12/b~

4x (-1+(b*x+a)~2) / ((-1+(b*x+a) "2) / (b*x+a) "2) ~(1/2) / (b*x+a) *a~2+1/2/b"4*x (—1+(
bxx+a) ~2) " (1/2)/ ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) / (b*x+a) *a*1ln (b*x+a+ (-1+(b*
x+a)~2)~(1/2))-1/6/b~4*x (-1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) "2) ~(1/2) / (b*x

+a)

Maxima [F] time = 0., size = 0, normalized size = 0.

%1ogwx+a+1y+%1og@x+a—1ﬁ

(b2x5 + abx4)e(

4 (bzx2 +2abx + a? + (b2x2 +2abx + a? - 1)eﬂog(bx”*1)+10g(bx+“‘1)) - 1) |

1
Zx4arctan(\/bx+a+1\/bx+a—l) —f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(b*x+a),x, algorithm="maxima")

[Out] 1/4*x"4xarctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/4*(b~2*x"
5 + axbxx"4)xe”(1/2%log(b*x + a + 1) + 1/2xlog(b*x + a - 1))/(b™2%x"2 + 2xa

xb*x + a”2 + (b72%x72 + 2%axb*xx + a”2 - 1)*e” (log(b*x + a + 1) + log(b*x +
a-1) - 1), x)

Fricas [A] time = 2.60988, size = 316, normalized size = 2.04

3 b*x* arcsec (bx + a) — 6 a* arctan (—bx —a+Vb2x2 + 2abx + a? — 1) -6 (2 a® + a) log (—bx —a+ Vb2x2 + 2 abx +
1204

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(b*x+a),x, algorithm="fricas")
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[Out] 1/12%(3*b~4*x"4xarcsec(b*x + a) - 6%a”4*arctan(-b*x - a + sqrt(b™2xx72 + 2%
axbxx + a”2 - 1)) - 6%(2%a”3 + a)xlog(-b*x - a + sqrt(b™2*x"2 + 2%a*xb*x + a
T2 - 1)) - sqrt(b72%x72 + 2*%axb*xx + a”2 - 1)*(b72%x72 - 4kxaxb*x + 13*%a”2 +

2))/v"4

Sympy [F] time = 0., size = 0, normalized size = 0.

f x3 asec (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asec(b*x+a),x)

[Out] Integral(x**3*asec(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x3 arcsec (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS

[In] integrate(x~3*arcsec(b*x+a),x, algorithm="giac")

[Out] integrate(x~3*arcsec(b*x + a), x)
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3.20 f x%sec”Ha + bx) dx

Optimal. Leaf size=116

2 -1 1 [ 1 [ 1
a3sec_1(a+bx)_(6ll +1)tanh ( 1—W)+5a(a+bx) 1_W x(a+bx) 1—m 1

3 -1
308 60 b3 - 602 3o (@t

[Out] (Bxax(a + b*x)*Sqrt[l - (a + b*x)~(-2)]1)/(6%b~3) - (x*(a + b*x)*Sqrt[l - (a
+ b*x)~(-2)]1)/(6%¥b~2) + (a~3*ArcSecla + b*x])/(3*b"3) + (x"3*ArcSec[a + bx*
x]1)/3 - ((1 + 6%a”2)*ArcTanh[Sqrt[1 - (a + bxx)~(-2)]])/(6%b~3)

Rubi [A] time = 0.089765, antiderivative size = 116, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 6, integrand size = 10, o L

integrand size
0.6, Rules used = {5258, 4426, 3782, 3770, 3767, 8}

2 -1 1 1 1
a3 sec‘l(a + bx) B (661 + 1) tanh (1 [1 - m) N 5a(a + bx), ,1 - W ~ x(a + bJC)1 ,1 - m 1
6b3 6b? 3

30 = + =x3sec”(a +

Antiderivative was successfully verified.

[In] Int[x"2*%ArcSecla + b*x],x]

[Out] (Bxax(a + b*x)*Sqrt[l - (a + b*x)~(-2)]1)/(6%b~3) - (xx(a + b*x)*Sqrt[l - (a
+ b*x)~(-2)]1)/(6%b"2) + (a~3*ArcSec[a + b*x])/(3*b"3) + (x"3*ArcSec[a + bx*
x])/3 - ((1 + 6%a~2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]11)/(6%b~3)

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(_.))"(p_)*((e_.) + (f_)*(x))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[(Ce_.) + (f_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)]1*((a_) + (b_.)*Secl(c
_) + (Ao D)*x(x )17 (n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m*(a + b*Secl[c + d*x])"(n + 1))/(b*xd*(n + 1)), x] - Dist[(f*m)/(bxd*(n
+ 1)), Intl(e + f*xx)~(m - 1)*(a + b*Secl[c + d*x])~(n + 1), x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]
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Rule 3782

Int[(cscl(c_.) + (d_)*(x_)]*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(b~2xCo
t[c + d*x]*(a + b*Cscl[c + d*x])"(n - 2))/(d*(n - 1)), x] + Dist[1/(n - 1),
Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a”3*(n - 1) + (b*(b™2x(n - 2) + 3*a”2
*(n - 1)))*Csclc + d*x] + (a*b™2%(3%n - 4))*Cscl[c + d*x]~2, x], x], x] /; F
reeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2+n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps

Subst ( [ xsec(x)(-a + sec(x))? tan(x) dx, x, sec ™ (a + bx))

f x%sec”l(a + bx)dx =

3
1  sec- a4 b) - Subst ( [(=a + sec(x))® dx, x,sec™ (a + bx))
3 303
T
x(a + bx)[1 - 1 Subst ( [ (-2a° + (1 + 6a2) sec(x) — 5a sec?(x
=_ (a+bry? + =x3sec”!(a + bx) - (f( ( ) ) ( ))
6b? 3 6b3
+bx)4[1 - —— - 2
_ _x(a x) W a3 sec™(a + bx) N 1x3 soc-1(a + bx) + (5a) Subst (f sec”(x) dx, x, s
6b? 33 3 6b3
bx)\[1 - —— (1+6a2) tanh™ (/1 - —
_ x(a + bx){f1 - G a’sec™ (a + bx) . 1x3 a4 ) a)ta (a+bx
- 612 303 3" ¢ I
1+

T T
~ 5a(a + bx),/1 - s x(a + bx)vl T @mE  asecl(@a+bx) 1

= 603 602 * 303 T3

3

sec™M(a + bx) - ——
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Mathematica [A] time = 0.174164, size = 131, normalized size = 1.13

2 2.2 a2 4+2abx+b%x2-1 2 a2+2abx+b2x2-1 _ 3 . -1 L 3.3 -1
(5a + 4abx — b*x ) A /W - (611 + 1) log ((a + bx) (1 /—(u+bx)2 +1 2a° sin )t 2b°x° sec™

6b3

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcSec[a + b*x],x]

[Out] ((5*%a”2 + 4xaxb*x - b~ 2*x"2)*Sqrt[(-1 + a”2 + 2xa*b*x + b~ 2*x"2)/(a + b*x)~
2] + 2xb~3xx73*ArcSec[a + b*x] - 2%a”3*ArcSin[(a + b*x)~(-1)] - (1 + 6%a~2)
xLog[(a + b*x)*(1 + Sqrt[(-1 + a”2 + 2*axb*x + b™2*x72)/(a + b*x)~2])])/ (6%

b~3)

Maple [B] time = 0.212, size = 273, normalized size = 2.4

warcsec (bx + a) a° \/________E 1 1 (_1+(bx+af)x 1
3 BEYEIT -1+ (bx + a)” arctan _ oy

(bx+a) \/_1 + (bx + a)® ~1+(bx+a)® 6 b (bx + a) —14(1

(bx+a)2 (bx-

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arcsec(b*x+a),x)

[Out] 1/3*x"3*arcsec(b*x+a)-1/3/b"3*(-1+(b*xx+a) ~2)~(1/2)/((-1+(b*xx+a) ~2)/(b*x+a) "
2)~(1/2) / (bxx+a) *a~3*arctan(1/(-1+(b*xx+a) "2) ~(1/2))-1/6/b" 2% (-1+(b*x+a) ~2)/
((-1+(b*x+a) "2) / (b*xx+a) "2) ~(1/2) / (b*x+a) *x-1/b"3* (-1+(b*x+a) ~2) ~(1/2) / ((-1+
(bxx+a)~2) / (b*x+a) ~2) " (1/2) / (bxx+a)*a~2*1n (b*x+a+(-1+(b*x+a) ~2) "~ (1/2))+5/6/

b~ 3% (-1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) / (bxx+a) *a-1/6/b"3* (-1+(
bxx+a)~2) " (1/2)/ ((-1+(b*xx+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*x+a) *1n (b*x+a+(-1+ (b*x+
a)~2)7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

% log(bx+a+1)+% log(bx+a—1))

(b2x4 + abx3)e(

3 (b2x2 +2abx + a? + (b2x2 +2abx + a? - 1)e(log(b"ﬂ”1)+1°g(bx+”‘1)) - 1) |

1
§x3arctan(\/bx+a+1\/bx+a—l) —f

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*arcsec(b*x+a),x, algorithm="maxima")
g g

[Out] 1/3*x"3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/3x(b~2*x~
4 + axb*x”3)*e”(1/2*%log(b*x + a + 1) + 1/2*xlog(b*x + a - 1))/(b72*x"2 + 2xa

xb*x + a2 + (b72*x72 + 2%axb*xx + a2 - 1)*e” (log(b*x + a + 1) + log(b*x +
a-1) - 1), x)

Fricas [A] time = 2.53533, size = 284, normalized size = 2.45

2b3x3 arcsec (bx + a) + 4a° arctan (—bx —a+ V2% + 2abx + a® — 1) + (6 a? + 1) log (—bx —a+ Vb3 + 2abx + a®

63

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(b*x+a),x, algorithm="fricas")

[Out] 1/6*(2*b~3*x"3*arcsec(b*x + a) + 4xa”3*xarctan(-b*x - a + sqrt(b™2*x"2 + 2xa
*bxx + a”2 - 1)) + (6*%a”2 + 1)*log(-b*x - a + sqrt(b™2*x"2 + 2*axbxx + a~2
- 1)) - sqrt(b™2%x"2 + 2%axb*x + a”2 - 1)*(b*x - 5%a))/b"3

Sympy [F] time = 0., size = 0, normalized size = 0.

f x? asec (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*asec(b*x+a),x)

[Out] Integral(x*x2*asec(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x% arcsec (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*arcsec(b*x+a),x, algorithm="giac")

[Out] integrate(x~2*arcsec(b*x + a), x)
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3.21 f x sec™H(a + bx) dx

Optimal. Leaf size=78

T -1 T
_a2 sec™1(a + bx) ) (a+bx){[1 - TR . atanh ( 1- —(be)z)

2b? 2b? b?

1
+ zxz sec™}(a + bx)

[Out] -((a + b*x)*Sqrt[l - (a + b*x)~(-2)]1)/(2*¥b"2) - (a"2*ArcSec[a + bx*x])/(2*b"~
2) + (x72%ArcSec[a + b*x])/2 + (axArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1)/b"2

Rubi [A] time = 0.0530349, antiderivative size = 78, normalized size of antiderivative
1., number of steps used = 6, number of rules used = 6, integrand size = 8, number of rules

integrand size
0.75, Rules used = {5258, 4426, 3773, 3770, 3767, 8}

T -1 | 1
) a2 sec™1(a + bx) ) (a+ bx),[1 - pr— . atanh ( 1- —(a+bx)2)

2b? 2b? b?

1
+ Exz sec™ (a + bx)

Antiderivative was successfully verified.

[In] Int[x*ArcSecl[a + b*x],x]

[Out] -((a + bxx)*Sqrt[1l - (a + b*x)~(-2)])/(2%b"2) - (a"2*ArcSec[a + b*x])/(2*b~
2) + (x72xArcSec[a + b*x])/2 + (axArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1)/b"2

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_.)*x(x_)]1*(b_.))"(p_)*((e_.) + (f_.)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e — cxf + fxSec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
£}, x] & IGtQlp, 0 && IntegerQ[m]

Rule 4426

Int[((e_.) + (£_.)*%(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl(c
_) + (Ao )*x(x )17 (n_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*xx) "m*(a + bxSec[c + d*x])~(n + 1))/(b*xd*(n + 1)), x] - Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQl[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3773
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Int[(cscl(c_.) + (d_.)*(x)I*(b_.) + (a_))"2, x_Symbol] :> Simpl[a~2#*x, x] +
(Dist[2*a*b, Int[Cscl[c + d*x], x], x] + Dist[b”™2, Int[Csclc + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767
Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa

ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rubi steps

Subst ( f x sec(x)(—a + sec(x)) tan(x) dx, x, sec™(a + bx))

f xsec(a + bx)dx =

2
1 ) Subst ( [(=a + sec(x))? dx, x, sec}(a + bx))
= Exz sec™M(a + bx) - 27
25 Na+b 1 Subst ( [ sec?(x)dx, x, sec™ (a + bx aSubst ( [
| @searby) 1, Subst ([ (a+bv) (f
2b? 2 2b?
Psecla+bx) 1 atanh™ (1 1- m) Subst (fl dx,x,—(a + bx
= - + =x%sec”!(a + bx) + +
2b? 2 b2 2b?
1 -1 1
(a+bx)\/1- G @secla+bx) 1 , atanh ( 1- m)
=- e - e + Ex sec™(a + bx) + 2

Mathematica [A] time = 0.117792, size = 110, normalized size = 1.41

2 242 _ 2 212 _
—(a + bx), /% +2alog ((a + bx) (1 /% + 1)) +a?sin”! (Hlm) + b?x? sec™Y(a + bx)

2b?

Antiderivative was successfully verified.
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[In] Integrate[x*ArcSec[a + b*x],x]

[Out] (-((a + b*x)*Sqrt[(-1 + a”2 + 2xa*xb*xx + b™2*x72)/(a + b*x)~"2]) + b ~2*x"2*Ar
cSec[a + b*x] + a"2xArcSin[(a + b*x)~(-1)] + 2*xaxLog[(a + b*x)*(1 + Sqrt[(-
1 + a™2 + 2ka*xb*x + b™2*x72)/(a + b*x)72])]1)/(2xb~2)

Maple [A] time = 0.208, size = 126, normalized size = 1.6

2 bx + 2 bx + 1 -1+
Yarcsec(bxta) atarcseclbyta) 4 [0 gy 0?10 (b gt /-1 + (b + a)? -
2 b2 bz (bx + El) —1+(bx+u)2 2 b2
(lox+a)2

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsec(b*x+a),x)

[Out] 1/2*x"2*arcsec(b*x+a)-1/2*%a"2*arcsec(b*x+a)/b~2+1/b" 2% (-1+(b*xx+a)~2)~(1/2)/
((-1+(b*x+a) ~2) / (bxx+a) ~2) ~(1/2) / (b*x+a) *a*x1ln (b*x+a+(-1+(b*x+a)~2)~(1/2))-1
/2/b72x (-1+(bxx+a) ~2) / ((-1+(b*xx+a) ~2) / (b*xx+a) ~2) " (1/2) / (bxx+a)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 1
(Wx3+ahﬁyizbgMﬂHD+5bghﬂkn)

1,
—Xx arctan(\/bx+a+1\/bx+a—1)—f d>
2 2 (b2x2 +2abx + a? + (b2x2 +2abx + a? - 1)e<10g(bx+”+1)+10g(bx+”‘1)) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a),x, algorithm="maxima"

[Out] 1/2*x"2*xarctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/2*(b~2*x"
3 + axbxx"2)*e” (1/2*%log(bxx + a + 1) + 1/2xlog(b*x + a - 1))/(b™2*x"2 + 2xa
xb*x + a”2 + (b72*x72 + 2%axbxx + a”2 - 1)*e” (log(b*x + a + 1) + log(b*x +

a-1)) -1, x)
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Fricas [A] time = 2.43836, size = 254, normalized size = 3.26

b2x? arcsec (bx + a) — 2 a® arctan (—bx —a+ Vb2x2 + 2abx + a? — 1) —-2alog (—bx —a+ Vb2x2 + 2 abx + a2 —1) -

2b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a),x, algorithm="fricas")

[Out] 1/2%(b~2xx"2*arcsec(bxx + a) - 2*a~2*arctan(-b*x - a + sqrt(b™2*x72 + 2%axb
*x + a2 - 1)) - 2*axlog(-b*x - a + sqrt(b™2*x"2 + 2xa*b*x + a2 - 1)) - sq
rt(b™2*x72 + 2ka*xb*x + a”2 - 1))/b72

Sympy [F] time = 0., size = 0, normalized size = 0.

fxasec (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asec(b*x+a),x)

[Out] Integral(x*asec(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x arcsec (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a),x, algorithm="giac")

[Out] integrate(x*arcsec(b*x + a), x)
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3.22 f sec™H(a + bx) dx

Optimal. Leaf size=37

tanh_l( 1 ;)

(a + bx) sec™(a + bx) "~ (a+bx)2

b b

[Out] ((a + b*x)*ArcSecla + b*x])/b - ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1/b

Rubi [A] time = 0.0230683, antiderivative size = 37, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 6, o -

integrand size
0.833, Rules used = {5250, 372, 266, 63, 206}

tanh_l( 1 ;)

(a + bx) sec™(a + bx) T (atbrp

b b

Antiderivative was successfully verified.

[In] Int[ArcSecl[a + bx*x],x]

[Out] ((a + b*x)*ArcSec[a + b*x])/b - ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1/b

Rule 5250

Int[ArcSec[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcSec[c + d*x]
)/d, x] - Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, x]

Rule 372

Int[(u )" (m_.)*((a_) + (b_D)*(w_)"(n_)) (p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v°m), Subst[Int[x"m*(a + b*x™n)~p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] & LinearPairQ[u, v, x]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1*(a + b*x)"p, xJ, x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps
fsec‘l(u + by = (a + bx)sec™(a + bx) ~ f i
b br) 1 - —
(a+ (a+bx)?
Subst f ! - dx,x,a + bx
_ (a+Dbx)sec”!(a + bx) ~ Vi z*
B b b
Subst | [ —— dx, x, ——
_ (a+Dbx)sec”!(a + bx) . ubs (f N (a+bx)2)
B b 2b
1 1
_ (a+bx)sec”!(a + bx) _ Subst (f e yi- (a+bx)2)
B b b
-1 1
_ (a+bx)sec”!(a + bx) ~ tanh ( 1- (a+bx)2)

b b

Mathematica [B] time = 0.139065, size = 115, normalized size = 3.11

[ a2 +2abx+b2x2-1 -1 a+bx 1 \/72
(a+ bX) W (tanh (m) —atan ( (a+ bX) - 1)

bVa2 + 2abx + b2x2 — 1

xsec(a + bx) —

Antiderivative was successfully verified.

[In] Integrate[ArcSec[a + bx*x],x]

[Out] x*ArcSec[a + bxx] - ((a + b*x)*Sqrt[(-1 + a”2 + 2%axb*x + b™2%x72)/(a + b*x
)"2]x(-(axArcTan[Sqrt[-1 + (a + b*x)~"2]]) + ArcTanh[(a + b*x)/Sqrt[-1 + a~2
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+ 2%axbxx + b~2*x72]]))/(b*Sqrt[-1 + a”2 + 2*axb*x + b"2xx72])

Maple [A] time = 0.203, size = 51, normalized size = 1.4

xarcsec (bx + a) + arcsec (bx + @)a - 11; In (bx +a+ (bx+a)1-(bx+ a)_z)

b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(bxx+a),x)

[Out] x*arcsec(b*x+a)+1/b*arcsec(b*x+a)*a-1/b*1ln(b*x+a+(b*x+a)*(1-1/(b*xx+a)~2)~ (1

/2))

Maxima [A] time = 0.945117, size = 74, normalized size = 2.

g g
2 (bx + a) arcsec (bx + a) — log ( r— +1+ 1) + log (— — +1+ 1)

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a),x, algorithm="maxima"

[Out] 1/2%(2*(b*x + a)*arcsec(b*x + a) - log(sqrt(-1/(b*x + a)~2 + 1) + 1) + log(
-sqrt(-1/(b*x + a)"2 + 1) + 1))/b

Fricas [B] time = 2.54098, size = 184, normalized size = 4.97

bx arcsec (bx + a) + 2 aarctan (—bx —a+Vb2x2 + 2abx + a2 - 1) + log (—bx —a+Vb2x2 + 2abx + a2 - 1)

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a),x, algorithm="fricas")
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[Out] (b*x*arcsec(b*x + a) + 2xa*arctan(-b*x - a + sqrt(b~2*x72 + 2*axb*x + a~2 -
1)) + log(-b*xx - a + sqrt(b™2*x"2 + 2%a*bxx + a2 - 1)))/b

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a),x)

[Out] Integral(asec(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arcsec (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a),x, algorithm="giac")

[Out] integrate(arcsec(b*x + a), x)
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393  [Lolwd gy

X

Optimal. Leaf size=200

ei sec”(a+bx) aei sec”1(a+bx) 1 . Larb) aei
—iPolyLog [2, ————|-iPolyLog|2, ————— | + =iPolyLog (2, —¢?'5¢¢ (**)) 4 gec™!(a + bx)log|1 - —
1-V1-a2 s Vi-a2+1) 2 8 ) 1-

[Out] ArcSec[a + b*x]*Logl[l - (a*E~(IxArcSecl[a + bxx]))/(1 - Sqrt[l - a"2])] + Ar
cSec[a + b*xx]*Log[l - (a*E~(IxArcSec[a + bxx]))/(1 + Sqrt[l - a"2])] - ArcS

ecla + b*xx]*Logl[l + E~((2xI)*ArcSec[a + b*x])] - I*PolyLog[2, (a*E~(I*ArcSe

cla + bxx]))/(1 - Sqrt[1l - a~2])] - I*PolyLogl[2, (a*xE~(I*ArcSecl[a + b*x]))/

(1 + Sqrt[1 - a”2])] + (I/2)*PolyLogl[2, -E~((2xI)*ArcSec[a + b*x])]

Rubi [A] time = 0.30912, antiderivative size = 200, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 8, integrand size = 10, number of rules _

integrand size
0.8, Rules used = {5258, 4551, 4530, 3719, 2190, 2279, 2391, 4520}
a ei sec”(a+bx)

—iPolyLog |2, ———|-iPolyLog|2, ———
Y g[ 1—\/1—112) Y g[ V1-a2+1

aei sec™1(a+bx) 4 aei
+ EiPolyLog (2, —g2isec (“”’x)) +sec™Ha + bx)log|1 - —
1-

Antiderivative was successfully verified.

[In] Int[ArcSecla + b*x]/x,x]

[Out] ArcSec[a + b*x]*Logl[l - (a*E~(IxArcSecl[a + bx*x]))/(1 - Sqrt[l - a”2])] + Ar
cSec[a + b*xx]*Logl[l - (a*E~(IxArcSec[a + bxx]))/(1 + Sqrt[l - a”2])] - ArcS

ecla + b*x]*Log[l + E~((2*I)*ArcSec[a + b*x])] - I*PolyLog[2, (a*E~(I*ArcSe

cla + bxx]))/(1 - Sqrt[1l - a~2])] - I*PolyLogl[2, (a*E~(I*ArcSec[a + b*x]))/

(1 + Sqrtl[1 - a~2])] + (I/2)*PolyLogl[2, -E~((2*I)*ArcSec[a + b*x])]

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]* (dx*
e - cxf + f*xSec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
£}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4551

Int[((Ce_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_)*(x_)]1"(n_.)*(G_ ) [(c_.) +
(d_)*x)D1~(p_))/((a) + (b_.)*Sec[(c_.) + (d_.)*(x_)]1), x_Symbol] :> In
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t[((e + f*x) m*Cos[c + d*x]*F[c + d*x] nxG[c + d*x] p)/(b + a*Cosl[c + d*x])
, x] /; FreeQ[{a, b, c, d, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, 1, pl

Rule 4530

Int[(((e_.) + (f_.)*(x_)) " (m_.)*Tan[(c_.) + (d_.)*x(x_)]"(n_.))/(Cos[(c_.) +

(d_)*(x_)]*(_.) + (a_)), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Tan[c +
d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Sin[c + d*x]*Tan[c + d*x] (n -
1))/(a + b*Cos[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 3719

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(
Ix(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x) m*E~(2*xI*(e
+ f*xx)))/(1 + E-(2%I*x(e + f*x))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2190

Int [CCCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 4520

Int[((Ce_.) + (£_.)*(x_ D))" (m_.)*Sin[(c_.) + (d_.)*(x_)]1)/(Cos[(c_.) + (d_.)
*(x_)]*(b_.) + (a_)), x_Symbol] :> Simp[(Ix(e + fxx)"(m + 1))/(b*f*x(m + 1))
, x] + (-Dist[I, Int[((e + f*x) m*E~(I*(c + d*x)))/(a - Rt[a"2 - b~2, 2] +
b*E~(I*(c + d*x))), x], x] - Dist[I, Int[((e + £*x) " m*E~(I*(c + d*x)))/(a +
Rt[a”2 - b™2, 2] + b*E~(Ix(c + d*x))), x], x]) /; FreeQ[{a, b, c, 4, e, f}
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, x] && IGtQ[m, 0] && PosQ[a"2 - b~2]

Rubi steps

1
[t g ( [ 4y e+ )

X —a + sec(x)

3 x tan(x) 4
= Subs t(fl p— )dx,x,sec (a +bx))

= a Subst ( f ] xS dx, x,sec”(a + bx)) + Subst ( f x tan(x) dx, x, sec!(a + bx))

-a cos(x)

(21 Subst (f m — dx, x,sec™(a + bx))) — (ia) Subst ( \/e_i;cz s dx, x,sec”!(a +
=sec!(a + bx) log|1 - M +sec Ha + bx)log |1 - M —sec”!(a + bx) log (1

1-a2 1+Vi-a2
=sec™Ha + bx)log|1 - M +sec (a + bx)log|1 - M —sec™Ha + bx) log (1

1-a? 1+V1-a2
= sec N(a + bx)log|1 - M +sec™ (a + bx)log|1 - M —sec™H(a + bx) log (1

1-a2 1+Vi-a2

Mathematica [A] time = 0.318753, size = 284, normalized size = 1.42
(\/1——512 - 1) gisec™ (a+bx) (\/1——012 + 1) pisec (a+bx)

—i| PolyLog|2, - + PolyLog|2,

a a

. 2i -1 b
+ EzPolyLog (2, —e2isec™ (a+by

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSec[a + bx*x]/x,x]

[Out] (-4*I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]1*ArcTan[((1 + a)*Tan[ArcSec[a + b*x]
/2]1)/8qrt[1 - a~2]] + (ArcSec[a + bxx] - 2*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]
)xLog[l + ((-1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + bxx]))/a]l + (ArcSec[a + b*x

] + 2%ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]])*Logl[l - ((1 + Sqrt[1 - a"2])*E~(I*A
rcSec[a + b*x]))/al - ArcSec[a + b*x]*Logl[l + E~((2*I)*ArcSec[a + b*x])] -
I*(PolyLog[2, -(((-1 + Sqrt[1 - a~2])*E~(IxArcSec[a + bx*x]))/a)] + PolyLogl

2, ((1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/al) + (I/2)*PolyLogl[2, -E~((
2xI)*ArcSec[a + b*x])]
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Maple [A] time = 0.404, size = 374, normalized size = 1.9

arcsec (bx + a) In ((—a ((bx +a) !+ i1 - (bx + a)_z) +V-a2+1+ 1) (1 + V—-a? + 1)_1) + arcsec (bx + a) In ((a ((l

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(b*x+a)/x,x)

[Out] arcsec(bxx+a)*1n((-ax(1/(b*x+a)+Ix(1-1/(b*x+a)~2)~(1/2))+(-a"2+1)~(1/2)+1)/
(1+(-a"2+1)"(1/2)))+arcsec(b*x+a)*1n((a*x(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))
+(-a”2+1)"(1/2)-1)/ (-1+(-a"2+1) " (1/2))) -arcsec(b*x+a) *1n (1+I* (1/ (b*xx+a) +I*(
1-1/(b*x+a)~2)~(1/2)))-arcsec(b*x+a)*1n(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2) "~ (1
/2)))-Ixdilog((~ax(1/(bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))+(-a"2+1)~(1/2)+1)/(1+
(ma™2+1)7(1/2)))-I*dilog((a*x(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))+(-a"2+1)~ (1
/2)-1)/(-1+(-a~2+1)~(1/2)))+Ixdilog (1+Ix(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))
)+Ixdilog(1-I*(1/(bxx+a)+I*x(1-1/(b*x+a)~2)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a)
[,

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x,x, algorithm="maxima"

[Out] integrate(arcsec(b*x + a)/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a) )

int |
integra ( "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x,x, algorithm="fricas")



[Out] integral(arcsec(b*x + a)/x, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (a + bx) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)/x,x)

[Out] Integral(asec(a + bxx)/x, X)

Giac [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x,x, algorithm="giac")

[Out] integrate(arcsec(b*x + a)/x, x)
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394  [LCld g

x2

Optimal. Leaf size=70

a+1 tan(1 sec_l(a+bx))
2btan™! -
( 1-a bsecl(a+bx) secl(a+ bx)
avl —a? a x

[Out] -((bxArcSecla + b*x])/a) - ArcSecla + b*x]/x + (2¥bxArcTan[(Sqrt[1 + al*Tan
[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(a*xSqrt[1 - a~2])

Rubi [A] time = 0.0974052, antiderivative size = 70, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, T

integrand size
0.5, Rules used = {5258, 4426, 3783, 2659, 205}

a+1 tan(1 sec_l(a+bx))
2btan™! 2
( 1-a bsecl(a+bx) sec”!(a+ bx)
avl —a? a x

Antiderivative was successfully verified.

[In] Int[ArcSecl[a + b*x]/x"2,x]

[Out] -((bxArcSecla + b*x])/a) - ArcSecla + b*x]/x + (2¥bxArcTan[(Sqrt[1 + al*Tan
[ArcSec[a + b*x]/2])/Sqrt[1l - a]l)/(axSqrt[1l - a~2])

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]* (dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[(Ce_.) + (f£_)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]1*((a_) + (b_.)*Sec[(c
_) + (@_)*(x )17 (n_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[((e + £
*x) mx(a + b*Sec[c + d*x]) " (n + 1))/(bxd*x(n + 1)), x] - Dist[(f*m)/(bxd*(n
+ 1)), Intl(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ[
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{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3783

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sin[c + d*x])/b), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e™2%x~2), x], x, Tan[(c + dx*x)/2]/e]l, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

x sec(x) tan(x)
(—a + sec(x))?

f sec™(a + bx)

2 dx = bSubst ( dx, x,sec”(a + bx))

_1 1
_ S @b o st f . dx,xsec ) (a+by)
X —a + sec(x)

b Subst (f #Os(x) dx, x,sec”(a + bx))

a X a

B _bsec‘l(a +bx) sec™ (a + bx) .

[P |
_ bsec'(a+bx) sec(a+bx) N (2b) Subst (f T_at(1+a)2 dx, x, tan (5 sec™(a + bx)))
B a X a
V1+atan lsec‘l(a+bx)
2btan™! (2 )
_ bsec(a+bx) sec”!(a+bx) . 1-a

a x avl1 - a?
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Mathematica [C] time = 0.301405, size = 112, normalized size = 1.6

a2+2abx+b2x2-1 ia(ﬂ2+ubx—1)
b.
. Z[ﬂm(,ﬁ X)+ N}
ilog -
-1 1
b|sin (be) —
sec™N(a + bx)
- +
x a

Antiderivative was successfully verified.

[In] Integrate[ArcSec[a + bxx]/x"2,x]

[Out] -(ArcSec[a + b*x]/x) + (b*(ArcSin[(a + b*x)~(-1)] - (I*Log[(2x((I*ax(-1 + a
T2 + axb*x))/Sqrt[l - a”2] + ax(a + b*x)*Sqrt[(-1 + a”2 + 2xa*b*xx + b™2%x"2
)/(a + b*x)72]))/(b*x)])/Sqrt[1 - a~2]))/a

Maple [B] time = 0.219, size = 154, normalized size = 2.2

b b [ 1 1 b [
_arcsec}({ X +a) + Tt -1+ (bx + a)2 arctan =~ ox 1) -1+ (bx + a)2 In
NET \/M

(bx+a)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(b*x+a)/x"2,x)

[Out] -arcsec(b*xx+a)/x+bx(-1+(b*x+a) ~2) " (1/2)/((-1+(b*x+a)~2)/(b*x+a) ~2)~(1/2) /(b
*x+a) /a*arctan(1/ (-1+(b*x+a)~2) " (1/2))-b* (-1+(b*x+a) ~2) ~(1/2) / ((-1+(b*x+a) "~
2)/(bxx+a)~2)~(1/2)/(b*x+a)/a/(a"2-1)"(1/2) *1n(2* ((a~2-1) " (1/2) * (-1+(b*x+a)
~2)~(1/2)+a*(b*x+a)-1)/b/x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arcsec(b*x+a)/x"2,x, algorithm="maxima")

[Out] Timed out

Fricas [B] time = 2.58253, size = 666, normalized size = 9.51

a2bx+a3+Vb2x2+2 abx+a2—1(az—\/az—la—l)—(abx+a2—l
2 (a2 - 1)bx arctan (—bx —a+ Vb2x2 + 2abx + a? — 1) — Va2 —1bxlog .

- (a3 - a)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x"2,x, algorithm="fricas")

[Out] [-(2%(a”2 - 1)*b*x*arctan(-b*x - a + sqrt(b™2*x"2 + 2%a*bxx + a”2 - 1)) - s
grt(a”2 - 1)*bxx*log((a~2*%bxx + a~3 + sqrt(b™2%x"2 + 2*axb*x + a”2 - 1)*(a”
2 - sqrt(a™2 - 1)*xa - 1) - (axb*x + a”2 - Dx*sqrt(a”™2 - 1) - a)/x) + (a”3 -
a)*arcsec(b*xx + a))/((a”3 - a)*x), -(2*x(a”2 - 1)*b*x*arctan(-b*x - a + sqr
t(b72*%x72 + 2xa*xb*x + a”2 - 1)) - 2*sqrt(-a”2 + 1)*b*x*xarctan(-(sqrt(-a~2 +
1) *b*xx - sqrt(b™2*x72 + 2%axb*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) + (a
73 - a)xarcsec(b*x + a))/((a"3 - a)*x)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (a + bx) i

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)/x**2,x)

[Out] Integral(asec(a + b*x)/x**2, x)
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Giac [B] time = 1.63546, size = 174, normalized size = 2.49

(xlbI—Vb2x2+2ubx+a2—l)b+a|b| IS oy e woryee
arctan | - arctap [—Ho=VE +2 abx+a2— 1
- b Nawre arccos e
asgn (bx + a) V-a? + lasgn (bx + a) x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x"2,x, algorithm="giac")

[Out] -2*b*(arctan(-((x*abs(b) - sqrt(b”™2*x~2 + 2%a*b*x + a”2 - 1))*b + axabs(b))
/b)/(a*xsgn(b*x + a)) - arctan(-(x*abs(b) - sqrt(b™2*x"2 + 2xa*b*x + a”2 - 1
))/sqrt(-a”2 + 1))/(sqrt(-a~2 + 1)*a*xsgn(b*x + a))) - arccos(l/(b*x + a))/x
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3.95  [LT9g,

x3

Optimal. Leaf size=125

a+1 tan(1 sec”(a+bx)

z )
1
b? secH(a + bx) 1-a ] . bla +bx){[1 - @02 sec”H(a + bx)

242 2(1- az)?’/z 2a(1-a2)x 2x

(1 — 2a2) b2 tan™! (

[Out] (bx(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(2%xa*x(1 - a~2)*x) + (b~2*ArcSec[a +
b*x])/(2%xa”2) - ArcSec[a + b*xx]/(2xx"2) - ((1 - 2*a"2)*b~2*xArcTan[(Sqrt[1 +
al*Tan[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(a"2*%(1 - a~2)~(3/2))

Rubi [A] time = 0.19247, antiderivative size = 125, normalized size of antiderivative =
. . f rul
1., number of steps used = 7, number of rules used = 7, integrand size = 10, number of rules _

integrand size
0.7, Rules used = {5258, 4426, 3785, 3919, 3831, 2659, 205}

T
b? sec™(a + bx) .\ ba + bx)vl T @z sec”l(a + bx)

2a? 2 (1 _ a2)3/2 2a (1 - az) x 222

(1 - 2a2) b2 tan™

( Va+1 tan(% sec’l(a+bx)) ]

1-a

Antiderivative was successfully verified.

[In] Int[ArcSecl[a + b*x]/x"3,x]

[Out] (bx(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(2%xa*x(1 - a~2)*x) + (b~ 2*ArcSec[a +
bxx])/(2%xa”2) - ArcSecla + b*x]/(2xx"2) - ((1 - 2*a"2)*b~2*ArcTan[(Sqrt[1 +
al*Tan[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(a"2x(1 - a~2)"(3/2))

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]* (dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[ml]

Rule 4426

Int[(Ce_.) + (f_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)Ix((a_) + (b_.)*Sec[(c
_) + (Ao )x(x)1)"(n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
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*x)"m*x(a + bxSec[c + d*x])"(n + 1))/ (bxd*(n + 1)), x] - Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQl[
{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3785

Int[(cscl(c_.) + (d_.)*x(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2*Cot
[c + d*x]*x(a + b*Csc[c + d*x])"(n + 1))/(axd*x(n + 1)*x(a"2 - b"2)), x] + Dis
t[1/(ax(n + 1)*x(a”2 - b72)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)%(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2x(n + 2)*Cscl[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2x*n]

Rule 3919

Int[(cscl(e_.) + (£_.)*x(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSin[e + fx*x])/b), x], x] /; FreeQ[{a, b, e, £
}, x] && NeQ[a"2 - b~2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx”2), x], x, Tan[(c + dx*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~2 - b~2, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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1 b t
f sec” (a + bx) dx = b? Subst ¥ sec(x) tan(x) dx, x,sec”1(a + bx)
3 (—a + sec(x))?

_sec”{(a+Dbx) ) 1
- 2x? Zb Subst (f (—a + sec(x))?

1 1-a“-asec(x)
b(a +bx) 1 - P secl(a+bx) b? Subst (fTec()dx x, sec™ (a + bx))

dx, x,sec”(a + bx))

2a (1 - az) x 2x2 2a (1 - az)
_ bla+bxy1- m + b? sec™!(a + bx) _ sec”'(a + bx) _ ((1 - 2a2) bz) Subst (f —:fiz)(X) ax,
- 2 (1 _ a2) X 242 2x2 242 (1 — az)
b(a +bx)|[1 - W . b*sec”!(a+bx) sec'(a+Dbx) ((1 - 2”2) bz) Subst (f 1-a Clos(x) dx,
- 2 (1 _ az) X 242 2x2 2a? (1 - 612)
b(a +bx)y/1 - W . b? sec™}(a + bx) _ sec™N(a + bx) _ ((1 - zaz) bz) Subst (f 1—u+(1+a)x2 d:
B 2a (1 - az) 242 2% a2 (1 - az)

V1+a tan( secL(a+l

1-242)b? tan!
b(a +bx)/1 - —(be)z . b? sec™Y(a + bx) _ sec™ (a + bx) ~ ( ) ( 1-a

2a (1 - az) 2a? 2x2 2 (1 - a2)3/2

Mathematica [C] time = 1.04029, size = 198, normalized size = 1.58

[22 2.2_ i(a?+abx-1
N2 _|a“+2abx+bex=-1 B ( )
4(a-1)a (rz+1)[ (a+bx)2 (a+bx) N ]

i(2a2—1)b2x2 log

bx(a+bx) a?+2abr+b?22-1 (202-1)12 222 sin~1( L
(a+bx)2 s (a+bx) -1
> 7 + 5 + sec™(a + bx)
a(a —1) az(l_az) a
2x2

Antiderivative was successfully verified.

[In] Integrate[ArcSec[a + bxx]/x"3,x]

[Out] -((b*x*(a + b*x)*Sqrt[(-1 + a2 + 2*xaxb*x + b™2%x72)/(a + b*x)~2])/(a*x(-1 +
a”2)) + ArcSec[a + bxx] + (b™2xx"2*xArcSin[(a + b*x)~(-1)])/a"2 + (I*x(-1 +

2%a~2) *b"2xx"2*xLog [ (4% (-1 + a)*a”2*x(1 + a)*(((-I)x(-1 + a~2 + axbxx))/Sqrt[

1 - a™2] - (a + b*xx)*Sqrt[(-1 + a”2 + 2*axb*x + b™2xx"2)/(a + b*x)~2]))/((-

1 + 2%xa™2)*b"2+x)])/(a"2%(1 - a~2)7(3/2)))/(2*x"2)
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Maple [B] time = 0.243, size = 452, normalized size = 3.6

bx + b? [ 1 1 26|
_aresee ( 2x ) - -1+ (bx + a)2 arctan + 1 -1 + (bx 4
2x (az—l) e(era? DX +a

(2bx +24a) \/—1+(bx+a)2 \/

Verification of antiderivative is not currently implemented for this CAS.

(bx+a)?

[In] int(arcsec(b*x+a)/x"3,x)

[Out] -1/2*arcsec(b*x+a)/x"2-1/2%b" 2% (-1+(b*xx+a) ~2)~(1/2)/((-1+(b*x+a) ~2) / (b*x+a)
~2)7(1/2)/ (bxx+a)/(a"2-1)*arctan(1/(-1+(b*xx+a) "2) ~(1/2))+b~ 2% (-1+(b*x+a) ~2)
~(1/2)/ ((-1+(b*x+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*xx+a)*a~2/(a"2-1) " (5/2) *1n (2% ((a~
2-1)"(1/2) *(-1+(b*x+a) ~2) ~(1/2) +a* (b*x+a)-1) /b/x) +1/2*%b"2x (-1+(b*x+a) ~2) ~ (1
/2)/ ((-1+(bxx+a) ~2) /(b*x+a) ~2) ~(1/2) / (b*x+a)/a~2/(a"2-1)*arctan(1/ (-1+(b*x+
a)”~2)7(1/2))-1/2xbx (-1+(b*x+a) "2) / ((-1+(b*x+a) "2) / (b*x+a) "2) " (1/2) / (bxx+a) /
a/(a"2-1)/x-3/2*b"2*x (-1+(b*x+a) ~2) ~(1/2) / ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2) /(
b*x+a)/(a"2-1)"(5/2)*1n (2% ((a~2-1) " (1/2) * (-1+(b*x+a) ~2) " (1/2) +a*x(b*x+a)-1)/
b/x)+1/2xb~ 2% (—1+(b*xx+a) "2) ~(1/2) / ((-1+(bx*x+a) ~2) / (b*xx+a) "2) ~(1/2) / (b*x+a) /
a~2/(a"2-1)"(5/2)*1n(2*((a~2-1) " (1/2) *(-1+(b*x+a) ~2) ~(1/2)+a* (b*x+a)-1) /b/x
)

Maxima [F] time = 0., size = 0, normalized size = 0.
1 1
) f (b2x+ab)e(§ log(bx+a+1)+§ log(bx+a—1))
X
b2x4+2abx3+(b2x4+2 abx3+(az—l)xz)(bx+a+1)(bx+a—1)+(u2—1)x
2x2

> dx — arctan (\/bx +a+1Vbx+a- 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x"3,x, algorithm="maxima"

[Out] 1/2*%(2*x"2*integrate(1/2*(b"2*x + a*b)*e”(1/2*log(b*x + a + 1) + 1/2xlog(bx
x +a - 1))/(072%xx74 + 2*%a*bxx~3 + (272 - 1)*x72 + (b72*x"4 + 2*%axbxx~3 + (

a”2 - 1)*x"2)*e” (log(b*x + a + 1) + log(b*x + a - 1))), x) - arctan(sqrt (bx

x +a + Dx*sqrt(b*x + a - 1)))/x72
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Fricas [A] time = 2.68186, size = 999, normalized size = 7.99

a2bx+a3+ b2x2+2abx+u2—1(a2+ az—la—1)+(abx+a2—1)vaz—l—a

(2 a® - 1)Vu2 —1b%x? log

. +2 (a4 -24%+ 1)bzx2 arctan (—bx -

2(&16—20144

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x"3,x, algorithm="fricas")

[Out] [1/2%((2*%a"2 - 1)*sqrt(a”2 - 1)*b~2*x"2xlog((a™2*b*x + a”3 + sqrt(b™2*x"2 +
2xa*xb*xx + a”2 - 1)*(a”2 + sqrt(a”™2 - 1)*a - 1) + (axb*x + a”2 - 1)*sqrt(a”
2 - 1) - a)/x) + 2x(a”4 - 2*a"2 + 1)*xb”"2*x"2*arctan(-b*x - a + sqrt(b™2*x"2

+ 2%axbxx + a2 - 1)) - (2”3 - a)*b72*x"2 - sqrt(b”2*x72 + 2xaxb*x + a”2 -
1)*x(a”3 - a)xb*xx - (a”6 - 2*¥a”™4 + a"2)*arcsec(b*x + a))/((a"6 - 2*a~4 + a~
2)*x72), -1/2x(2x(2%¥a"2 - 1)*sqrt(-a”2 + 1)*b~2*x"2*arctan(-(sqrt(-a~2 + 1)

xb*xx - sqrt(b”2*x72 + 2xaxb*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - 2*(a”
4 - 2xa”2 + 1)*b72xx"2*xarctan(-b*x - a + sqrt(b”2*x"2 + 2%a*xbxx + a2 - 1))

+ (@73 - a)*b"2*x72 + sqrt(b™2*x"2 + 2*axb*x + a”2 - 1)*(a”3 - a)*b*xx + (a

6 - 2%¥a”4 + a"2)*arcsec(b*x + a))/((a”6 - 2*a"4 + a"2)*x"2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (a + bx) p
—dx

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)/x**3,x)

[Out] Integral(asec(a + b*x)/x**3, x)

Giac [B] time = 1.66548, size = 375, normalized size = 3.

(a4b4sgn (bx + a) — a?b*sgn (bx + ﬂ)) V-a2 +1 (a3b4sgn (bx + a) — ab*sgn (bx + u))((xlbl _ \/bzxz +2abx + a2 —

N s yr———
(2 225 — b5) arctan (_xlbl b2x2+2 abx+a l)

(xlbl P2+ 2abx+ a2 - 1)ub5 + a2b4b| - BHD]
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x"3,x, algorithm="giac")

[Out] -bx((2%a~2*%b~5 - b~5)*arctan(-(x*abs(b) - sqrt(b~2*x"2 + 2%a*b*x + a~2 - 1)
)/sqrt(-a”2 + 1))/((a~4*b~4*sgn(b*x + a) - a"2xb~4x*sgn(b*x + a))*sqrt(-a~2

+ 1)) - ((x*xabs(b) - sqrt(b™2*x72 + 2*%a*b*x + a”2 - 1))*axb”5 + a~2*xb~4x*abs

(b) - b74xabs(b))/((a"3*b~4*sgn(b*x + a) - a*b~4*sgn(b*x + a))*((x*abs(b) -
sqrt(b™2*x72 + 2xa*b*x + a2 - 1))72 - a”2 + 1)) - bxarctan(-((x*abs(b) -
sqrt(b™2*x72 + 2%a*b*x + a”2 - 1))*b + a*abs(b))/b)/(a"2xsgn(b*xx + a))) - 1
/2*arccos(1/(bxx + a))/x"2
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3.96  [Lld gy

x4

Optimal. Leaf size=181

. ) : - Va+1 tan(% sec_l(a+bx))
(2 - 5112) b*(a +bx)|[1- m b3 sec™(a + bx) (6{1 o 2) b tan 1-a b(a + bx),/1
- - + +
2 572
64> (1 - az) x 3a° 3a3 (1 - uz) / 6a (1 -

[Out] (bx(a + b*xx)*Sqrt[l - (a + b*x)~(-2)])/(6%a*x(1 - a"2)*x72) - ((2 - 5*xa~2)*b
2% (a + b*x)*Sqrt[l1 - (a + b*x)~(-2)])/(6*%a"2%(1 - a~2)"2*x) - (b~ 3*ArcSec[

a + b*x])/(3*a"3) - ArcSec[a + b*x]/(3*x73) + ((2 - 5%a”2 + 6*a”~4)*b~3*%ArcT
an[(Sqrt[1 + al*Tan[ArcSecla + b*x]/2])/Sqrt[1 - all)/(3xa”3*(1 - a~2)7(5/2

)

Rubi [A] time = 0.287762, antiderivative size = 181, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 10, e =

integrand size
0.8, Rules used = {56258, 4426, 3785, 4060, 3919, 3831, 2659, 205}
(\/ﬁtan(% sec‘l(u+bx))

1 6a* — 5a% + 2) b? tan ™
(2 - 5112) b?(a + bx)[1 - G bPsecl(a + bx) . ( ) T-a . b(a + bx)\/;

6a2 (1 - a2)2 X 3a° 3a3 (1 - a2)5/2 6a (1 — 42

Antiderivative was successfully verified.

[In] Int[ArcSecl[a + b*x]/x"4,x]

[Out] (bx(a + bxx)*Sqrt[l - (a + b*x)~(-2)])/(6%xa*x(1 - a~2)*x72) - ((2 - 5xa"2)*b
“2x(a + b*x)*Sqrt[l - (a + b*x)~(-2)])/(6%¥a"2%(1 - a”2) 2*x) - (b~3*ArcSec[

a + b*x])/(3%a"3) - ArcSecla + b*x]/(3*x73) + ((2 - 5xa”™2 + 6%a”4)*b~3*ArcT
an[(Sqrt[1 + al*Tan[ArcSec[a + bx*x]/2])/Sqrt[1 - all)/(3*a~3x(1 - a~2)~(5/2

)

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]*(b_.))"(p_)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e — cxf + fxSec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
£}, x] & IGtQlp, 0 && IntegerQ[m]
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Rule 4426

Int[((e_.) + (£_)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Sec[(c
_) + (Ao D)*x(x )17 (n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m*(a + b*Seclc + d*x])"(n + 1))/(bxd*(n + 1)), x] - Dist[(f*m)/(bxd*(n
+ 1)), Int[(e + f*xx)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3785

Int[(cscl(c_.) + (d_D*x_)I*(M_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2xCot
[c + d*x]*(a + bxCsclc + d*x])"(n + 1))/(axd*(n + 1)*(a”2 - b72)), x] + Dis
t[1/(ax(n + 1)*(a”2 - b72)), Int[(a + b*Csclc + d*x])"(n + 1)*Simp[(a”™2 - b
“2)*%(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2%(n + 2)*Csclc + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2#n]

Rule 4060

Int[((A_.) + cscl[(e_.) + (f_)*x(x_)I*(B_.) + cscl(e_.) + (£f_.)*(x_)]"2x(C_.
M*(cscl(e_.) + (£_D)*xDI*(_.) + (a_))"(m_), x_Symbol] :> Simp[((A*b~2 -
a*xbxB + a”"2+C)*Cot[e + f*x]*x(a + b*Cscle + f*x])"(m + 1))/(a*xfx(m + 1)*(a”
2 - b"2)), x] + Dist[1/(a*x(m + 1)*(a"2 - b~2)), Int[(a + bxCscl[e + f*x]) " (m
+ 1)*Simp[A*x(a”2 - b™2)*(m + 1) - ax(A*b - a*B + bxC)*x(m + 1)*Cscle + fx*x]
+ (A*b~2 - axb*B + a”™2%C)*(m + 2)*Cscle + f*xx]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 3919

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Int[cscl(e_.) + (f_.)*(x_)]/(cscl(e_.) + (£_.)*(x )]1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a*Sinl[e + f*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx”2), x], x, Tan[(c + dx*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x]



&& NeQ[a"2 - b~2, 0]

Rule 205

Int[((a) + (b_)*(x_)"2)"(-1),
/b, 211)/a, x] /; FreeQl[{a, b},

Rubi steps

f sec™H(a + bx)

i dx = b® Subst (

x_Symbol]
x] && PosQ[a/b]

x sec(x) tan(x)
(—a + sec(x))*

142

:> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

dx, x,sec”(a + bx))

sec™}(a + bx) 3 1 1
= T b Subst (f m dx, X, sec (61 + bX))
3 2(1—112)—211 sec(x)-sec?(x) -1
b(a + bx) h- (a+bx)2 sec1(a + bx) b’ Subst ( f Er— dx, x,sec”(a + bx)
6a (1 - az) x2 3x3 6a (1 -~ az)
T 2\ 1.2 T b® Subst | [ 2{1-r") -
_b(ﬂ+bX) 1—W_(2—5ﬂ)b(ﬂ+bX) 1—m_sec—1(a+bx)+ _
6a (1 - az) x2 622 (1 _ az)z X 3x3
b(a + bx)[1 - L (2 - 5112) b?(a + bx)|[1 - LN -1 ((
_ @2 @rxp  bPsec'(a+bx) sec!(a+bx) L0

6a (1 - az) x?

[ 1
:b(ﬁl-l—bX) ].—m_

3a3 3x3

642 (1 - az)z X

(2~ 502) 1(a + bx) /1 - ﬁ

b3 sec™H(a + bx)

6a (1 - az) x?

b(&l + bx), 1- m

343 3x8

642 (1 - a2)2 x

1
(2 - 56!2) bz(ﬂl + b.?(f)1 /1 - W B

La+b
_sec”(a x)+

b sec l(a+bx) sec l(a+ bx) .

6a (1 - az) x2

b(a + bx), '1 W

3a3 3x3

642 (1 - a2)2 x

T
(2 B 5a2) b*(a+b x)\/l e b3 sec™H(a + bx) _ sec™H(a + bx)

6a (1 - az) x2

3a3 3x3

6a? (1 - az)z x

(

(

(2
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Mathematica [C] time = 0.405984, size = 241, normalized size = 1.33

12a3(a2—1)2(

a2+2abx+b2x2 -
(a+bx)2

B i(6a* -5 +2)blo
b, / —a2+2$bf;ﬁixz ! (—az (5bzx2 + 1) — 4a3bx + a* + abx + 2b2x2) ( ) &

(6a%-5a2+2

N =

Antiderivative was successfully verified.

[In] Integrate[ArcSec[a + bxx]/x"4,x]

a? (az - 1)2 x2 a3 (1 - a?

)5/2

[Out] (-((b*Sqrt[(-1 + a”2 + 2xa*b*x + b~2*x"2)/(a + b*x)~2]*x(a”4 + a*xb*x - 4*a”3

*b*x + 2*%b72xx72 - a"2x(1 + 5¥%b"2%x72)))/(a"2x (-1 + a~2)"2*%x"2)) - (2*ArcSe
cla + b*x])/x73 + (2%b"3*ArcSin[(a + b*x)~(-1)])/a"3 - (I*(2 - 5*%a”2 + 6*a”
4)*b~3*Log[(12*a"3* (-1 + a”2)"2x((I*(-1 + a™2 + a*b*x))/Sqrt[l - a”2] + (a
+ b*x)*Sqrt[(-1 + a”2 + 2*axb*x + b™2*x72)/(a + b*x)"2]))/((2 - b*a”2 + 6%a
~4)xb~3*x)])/(a"3*(1 - a~2)"(5/2)))/6

Maple [B] time = 0.226, size = 760, normalized size = 4.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(b*x+a)/x"4,x)

[Out] -1/3*arcsec(b*x+a)/x"3+1/3*%b"3*(-1+(b*x+a) ~2)~(1/2)/((-1+(b*x+a) ~2)/ (b*x+a)

~2)7(1/2) / (bxx+a)*a/(a"2-1) "2*xarctan(1/(-1+(bxx+a) "2)~(1/2) ) -b"3* (-1+(b*x+a
)72)7(1/2) / ((-1+(b*x+a) ~2) / (bxx+a) "2) " (1/2) / (b*xx+a)*a~3/(a"2-1) " (7/2) *1n (2%
((a™2-1)"(1/2) % (-1+(b*x+a) "2) ~(1/2)+a*x(b*x+a)-1) /b/x)-2/3*b"3* (-1+ (b*x+a) 2
)7(1/2)/ ((-1+(b*x+a) ~2) / (bxx+a) ~2)~(1/2) / (b*x+a) /a/(a~2-1) "2*arctan (1/ (-1+(
b*x+a)~2) ~(1/2))+5/6%b"2* (-1+(b*x+a) ~2) / ((-1+(b*x+a) ~2) / (b*x+a) "2) " (1/2) /(b
*x+a)/(a"2-1)"2/x+11/6xb"3x (-1+ (b*x+a) "2) " (1/2) / ((-1+(b*x+a) ~2) / (b*x+a) "2) "~
(1/2)/ (b*x+a)*a/(a"2-1) " (7/2)*1n(2*x((a"2-1) "~ (1/2) * (-1+ (b*x+a) "2) ~(1/2) +a*x (b
*x+a)-1) /b/x)-1/6%b*x (-1+(b*x+a) ~2) / ((-1+(b*xx+a) ~2) / (b*xx+a) ~2) ~(1/2) / (b*x+a)
xa/(a”2-1)"2/x72+1/3*%b"3* (-1+(b*x+a) ~2) "~ (1/2) / ((-1+(b*xx+a) ~2) /(b*x+a)~2)~(1
/2)/ (bxx+a)/a~3/(a"2-1) "2xarctan(1/(-1+(b*x+a)~2) " (1/2))-1/3*%b"2*x (-1+(b*x+a
)72) / ((—1+(b*xx+a) "2) / (bxx+a) ~2) ~(1/2) / (b*xx+a) /a~2/(a"~2-1) "2/x-7/6*b"3* (—1+(
bxx+a) "2) 7 (1/2) / ((-1+(b*x+a) ~"2) / (bxx+a) "2) " (1/2) / (bxx+a) /a/(a"2-1) " (7/2) *1n
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(2x((a"2-1) " (1/2) * (-1+(bxx+a) "2) " (1/2) +a* (b*x+a) -1) /b/x) +1/6%b* (- 1+ (b*x+a) ~
2)/ ((-1+(b*x+a) ~2) / (b*x+a) ~2)~(1/2) / (b*xx+a) /a/(a"2-1)"2/x"2+1/3*b"3* (-1+ (b*
x+a) "2) " (1/2)/ ((-1+(bxx+a) ~2) / (b*x+a) "2) ~(1/2) / (bxx+a) /a~3/(a~2-1) " (7/2) *1n
(2% ((a™2-1) " (1/2) *(-1+(bxx+a) ~2) " (1/2) +a* (b*x+a)-1) /b/x)

Maxima [F] time = 0., size = 0, normalized size = 0.
1 1
5 f (b2x+ab)e(i log(bx+a+1)+§ 10g(bx+a—l))
X
b2x542 abx4+(a2—1)x3+(b2x5+2 abx4+(az—l)x3)(bx+a+1)(bx+a—l)
33

dx — arctan (\/bx +a+1Vbx+a- 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x"4,x, algorithm="maxima")

[Out] 1/3*(3*x"3*integrate(1/3*(b~2*x + axb)*e”(1/2*xlog(b*x + a + 1) + 1/2*xlog(b*
X +a - 1))/(072%x75 + 2xa*xbxx"4 + (a2 - 1)*x”3 + (b72*x"5 + 2¥axb*x~4 + (

a”2 - 1)*x73)*e” (log(b*x + a + 1) + log(b*x + a - 1))), x) - arctan(sqrt (bx

x + a + 1)*sqrt(b*x + a - 1)))/x"3

Fricas [A] time = 3.04645, size = 1241, normalized size = 6.86

a2bx+a3+Vb2x2+2 abx+a2-1 (az— az—la—l)—(abx+112—1)\/a2—l—u

X

(6 a* - 5a% + Z)Vaz 133 log -4 (a6 -3a*+3a% - 1)b3x3 ar

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x"4,x, algorithm="fricas")

[Out] [1/6x((6xa~4 - 5xa”2 + 2)*sqrt(a™2 - 1)*b"3*x"3xlog((a"2*b*x + a3 + sqrt(b
T2%x72 + 2xaxb*xx + a”2 - 1)*(a”2 - sqrt(a”2 - 1)*a - 1) - (axbxx + a2 - 1)
xsqrt(a™2 - 1) - a)/x) - 4x(a”6 - 3*a"4 + 3*a”2 - 1)*b~3*x"3*karctan(-b*x -
a + sqrt(b™2#x72 + 2%axb*x + a”2 - 1)) + (5xa”5 - 7*a"3 + 2%a)*b”"3xx"3 - 2%
(a”9 - 3*%a”7 + 3*¥a”5 - a"3)*arcsec(b*x + a) + ((5xa”5 - 7*a"3 + 2%a)*b”2*x"
2 - (276 - 2*%a"4 + a"2)*bxx)*sqrt(b”2*x"2 + 2%axb*x + a2 - 1))/((a”9 - 3x*a
7 + 3%a”b - a”3)*x73), 1/6%(2x(6%xa”4 - B*a"2 + 2)*sqrt(-a”2 + 1)*b7"3*x"3*a
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rctan(-(sqrt(-a”2 + 1)*b*x - sqrt(b™2*x"2 + 2*axb*x + a2 - 1)xsqrt(-a~2 +
1))/(@72 - 1)) - 4x(a”6 - 3*%a"4 + 3*a”2 - 1)*b~3*x"3*arctan(-b*x - a + sqrt
(b™2%x72 + 2%axb*x + a”2 - 1)) + (5%a”5 - 7*a”3 + 2%a)*b~3%x"3 - 2x(a”9 - 3
*a”7 + 3*a”5 - a"3)*arcsec(b*x + a) + ((5xa”b - 7*a~3 + 2xa)*b~2*x"2 - (a~6
- 2%a"4 + a”2)*b*x)*sqrt(b"2*%x"2 + 2*axbxx + a”2 - 1))/((a”9 - 3*xa”7 + 3*a
"5 - a”3)*x73)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (a + bx) i

A
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)/x**4,x)

[Out] Integral(asec(a + b*x)/x**4, x)

Giac [B] time = 1.84108, size = 792, normalized size = 4.38
(xWL—Vb2x2+2abx+a2—1)b+uWI

418 218 S x|b|-Vb2x2+2 abx+a?-1 212 _
1b (6ab -5a%b +2b)arctan(— Nae, ) b* arctan -
3 (a7b6sgn (bx + a) — 2 a°bbsgn (bx + a) + albbsgn (bx + a)) -a2+1 a®sgn (bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/x"4,x, algorithm="giac")

[Out] 1/3*b*x((6*%a~4*b~8 - 5xa~2*b~8 + 2*b~8)*arctan(-(x*abs(b) - sqrt(b™2*x"2 + 2

xaxbxx + a”2 - 1))/sqrt(-a”2 + 1))/((a"7*b"6*sgn(b*x + a) - 2*a~5*xb~6xsgn(b

*x + a) + a~3*%b"6xsgn(b*x + a))*sqrt(-a”2 + 1)) - 2xb~2*arctan(-((x*abs(b)

- sqrt(b”2*%x”2 + 2*xaxb*x + a”2 - 1))x*b + a*abs(b))/b)/(a"3*sgn(b*x + a)) -

(4% (x*abs(b) - sqrt(b™2*x"2 + 2%axb*xx + a”2 - 1))73*a”"3%b”8 - 8*(x*abs(b) -
sqrt(b™2*x72 + 2xa*xb*x + a”2 - 1))*a"b*xb"8 + 2x(x*abs(b) - sqrt(b™2*x"2 +
2%axb*x + a”2 - 1))"2*%a~4*b”~7xabs(b) - 6*%a”6*b~7*abs(b) - (x*abs(b) - sqrt(

b72%x72 + 2*%axb*x + a”2 - 1)) 3*%axb”8 + 11x(x*abs(b) - sqrt(b™2*x"2 + 2*a*b

*X + a”2 - 1))*a"3*%b"8 - 4x(x*abs(b) - sqrt(b”2*x72 + 2%axbxx + a”2 - 1))72
*a”~2xb~7*abs(b) + 14xa~4*xb~7*abs(b) - 3*(x*abs(b) - sqrt(b”™2*x"2 + 2*axbx*x
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+ a”2 - 1))*axb~8 + 2*x(x*abs(b) - sqrt(b”2*x"2 + 2*axbxx + a”2 - 1)) 2*%b"7x
abs(b) - 10*a”2%b~7x*abs(b) + 2*¥b~7*abs(b))/((a"6*b~6*sgn(b*x + a) - 2*xa~4x*b
“6*xsgn(b*x + a) + a”2*xb"6*sgn(b*x + a))*((x*abs(b) - sqrt(b™2*x72 + 2xa*xb*x
+a"2 - 1))72 - a2 + 1)72)) - 1/3xarccos(1/(b*x + a))/x"3
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3.27 f x3secHa + bx)? dx
Optimal. Leaf size=381

2ia*PolyLog (2, —ie' Secfl(“’rbx)) 2ia*PolyLog (2, ie' Secfl(“bx)) iaPolyLog (2, —ieisecfl(“b")) iaPolyLog (2, ie'®
b4 B b + b a b

[Out] -((a*x)/b~3) + (a + b*x)~2/(12%b"4) - ((a + b*x)*Sqrt[l - (a + b*x)~(-2)]*A
rcSecla + b*x])/(3*b~4) - (3*a”2x(a + b*x)*Sqrt[l - (a + b*x)~(-2)]*ArcSec[

a + b*x])/b"4 + (ax(a + b*x)"2*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x])/b"

4 - ((a + bxx)"3*%Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*xx])/(6%b~4) - (a~4xA
rcSec[a + b*x]72)/(4%b"4) + (x"4*ArcSecla + b*x]~2)/4 - ((2*I)*axArcSec[a +
bxx]*ArcTan[E~ (I*xArcSec[a + b*x])])/b™4 - ((4xI)*a~3*ArcSec[a + b*x]*ArcTa
n[E~(I*ArcSec[a + b*x])])/b"4 + Logla + b*x]/(3*b"4) + (3*a"2+Logla + b*x])

/"4 + (I*xaxPolyLog[2, (-I)*E~(I*ArcSecla + b*x])])/b"4 + ((2xI)*a~3*PolyLo

gl2, (-I)*E~(I*ArcSec[a + b*x])])/b"4 - (I*axPolyLog[2, I*E~(I*ArcSecla + b
*xx])]1)/b"4 - ((2%I)*a~3*PolyLog[2, I*E~(I*ArcSecla + b*x])])/b~4

Rubi [A] time = 0.301953, antiderivative size = 381, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 9, integrand size = 12, e

0.75, Rules used = {5258, 4426, 4190, 4181, 2279, 2391, 4184, 3475, 4185}

integrand size

2ia*PolyLog (2, —ie! Sec_l(“b")) 2ia*PolyLog (2, iel Sec_l(“b")) iaPolyLog (2, —ieisec_l(“bx)) iaPolyLog (2, ie's
z ) iz * iz ) iz

Antiderivative was successfully verified.

[In] Int[x"3%ArcSec[a + b*x]"2,x]

[Out] -((a*x)/b~3) + (a + b*x)~2/(12xb"4) - ((a + b*x)*Sqrt[l - (a + b*x)~(-2)]*A
rcSec[a + b*x])/(3*b~4) - (3*a~2*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[

a + b*xx])/b"4 + (ax(a + b*x)7"2xSqrt[1l - (a + bxx)~(-2)]*ArcSec[a + b*x])/b~

4 - ((a + bxx)"3*%Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x])/(6%b~4) - (a~4xA
rcSec[a + b*x]72)/(4%b"4) + (x"4*ArcSecla + b*x]~2)/4 - ((2%I)*axArcSec[a +
b*x]*ArcTan[E~ (I*ArcSec[a + b*x])])/b~4 - ((4*xI)*a”3*ArcSec[a + b*x]*ArcTa
n[E~(I*ArcSec[a + b*x])])/b"4 + Logla + b*x]/(3*b74) + (3*a"2+Logla + b*x])

/b4 + (I*a*PolyLogl[2, (-I)*E~(I*ArcSec[a + b*x])])/b"4 + ((2%I)*a”~3*PolyLo

gl2, (-I)*E~(IxArcSec[a + b*x])])/b"4 - (I*axPolyLog[2, I*E~(I*ArcSecla + b
*x])1) /"4 - ((2*I)*a~3*PolyLog[2, I*E~(I*ArcSecla + b*x])])/b"4

Rule 5258
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Int[((a_.) + ArcSec[(c_ ) + (d_)*x(x_)I*(_.))"(p_)*((e_.) + (f_)*(x))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[((e_.) + (£_)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Sec[(c
_) + (Ao D)*x(x )17 (n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m*(a + b*Seclc + d*x])"(n + 1))/(b*d*(n + 1)), x] - Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*xx)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_)*(x_)]1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] && IGtQ[n, O]

Rule 4181

Int[csc[(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 > Simp[(-2%(c + d*x) m¥ArcTanh[E™(Ixk*Pi)*E~(I*(e + fxx))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)"(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*x(e + f*x))], x],
x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(Ix(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] && IntegerQ[2xk] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 4184

Int[csc[(e_.) + (f_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x)"m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]
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Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Rule 4185

Int[(cscl(e_.) + (£_)*(x)I*(_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b™2x(c + d*x)*Cot[e + fxx]x(b*xCscle + fxx])"(n - 2))/(f*x(n - 1)), x
] + (Dist[(b™2x(n - 2))/( - 1), Int[(c + d*x)*(b*Cscle + f*x])~(n - 2), x]
x] - Simp[(b~2xd*(b*Cscle + f*x])~(n - 2))/(f"2x(n - V)*(n - 2)), x1) /;

FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2]

Rubi steps

Subst ( [ %2 sec(x)(~a + sec(x))? tan(x) dx, x, sec™ (a + bx))

f x3secl(a + bx)? dx =

o
1 ) Subst ( [ x(=a + sec(x))* dx, x, sec™}(a + bx))
= AIX4 sec™(a + bx)? - i
1, by Subst ( i (a4x — 4a3x sec(x) + 6a%x sec?(x) — 4ax sec3(x) + x sec4(x)) 1
= g% sec (a + bx)~ - T
4 gocl bx)2 Subst ( [ xsec*(x)dx, x, sec Y (a + bx 2a) S
_a“sec (a + bx) N xsecl(a+bx)2 (f (x) ( ))+( )
4p4 4 2b*
_ T _
(a+ bx)2 3a%(a + bx)[1 - o )2 sec™l(a+bx) a(a+bx)*\[1- R S La+
5 p " b4
1 _ T _
X (a+ bx)z (a+bx),[1- o S L(a + bx) ) 3a%(a + bx) /1 - o Sec La + b:
b3 12b* 3b4 b*
1 _
X (a+ bx)2 (a+bx),\[1 - o )2 sec™H(a + bx) 3a2(u +bx)[1 - R e L(a + b:
b3 12b% 3pt bt
1 _ T _
X, (a+ bx)2 (a+bx)\[1 - o S€C L(a + bx) ) 3a%(a + bx)[1 - iR SeC L(a + b:
b3 12b% 3pt bt

Mathematica [A] time = 9.37366, size = 667, normalized size = 1.75

(1 - ufbx)a —24q (Za2 + 1) (21 (PolyLog( —isec” (”+bx)) PolyLog (2, ie‘isec_1<”+bx))) + (n ~2sec(a + bx)) (lo
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Warning: Unable to verify antiderivative.

[In] Integrate[x~3*ArcSecla + b*x]~2,x]

[Out] ((1 - a/(a + b*x))"3x(24*xa*x(2 + (1 + 2*a"2)*ArcSec[a + b*x]"2) + (2 + (-2 +
24*a)*ArcSec[a + b*x] + 3*%(1 - 4*a + 12%¥a”2)*ArcSec[a + b*x]~2)/(-1 + Sqrt
[1 - (@ + bxx)7(-2)]) + 16%(1 + 9*a~2)*Logl[(a + b*x)~(-1)] - 24xax(1 + 2x%a”
2)*((Pi - 2*%ArcSec[a + b*x])*(Log[l - I/E~(I*ArcSec[a + b*x])] - Log[l + I/
E~(I*ArcSec[a + b*x])]) - PixLog[Cot[(Pi + 2xArcSec[a + bxx])/4]] + (2xI)*(
PolyLogl[2, (-I)/E~(I*ArcSecla + b*x])] - PolyLogl[2, I/E~(I*ArcSec[a + bx*x])
1)) - (3%ArcSec[a + b*x]~2)/(Cos[ArcSec[a + b*x]/2] - Sin[ArcSec[a + b*x]/2
1)"4 + (4xArcSecl[a + b*x]*(1 + 6*a*ArcSecl[a + b*x])*Sin[ArcSec[a + b*x]/2])
/(Cos[ArcSec[a + bxx]/2] - Sin[ArcSec[a + b*x]/2])"3 + (8x(2*ArcSec[a + b*x
] + 18*a”2*xArcSec[a + b*x] + 6*a”3*ArcSecl[a + b*x]~2 + 3*a*(2 + ArcSec[a +
b*x]~2))*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] - Sin[ArcSec[a + b
xx]/2]) - (3%ArcSec[a + b*x]~2)/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + bx
x]1/2])74 + (4xArcSecla + b*x]*(1 - 6*xaxArcSec[a + b*x])*Sin[ArcSecl[a + b*x]
/21)/(Cos[ArcSecl[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])73 - (2 + (2 - 24*a)*
ArcSec[a + bxx] + 3*%(1 - 4*a + 12*a~2)*ArcSec[a + b*x]~2)/(Cos[ArcSec[a + b
*x]/2] + Sin[ArcSecl[a + b*x]/2])72 - (8%(-2*ArcSec[a + b*x] - 18*a~2*ArcSec
[a + b*x] + 6*xa"3*ArcSec[a + b*x]"2 + 3*a*x(2 + ArcSec[a + b*x]~2))*Sin[ArcS
ec[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])))/(48%b"4
*(-1 + a/(a + b*xx))"3)

Maple [A] time = 0.97, size = 734, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*arcsec(b*x+a)”2,x)

[Out] I/b"4*axdilog(1+I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))-1/b"4*a*arcsec(b*x+a
)*¥In(1+I*(1/ (bxx+a)+I*x(1-1/(b*x+a)~2)~(1/2)))-1/3/b"4* ((-1+(b*xx+a) ~2) / (b*xx+
a)”~2) " (1/2)*arcsec(b*x+a)*a-1/6/b*arcsec (b*x+a) *((-1+(b*x+a) ~2) / (b*x+a) ~2) "
(1/2)*x73-1/3/b"3*arcsec (b*xx+a) * ((-1+(b*x+a) ~2) / (bxx+a) ~2) " (1/2) *x+1 /b~ 4*a*
arcsec (b*x+a) *In(1-I*(1/(b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2)))-2/b"4*a~3*arcsec(
bxx+a)*1In(1+I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))+2/b"4*a"3*arcsec (b*x+a) *
In(1-I*(1/(bxx+a)+I*x(1-1/(b*x+a)~2)~(1/2)))-13/6/b " 4d*xarcsec (b*x+a)* ((-1+(b*
x+a)~2)/ (b*x+a) "2) ~(1/2)*a~3+2*I/b"4*a~3*dilog(1+I*(1/ (b*x+a)+I*(1-1/(b*x+a
)72)7(1/2)))-3*%I/b"4*arcsec(bxx+a)*a~2-2*I/b~4*a"3*dilog (1-I*(1/ (b*x+a)+I*(
1-1/(b*xx+a) ~2)~(1/2)))-I/b"4*a*dilog(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)
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))+2/3/074*1n(1/ (b*xx+a) +I*(1-1/(b*x+a)~2)~(1/2))-1/3/b"4*xIn(1+(1/ (b*x+a)+I*
(1-1/(b*x+a)~2)"(1/2))"2)+1/2/b"2*arcsec (b*xx+a) * ((-1+(b*x+a) ~2) / (b*x+a) ~2) "~
(1/2)*x"2*a-3/2/b " 3*arcsec (bxx+a)* ((-1+(b*x+a) ~2) /(b*xx+a) ~2) ~(1/2) *x*a~2-11
/12/b"4%a"2+1/12/b"2%x"2-1/4*a"4*arcsec(b*x+a) "2/b"4-5/6*%a*xx/b"3-3/b " 4*xa~ 2%
In(1+(1/ (b*x+a)+I*x(1-1/(b*x+a) "2) ~(1/2))"2)+6/b"4*a"2*x1n(1/ (bxx+a)+I* (1-1/(
bxx+a) ~2)~(1/2))-1/3*I/b " 4*arcsec(b*x+a)+1/4*x " 4d*arcsec (b*x+a) "2

Maxima [F] time = 0., size = 0, normalized size = 0.

2vVbx + a +1Vbx + a — 1bx* arctan (\/Z

1 2 1 2
L—Lx4arctan(\/bx+a+1\/bx+a—1) —Rx4log(b2x2+2abx+u2) —f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(b*x+a)”~2,x, algorithm="maxima"

[Out] 1/4*x"4*arctan(sqrt(bxx + a + 1)*sqrt(b*x + a - 1))72 - 1/16%x"4*xlog(b~2*x~
2 + 2*axb*xx + a”2)72 - integrate(1/4x(2xsqrt(b*x + a + 1)*sqrt(b*x + a - 1)
*xbxx~4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 4x(b"3*x"6 + 3*kaxb~2x*x

"5 + (3*%a”2 - D)*bxx"4 + (2”3 - a)*x"3)*log(b*x + a)”2 - (b73%x"6 + 2%xaxb~2

*x75 + (272 - 1)*bxx74 + 4x(b73%x76 + 3*axb”2%x”5 + (3%¥a”2 - 1)*b*x"4 + (a”

3 - a)*x73)*xlog(bxx + a))*log(b™2%x"2 + 2*axb*x + a~2))/(b”~3*x"3 + 3*axb~2x

x"2 + a”3 + (3%a”2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x3 arcsec (bx + a)2 , x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(b*x+a)”~2,x, algorithm="fricas")

[Out] integral(x~3*arcsec(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x3 asec? (a + bx) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asec(b*x+a)**2,x)

[Out] Integral(x**3*asec(a + bxx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f 3 arcsec (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(b*x+a)”2,x, algorithm="giac")

[Out] integrate(x~3*arcsec(b*x + a)~2, x)
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3.28 f x%sec7Ha + bx)? dx
Optimal. Leaf size=288

2ia’PolyLog (2, —ie! Sec_l(‘”’”‘)) 2ia’PolyLog (2, iel Sec_l(“bx)) iPolyLog (2, —ieisec_l(“bx)) iPolyLog (2, ietse
) P * B ) 35 * 30

[Out] x/(3*b~2) + (2xax(a + b*x)*Sqrt[l - (a + b*x)~(-2)]*ArcSecla + b*x])/b~3 -
((a + bxx)"2xSqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x])/(3*b~3) + (a"3*ArcSe

cla + bxx]~2)/(3*%b~3) + (x73*ArcSec[a + bxx]72)/3 + (((2%I)/3)*ArcSec[a + b
xx]*ArcTan [E~ (I*ArcSec[a + b*x])])/b~3 + ((4*I)*a~2*ArcSecla + b*x]*ArcTan[
E~(I*ArcSec[a + b*x])])/b"3 - (2*axLogl[a + bx*x])/b~3 - ((I/3)*PolyLogl[2, (-
I)*E~(I*ArcSec[a + b*x])]1)/b~3 - ((2xI)*a~2+PolyLog[2, (-I)*E~(I*ArcSecl[a +
b*x])])/b~3 + ((I/3)*PolyLogl[2, I*E~(I*ArcSecla + b*x])])/b~3 + ((2%I)*a~2
*PolyLog[2, I*E~(IxArcSecl[a + b*x])])/b"3

Rubi [A] time = 0.23176, antiderivative size = 288, normalized size of antiderivative =
19 number of rules
bl

1., number of steps used = 17, number of rules used = 9, integrand size =
0.75, Rules used = {5258, 4426, 4190, 4181, 2279, 2391, 4184, 3475, 4185}

integrand size

2ia®PolyLog (2, —ie! Sec_l(“bx)) 2ia®PolyLog (2, iel Sec_l(‘”bx)) iPolyLog (2, —ieisec_l(“bx)) iPolyLog (2, ietse
- + - +

b3 b3 3b3 363

Antiderivative was successfully verified.

[In] Int[x"2*%ArcSecla + b*x]~2,x]

[Out] x/(3*b~2) + (2xax(a + b*x)*Sqrt[l - (a + b*x)~(-2)]*ArcSecla + b*x])/b~3 -
((a + bxx)~2xSqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x])/(3*b~3) + (a~3*ArcSe

cla + b*x]72)/(3*b~3) + (x73*ArcSecl[a + bxx]~2)/3 + (((2%I)/3)*ArcSec[a + b
xx]*ArcTan[E~ (I*ArcSecla + b*x])])/b~3 + ((4*I)*a~2*ArcSecla + b*x]*ArcTan[
E~(I*ArcSec[a + b*x])])/b"3 - (2*axLogl[a + bx*x])/b~3 - ((I/3)*PolyLogl2, (-
I)*#E~ (I*ArcSec[a + b*x])])/b~3 - ((2*I)*a~2*PolyLog[2, (-I)*E~(I*ArcSec[a +
b*x]1)1)/b"3 + ((I/3)*PolyLog[2, I*E~(IxArcSec[a + b*x])])/b"3 + ((2%I)*a~2
*PolyLog[2, I*E~(I*ArcSec[a + b*x])]1)/b”3

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(_.))"(p_)*((e_.) + (f_)*(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
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£}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[((e_.) + (f_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl[(c
_) + (Ao )x(x)1)"(n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m* (a + b*Sec[c + d*x])"(n + 1))/(b*d*x(n + 1)), x] - Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4181

Int[csc[(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
] > Simp[(-2%(c + d*x) “m*ArcTanh [E~ (I*k*xPi)*E~(I*x(e + fxx))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)"(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*x(e + f*x))], x],
x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] &% IntegerQ[2*k] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl[{c, d, e, f}, x] && GtQ[m, O]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQ[{c, d}, xI]
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Rule 4185

Int[(cscl(e_.) + (£_)*(x_)I*(M_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b"2x(c + d*x)*Cotle + fxx]*(b*Cscle + f*x])~(n - 2))/(fx(n - 1)), x
] + (Dist[(b™2*(n - 2))/(m - 1), Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2), x]
x] - Simp[(b~™2xd*(b*Cscle + f*x]) " (n - 2))/(f"2x(n - V)*(n - 2)), x]) /;

FreeQ[{b, c, 4, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rubi steps

Subst ( [ %2 sec(x)(-a + sec(x))? tan(x) dx, x, sec™}(a + bx))
b3
2 Subst ( [ x(=a + sec(x))® dx, x, sec™ (a + bx))
3p3

f x?sec™H(a + bx)?dx =

1
= §x3 sec™H(a + bx)? -

2 Subst ( i (—a3x + 3a%x sec(x) — 3ax sec?(x) + x sec3(x)) dx, x, sec™}(

1
= §x3 sec™H(a + bx)? - 3

3 cnp-l 2
_a’sec”(a+bx
( ) + x sec™M(a + bx)? -

2 Subst ( [ xsec3(x)dx, x, sec™}(a + bx)) (2a) S
+

3p3 3 3p3
Cx 2a(a + bx)[1 - (a+2x)2 secH(a+bx) (a+bx)?[1- (a+2x)2 sec” M (a+bx)  Bgpe]
R b3 ) 3b3 " 3
Cx 2a(a + bx)|[1 - e )2 sec™N(a + bx) (a+bx)?\[1 - i )2 sec”l(a+bx)  Bgpe]
R b3 3b3 " 3
x  2a(a+Dbx)\1- i )2 sec (a + bx) (a +bx)2\[1- i )2 sec M (a+Dbx)  Bgpc]
RV v ow " 2
e 2a(a + bx)[1 - i )2 sec™M(a + bx) (a+bx)?\[1- i )2 sec™}(a + bx) . 2 sec-]
T 3R b3 3b3 3

Mathematica [A] time = 6.6253, size = 473, normalized size = 1.64

—isec™}(

2 (—6a% - 1) (21 (PolyLog (2, —ie™sc” (”+bx)) PolyLog (2, ie‘isec_l(“b"))) (n 2sec™Ha + bx)) (log (1

Warning: Unable to verify antiderivative.

[In] Integrate[x~2xArcSec[a + b*x]~2,x]
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[Out] (4 + 2x(1 + 6*a~2)*ArcSec[a + bxx]~2 + (ArcSec[a + b*x]*(2 + (-1 + 6%a)*Arc
Secla + b*x]))/(-1 + Sqrt[l - (a + b*x)~(-2)]) + 24xaxLogl[(a + bxx)~(-1)] +
2x (-1 - 6*%a"2)*x((Pi - 2%ArcSec[a + b*x])*(Logl[l - I/E~(I*ArcSec[a + bx*x])]
- Logl[1l + I/E~(I*ArcSecla + b*x])]) - PixLog[Cot[(Pi + 2xArcSec[a + bx*x])/
4]] + (2*xI)*(PolyLogl[2, (-I)/E~(I*ArcSec[a + b*x])] - PolyLogl[2, I/E~(Ix*Arc
Sec[a + b*x])])) + (2*¥ArcSec[a + b*x] 2*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec
[a + b*x]/2] - Sin[ArcSec[a + b*x]/2])73 + (2*%(2 + 12*xaxArcSec[a + b*x] + (
1 + 6*xa~2)*xArcSec[a + b*x]"2)*Sin[ArcSec[a + bx*x]/2])/(Cos[ArcSec[a + bx*xx]/
2] - Sin[ArcSecla + b*x]/2]) - (2*ArcSecl[a + b*x]~2*Sin[ArcSecl[a + b*x]/2])
/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])"3 + (ArcSecl[a + b*x]*(2
+ (1 - 6*xa)*ArcSec[a + b*x]))/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]
/2])72 - (2%x(2 - 12*axArcSec[a + b*x] + (1 + 6%a”2)*ArcSec[a + b*x]~2)*Sin[
ArcSec[a + b*x]/2])/(Cos[ArcSecla + b*x]/2] + Sin[ArcSec[a + bx*xx]/2]))/(12%
b~3)

Maple [A] time = 0.572, size = 540, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arcsec(b*x+a)”2,x)

[Out] 1/3/b~3*a+1/3*x/b"2-1/3/b*arcsec(b*x+a)* ((-1+(b*x+a)~2)/(bxx+a)~2)~(1/2)*x"
2+2*xI/b " 3*axarcsec(b*x+a)+4/3/b"2xarcsec (b*xx+a) * ((-1+(b*x+a) ~2) / (b*x+a) ~2) "~
(1/2) *x*a-2*%I1/b~3*a~2*dilog (1+I* (1/ (b*x+a)+I*(1-1/(bxx+a)~2)~(1/2)))+2*I/b"
3*%a"2xdilog(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))+2/b"3*a"2*arcsec(b*x+a
)*¥In(1+I*(1/ (b¥x+a)+I*(1-1/(b*x+a)~2) " (1/2)))-2/b"3*a"2*arcsec (b*x+a)*1n(1-
I*x(1/ (b¥x+a)+I*x(1-1/(b*x+a)~2)"(1/2)))+1/3*x"3*arcsec (b*x+a) "2+5/3/b " 3*arcs
ec (bxx+a) * ((-1+(b*xx+a) ~2) / (b*x+a) "2) ~(1/2) *a~2-1/3*I/b"3*dilog (1+I* (1/ (b*x+
a)+I*x(1-1/(b*x+a)~"2)"(1/2)))+1/3/b"3*arcsec(b*x+a) *In(1+I*(1/(b*xx+a)+I*(1-1
/ (b*xx+a)~2)"(1/2)))-1/3/b"3*arcsec (b*x+a) *1n(1-I*(1/ (b*x+a)+I* (1-1/(b*x+a)”
2)7(1/2)))+1/3*a"3*xarcsec (b*x+a) "2/b"3+2/b"3*ax1n(1+(1/ (b*xx+a)+I*(1-1/ (b*xx+
a)”~2)7(1/2))72)-4/b"3*a*x1n(1/ (b*xx+a)+I*x(1-1/(b*x+a)~2) " (1/2))+1/3*I/b"3*dil
og (1-I*(1/(bxx+a)+I*x(1-1/(b*x+a)~2)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2bx + a + 1Vbx + a — 1bx® arctan (\/E

1 2 1 2
§x3arctan(\/bx+a+1\/bx+a—l) —Ex3log(b2x2+2abx+a2) —f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(bx*x+a)”2,x, algorithm="maxima"

[Out] 1/3*x"3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/12%x"3*log(b~2*x"
2 + 2%axb*x + a”2)72 - integrate(1/3*(2xsqrt(b*x + a + 1)*sqrt(b*x + a - 1)
xb*x~3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*%(b73*x"5 + 3*axb™2*x
4 + (3%a”2 - D)*b*x"3 + (a”3 - a)*x"2)xlog(b*x + a)~2 - (b73*x”5 + 2%axb”2
*x74 + (272 - 1)*b*x”3 + 3*(b73%x75 + 3xaxb”2*x"4 + (3*a”2 - 1)*b*x"3 + (a~
3 - a)*x"2)*log(b*x + a))*log(b~2*%x"2 + 2*a*xbxx + a~2))/(b~3*%x"3 + 3*a*xb~2x

x"2 + a”3 + (3*xa"2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x2 arcsec (bx + )%, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(b*x+a)”~2,x, algorithm="fricas")

[Out] integral(x~2*arcsec(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x% asec? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*asec(b*x+a)**2,x)

[Out] Integral (xx*2*asec(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x2 arcsec (bx + a) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(b*x+a)”2,x, algorithm="giac")

[Out] integrate(x~2*arcsec(b*x + a)~2, x)
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3.29 f xsec”Ha + bx)? dx
Optimal. Leaf size=154

L L 1
ZiIZPOlyLOg (2’ —jpisec 1(a+bx)) ) ZiIZPOlyLOg (2/ jelsec 1(a+bx)) B 72 sec‘l(u + bx)Z log(a + bx) B (a+bx), /1 - b
b? b? 2b? b? b2

[Out] -(((a + bxx)*Sqrt[1l - (a + b*x)~(-2)]*ArcSec[a + b*x])/b~2) - (a"2*xArcSec[a
+ b*x]72)/(2xb72) + (x72xArcSecla + b*x]72)/2 - ((4xI)*axArcSec[a + bxx]*A
rcTan[E™ (IxArcSec[a + b*x])])/b"2 + Logla + b*x]/b~2 + ((2*I)*axPolyLogl[2,
(-I)*E~(I*ArcSec[a + b*x])])/b"2 - ((2%I)*a*PolyLog[2, I*E~(I*ArcSec[a + bx
x])])/b72

Rubi [A] time = 0.13137, antiderivative size = 154, normalized size of antiderivative =
number of rules

1., number of steps used = 11, number of rules used = 8, integrand size = 10, “ntegrand size
0.8, Rules used = {5258, 4426, 4190, 4181, 2279, 2391, 4184, 3475}
- o T
2iaPolyLog (2, _jpisec 1(11+bx)) . 2iaPolyLog (2, jeisec 1(1/1+bx)) ) a2 sec™\(a + bx)? N log(a + bx) ) (a+ bx),[1 - i
b2 b2 2b? b2 b?

Antiderivative was successfully verified.

[In] Int[x*ArcSecl[a + b*x]~2,x]

[Out] -(((a + bxx)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x])/b~2) - (a"2*ArcSec[a
+ b*x]"2)/(2%b72) + (x"2*xArcSec[a + b*x]72)/2 - ((4*I)*axArcSec[a + bxx]*A
rcTan[E~(I*ArcSec[a + b*x])])/b"2 + Logla + b*x]/b~2 + ((2*I)*axPolyLogl[2,
(-I)*#E~ (I*ArcSecla + b*x])])/b"2 - ((2*I)*a*PolyLog[2, I*E~(IxArcSec[a + Dbx
x])])/b72

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]* (dx*
e - cxf + f*Sec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[((e_.) + (f_D*(x_)) " (m_.)*Sec[(c_.) + (d_.)*x(x)]*((a_) + (b_.)*Sec[(c
_) + (Ao )*x(x)1)"(n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
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*x)"m*(a + bxSec[c + d*x])"(n + 1))/ (bxd*(n + 1)), x] - Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQl[
{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_)*(x )I*(b_.) + (a_))"(m_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4181

Int[csc[(e_.) + Pix(k_.) + (f_.)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 > Simp[(-2%(c + d*x) “mxArcTanh[E~ (I*k*Pi)*E~(Ix(e + f*x))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)~(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*x(e + f*x))], x],
x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(Ix(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, f}, x] && IntegerQ[2+k] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, nt, x] && GtQ[a, O]

Rule 2391

Int[Logl[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 4184

Int[csc[(e_.) + (£_)*(x )17 2x((c_.) + (d_.)*(x)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*xx], x]1/d, x] /; FreeQ[{c, d}, xI

Rubi steps
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Subst ( [ %% sec(x)(a + sec(x)) tan(x) dx, x, sec ™ (a + bx))

f xsecN(a + bx)? dx =

12
1 Subst ( [ x(—a + sec(x))? dx, x, sec™}(a + bx
= —x%sec”!(a + bx)? - (f ( &) ( ))
2 B2
Subst ( l (azx - 2axsec(x) + x secz(x)) dx, x,sec”(a + bx))

1
= §x2 sec™M(a + bx)? - 2

_a?sec”!(a + bx)? Subst ( [ xsec?(x)dx, x, sec™}(a + bx)) (2a) Su
+

+ x sec™ (a + bx)? -

202 2 b?
1 -
(a+bx)[1- bR 5€C Y(a + bx) az sec™1(a + bx)? . a4 by diasec™ (a +
=- x sec™(a + bx)" - ————
b2 2b? 2
1 _
(a+0bx){/1- bR 5€C Ya+bx) p2 sec™1(a + bx)? . 1, g 4 by dinsec™ (a +
=- - zx“sec” (a+ bx)t — ———
b2 202 2
1 -
(a +bx) 1 = o sec Ya + bx) _ asec(a + by)? dinsec™(a +

- _ 2 ol 2
= 2 2 + 2x sec™(a + bx)* -

Mathematica [A] time = 0.145175, size = 142, normalized size = 0.92

2iaPolyLog ( gisec (“”’X)) 2iaPolyLog (2 ie'sec” (“”’X)) ~a®sec™Ha + bx)? + bzxz sec™H(a + bx)? + log(a + b
2

Antiderivative was successfully verified.

[In] Integrate[x*ArcSec[a + b*x]~2,x]

[Out] (-((a + b*x)*Sqrt[l - (a + b*x)~(-2)]*ArcSec[a + b*x]) - (a"2*xArcSec[a + bx*
x]172)/2 + (b”2*%x"2xArcSecla + b*x]~2)/2 - (4*I)*axArcSec[a + b*x]*ArcTan[E~
(IxArcSecla + b*x])] + Logla + bxx] + (2*I)*a*PolyLog[2, (-I)*E~(I*ArcSec[a

+ bxx])] - (2xI)*a*PolyLogl[2, I*E~(I*ArcSec[a + b*x])])/b~2

Maple [A] time = 0.524, size = 327, normalized size = 2.1

x2 (arcsec (bx + a))*>  a? (arcsec (bx + a))*>  xarcsec (bx +a) |1+ (bx +a)®> arcsec(bx +a)a |1+ (bx + a)?
2 22 b (bx + a)* b2 (bx + a)*

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x*arcsec(b*x+a)”~2,x)

[Out] 1/2*x"2*arcsec(bxx+a) ~2-1/2*a"2*arcsec(b*x+a)~2/b"2-1/b*arcsec(b*x+a)*((-1+
(bxx+a)~2) / (b*x+a) ~2) " (1/2)*x-1/b"2*arcsec (b*x+a) * ((-1+(b*x+a) ~2) / (b*xx+a) "2

)~ (1/2)*a-I/b"2*xarcsec(b*x+a)-1/b"2*x1n(1+(1/ (bxx+a)+I*(1-1/(b*x+a) ~2)~(1/2)
)72)+2/072%1n(1/ (b*xx+a) +I* (1-1/(bxx+a) ~2) ~(1/2))-2/b”2*xa*arcsec (b*x+a) *1n (1
+I%(1/(b*x+a)+Ix(1-1/(b*x+a)~2)~(1/2)))+2/b"2*a*arcsec (b*x+a) *1n(1-I*(1/(b*
x+a)+Ix(1-1/(b*x+a)~2) " (1/2)))+2*I/b"2*a*dilog(1+I*(1/(b*x+a)+I*(1-1/(b*x+a
)72)7(1/2)))-2*%I/b"2*%axdilog(1-Ix(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

f 2bx + a +1Vbx + a — 1bx? arctan (\/bx -

1 2 1 2
Exzarctan(\/bx+a+1\/bx+a—l) —gleog(b2x2+2abx+a2) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a)”~2,x, algorithm="maxima")

[Out] 1/2*x"2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/8*x"2x1log(b~2*x"2
+ 2xaxb*x + a”2)72 - integrate(1/2*(2*sqrt(b*x + a + 1)*sqrt(b*x + a - 1)%
b*x~2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2x(b73*xx"4 + 3*axb”™2*x~

3 + (3*%¥a72 - 1)*b*xx"2 + (2”3 - a)*x)*log(b*x + a)”2 - (b73*x74 + 2xa*b”~2*x"

3 + (2”2 - 1)*b*x72 + 2x(b~3*x"4 + 3*a*xb”™2xx”3 + (3*¥a”2 - 1)*bxx"2 + (2”3 -
a)*x)*log(b*x + a))*log(b~™2*x"2 + 2*axb*xx + a~2))/(b~3*x"3 + 3*a*b~2*x"2 +

a"3 + (3*a”2 - 1)*bxx - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x arcsec (bx + a)2 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a)”~2,x, algorithm="fricas")

[Out] integral(x*arcsec(b*x + a)~2, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f x asec? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asec(b*x+a)**2,x)

[Out] Integral(x*asec(a + bx*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

fx arcsec (bx + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a)”~2,x, algorithm="giac")

[Out] integrate(x*arcsec(b*x + a)~2, x)
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3.30 f sec™H(a + bx)? dx
Optimal. Leaf size=94

2iPolyLog (2, —ie! Secfl(‘”bx)) 2iPolyLog (2, ie! Secfl(“bx)) (a + bx)sec™M(a + bx)? 4 secX(a + bx) tan™! (ei sec
- + + +
b b b b

[Out] ((a + bxx)*ArcSecl[a + b*x]~2)/b + ((4*I)*ArcSec[a + b*xx]*ArcTan[E~ (I*ArcSec
[a + bxx])])/b - ((2xI)*PolyLogl[2, (-I)*E~(I*ArcSecla + b*x])])/b + ((2%I)x*
PolyLog[2, I*E~(I*ArcSec[a + b*x])1)/b

Rubi [A] time = 0.0627073, antiderivative size = 94, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 6, integrand size = 8, number of rules_

integrand size
0.75, Rules used = {5252, 5216, 3757, 4181, 2279, 2391}

2iPolyLog (2, —ie! Secfl(‘”bx)) 2iPolyLog (2, ie! Secfl(“bx)) (a+bx)sec™l(a +bx)?> 4i sec™X(a + bx) tan™! (ei sec
- + + +
b b b b

Antiderivative was successfully verified.

[In] Int[ArcSec[a + b*x]~2,x]

[Out] ((a + b*x)*ArcSecl[a + b*x]~2)/b + ((4*xI)*ArcSec[a + b*x]*ArcTan[E~ (I*ArcSec
[a + bxx])])/b - ((2xI)*PolyLogl[2, (-I)*E~(I*ArcSecla + b*x])])/b + ((2+I)x*
PolyLog[2, I*E~(I*ArcSec[a + b*x])])/b

Rule 5252

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Dist[1/d,
Subst [Int[(a + b*ArcSec[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, O]

Rule 5216

Int[((a_.) + ArcSec[(c_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[1/c, Subst[I
nt[(a + b*x) n*Sec[x]*Tan[x], x], x, ArcSec[c*x]], x] /; FreeQ[{a, b, c, n}
, x] && IGtQ[n, O]

Rule 3757

Int[(x_)"(m_.)*Sec[(a_.) + (b_.)*(x_)"(n_.)]"(p_.)*Tan[(a_.) + (b_.)*(x_)"(
n_.)]17(q_.), x_Symbol] :> Simp[(x"(m - n + 1)*Sec[a + b*x"n] p)/(b*n*p), x]
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- Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Sec[a + b*x"n]"p, x], x] /; Free
Ql{a, b, p}, x] && IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]

Rule 4181

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
] > Simp[(-2*(c + d*x) “m*ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)"(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*x(e + f*x))], x],
x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(Ix(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] && IntegerQ[2xk] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

Subst ( [ secT (x)?dx, x,a + bx)

f sec™M(a + bx)? dx =

b
Subst ( [ %% sec(x) tan(x) dx, x, sec™ (a + bx))
a b
(a + bx)sec }(a + bx)2 2 Subst ( f x sec(x) dx, x, sec™H(a + bx))
- b - b
_(a+bx)secMa+bx)? 4 sec™H(a + bx) tan™! (eisec_l(“bx)) 2 Subst ( [log (1 - ieix) dx, x.
- b * b * b
B (@ + bx) sec1 (a+ bx)z . 4isec! (a + bx) tan~! (eisec‘l(a+bx)) (27) Subst (f log(x;lx) dx,x, e
b b b
_(a+bx)sec™(a + bx)? N 4isec™(a + bx) tan™! (eisec_l(“bx)) 2iLi, (—iei Sec_l(‘”bx)) . 2iLi,
b b b

Mathematica [A]

time = 0.108282, size = 111, normalized size = 1.18

—2iPolyLog (2, —iet Sec_l(”bx)) + 2iPolyLog (2, ie! Sec_l(“bx)) +sec™(a + bx) ((a + bx)sec™(a + bx) - 2log (1 S

b
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Warning: Unable to verify antiderivative.

[In] Integrate[ArcSec[a + bxx]~2,x]

[Out] (ArcSec[a + b*x]*((a + bxx)*ArcSec[a + b*x] - 2*Log[l - I*E~(I*ArcSec[a + b
*x])] + 2*Logl[l + I*E~(IxArcSec[a + bxx])]) - (2%I)*PolyLog[2, (-I)*E™(I*Ar
cSec[a + b*xx])] + (2xI)*PolyLog[2, I*E~(I*ArcSecla + b*x])])/b

Maple [A] time = 0.325, size = 179, normalized size = 1.9

2
x (arcsec (bx + a))* + (arcsec (I;x ra)a 2 arcsecl(be +a) In (1 - ((bx +a) " +iy1- (b + a)_z)) +2 —arcsecl(be

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(b*xx+a)”2,x)

[Out] x*arcsec(b*x+a) ~2+1/b*arcsec(b*x+a) "2*a-2/b*arcsec (b*x+a)*1n(1-I*x(1/(b*x+a)
+Ix(1-1/(b*x+a)~2)~(1/2)))+2/b*arcsec (bxx+a) *1n(1+Ix(1/(b*x+a)+I*(1-1/ (b*x+
a)~2)7(1/2)))-2*%I/b*dilog(1+I*(1/(b*x+a)+I*(1-1/(b*xx+a)~2)~(1/2)))+2*I/b*di
log(1-Ix(1/(b*x+a)+Ix(1-1/(b*xx+a)~2)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

2 f2\/bx+a+1\/bx+a—1bxarctan(\/bx+a +

2 1
xarctan(\/bx+a+1\/bx+a—1) —leog(b2x2+2abx+a2) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)”2,x, algorithm="maxima")

[Out] x*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/4*x*x1log(b~2%x"2 + 2%axb
*x + a”2)72 - integrate((2*sqrt(bxx + a + 1)*sqrt(b*x + a - 1)*b*xxarctan(s
qrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (b73%x"3 + 3*axb™2*x"2 + a~3 + (3*a”2

- Dxb*x - a)*log(b*x + a)”2 - (b73*x73 + 2%xa*xb™2%x"2 + (2”2 - 1) *b*xx + (b
T3%x73 + 3%axb”72%x72 + a”3 + (3*%a”2 - 1)*bxx - a)xlog(b*x + a))*log(b~2*x"2

+ 2%axbxx + a”2))/(b"3%xx"3 + 3%xaxb”2xx"2 + a”3 + (3*xa”"2 - 1)*bxx - a), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (arcsec (bx + a)2 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~2,x, algorithm="fricas")

[Out] integral(arcsec(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)**2,x)

[Out] Integral(asec(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arcsec (bx + a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)”2,x, algorithm="giac")

[Out] integrate(arcsec(b*x + a)~2, x)
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331 f sec L (a+bx)? dx

X

Optimal. Leaf size=310

. isec™1(a+bx) ) isec”(a+bx) aei sec”Ha+bx)
—2isec™ (a + bx)PolyLog |2, ———— |- 2isec™'(a + bx)PolyLog |2, —————|+2PolyLog |3, ————
8 1-+vV1-a2 s V1-a2+1 1-V1-a2

[Out] ArcSec[a + b*x] 2%Log[l - (a*E~(I*ArcSecla + b*x]))/(1 - Sqrt[l - a~2])] +
ArcSec[a + b*x] 2+Log[l - (a*E~(I*ArcSecla + b*x]))/(1 + Sqrtl[l - a~2])] -
ArcSec[a + b*x]2*Logl[l + E~((2*I)*ArcSec[a + b*x])] - (2xI)*ArcSec[a + b*x
1*PolyLog[2, (a*xE~(IxArcSecla + b*x]))/(1 - Sqrt[l - a~2])] - (2*I)*ArcSecl[

a + bxx]*PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrtl[l - a~2])] + I*ArcS

ecla + b*x]*PolyLog[2, -E~((2%I)*ArcSec[a + b*x])] + 2*PolyLog([3, (a*E~(I*A
rcSec[a + b*x]))/(1 - Sqrt[l - a~2])] + 2*PolyLog[3, (a*E~(IxArcSec[a + b*x
1))/ + Sqrt[l - a~2])] - PolyLogl3, -E~((2*I)*ArcSec[a + b*x])]/2

Rubi [A] time = 0.485217, antiderivative size = 310, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 17, number of rules used = 9, integrand size = 12, R .

integrand size
0.75, Rules used = {5258, 4551, 4530, 3719, 2190, 2531, 2282, 6589, 4520}

) aei sec™Y(a+bx) ) aei sec™Y(a+bx) aez’ sec™(a+bx)
—2isec”(a + bx)PolyLog |2, ————| - 2isec™*(a + bx)PolyLog |2, ——— |+ 2PolyLog |3, ———
yos 1-V1-42 yHes V1-a2+1 o8 1-V1-42

Antiderivative was successfully verified.

[In] Int[ArcSecl[a + b*x]~2/x,x]

[Out] ArcSecla + b*xx] 2*xLog[l - (a*E~(I*ArcSecla + b*x]))/(1 - Sqrt[1l - a~2])] +
ArcSecla + b#*x]~2*Log[l - (a*xE~(I*ArcSec[a + bxx]))/(1 + Sqrt[1l - a~2])] -
ArcSec[a + b*x]"2*xLog[l + E~((2*I)*ArcSec[a + b*x])] - (2*I)*ArcSec[a + b*x
1*PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[l - a"2])] - (2*xI)*ArcSec[

a + b*x]*PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[l - a~2])] + I*ArcS

ecla + b*x]*PolyLog[2, -E~((2%I)*ArcSec[a + b*x])] + 2*PolyLog[3, (a*E~(I*A
rcSecla + b*x]))/(1 - Sqrt[l - a”2])] + 2+PolyLogl[3, (a*E~(I*ArcSec[a + bx*x
1))/ + Sqrt[1 - a”2])] - PolyLogl[3, -E~((2*I)*ArcSec[a + b*x])]/2

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*x(_.))"(p_)*((e_.) + (f_)*x(x))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
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f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4551

Int[((Ce_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_)*(x_)]1"(_.)*(G_)[(c_.) +

(d_)*xx )17 (p_.))/((a) + (b_.)*Sec[(c_.) + (d_.)*x(x_)]), x_Symbol] :> In
t[((e + f*x) m*Cos[c + d*x]*F[c + d*x] nxG[c + d*x]"p)/(b + a*Cos[c + d*x])
, x] /; FreeQ[{a, b, c, d, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, p]

Rule 4530

Int[((Ce_.) + (£_)*(x_))"(m_.)*Tan[(c_.) + (d_.)*(x_)]"(n_.))/(Cos[(c_.) +

(d_)*(x)]*(M_.) + (a_)), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Tan[c +
d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Sin[c + d*x]*Tan[c + d*x] " (n -
1))/(a + b*Cos[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 3719

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symboll :> Simpl[(
Ix(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x) m*E~(2*I*(e
+ f*xx)))/(1 + E-(2xI*x(e + f*x))), x], x] /; FreeQl{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2190

Int [(CF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
((a_) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_.)*(x_))))"(n_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + bx*x
)))"n)1)/(bxcxn*Log[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1) *PolyLogl2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
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onOfExponentialQ[u, x] && !'MatchQ[u,
{a, m, n}, x] && IntegerQ[m*n]] &&
(F_)[v_] /; FreeQ[{a, b,

(w_)x((a_.)*(v_)"(n_))"(m_) /; FreeQl
IMatchQ[u, E7((c_.)*((a_.) + (b_.)*x))x*
c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*x((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 4520
Int[(((e_.) + (f_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)])/(Cos[(c_.) + (d_.)
x(x_)]*(b_.) + (a_)), x_Symbol] :> Simp[(Ix(e + fxx)~(m + 1))/(b*f*x(m + 1))

, x] + (-Dist[I, Int[((e + f*x) m*E~(Ix(c + d*x)))/(a - Rt[a"2 - b~2, 2] +
b*E~(Ix(c + d*x))), x], x] - Dist[I, Int[((e + f*x) m*E~(I*(c + d*x)))/(a +

Rt[a"2 - b~2, 2] + b*xE~(Ix(c + d*x))), x], x]) /; FreeQ[{a, b, ¢, d, e, £}
, x] && IGtQ[m, 0] && PosQ[a"2 - b~2]

Rubi steps

sec™H(a + bx)?

_ 2
f i = Subst ( f x% sec(x) tan(x)
x

—a + sec(x)

_ Subst (f 1x tan(x)

— acos(x)

dx, x,sec”(a + bx))

dx, x,sec”(a + bx))

:aSubst(f1

x? sin(x)
— acos(x)

(21 Subst ( f =

21x 2

=sec”!(a + bx)?log|1 -

=sec”!(a + bx)?log|1 -

=sec”!(a + bx)?log|1 -

=sec”!(a + bx)?log|1 -

— dx, x,sec”!(a + bx))) — (ia) Subst (

a ei sec”1(a+bx)

“V1-a2

aei secH(a+bx)
Y )

aei sec”L(a+bx)

1-+vV1-a?

a ei sec”1(a+bx)

~\V1-a2

+sec”l(a + bx)?log

+sec”!(a + bx)? log

+sec™Ha + bx)? log

+sec”l(a + bx)? log

1-

1-

1-

1-

ex X2

dx, x,sec™Na + bx)) + Subst ( f x% tan(x) dx, x, sec™ (a + bx))

\/ — a2 _ aezx

ae’ sec”1(a+bx)

1+ V1-a2

aei sec”H(a+bx)

1+V1-a2

aei sec”1(a+bx)

1+ V1-a2

aei sec”1(a+bx)

1+ V1-a2

dx, x,sec”(a -
—sec™Ha + bx)? Ic

—sec™Ha + bx)? Ic

—sec™H(a + bx)? Ic

—sec™Ha + bx)? I
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Mathematica [B] time = 2.23018, size = 813, normalized size = 2.62

eisec‘l(a+bx) ( 1- a2 - 1)

a

ei sec_l(a+bx)a
log sec™H(a + bx)? + log

S
V1i-a2-1

aei sec™L(a+bx)
+1|sec™l(a + bx)? + log|1 - se

V1-a2+1

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSec[a + bxx]~2/x,x]

[Out] ArcSec[a + b*x] 2xLog[l + (a*E~(I*ArcSecla + b*x]))/(-1 + Sqrt[1l - a"2])] +
ArcSec[a + b*x] 2xLog[1 + ((-1 + Sqrt[1l - a~2])*E~(I*ArcSec[a + b*x]))/a]
- 4xArcSec[a + b*x]*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Log[l + ((-1 + Sqrt[1
- a”2])*#E~(I*ArcSec[a + b#*x]))/al + ArcSecl[a + b*x] 2xLog[l - (a*E~(I*ArcSe
cla + b*x]))/(1 + Sqrt[l - a”2])] + ArcSec[a + b*x]"2*Log[1l - ((1 + Sqrt[1
- a”2])*E~(I*ArcSecla + bx*x]))/al + 4*xArcSec[a + b*x]*ArcSin[Sqrt[(-1 + a)/
al/Sqrt[2]]1*Log[l - ((1 + Sqrt[1l - a~2])*E~(I*ArcSec[a + bx*x]))/al - 2%ArcS
ecla + b*x]"2xLog[1l + E~((2*I)*ArcSec[a + b*x])] + ArcSec[a + b*x] 2xLog[(2
*((a + bxx)~(-1) + IxSqrt[l - (a + b*x)~(-2)]1))/(a + bxx)] - ArcSec[a + bx*x
172«Log[1 + ((-1 + Sqrt[1l - a2])*((a + b*x)~(-1) + IxSqrt[l - (a + b*x)~ (-
2)]1))/al + 4xArcSecla + b*x]*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Log[1l + ((-1
+ Sqrt[l - a”2])*((a + b*x)~(-1) + IxSqrt[l - (a + b*x)~(-2)]))/a]l - ArcSec
[a + b*x]"2xLog[1 - ((1 + Sqrt[l - a~2])*((a + b*x)~(-1) + IxSqrt[l - (a +
bxx)~(-2)]))/al - 4xArcSecl[a + b*x]*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Logl1
- ((1 + Sqgrt[1l - a”2])*((a + b*x)~(-1) + I*Sqrt[l - (a + b*x)~(-2)]1))/al -
(2xI)*ArcSec[a + bxx]*PolyLog[2, -((a*E~(I*ArcSec[a + b*x]))/(-1 + Sqrt[1 -
a”2]))] - (2*I)*ArcSec[a + b*x]*PolyLog[2, (a*E~(I*ArcSecl[a + bxx]))/(1 +
Sqrt[1 - a~2])] + IxArcSecla + b*x]*PolyLog[2, -E~((2xI)*ArcSec[a + bx*x])]
+ 2xPolyLog[3, -((a*E~(I*ArcSec[a + bxx]))/(-1 + Sqrt[1l - a”2]))] + 2xPolyL
ogl[3, (axE~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a~2])] - PolyLogl[3, -E~((2*I)
*ArcSec[a + b*x])]/2

Maple [F] time = 0.627, size = 0, normalized size = 0.

dx

f (arcsec (bx + u))2

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(b*x+a)”~2/x,x)



[Out] int(arcsec(b*x+a)~2/x,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a)2
f ” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~2/x,x, algorithm="maxima"

[Out] integrate(arcsec(b*x + a)~2/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a)2 )
, X
X

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(arcsec(b*x + a)~2/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

asec? (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)**2/x,x)

[Out] Integral(asec(a + b*x)**2/x, x)




Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arcsec (bx + a)2
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(arcsec(b*x + a)~2/x, x)
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sec L (a+bx)?
( ) dx

332 |

Optimal. Leaf size=244

x2

aei scc’l(a+bx) aei scc’l(a-#bx)

aeisccfl(a-#bx)

2bPolyLog (2, " ) 2ibsec™(a + bx) log (1 - ) 2ibsec™(a + b

) 2bPolyLog (2,

V1-a? N V1-a2+1 1-V1-a? N
av1l - a2 avl —a? avl —a? a

[Out] -((bxArcSecla + b*x]~2)/a) - ArcSecl[a + bxx]72/x - ((2*I)*bxArcSec[a + b*x]
*xLog[1 - (a*E~(I*ArcSec[a + bxx]))/(1 - Sqrt[l - a~2])]1)/(axSqrt[1l - a~2])

+ ((2*%I)*bxArcSec[a + b*x]*Logl[l - (a*E~(I*ArcSecla + bx*x]))/(1 + Sqrt[1l -
a~2]1)]1)/(axSqrt[1 - a~2]) - (2*b*PolyLogl[2, (a*xE~(IxArcSecl[a + bxx]))/(1 -
Sqrt[1 - a~2])])/(a*Sqrt[1 - a~2]) + (2*b*PolyLog[2, (a*E~(I*ArcSec[a + b*x
1))/ + Sqrt[1 - a~2])]1)/(a*Sqrt[1 - a~2])

Rubi [A] time = 0.394866, antiderivative size = 244, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 8, integrand size = 12, e

integrand size
0.667, Rules used = {5258, 4426, 4191, 3321, 2264, 2190, 2279, 2391}

a isec_l(a+bx) aeisec_l(u+bx) . aeisec_l(a-f—bX) .
2bPolyLog (2, E—) 2bPolyLog (2, —) 2ibsec(a + bx) log (1 - —) 2ibsec (a + b
—V1-g2 Vi—a2+1 V12
_ 1-vV1 + 1 + 1-vV1 +

avl - a? avl —a? B avl - a? a

Antiderivative was successfully verified.

[In] Int[ArcSecl[a + b*x]~2/x72,x]

[Out] -((bxArcSecla + b*x]~2)/a) - ArcSecl[a + bxx]72/x - ((2*I)*bxArcSec[a + b*x]
*xLog[1l - (a*E~(I*ArcSec[a + bxx]))/(1 - Sqrt[l - a~2])])/(axSqrt[1l - a~2])

+ ((2xI)*bxArcSec[a + b*x]*Log[l - (a*E~(IxArcSecla + b*x]))/(1 + Sqrt[l -
a”2])])/(axSqrt[1 - a”2]) - (2xb*PolyLogl[2, (a*xE~(I*ArcSecla + b*x]))/(1 -
Sqrt[1 - a~2])]1)/(a*Sqrt[1 - a~2]) + (2*b*PolyLog[2, (a*E~(IxArcSec[a + b*x
1))/ + Sqrt[1 - a2])]1)/(a*Sqrt[1 - a~2])

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I1*(b_.))"(p_)*((e_.) + (f_.)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e — cxf + fxSec[x])"™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] && IGtQ[p, 0] && IntegerQ[ml]
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Rule 4426

Int[((e_.) + (£_)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Sec[(c
_) + (Ao D)*x(x )17 (n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m*(a + b*Seclc + d*x])"(n + 1))/(bxd*(n + 1)), x] - Dist[(f*m)/(bxd*(n
+ 1)), Int[(e + f*xx)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (@)~ (n_)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3321

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (f_.)*(
x_)]1), x_Symbol] :> Dist[2, Int[((c + d*x) m*xE~(I*Pikx(k - 1/2))*E~(I*(e + f
*xx))) /(b + 2xaxE~ (I*Pi*x(k - 1/2))*E~(I*(e + f*x)) — b*E~(2%Ixk*Pi)*E~ (2xI*(
e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IntegerQ[2+k] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*xx))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkFu)/(b - q + 2*xc*F"u), x], x] - Dist[(2*c)/q, Int[((f + gkx)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2*%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(m_)*((c_.) + (d_)*x_D)"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*xgxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*xn*Log[F]), Subst[Int[Logla + bxx]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]



Rule 2391

Int[Log[(c_.)*x((d_) + (e_
, —(cxexx™n)]/n, x] /; FreeQl[{c,

Rubi steps

D*x(x_)7

x? sec(x) tan(x)

(n_

d, e, n},

f sec™l(a + bx)?

5 dx = b Subst (
x

sec™M(a + bx)?

(—a + sec(x))?

N1/ (x),
x] && EqQlcxd, 1]
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x_Symbol] :> -Simp[PolyLog[2

dx, x,sec”(a + bx))

__see aroxr _x -1
= " + (2b) Subst (f — dx,x,sec™(a + bx))

-1 2
__Sec e+, (i O L 2b) Subst ( f ( z

x —
m) dx, x,sec”(a + bx))

-1
bsec(a + bx)? ) sec™1(a + bx)? . (2b) Subst (f pr— )dx x,sec (a + bx))
a X 4
-1 2 -1 2 (4b)Subst | [ — 2Ty, x,sec!(a + by)
bsec™(a + bx) _sec (a + bx) N —a+2ei¥—ge2ix "7
a X a
bsecl(a+bx)?  sec\(a + bx)? (4b) Subst (f —zm — dx, x,sec™Ha + bx)) (4b) S

a

bsec™ (a + bx)?

X

sec™M(a + bx)2

+
V1 — a2

qelsec” a+bx)

-1
2ibsec™(a + bx) log (1 - e

) 2ibsec™(a + bx)

a

bsec™ (a + bx)?

X

sec™}(a + bx)?

+

N2

an

aet sec_l(a+bx)

. _1 e
2ibsec™(a + bx) log (1 e

) 2ibsec™(a + bx)

a

bsec™ (a + bx)?

X

sec”!(a +bx)*

—+

aV1-a? a

pisec” u+bx)
2ibsec™Y(a + bx) log (1 ) 2ibsec™Y(a + bx)

a

Mathematica [B]

X

+
avl - a?

an

time = 2.22178, size = 686, normalized size = 2.81

( ﬁ)(ﬁtan( sec 1(a+bx)) a+1)

Zb[i[PolyLog[

+b “L(a+bx)?
(a+bx) sec™*(a+bx) n

1+iVa2-1)(Va2-1 tan( 5 sec 1(u+bx) —a+1
i e |
(Ftan( sec” (u+bx))+a—1) Y g

(Ftan( &.ec_l(aerx))Jra 1) ]]+2 Secil(ﬂ+bx)t

X

Antiderivative was successfully verified.
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[In] Integrate[ArcSec[a + b*x]~"2/x72,x]

[Out] -((((a + b*x)*ArcSec[a + b*x]~"2)/x + (2xbx(2xArcSec[a + b*x]*ArcTanh[((-1 +
a)*Cot [ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]] - 2%ArcCos[a”(-1)]*ArcTanh[((1
+ a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a”2]] + (ArcCos[a~(-1)] - (2*I)*ArcT
anh[((-1 + a)*Cot[ArcSec[a + b*x]/2])/Sqrt[-1 + a”2]] + (2*I)*ArcTanh[((1 +
a)*Tan[ArcSecla + b*x]/2])/Sqrt[-1 + a~2]])*Logl[Sqrt[-1 + a~2]/(Sqrt[2]*Sq
rt[a]l*E~((I/2)*ArcSec[a + bxx])*Sqrt[-((b*x)/(a + b*x))])] + (ArcCos[a”(-1)
1 + (2*I)*(ArcTanh[((-1 + a)*Cot[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]] - ArcT
anh[((1 + a)*Tan[ArcSecla + b*x]/2])/Sqrt[-1 + a~2]]))*Logl[(Sqrt[-1 + a~2]*
E~((I/2)*ArcSecl[a + b*x]))/(Sqrt[2]*Sqrt[al*Sqrt[-((b*x)/(a + b*x))]1)] - (A
rcCos[a”(-1)] - (2xI)*ArcTanh[((1 + a)*Tan[ArcSecla + b*x]/2])/Sqrt[-1 + a~
2]1)*Log[((-1 + a)*(I + I*a + Sqrt[-1 + a~2])*(-I + Tan[ArcSec[a + bx*x]/2])
)/(ax(-1 + a + Sqrt[-1 + a"2]*Tan[ArcSec[a + b*x]/2]))] - (ArcCos[a~(-1)] +
(2*I)*ArcTanh[((1 + a)*Tan[ArcSec[a + b*x]/2]1)/Sqrt[-1 + a~2]1]1)*Log[((-1 +
a)*(-I - Ixa + Sqrt[-1 + a”2])*(I + Tan[ArcSecla + b*x]/2]))/(ax(-1 + a +
Sqrt[-1 + a"2]*Tan[ArcSec[a + b*x]/2]))] + I*(-PolyLogl[2, ((1 - I*Sqrt[-1 +
a”2])*(1 - a + Sqrt[-1 + a”2]*Tan[ArcSec[a + bx*x]/2]))/(ax(-1 + a + Sqrt[-
1 + a”2]*Tan[ArcSec[a + b*x]/2]))] + PolyLog[2, ((1 + I*Sqrt[-1 + a~2])*(1
- a + Sqrt[-1 + a"2]*Tan[ArcSec[a + b*x]/2]))/(a*x(-1 + a + Sqrt[-1 + a~2]*T

an[ArcSecla + b*x]/2]1))]1)))/Sqrt[-1 + a~2])/a)

Maple [A] time = 0.404, size = 341, normalized size = 1.4

_b@m&m@x+@f_@n%%dm+@f_Zwmwmam+mv;§:hn«ﬂ{@x+m4+iG_am+m4)+J

a x a(az—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(b*x+a)~2/x"2,x)

[Out] -b*arcsec(b*x+a) " 2/a-arcsec(b*x+a) ~2/x-2*%I*bx(-a~2+1)~(1/2)/a/(a"2-1)*arcse
c(b*xx+a)*1n((-a*x(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))+(-a~2+1)~(1/2)+1)/(1+(-
a~2+1) " (1/2)))+2xIxbx(-a~2+1)~(1/2) /a/(a"2-1) *arcsec (b*x+a) *1n((a* (1/ (b*x+a
)+I*x(1-1/(b*x+a)~2)~(1/2))+(-a"2+1)~(1/2)-1) / (-1+(-a"2+1) " (1/2)) ) -2*b* (-a"2
+1)7(1/2)/a/(a"2-1)*dilog((-a* (1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))+(-a~2+1)"
(1/2)+1)/ (1+(-a~2+1) " (1/2) ) ) +2xb*x (-a~2+1) " (1/2) /a/(a"2-1) *dilog ((a* (1/ (b*xx+
a)+Ix(1-1/(bxx+a)~2)~(1/2))+(-a~2+1)"(1/2)-1)/(-1+(-a~2+1)"(1/2)))




Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~2/x72,x, algorithm="maxima"

[Out] Timed out
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Fricas [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a)2 )
, X

integral ( 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)”~2/x72,x, algorithm="fricas")

[Out] integral(arcsec(b*x + a)~2/x72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

asec? (a + bx)
[ularb,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)**2/x**2,x)

[Out] Integral(asec(a + b*x)**2/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

arcsec (bx + a)2
f x2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arcsec(b*x+a)”2/x72,x, algorithm="giac")

[Out] integrate(arcsec(b*x + a)~2/x72, x)
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3.33 f x%sec7Ha + bx)? dx
Optimal. Leaf size=494

6ia® sec™!(a + bx)PolyLog (2, —ieisec_l(“l’x)) 6ia® sec™!(a + bx)PolyLog (2, ie! Sec_l(‘”b")) 6a2PolyLog (3, —ie!sec
- + +
b3 b3 b3

[Out] ((a + bxx)*ArcSec[a + b*x])/b~3 - ((3*I)*axArcSec[a + b*x]~2)/b~3 + (3*a*(a
+ b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]72)/b"3 - ((a + b*x) 2%Sqrt
[1 - (a + b*x)~(-2)]*ArcSecla + b*x]~2)/(2xb~3) + (a”3*ArcSecla + b*x]~3)/(
3*b~3) + (x73xArcSec[a + b*x]~3)/3 + (I*ArcSecla + b*x] 2xArcTan[E~(I*ArcSe
cla + b*x])])/b~3 + ((6*%I)*a~2*xArcSec[a + b*x] 2xArcTan[E~ (I*ArcSec[a + b*x
1)1)/"3 - ArcTanh[Sqrt[1 - (a + b*x)~(-2)]]1/b"3 + (6*axArcSec[a + b*x]*Log
[1 + ET((2%I)*ArcSec[a + b*x])])/b~3 - (I*ArcSec[a + bxx]*PolyLogl[2, (-I)*E
“(IxArcSec[a + b*x])])/b~3 - ((6%I)*a~2xArcSec[a + b*x]*PolyLog[2, (-I)*E~(
I*xArcSecla + b*x])])/b~3 + (IxArcSec[a + b*x]*PolyLog[2, I*E~(I*ArcSec[a +
b*x])]1) /"3 + ((6%I)*a~2xArcSec[a + b*x]*PolyLog[2, I*E~(I*ArcSecl[a + b*x])
1)/v73 - ((3*I)*axPolyLog[2, -E~((2*I)*ArcSec[a + b*x])])/b~3 + PolyLogl3,
(-I)*E~ (I*ArcSec[a + b*x])]/b~3 + (6%a~2*PolyLogl[3, (-I)*E~(I*ArcSec[a + bx
x]1)1)/b73 - PolyLogl[3, I*E~(IxArcSecla + bxx])]1/b~3 - (6*a"2*PolyLogl[3, I*E
~(I*ArcSecl[a + b*x])])/b~3

Rubi [A] time = 0.396809, antiderivative size = 494, normalized size of antiderivative =
1., number of steps used = 25, number of rules used = 14, integrand size = 12, M =
integrand size

1.167, Rules used = {56258, 4426, 4190, 4181, 2531, 2282, 6589, 4184, 3719, 2190, 2279, 2391,
4186, 3770}

6ia® sec™!(a + bx)PolyLog (2, —ieisecfl(”b")) 6ia® sec™!(a + bx)PolyLog (2, iel Secfl(‘”bx)) 6a*PolyLog (3, —ie! 5
- + +
b3 b3 b3

Antiderivative was successfully verified.

[In] Int[x"2%ArcSec[a + b*x]"3,x]

[Out] ((a + b*x)*ArcSecla + b*x])/b~3 - ((3*I)*axArcSec[a + b*x]~72)/b~3 + (3*a*x(a
+ b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]~72)/b"3 - ((a + b*x) 2xSqrt
[1 - (a + bxx)~(-2)]*ArcSec[a + b*x]~2)/(2*b~3) + (a~3*ArcSecl[a + b*x]~3)/(
3*b7"3) + (x"3*ArcSec[a + b*x]"3)/3 + (I*ArcSecl[a + b*x] " 2*ArcTan[E~ (I*ArcSe
cla + b*x])]) /b3 + ((6xI)*a~2xArcSec[a + b*x] " 2*ArcTan[E~ (I*ArcSec[a + b*x
1)1)/073 - ArcTanh[Sqrt[1 - (a + b*x)~(-2)]]/b"3 + (6*axArcSec[a + b*x]*Log
[1 + E7((2*I)*ArcSecla + b*x])])/b"3 - (IxArcSec[a + b*x]*PolyLog[2, (-I)*E
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~(I*xArcSec[a + b*x])])/b"3 - ((6%I)*a~2xArcSec[a + b*x]*PolyLog[2, (-I)*E~(
IxArcSec[a + b*x])])/b"3 + (IxArcSec[a + b*x]*PolyLog[2, I*E~(I*ArcSec[a +

b*x])]1) /"3 + ((6%I)*a~2*ArcSec[a + b*x]*PolyLog[2, I*E~(I*ArcSec[a + b*x])
1)/b73 - ((3*%I)*axPolyLog[2, -E~((2*I)*ArcSec[a + b*x])])/b~3 + PolyLogl[3,

(-I)*#E~ (I*ArcSecla + b*x])]/b~3 + (6%xa”2*PolyLog[3, (-I)*E~(IxArcSec[a + Dbx
x])]1)/b73 - PolyLogl[3, I*E~(I*ArcSec[a + b*x])]/b~3 - (6*a"2*PolyLogl3, I*E
~(I*ArcSec[a + b*x])])/b”3

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(_.))"(p_)*((e_.) + (f_)*(x))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e - cxf + fxSec[x]) ™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[(Ce_.) + (£_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]1*((a_) + (b_.)*Secl(c
_) + (Ao D)*x(x )17 (n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m*(a + b*Secl[c + d*x])"(n + 1))/(b*xd*(n + 1)), x] - Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*xx)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4181

Int[csc[(e_.) + Pix(k_.) + (£_.)*(x_)I1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 > Simp[(-2*(c + d*x) “m*ArcTanh[E~ (I*k*Pi)*E~(Ix(e + f*x))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)"(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*x(e + f*x))], x],
x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(Ix(e + f*x))
1, x1, x]) /; FreeQ[{c, d, e, f}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))7"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~ " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nr, x] && GtQ[m, O]
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Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)x*((a_.) + (b_.)*(x_)) " (p_.)1/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + bxx) pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 4184

Int[cscl(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
p[((c + d*x) "m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3719

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
I*¥(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x) m*xE~(2*xIx*(e
+ £xx)))/(1 + ET(2xIx(e + f*x))), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]



Rule 4186

Int[(cscl(e_.) + (f_
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D*x(x_)1*(b_.)) () *((c_.) + (d_.)*(x_))"(m_), x_Symbo

1] :> -Simp[(b~2*(c + d*x) m*Cot[e + f*x]*(bxCscle + fxx])"(n - 2))/(f*x(n -
1)), x] + (Dist[(b™2*%d"2*m*x(m - 1))/(f"2x(n - 1)*(n - 2)), Int[(c + d*x)~(
m - 2)*(bxCscle + f*x])"(n - 2), x], x] + Dist[(®™2x(n - 2))/(n - 1), Int[(
c + d*x) “mx(b*Cscle + f*x])"(n - 2), x], x] - Simp[(b~™2*d*m*(c + d*x) " (m -
1) x(bxCscle + fxx])"(n - 2))/(f"2x(n - D*(n - 2)), x]) /; FreeQl{b, c, d,

e, f}, x] && GtQl[n,

Rule 3770
Int[cscl(c_.) + (d

1] && NeQ[n, 2] && GtQ[m, 1]

_)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

f x%sec”l(a + bx)3 dx =

Subst ( [ 23 sec(x)(—a + sec(x))? tan(x) dx, x, sec™ (a + bx))

b3
1 Subst ( [ x?(—=a + sec(x))® dx, x, sec™ ! (a + bx
§x3 sec™H(a + bx)? - (f bz) ))
1 @ sec- (@ + b — Subst ( f (—a3x2 + 3a%x? sec(x) — 3ax? sec?(x) + x% sec® (x)) dx, x, sec
3 b3
3geca + bx)3 Subst ( [ ¥2sec3(x)dx, x,sec™(a + bx))  (3a) St
a Sec 3;2 + x) + 3x sec 1(a + bx)3 (f b3 ) +
1 T _
_(@+by) sec™1(a + bx) 3a(a + bx)[1 - o ¢ “La+ bx)2 (a+bx)*\[1- iR S 1
b3 b3 2b3

_(a+bx)secM(a+bx) 3Biasec'(a+ bx)2 3a(a + bx)|[1~ ( +b )2 sec™(a + bx)? (’1 +1

b3 B b3

_ (a+bx)secM(a+bx) 3Biasec'(a+ bx)2 3a(a +bx)|[1~ ( +b )2 sec™(a + bx)? (’1 +1

b3 b3

_(a+bx)sec!(a+bx) Biasec”!(a+ bx)2 3a(a + bx)|[1~ b )2 sec™(a + bx)? (“ +1

b3 b3

_(a+bx)secM(a+bx) 3Biasec'(a+ bx)2 3a(a + bx)J1 - ( +b )2 sec™(a + bx)? (“ +1

b3 - b3
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Mathematica [A] time = 0.490697, size = 442, normalized size = 0.89

6a° (PolyLog (3, —ieisec_l(”+bx)) —isec!(a + bx)PolyLog (2, —ieisec_l(“+bx))) + 6ia® (sec‘l(a + bx)PolyLog (2, jeisec™(

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcSecla + b*x]~3,x]

[Out] ((a + bxx)*ArcSec[a + b*x] + 3*ax(a + bxx)*Sqrt[l - (a + b*x)~(-2)]*ArcSec[
a + bxx]"2 - ((a + bxx)"2xSqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]"2)/2 + (
a~3*%ArcSec[a + b*x]"3)/3 + (b~ 3*x"3*%ArcSec[a + b*x]~3)/3 + Ix*ArcSec[a + b*x
172xArcTan[E~ (I*ArcSec[a + b*x])] + (6%I)*a~2*xArcSec[a + b*x] “2*ArcTan[E~ (I
xArcSec[a + bxx])] - ArcTanh[Sqrt[1 - (a + b*x)~(-2)]] - I*ArcSecla + b*x]*
PolyLogl[2, (-I)*E~(I*ArcSec[a + b*x])] + IxArcSec[a + bxx]*PolyLog[2, I*E~(
I*ArcSecla + b*x])] - (3*I)*ax(ArcSec[a + b*x]*(ArcSec[a + b*x] + (2xI)*Log
[1 + E7((2*I)*ArcSecla + b*x])]) + PolyLog[2, -E~((2*I)*ArcSec[a + b*x])])
+ PolyLog[3, (-I)*E~(I*ArcSec[a + b*x])] + 6%a~2x((-I)*ArcSec[a + b*x]*Poly
Log[2, (-I)*E~(I*ArcSecla + b*x])] + PolyLog[3, (-I)*E~(IxArcSec[a + bxx])]
) + (6xI)*a~2*(ArcSecla + b*x]*PolyLog[2, I*E~(I*ArcSecla + b*x])] + IxPoly
Log[3, I*E~(IxArcSec[a + b*x])]) - PolyLogl[3, I*E~(I*ArcSec[a + b*x])])/b~3

Maple [A] time = 0.59, size = 770, normalized size = 1.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arcsec(b*x+a)”3,x)

[Out] 1/3*x"3*arcsec(b*x+a)~3-1/2/b*arcsec(b*x+a) 2% ((-1+(b*x+a)~2)/(b*x+a)~2)~ (1
/2)*x~2+1/3*a"3*arcsec (b*x+a) "3/b”~3+2/b"2xarcsec (b*x+a) ~2*x ((-1+(b*x+a) ~2) /(
b*x+a) ~2) " (1/2) *x*a+5/2/b"~3*arcsec (b*x+a) ~"2x ((-1+(b*x+a) ~2) / (b*x+a) ~2) ~(1/2
)*a~2+6*xIxa"2*xarcsec (b*x+a) *polylog(2,I*(1/(b*x+a)+Ix(1-1/(b*x+a)~2)~(1/2))
)/b~3+1/b~2*arcsec (b*x+a) *x+1/b~3*arcsec (b*x+a) *a-3*xI*axarcsec (b*x+a) "2/b"3
-3*I*xa*polylog(2,-(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))7"2)/b~3+3/b"3*a"2*arcs
ec(bxx+a) "2x1In(1+I*(1/ (b*xx+a)+I*x(1-1/(b*x+a)~2)~(1/2)))+6%a~2*polylog(3,-Ix*
(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~3+I*arcsec(b*x+a)*polylog(2,I*(1/(b*
x+a)+Ix(1-1/(b*x+a)~2)~(1/2)))/b~3-I*arcsec(b*x+a)*polylog(2,-I*(1/(b*x+a)+
Ix(1-1/(bxx+a)~2)~(1/2)))/b~3-3/b"3xa"2*arcsec (b*x+a) "2*1n(1-I*(1/ (b*x+a)+I
*(1-1/ (b*x+a)~2)~(1/2)))-6*a~2*xpolylog(3,I*(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/
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2))) /b~ 3+6*a*arcsec (bxx+a)*1n(1+(1/ (b*x+a)+I*x(1-1/(b*x+a)~2)~(1/2))"2)/b"3-
6*xI*xa~2*xarcsec(b*x+a)*polylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b"3
+1/2/b"3*arcsec(b*x+a) "2*%1n (1+I* (1/ (b*x+a)+I*x(1-1/(b*x+a) ~2) ~(1/2)))+2*xI/b~
3xarctan(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))+polylog(3,-I*(1/(b*x+a)+I*x(1-1/
(b*xx+a)~2)"(1/2)))/b"3-1/2/b"3*arcsec (b*x+a) "2*x1n(1-I*(1/ (b*x+a)+I* (1-1/ (b*
x+a)~2)7(1/2)))-polylog(3,I*(1/(bxx+a)+Ix(1-1/(b*x+a)~2)~(1/2)))/b"3

Maxima [F] time = 0., size = 0, normalized size = 0.

3
1 51 (4bx 8
§x3arctan(\/bx+a+1\/bx+g_1) —ng’arctan(\/bx+a+1\/bx+a—1)log(b2x2+2abx+a2)2—f—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(bx*x+a)”3,x, algorithm="maxima"

[Out] 1/3*x"3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 1/4*x"3*arctan(sqrt
(b*x + a + 1)*sqrt(b*x + a - 1))*log(b~2*x"2 + 2%a*xbxx + a”2)"2 - integrate
(1/4*%((4*b*xx~3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"3xlog(b~

2%x72 + 2%axbxx + a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4%x(3*(b™3*x

75 + 3*axb”2xx"4 + (3*%a”2 - 1)*b*x"3 + (2”3 - a)*x72)*log(b*x + a)”2 - (b~3

*x75 + 2%axb"2%xx74 + (2”2 - 1)*b*x"3 + 3%(b"3%x"5 + 3xaxb"2xx"4 + (3*%a”2 -
D*b*xx"3 + (2”3 - a)*x72)*log(b*xx + a))*log(b™2%x”2 + 2*axb*x + a~2))*arcta
n(sqrt(bxx + a + 1)*sqrt(b*x + a - 1)))/(b73*x"3 + 3*axb”™2*x"2 + a3 + (3*a

"2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (xz arcsec (bx + a)3 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(bx*x+a)~3,x, algorithm="fricas")

[Out] integral(x~2*arcsec(b*x + a)~3, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f x? asec® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*asec(b*x+a)**3,x)

[Out] Integral(x*x2*asec(a + b*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f x2 arcsec (bx + a)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arcsec(b*x+a)”3,x, algorithm="giac")

[Out] integrate(x~2*arcsec(b*x + a)~3, x)
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3.34 f xsec™Ha + bx)? dx
Optimal. Leaf size=278

6iasec™!(a + bx)PolyLog (2, —ieisec_l(“bx)) 6ia sec™(a + bx)PolyLog (2, ieisec_l(“bx)) 3iPolyLog (2, —eZisec”(a
- +
b2 b? 2b2

[Out] (((3%I)/2)*ArcSec[a + b*x]72)/b"2 - (3*(a + b*x)*Sqrt[l - (a + b*x)~(-2)]*A
rcSecla + b*x]~2)/(2xb~2) - (a"2xArcSecla + b*x]~3)/(2%b~2) + (x"2*ArcSec[a
+ bxx]"3)/2 - ((6xI)*a*ArcSec[a + b*x] 2xArcTan[E~ (I*ArcSec[a + b*x])])/b"
2 - (3xArcSec[a + bxx]*Log[l + E~((2xI)*ArcSec[a + b*x])])/b"2 + ((6*I)*a*xA
rcSec[a + b*x]*PolyLog[2, (-I)*E~(I*ArcSecla + b*x])])/b~2 - ((6%I)*axArcSe
cla + b*x]*PolyLog[2, I*E~(I*ArcSec[a + b*x])])/b~2 + (((3*I)/2)*PolyLogl[2,
-E~((2*I)*ArcSec[a + b*x])])/b"2 - (6*a*PolyLogl[3, (-I)*E~(I*ArcSec[a + b*
x])1)/b~2 + (6*a*PolyLogl[3, I*E~(I*ArcSec[a + b*x])])/b~2

Rubi [A] time = 0.259244, antiderivative size = 278, normalized size of antiderivative =

number of rules

1., number of steps used = 16, number of rules used = 12, integrand size = 10, — :
integrand size

= 1.2, Rules used = {5258, 4426, 4190, 4181, 2531, 2282, 6589, 4184, 3719, 2190, 2279, 2391}

6iasec!(a + bx)PolyLog (2, —ieisecfl(“b")) 6iasec™!(a + bx)PolyLog (2, ieisecfl(“b")) 3iPolyLog (2, —eZisec”(a
- +
b? b? 202

Antiderivative was successfully verified.

[In] Int[x*ArcSecl[a + b*x]~3,x]

[Out] (((3*I)/2)*ArcSec[a + b*x]72)/b"2 - (3*(a + b*x)*Sqrt[l - (a + b*x)~(-2)]*A
rcSecla + b*x]~2)/(2xb~2) - (a"2xArcSecla + b*x]~3)/(2%b~2) + (x"2*ArcSec[a
+ b*x]73)/2 - ((6%I)*axArcSec[a + b*x] 2*ArcTan[E~(I*ArcSec[a + b*x])])/b~
2 - (3xArcSec[a + bxx]*Log[l + E~((2xI)*ArcSec[a + b*x])])/b"2 + ((6*I)*a*xA
rcSec[a + b*x]*PolyLog[2, (-I)*E~(I*ArcSecla + b*x])])/b~2 - ((6%I)*axArcSe
cla + b*x]*PolyLog[2, I*E~(I*ArcSecla + b*x])])/b~2 + (((3*I)/2)*PolyLogl2,
-E~((2*%I)*ArcSec[a + b*x])])/b~2 - (6*a*PolyLog[3, (-I)*E~(I*ArcSec[a + bx
x])1)/b~2 + (6*a*PolylLogl[3, I*E~(I*ArcSec[a + b*x])])/b~2

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(_.))"(p_)*((e_.) + (f_)*(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
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£}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[((e_.) + (f_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl[(c
_) + (Ao )x(x)1)"(n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m* (a + b*Sec[c + d*x])"(n + 1))/(b*d*x(n + 1)), x] - Dist[(f*m)/(b*xd*(n
+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4181

Int[csc[(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 > Simp[(-2%(c + d*x) “mxArcTanh[E~ (I*k*Pi)*E~(Ix(e + f*x))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)"(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*x(e + f*x))], x],
x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] &% IntegerQ[2*k] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_)*((F_)"((c_)*((a_.) + (b_)*&x_D))ND"(@_)I*x({E_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] & GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/Cd_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + b*x)"pl/(e*p), x] /; FreeQ[{a, b, ¢, d
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, €, n, pt, x] & EqQ[b*d, axe]

Rule 4184

Int[csc[(e_.) + (£_)*(x )17 2x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pL((c + d*x)"m*Cot[e + f*xx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3719

Int[((c_.) + (d_D)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x) m*E~(2%I*(e
+ f*x)))/(1 + ET(2xIx(e + f*x))), x], x] /; FreeQl{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (f£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m)/ (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*((d ) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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Subst (fx3 sec(x)(—a + sec(x)) tan(x) dx, x, sec™ ! (a + bx))

f xsec N(a + bx)3 dx =

2
1, , 3Subst ( [ x%(—a + sec(x))? dx, x, sec™ (a + bx))
= 5¥"sec (a + bx)° - T
1, e 3 Subst ( i (a2x2 - 2ax? sec(x) + x? secz(x)) dx, x,sec”(a + bx))
= Ex sec™ (a + bx)° - T
az sec(a + bx)? . x soc-1(a + by — 3 Subst (f x% sec?(x) dx, x,sec”1(a + bx)) N (3a) S
2b? 2 2b?
3(a +bx)|J1 - o b s sec™(a + bx)? @ soc(a + bx)? . o by 6iasec™1(a -
= x sec™Na + bx)} - ———
2b? 2b? 2
_ Bisec(a+ bx)2 3(a + bx)vl (abx )2 sec™(a + bx)? u2 sec™ (a + bx)? N S
N 212 2b2 212 2x see
Bisec™'(a +bx)* 3(a + bx)[1 - (@t )2 sec™(a + bx)? _ a?sec”!(a + bx)? 9
= + x sec (a+b
2b? 2b2 2b? 2

_Bisecla+bx)? 3(a + bx) /1 - ot )2 sec™(a+bx)? 2 secla+bx® 1,

+=x%secl(a+1b

12 b2 2b? 2
1 _
_ Bisec(a + bx)? 3(a + bx)\ll ™ (@b O¢C H(a+bx)” 112 sec™!(a + bx)? T+ Sx?secl(a + E
= 7 o 7 2x sec Na

Mathematica [A] time = 0.423032, size = 248, normalized size = 0.89

3 (4ia sec™(a + bx)PolyLog (2, iel Secfl(“bx)) iPolyLog ( e2isec (‘”bx)) +4a (PolyLog (

> x%secl(a + bx)® -

Antiderivative was successfully verified.

[In] Integrate[x*ArcSecla + b*x]~3,x]

[Out] (x"2xArcSecla + b*x]~3 - (3*((-I)*ArcSec[a + bxx]~"2 + (a + b*x)*Sqrt[l - (a
+ b*xx)~(-2)]*ArcSec[a + b*x]"2 + (a"2xArcSec[a + b*x]~3)/3 + (4*I)*a*ArcSe

cla + b*x] 2xArcTan[E~ (I*ArcSec[a + b*x])] + 2*xArcSec[a + b*x]*Logl[l + E~((
2xI)*ArcSec[a + b*x])] + (4xI)*axArcSecla + b*x]*PolyLog[2, I*E~(IxArcSecla

+ b*x])] - I*PolyLog[2, -E~((2+I)*ArcSec[a + b*x])] + 4*ax((-I)*ArcSec[a +
bxx]*PolyLog[2, (-I)*E~(I*ArcSec[a + bxx])] + PolyLogl[3, (-I)*E~(I*ArcSecl[

a + bxx])]) - 4*xa*PolyLog[3, I*E~(I*ArcSec[a + b*x])]))/b"2)/2
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Maple [A] time = 0.476, size = 429, normalized size = 1.5

x? (arcsec (bx + a))3 a? (arcsec (bx + a))3 3 x (arcsec (bx + a))2 -1+ (bx + a)2 3 (arcsec (bx + a))2 a [-1+
2 2b2 2b (bx + a)® 2b2 (b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsec(b*x+a)”~3,x)

[Out] 1/2*x"2*arcsec(b*x+a) ~3-1/2*a"2*arcsec(b*x+a) ~3/b"2-3/2/b*arcsec (b*x+a) ~2x*(
(=1+(b*xx+a)~2) / (b*x+a) ~2) ~(1/2) *x-3/2/b~2xarcsec (b*x+a) ~2*x ((-1+(b*x+a) ~2) /(
b*x+a)~2) " (1/2) *a+3/2*xI*arcsec(b*x+a) "2/b"2-3/b"2*a*arcsec (b*x+a) “2*x1n(1+I*

(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2)))+6*I*xa*arcsec (b*x+a)*polylog(2,-I*(1/(b
xx+a)+Ix(1-1/(b*x+a)~2)~(1/2))) /b~ 2-6%a*polylog(3,-I*(1/(b*x+a)+I*(1-1/(b*x
+a)~2)~(1/2)))/b~2-6xI*a*arcsec(b*x+a)*polylog(2,I*(1/(bxx+a)+I*(1-1/(b*x+a
)"2)7(1/2))) /b7 2+43/b " 2*xa*arcsec (b*x+a) "2*%1n(1-I*(1/ (b*x+a) +I*(1-1/(b*x+a) "2

)~ (1/2)))+6*xaxpolylog(3,I*(1/(b*x+a)+I*(1-1/(b*xx+a)~2)~(1/2)))/b~2-3*arcsec
(bxx+a)*1n(1+(1/ (b*x+a)+I*x(1-1/(b*x+a) ~2)~(1/2))~2) /b~2+3/2*%I*polylog(2,-(1

/ (bxx+a)+Ix(1-1/(b*x+a)~2)~(1/2))"2)/b"2

Maxima [F] time = 0., size = 0, normalized size = 0.

M

1 5 3 2
Exzarctan(\/bx+a+1\/bx+a—l) —gxzarctan(\/bx+a+1\/bx+u—1)log(b2x2+2abx+a2) —f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a)”~3,x, algorithm="maxima")

[Out] 1/2*x"2*arctan(sqrt(bxx + a + 1)*sqrt(b*x + a - 1))73 - 3/8*x"2*arctan(sqrt
(b*x + a + 1)*sqrt(b*x + a - 1))*log(b™2*x~2 + 2%a*xbxx + a~2)"2 - integrate
(3/8*((4*b*xx~2*arctan(sqrt(b*x + a + 1)*sqrt(b*xx + a - 1))72 - b*x"2xlog(b”
2%xx72 + 2%axb*x + a”2) " 2)xsqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4% (2% (b~ 3*x

T4 + 3xa*xb”2%x73 + (3*%a”2 - 1)*b*x”2 + (a3 - a)*x)*log(b*x + a)”2 - (b"3*x

T4 + 2xaxb”2*x"3 + (@72 - 1)*bxx72 + 2*%(b73*x74 + 3xa*xb”2*x"3 + (3*xa”2 - 1)
xb*x"2 + (a3 - a)*x)*log(b*x + a))*log(b~2*x"2 + 2*axb*x + a~2))*arctan(sq
rt(b*x + a + 1)xsqrt(b*x + a - 1)))/(b"3*x"3 + 3*%axb™2%x"2 + a”3 + (3*¥a”2 -
1)*b*x - a), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x arcsec (bx + a)3 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a)~3,x, algorithm="fricas")

[Out] integral(x*arcsec(b*x + a)~3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x asec® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asec(b*x+a)**3,x)

[Out] Integral(x*asec(a + bx*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

fx arcsec (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(b*x+a)”~3,x, algorithm="giac")

[Out] integrate(x*arcsec(b*x + a)~3, x)
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3.35 f sec™H(a + bx)3 dx
Optimal. Leaf size=154

6i sec™(a + bx)PolyLog (2, —ieisecfl(“bx)) 6i sec™(a + bx)PolyLog (2, ie! Secfl(“bx)) 6PolyLog (3, —jgisec” (@t
- + +
b b b

[Out] ((a + bxx)*ArcSec[a + b*x]~3)/b + ((6%I)*ArcSec[a + b*x] 2*ArcTan[E~ (I*ArcS
ecla + bxx])])/b - ((6%I)*ArcSec[a + b*x]*PolyLogl[2, (-I)*E~(I*ArcSec[a + b
*x])1)/b + ((6%I)*ArcSec[a + b*x]*PolyLog[2, I*E~(IxArcSecl[a + b*x])])/b +
(6%PolyLog[3, (-I)*E~(I*ArcSecl[a + b*x])])/b - (6%PolyLogl[3, I*E~(I*ArcSec[

a + b*x])])/b

Rubi [A] time = 0.103838, antiderivative size = 154, normalized size of antiderivative =
. . f rul
1., number of steps used = 10, number of rules used = 7, integrand size = 8, number of rules_

integrand size
0.875, Rules used = {5252, 5216, 3757, 4181, 2531, 2282, 6589}

6i sec™(a + bx)PolyLog (2, —ieisec_l(“h")) 6i sec™!(a + bx)PolyLog (2, ie' Sec_l(”bx)) 6PolyLog (3, —jgisec (a1
- + +
b b b

Antiderivative was successfully verified.

[In] Int[ArcSecla + b*x]~3,x]

[Out] ((a + b*x)*ArcSecla + b*x]73)/b + ((6%I)*ArcSecla + b*x] 2xArcTan[E~(I*ArcS
ecla + bxx])])/b - ((6*I)*ArcSec[a + b*x]*PolyLog[2, (-I)*E~(I*ArcSec[a + b
*xx])]1)/b + ((6%I)*ArcSec[a + b*x]*PolyLog[2, I*E~(I*ArcSec[a + b*x])])/b +
(6%PolyLog[3, (-I)*E~(IxArcSecl[a + b*x])])/b - (6%PolyLogl[3, I*E~(I*ArcSec[

a + b*x])])/b

Rule 5252

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Dist[1/d,
Subst[Int[(a + b*ArcSec[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, O]

Rule 5216

Int[((a_.) + ArcSec[(c_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[1/c, Subst[I
nt[(a + b*xx) n*Sec[x]*Tan[x], x], x, ArcSec[c*x]], x] /; FreeQ[{a, b, c, n}
, Xx] && IGtQ[n, O]
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Rule 3757

Int[(x )" (m_.)*Sec[(a_.) + (b_.)*(x )" (n_.)]1"(p_.)*Tan[(a_.) + (b_.)*(x_)"(
n_.)1"(q_.), x_Symbol] :> Simp[(x~(m - n + 1)*Sec[a + b*x"n] p)/(b*n*p), x]
- Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Secla + b*x"n]"p, x], x] /; Free
Ql{a, b, p}, x] && IntegerQ[n] && GeQ[m, n] && EqQlq, 1]

Rule 4181

Int[cscl[(e_.) + Pi*x(k_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[(-2*(c + d*x) “m*xArcTanh[E~(I*k*Pi)*E~(Ix(e + fxx))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l - E~(I*k*Pi)*E~(Ix(e + f*x))], x],
x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, 4, e, f}, x] && IntegerQ[2xk] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> -Simp[((f + g*x) m*PolyLogl[2, -(ex(F~(c*(a + b*x
)))"n)]1)/(bxc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) (m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, ¢, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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Subst ( [secT (x)®dx, x,a + bx)

f sec™H(a + bx)3dx = i

Subst ( [ %% sec(x) tan(x) dx, x, sec ™ (a + bx))

b

(a + bx)sec™l(a + bx)® 3 Subst ( [ %% sec(x) dx, x, sec™(a + bx))

b b
_@+boseciavba Gisec @+ b tan! (e @) 6 Subst (f xlog (1 - ie) da

b b b

(a+bx)sec M (a +bx)?  6Gisec™ (a + bx)? tan™" (e"secfl(“bx)) 6isec™(a + bx)Li, (—iei sec™
b b b

(a+ bx)sec™l(a +bx)®> 6i sec™!(a + bx)? tan™! (eisec’l(HbX)) 6isec™l(a + bx)Li, (—iei sec™ !
b b b

(a+bx)sec M (a +bx)>  6Gisec™ (a + bx)? tan™" (eisecfl(“bx)) 6isec”!(a + bx)Li, (_iei sec™
b b b

Mathematica [A] time = 0.0926012, size = 160, normalized size = 1.04

—6isec™(a + bx) (PolyLog (2, —ieisecfl(“b")) - PolyLog (2, ieisecfl(“bx))) +6 (PolyLog (3, —ie! Secfl(“’rbx)) — PolyLo

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSec[a + b*x]~3,x]

b

[Out] ((a + b*x)*ArcSec[a + b*x]~3 - 3*ArcSec[a + b*x] 2*(Log[l - I*E~(I*ArcSec[a
+ b*x])] - Logl[l + I*E~(I*ArcSec[a + b*x])]) - (6*I)*ArcSec[a + b*x]*(Poly
Log[2, (-I)*E~(I*ArcSecla + b*x])] - PolyLog[2, I*E~(I*ArcSec[a + b*x])]) +
6% (PolyLog[3, (-I)*E~(I*ArcSec[a + b*x])] - PolyLogl[3, I*E~(I*ArcSecla + b

*x]1)1))/b

Maple [F] time = 0.454, size = 0, normalized size = 0.

f (arcsec (bx + a))3 dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arcsec(b*x+a)~3,x)

[Out] int(arcsec(b*x+a)”3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

3 3 ) 3((4bxarctz
xarctan(\/bx+a+1\/bx+a—1) —Zxarctan(\/bx+a+1\/bx+a—l)log(bzxz+2ubx+a2) —f—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)”3,x, algorithm="maxima")

[Out] x*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3/4*x*arctan(sqrt(b*x + a
+ Dxsqrt(bxx + a - 1))*log(b™2%x"2 + 2*axb*x + a~2)72 - integrate(3/4x((4
xb*xx*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*xxxlog(b™2*x"2 + 2x*ax*
b*x + a”2)72)xsqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4*x((b73*x"3 + 3*axb”™2x*x
"2 + a”3 + (3*xa”2 - 1)*b*xx - a)*log(b*x + a)”2 - (b7™3*%x"3 + 2*axb™2*x"2 + (
a”2 - 1)*bxx + (b73%x73 + 3*%axb”"2xx"2 + a3 + (3*a”2 - 1)*bxx - a)x*log(b*x
+ a))*log(b™2%x"2 + 2*axb*x + a”~2))*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a -
1)))/(b73*x73 + 3*axb”2*x"2 + a~3 + (3*a”2 - 1)*b*x - a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (arcsec (bx + a)3 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~3,x, algorithm="fricas")

[Out] integral(arcsec(b*x + a)~3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (a + bx) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)**3,x)

[Out] Integral(asec(a + bxx)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arcsec (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~3,x, algorithm="giac")

[Out] integrate(arcsec(b*x + a)~3, x)
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3 36 f sec H(a+bx)3 dx

X

Optimal. Leaf size=430

ez’ sec”1(a+bx) isec™1(a+bx)

1-vV1-4a? V1-a2+1

[Out] ArcSec[a + b*x]~"3%Log[l - (a*E~(I*ArcSecla + b*x]))/(1 - Sqrtl[l - a~2])] +
ArcSec[a + b*x]~3*Log[l - (a*E~(I*ArcSecla + b*x]))/(1 + Sqrtl[l - a~2])] -
ArcSecl[a + bxx]"3xLog[l + E~((2*I)*ArcSec[a + b*x])] - (3*I)*ArcSecl[a + b*x
172%PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrtl[l - a~2])] - (3xI)*ArcSe
cla + bxx] "2*PolyLog[2, (a*E~(IxArcSecl[a + b*x]))/(1 + Sqrt[1l - a~2])] + ((
3xI)/2)*ArcSec[a + bxx] “2*PolyLog[2, -E~((2xI)*ArcSec[a + b*x])] + 6*ArcSec
[a + b*x]*PolyLog[3, (a*E~(I*ArcSecl[a + b*x]))/(1 - Sqrt[l - a~2])] + 6*Arc
Secla + b*x]*PolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[l - a~2])] - (3
xArcSec[a + b*x]*PolyLogl[3, -E~((2xI)*ArcSec[a + b*x])]1)/2 + (6*I)*PolyLogl
4, (axE~(I*ArcSecl[a + b*x]))/(1 - Sqrt[1l - a”2])] + (6*%I)*PolyLogl[4, (a*E~(
I*ArcSecla + b*x]))/(1 + Sqrt[1 - a”2])] - ((3%I)/4)*PolyLog[4, -E~((2*I)=*A
rcSec[a + b*x])]

—3isec”!(a + bx)?PolyLog [2, ) —3isec™!(a + bx)*PolyLog [2, ) + 6sec”!(a + bx)PolyLog

Rubi [A] time = 0.53309, antiderivative size = 430, normalized size of antiderivative =
1., number of steps used = 20, number of rules used = 10, integrand size = 12, M
integrand size

= 0.833, Rules used = {5258, 4551, 4530, 3719, 2190, 2531, 6609, 2282, 6589, 4520}
ei secL(a+bx)

1-+vV1-4a2

aei sec™Y(a+bx)

V1-a2+1

—3isec™(a + bx)?PolyLog [2, ] — 3isec™}(a + bx)*PolyLog [2, ] + 6sec™}(a + bx)PolyLog

Antiderivative was successfully verified.

[In] Int[ArcSec[a + b*x]~3/x,x]

[Out] ArcSec[a + b*x]~3xLog[l - (a*E~(I*ArcSecla + b*x]))/(1 - Sqrtl[l - a~2])] +
ArcSec[a + b*x]~3%Log[l - (a*E~(I*ArcSecla + b*x]))/(1 + Sqrt[l - a~2])] -
ArcSecl[a + bxx]"3xLog[l + E~((2*I)*ArcSec[a + b*x])] - (3*I)*ArcSecl[a + b*x
172%PolyLog[2, (a*E~(I*ArcSec[a + bxx]))/(1 - Sqrt[l - a”2])] - (3xI)*ArcSe

cla + b*x] 2xPolyLog[2, (a*E~(I*ArcSecla + b*x]))/(1 + Sqrt[1l - a”2])] + ((
3xI)/2)*ArcSec[a + bxx] "2*PolyLog[2, -E~((2*I)*ArcSec[a + b*x])] + 6*ArcSec

[a + b*x]*PolyLog[3, (a*E~(I*ArcSecl[a + b*x]))/(1 - Sqrt[l - a~2])] + 6*Arc
Sec[a + b*x]*PolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[l - a”2])] - (3
xArcSec[a + bxx]*PolyLogl[3, -E~((2*I)*ArcSec[a + b*x])])/2 + (6%I)*PolyLogl

4, (axE~(I*ArcSecla + b*x]))/(1 - Sqrtl[l - a”2])] + (6xI)*PolyLogl[4, (a*xE~(
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IxArcSec[a + b*x]))/(1 + Sqrt[l - a~2])] - ((3%I)/4)*PolyLogl4, -E~((2*I)*A
rcSec[a + bx*x])]

Rule 5258

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (f_.)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQl{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4551

Int[((Ce_.) + (£_)*(x_))"(m_D*(F_)[(c_.) + (d_)*(x_)]1"(n_.)*(G_) [(c_.) +

(d_D*& )1 (p_.))/((a_) + (b_.)*Sec[(c_.) + (d_.)*(x_)]), x_Symbol] :> In
t[((e + f*x) m*xCos[c + d*x]*F[c + d*x] n*G[c + d*x]"p)/(b + axCos[c + d*x])
, x] /; FreeQ[{a, b, ¢, d, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, pl

Rule 4530

Int[(((e_.) + (£_.)*(x_))"(m_.)*Tan[(c_.) + (d_.)*(x_)1"(m_.))/(Cosl(c_.) +

(d_D)*(x_)]*(b_.) + (a_)), x_Symbol] :> Dist[1/a, Int[(e + f*x) mx*Tan[c +
d*x]"n, x], x] - Dist[b/a, Int[((e + f*x) m*Sin[c + d*x]*Tan[c + d*x]~(n -
1))/(a + b*Cosl[c + d*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 3719

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
Ix(c + d*x)"(m + 1))/(@*(m + 1)), x] - Dist[2*I, Int[((c + d*x) m*E~(2*I*(e
+ £xx)))/(1 + E"(2xIx(e + f*x))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
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)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*¥(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, c*(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 4520

Int[(((e_.) + (£_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)]1)/(Cos[(c_.) + (d_.)
x(x_)]*(b_.) + (a_)), x_Symbol] :> Simp[(Ix(e + fxx)~(m + 1))/(b*fx(m + 1))
, x] + (-Dist[I, Int[((e + f*x)"m*E~(I*(c + d*x)))/(a - Rt[a"2 - b™2, 2] +
b*E~(Ix(c + d*x))), x], x] - Dist[I, Int[((e + f*xx) m*xE~(I*x(c + d*x)))/(a +
Rt[a™2 - b™2, 2] + bxE~(I*(c + d*x))), x], x]) /; FreeQ[{a, b, c, d, e, f}
, x] && IGtQ[m, 0] && PosQ[a"2 - b~2]

Rubi steps
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sec™H(a + bx)?

= dx:subst(fw
X

—a + sec(x)

_ Subst (f 1x tan(x)

— acos(x)

dx, x,sec”(a + bx))

dx, x,sec”(a + bx))

a Subst ( f 1x sin(x)

— a cos(x)

(21 Subst ( f =

21x 3

— dx, x,sec”!(a + bx))) — (ia) Subst (

eix x3

dx, x,sec”(a + bx)) + Subst ( f x3 tan(x) dx, x, sec™ (a + bx))

dx, x,sec”(a

\/ — aZ _ aezx

. . aei sec”1(a+bx) . . ael secNa+bx) . e
=sec(a+bx)’log|l - ——————=|+sec™(a+ bx)’log|] - ——————=|—sec " (a + bx
R Ty -y R A LT 3 A
. ,1 b . ,1 b
= sec H(a + bx)®log|1 - M +sec” (a + bx)®log|1 - M —sec Na + bx)?
Vi 1+Vi-a2
. ) 31 aez secL(a+bx) . ) 31 aezsec “L(a+bx) . ) 3
=sec '(a+ bx)’log|1 - +sec (a + bx)°log|1 - —sec (a + bx
A a3 A e e B
) 3 aei sec™1(a+bx) . 5 aeisec‘l(a+bx) . 3
=sec ' (a + bx)’log|1 - +sec (a+ bx)°log|1l - —————|—sec™*(a + bx
R T e R v e B
. 3 aei secL(a+bx) . 3 aei secY(a+bx) . 3
=sec ' (a+bx)’log|l - ————|+sec(a+bx)’log|1 - —————|—-sec™(a + bx)
1-V1-a? 1+V1-a?

Mathematica [B]

time = 3.4814, size = 1058, normalized size = 2.46

eisec‘l(a+bx) ( 1-a2— 1)

a

P
elsec (a+bx) a

V1i-a2-1

aei sec” N a+bx)

V1-a2+1

+ 1] sec™N(a + bx)® + log +1|sec™!(a + bx)® + 2log (1 -~

210g(

Warning: Unable to verify antiderivative.

[In] Integrate[ArcSec[a + bxx]~3/x,x]

[Out] 2xArcSec[a + bxx] 3xLog[l + (a*E~(I*ArcSec[a + b*x]))/(-1 + Sqrt[1 - a~2])]
+ ArcSec[a + b*xx]"3*Log[l + ((-1 + Sqrt[l - a"2])*E~(I*ArcSec[a + b*x]))/a

] - 6%ArcSec[a + b*x] 2%ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Log[l + ((-1 + Sqr

t[1 - a~2])*E~(I*ArcSec[a + b*x]))/a] + 2xArcSec[a + bxx] 3*Log[l - (axE~(I
xArcSec[a + b*x]))/(1 + Sqrt[l - a”2])] + ArcSecla + bxx]~3*Logl[l - ((1 + S
qrt[1 - a"2])*E~(IxArcSec[a + b*x]))/al + 6xArcSec[a + b*x] “2%ArcSin[Sqrt[(

-1 + a)/al/Sqrt[2]]*Log[1l - ((1 + Sqrt[1l - a~2])*E~(IxArcSec[a + bxx]))/al
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- 3%ArcSec[a + b*x] "3*Log[l + E~((2+I)*ArcSec[a + bxx])] + 2*ArcSec[a + b*x
173%Log[(2%((a + b*x)~(-1) + IxSqrt[l - (a + b*x)~(-2)]))/(a + b*x)] - ArcS
ecla + b*x]~3xLogl[l + (ax((a + b*x)~(-1) + I*Sqrt[l - (a + b*x)~(-2)]1))/(-1
+ Sqrt[1 - a”2])] - ArcSecla + b*x]~ 3xLog[l + ((-1 + Sqrt[l - a~2])*((a +
bxx)~(-1) + IxSqrt[l - (a + b*x)~(-2)]))/al + 6%ArcSecla + b*x] 2*xArcSin[Sq
rt[(-1 + a)/al/Sqrt[2]]*Logl[1l + ((-1 + Sqrt[1l - a~2])*((a + b*x)~(-1) + Ix*S
qrt[1 - (a + b*x)~(-2)]1))/al - ArcSecl[a + b*x] 3*Log[l - (ax((a + bxx)~(-1)
+ IxSqrt[1 - (a + b*x)~(-2)]1))/(1 + Sqrt[1l - a~2])] - ArcSec[a + bx*x]~3x*Lo
gll - ((1 + Sqrt[1 - a"2])*((a + bxx)~(-1) + I*Sqrt[l - (a + b*x)~(-2)]))/a
1 - 6xArcSecla + b*xx] 2xArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Log[1l - ((1 + Sqrt
[1 - a”2])*((a + bxx)~(-1) + IxSqrt[l - (a + b*x)~(-2)]))/al - (3*I)*ArcSec
[a + b*xx]"2*PolyLog[2, -((a*E~(I*ArcSecla + b*x]))/(-1 + Sqrt[l - a”2]))] -
(3*I)*ArcSec[a + b*x] 2*PolyLog[2, (a*E~(I*ArcSec[a + bx*x]))/(1 + Sqrt[l -
a”2])] + ((3*I)/2)*ArcSec[a + b*x] 2+PolyLog[2, -E~((2*I)*ArcSec[a + b*x])
1 + 6xArcSec[a + b*x]*PolyLog[3, -((a*E~(I*ArcSecla + b*x]))/(-1 + Sqrt[1l -
a~2]))] + 6*ArcSec[a + b*x]*PolyLogl[3, (a*E~(I*ArcSec[a + bxx]))/(1 + Sqrt
[1 - a~2])] - (3*ArcSec[a + b*x]*PolyLogl[3, -E~((2*I)*ArcSec[a + b*x])])/2
+ (6%xI)*PolyLog[4, -((a*E~(I*ArcSecl[a + b*x]))/(-1 + Sqrt[1l - a”2]))] + (6%
I)*PolyLog[4, (a*E~(I*ArcSecla + b*x]))/(1 + Sqrt[l - a~2])] - ((3%I)/4)*Po
lyLog[4, -E~((2*I)*ArcSec[a + b*x])]

Maple [F] time = 0.697, size = 0, normalized size = 0.

f (arcsec (bx + a))3
" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(b*x+a)”~3/x,x)

[Out] int(arcsec(b*x+a)~3/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f arcsec (bx + a)3
x

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)”3/x,x, algorithm="maxima")
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[Out] integrate(arcsec(b*x + a)~3/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a)3 )
, X

int 1
integra ( ”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~3/x,x, algorithm="fricas")

[Out] integral(arcsec(b*x + a)~3/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

asec? (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)**3/x,x)

[Out] Integral(asec(a + b*x)**3/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f arcsec (bx + a)3
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~3/x,x, algorithm="giac")

[Out] integrate(arcsec(b*x + a)~3/x, x)
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3 37 f sec H(a+bx)3 dx

x2

Optimal. Leaf size=362

isec_l(a+bx) i sec_l(u+bx) isec_l(u+bx)
-1 ae’ -1 ae . ae’
6bsec™ (a + bx)PolyLog (2, v ) ) 6bsec™ (a + bx)PolyLog (2, Vaa ) 6ibPolyLog (3, v )
avl — a2 avl — a? avl — a2

[Out] -((bxArcSecla + b*x]~3)/a) - ArcSec[a + bxx]73/x - ((3*I)*bxArcSec[a + b*x]
~2%Log[1 - (axE~(I*ArcSecla + b*x]))/(1 - Sqrt[l - a~2])]1)/(a*Sqrt[1 - a~2]

) + ((3*I)*bxArcSec[a + b*x]"2*Logl[l - (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrtl[

1 - a"2])]1)/(a*xSqrt[1 - a”2]) - (6xb*ArcSec[a + b*x]*PolyLog[2, (a*xE~(I*Arc
Secla + b*x]))/(1 - Sqrt[l - a”2])])/(a*xSqrt[1 - a”2]) + (6*b*ArcSec[a + bx
x]*PolyLog[2, (a*E~(IxArcSec[a + bxx]))/(1 + Sqrt[l - a~2])])/(axSqrt[l - a

~2]) - ((6%I)*b*PolyLogl[3, (a*E~(I*ArcSecla + b*x]))/(1 - Sqrt[l - a~2])])/
(axSqrt[1 - a~2]) + ((6*I)*b*PolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt

[1 - a”2])]1)/(a*xSqrt[1 - a~2])

Rubi [A] time = 0.59477, antiderivative size = 362, normalized size of antiderivative

1., number of steps used = 14, number of rules used = 9, integrand size = 12, number of rules _

integrand size
0.75, Rules used = {56258, 4426, 4191, 3321, 2264, 2190, 2531, 2282, 6589}

ae' sec_l(a+bx) aél sec“l(a+bx)

6b sec™!(a + bx)PolyLog (2, ) 6b sec™!(a + bx)PolyLog (2,

a isec_l(rz+bx)
) 6ibPolyLog (3, - )

1-V1-42 N V1-a2+1 1-V1-a?
avl1 - a? avl - a? avl - a?

Antiderivative was successfully verified.

[In] Int[ArcSecla + b*x]~3/x72,x]

[Out] -((bxArcSec[a + b*x]~3)/a) - ArcSecla + b*x]~3/x - ((3*I)*b*ArcSecl[a + b*x]
~2%Log[1 - (axE~(I*ArcSecla + b*x]))/(1 - Sqrt[l - a~2])])/(a*Sqrt[1 - a~2]

) + ((3*%I)*bxArcSec[a + b*x] 2*xLog[l - (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[

1 - a"2])]1)/(axSqrt[1 - a~2]) - (6*%bxArcSec[a + b*x]*PolyLog[2, (a*E~(I*Arc
Secla + b*x]))/(1 - Sqrt[1 - a”2])]1)/(a*xSqrt[1 - a”2]) + (6%b*ArcSec[a + bx
x]*PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrtl[l - a~2])])/(a*Sqrt[l - a

~2]) - ((6%I)*b*PolyLogl[3, (a*E~(I*ArcSecla + b*x]))/(1 - Sqrt[l - a~2])])/
(axSqrt[1 - a”2]) + ((6%I)*b*PolyLogl[3, (a*xE~(I*ArcSec[a + b*x]))/(1 + Sqrt

[1 - a™2])1)/(axSqrt[1 - a~2])

Rule 5258
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Int[((a_.) + ArcSec[(c_ ) + (d_)*x(x_)I*(_.))"(p_)*((e_.) + (£f_)*(x D))" (m
_.), x_Symbol] :> Dist[1/d"(m + 1), Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(dx*
e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e,
f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 4426

Int[((e_.) + (f£_)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Sec[(c
_) + (Ao D)*x(x )17 (n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[((e + £
*x) "m*(a + b*Seclc + d*x])"(n + 1))/(b*d*(n + 1)), x] - Dist[(f*m)/(b*d*(n
+ 1)), Int[(e + f*xx)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 4191

Int[(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (@)~ (n_)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3321

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (f_.)*(
x_)]1), x_Symbol] :> Dist[2, Int[((c + d*x) m*xE~(I*Pikx(k - 1/2))*E~(I*(e + f
xx))) /(b + 2xa*xE~ (I*Pi*x(k - 1/2))*E~(I*(e + f*x)) - b*E~(2%Ixk*Pi)*E~ (2xI*(
e + fxx))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & IntegerQ[2+k] && NeQ[
a”2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*xx))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "m*Fu)/(b - q + 2*xc*F"u), x], x] - Dist[(2*c)/q, Int[((f + gkx)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2*%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_D)"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
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Rule 2531

Int[Log[l + (e_.)*((F)"((c_)*((a_.) + (b_)*(x D))" (n_)I*x((f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(e*x(F~(cx(a + b*x
)))"n)])/ (bxcxn*Log[F]), x] + Dist[(g*m)/(b*cxn*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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+
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Mathematica [F]

$Aborted

Verification is Not applicable to the result.

[In] Integrate[ArcSec[a + b*x]~3/x72,x]

[Out] $Aborted

.

av1

time = 180.003, size = 0, normalized size = 0.




208

Maple [F] time = 0.884, size = 0, normalized size = 0.

(arcsec (bx + 11))3
f 5 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(b*x+a)”~3/x72,x)

[Out] int(arcsec(b*x+a)~3/x72,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(4 bx arctan(‘

3 2
4 arctan (\/bx +a+1Vbx+a— 1) -3 arctan (\/bx +a+1Vbx+a— 1) log (b2x2 +2abx + az) -3x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~3/x72,x, algorithm="maxima"

[Out] -1/4*(4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3*arctan(sqrt(b*x +
a + D*sqrt(b*x + a - 1))*log(b™2%x"2 + 2%axb*x + a”2)72 - 4xx*integrate(3
/4% ((4xb*x*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*xx*xlog(b~2*x"2
+ 2%axbxx + a”2)"2)*sqrt(b*x + a + 1D)*sqrt(b*x + a - 1) - 4x((b"3%x"3 + 3*a
*b72%x72 + a”3 + (3*¥a”2 - 1)*b*xx - a)*xlog(b*x + a)”2 + (b73*x"3 + 2%axb~2x*x
2 + (272 - D*xbkx - (b73%x73 + 3%a*xb”2%x72 + a”3 + (3*%a”2 - 1)xbxx - a)*lo
g(b*x + a))*log(b~2*%x"2 + 2%a*xbxx + a~2))*arctan(sqrt(b*x + a + 1)*sqrt(b*x
+a-1)))/(®"3*xx”5 + 3xa*xb"2*xx"4 + (3*a”2 - 1)*b*x"3 + (a3 - a)*x"2), x)

)/x

Fricas [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a)° ]
,X

integral ( 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)~3/x72,x, algorithm="fricas")



[Out] integral(arcsec(b*x + a)~3/x72, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

asec (a + bx)
[,

12
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)**3/x**2,x)

[Out] Integral(asec(a + b*x)**3/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arcsec (bx + a)3 i

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)”~3/x72,x, algorithm="giac")

[Out] integrate(arcsec(b*x + a)~3/x72, x)
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3.38 fx (a + bsec™ (c + dxz)) dx

Optimal. Leaf size=58

btanh ™| [1- —2
a2 b (c + dxz) sec™! (c + dxz) o ( (c+dx2)2]
—_— + —

2 2d 2d

[Out] (a*xx"2)/2 + (bx(c + d*x"2)*ArcSec[c + d*x72])/(2*d) - (b*ArcTanh[Sqrt[1 - (
c + d*x72)7(-2)]1)/(2xd)

Rubi [A] time = 0.0729258, antiderivative size = 58, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 14, e -

integrand size
0.429, Rules used = {6715, 5250, 372, 266, 63, 206}

btanh ™| [1- ——
a2 b (c + dxz) sec™ (c + dxz) o ( (c+dx2)2]
—_— + —

2 2d 2d

Antiderivative was successfully verified.

[In] Int[x*(a + b*ArcSec[c + d*x~2]),x]

[Out] (a*xx"2)/2 + (bx(c + d*x"2)*ArcSec[c + d*x72])/(2*d) - (b*ArcTanh[Sqrt[1 - (
c + d*x72)7(-2)]1)/(2%d)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, xJ, x], x, x(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQlx"(m + 1), u, x]

Rule 5250

Int[ArcSec[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcSec[c + d*x]
)/d, x] - Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, xI]

Rule 372

Int[(u )" (m_.)*((a_) + (b_D)*(v_)"(n_)) (p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, vl, x] /; FreeQ[{
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a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Rubi steps
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fx (a + bsec? (c + dxz)) dx = % Subst (f (a +bsec(c + dx)) dx, x, xz)

2 1
= % + Eb Subst (f secl(c + dx) dx, x, xz)
2 blc+dx?)sec (c+dx?) 1 1
:%+ ( ) ¥ ( )—EbSubst f dx, x, x?
(c+dx)\[1- sy

b Subst f L dx,x,c+dx?

ax2 b (c + dxz) sec™! (c + dxz) \/gx

-2 7 2d - 2d

bSubst | [ —— dx, x, —
ax2 b (c + dxz) sec™! (c + dxz) s f Vi (C+dxz)2)
= — + +

2 2d 44

1 1
bSubst| | —dx,x, [1-——
ax? b (c + dxz) sec™! (c + dxz) b f 122 (c+dx2)2)
"2 " 2d - 2d

btanh™'| [1- ——
ax> b (c + dxz) sec™! (c + dxz) o [ (c+dx2)2)
—_— + —

2 2d 2d

Mathematica [B] time = 0.223293, size = 148, normalized size = 2.55

_ 2 2

b (c + dxz) M (tamh_1 (L) ~ctan™! ( (c + dxz) - 1))
2 (c+dx2) Ve2+2cdx2+d2x4-1

@ + —bx?sec! (c + dxz)

2 2dVe2 + 2cdx? + d2x4 -1 2

Antiderivative was successfully verified.

[In] Integrate[xx(a + b¥ArcSec[c + d*x"2]),x]

[Out] (a*xx"2)/2 + (b*x"2xArcSec[c + d*x"2])/2 - (bx(c + d*x"2)*Sqrt[(-1 + c™2 + 2
xckd*x"2 + d72*xx74)/(c + d*xx"2) 2] *(-(c*ArcTan[Sqrt[-1 + (c + d*x~2)"2]]) +
ArcTanh[(c + d*x~2)/Sqrt[-1 + c™2 + 2xc*d*x™2 + d~2*x"4]1]))/(2xd*Sqrt[-1 +

72 + 2%ckd*x"2 + d72xx74])
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Maple [A] time = 0.254, size = 81, normalized size = 1.4

. 2 2 2
arcsec (dx + c) x“b  gx2 barcsec (dx + c) c _ i n (dxz s (dx2 . c) - (dx2 N c)_Z) N ac

2 T 2d 2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arcsec(d*x~2+c)),x)

[Out] 1/2*arcsec(d*x”2+c)*x"2%b+1/2%a*xx"2+1/2/d*arcsec(d*x"2+c)*b*xc-1/2/d*1n(d*x~
2+c+(d*xx"2+c)*(1-1/(d*x"2+c) "2) ~(1/2)) *b+1/2/d*ax*c

Maxima [A] time = 0.970845, size = 96, normalized size = 1.66

2 (dx? + c) arcsec (dx? + ¢) — log| [- L 141 |+10g|- |- L r1+41|p
’ ( ) ( ) & ( (dx2+c)2 ) & ( (dx2+c)2

Eax-k 14

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arcsec(d*x~2+c)),x, algorithm="maxima")

[Out] 1/2%a*x~2 + 1/4%(2x(d*x"2 + c)*arcsec(d*x”2 + c) - log(sqrt(-1/(d*x"2 + c)~
2 + 1) + 1) + log(-sqrt(-1/(d*x"2 + ¢c)~2 + 1) + 1))*b/d

Fricas [A] time = 2.84079, size = 227, normalized size = 3.91

bdx? arcsec (dx2 + c) + adx? + 2 bcarctan (—dx2 —c+ Vx4 +2cdx® + 2 - 1) +blog (—dx2 — ¢+ Vd2x* + 2 cdx? +
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arcsec(d*x~2+c)),x, algorithm="fricas")

[Out] 1/2*(b*d*x~2*arcsec(d*x”2 + c) + axd*x”~2 + 2xb*ckarctan(-d*x~2 - c + sqrt(d
T2%x74 + 2xc*kd*x"2 + c72 - 1)) + bxlog(-d*x"2 - c + sqrt(dT2*x"4 + 2*ckxd*x”

2 +c72-1)))/d
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*asec(d*x**2+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (b arcsec (dx2 + c) + a)x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arcsec(d*x~2+c)),x, algorithm="giac")

[Out] integrate((b*arcsec(d*x™2 + c) + a)*x, x)
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3.39 fxz (a + bsec™! (c + dx3)) dx

Optimal. Leaf size=58

btanh | [1- —1
a3 b (c + dx3) sec™ (c + dx3) o ( (c+dx3)2]
—_— + —

3 3d 3d

[Out] (a*xx~3)/3 + (bx(c + d*x"3)*ArcSec[c + d*x~3])/(3*d) - (b*ArcTanh[Sqrt[1 - (
c + d*x73)7(-2)]1]1)/(3*d)

Rubi [A] time = 0.0761917, antiderivative size = 58, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 6, integrand size = 16, e L

integrand size
0.375, Rules used = {6715, 5250, 372, 266, 63, 206}

btanh_l( 1- ! ]

(c+dx3)2

ad b (c + dx3) sec™! (c + dx3)
K 3d B 3d

Antiderivative was successfully verified.

[In] Int[x"2%(a + bxArcSec[c + d*x~3]),x]

[Out] (a*xx~3)/3 + (bx(c + d*x~3)*ArcSec[c + d*x73])/(3*d) - (b*ArcTanh[Sqrt[1 - (
c + d*x73)7(-2)]1)/(3*d)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rule 5250

Int[ArcSec[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcSec[c + d*x]
)/d, x]1 - Int[1/((c + d*x)*Sqrt[1l - 1/(c + d*x)"2]), x] /; FreeQ[{c, d}, x]

Rule 372

Int[(u )" (m_.)*((a_) + (b_)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v°m), Subst[Int[x"m*(a + b*x"n)"p, x], x, vl, x] /; FreeQ[{
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a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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fxz (a + bsec? (c + dx3)) dx = % Subst (f (a +bsec(c + dx)) dx, x, x3)

51
= % + §b Subst (f sec™!(c + dx) dx, x, x3)
3 b(c+dx®)sec! (c+dx®) 1 1
=%+ ( )3d ( )—ngubst f dx, x, x3
(c+dx){ /1 - R
b Subst f ! 1 dx, x,c + dx®
ax® b (c + dx3) sec™! (c + dx3) -5z
= — + —
3 3d 3d

1 1
ad b (c + dx3) sec™! (c + dx3) bSubst f Vi-xx 4%, X, (C+dx3)2]
= — + +

3 3d 6d

b Subst de,x, 1- 2
ax3 b (c + dx3) sec™! (c + dx3) b f 1-22 (c+dx3)2)
= — 4+ -

3 3d 3d

btanh ™| f1- —1
ad b (c + dx3) sec”! (c + dx3) o ( (c+dx3)2]
N 3d ) 3d

Mathematica [B] time = 0.146867, size = 148, normalized size = 2.55

3 24+2cdx3+d2x6-1 -1 ( c+dx3 ) B 1 3 2 B
; b (c +dx ) —(C+dx3)2 tanh o) ¢ tan (c +dx ) 1 :
— - + —bx3sec ! (c+dx®
3 3dVc2 + 2cdxd + d2x6 -1 3 ( )

Antiderivative was successfully verified.

[In] Integratel[x~2*(a + b*ArcSec[c + d*x~3]),x]

[Out] (a*xx~3)/3 + (b*x"3*ArcSec[c + d*x73])/3 - (b*(c + d*x~3)*Sqrt[(-1 + c™2 + 2
xckd*x~3 + d72*%x76)/(c + d*x"3)"2]*(-(c*ArcTan[Sqrt[-1 + (c + d*x~3)"2]]) +
ArcTanh[(c + d*x73)/Sqrt[-1 + c72 + 2xc*d*x™3 + d"2*x76]]))/(3*d*Sqrt[-1 +

C72 + 2%c*d*x"3 + d72x%x76])
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Maple [A] time = 0.262, size = 81, normalized size = 1.4

3 3 3
areeee (d;C +o) b + x;_a + barcsecg(c(lix to)e - % In (dx?’ + 0+ (dx +c) 41— (do® + C)_z) + %

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(atb*arcsec(d*x~3+c)),x)

[Out] 1/3*arcsec(d*x”3+c)*x"3*b+1/3*%x"3*a+1/3/d*arcsec(d*x"3+c)*b*xc-1/3/d*x1ln(d*x"
3+c+(d*x"3+c) *(1-1/(d*x"3+c)~2)~(1/2) ) *b+1/3/d*ax*c

Maxima [A] time = 0.996758, size = 96, normalized size = 1.66

2 (dx® + c) arcsec (dx® + ¢) - 1o -1 +1+1]|+log|- [- ! +1+1]b
T AR g(\/ @ ) g( V ey ]]

gﬂx+ 6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arcsec(d*x~3+c)),x, algorithm="maxima"

[Out] 1/3%a*xx~3 + 1/6%(2x(d*x"3 + c)*arcsec(d*x”3 + c) - log(sqrt(-1/(d*x"3 + c)~
2+ 1) + 1) + log(-sqrt(-1/(d*x"3 + ¢c)~2 + 1) + 1))*b/d

Fricas [A] time = 2.62755, size = 227, normalized size = 3.91

bdx3 arcsec (dx3 + c) + adx® + 2 bc arctan (—dx3 — ¢+ Vd2x6 +2cdx3 + 2 - 1) +blog (—dx3 — ¢+ Vd2x6 + 2 cdx® +

3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(atb*arcsec(d*x~3+c)),x, algorithm="fricas")

[Out] 1/3*(b*d*x~3*arcsec(d*x”3 + c) + axd*x”~3 + 2xb*ck*arctan(-d*x~3 - c + sqrt(d
T2%x76 + 2xcxd*x”3 + ¢c72 - 1)) + bxlog(-d*x"3 - c + sqrt(dT2*x76 + 2xc*xd*x”

3+c™2-1)))/d
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2x (atb*asec(d*x**3+c)) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (b arcsec (dx3 + c) + a)x2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arcsec(d*x~3+c)),x, algorithm="giac")

[Out] integrate((b*arcsec(d*x™3 + c) + a)*x~2, x)
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3.40 fx3 (a + bsec! (c + dx4)) dx

Optimal. Leaf size=58

btanh ™| [1- —2
ot b (c + dx4) sec™! (c + dx4) o ( (c+dx4)2]
—_— + —

4 4d 4d

[Out] (a*x~4)/4 + (bx(c + dxx"4)*ArcSec[c + d*x74])/(4*d) - (b*ArcTanh[Sqrt[1 - (
c + d*x"4)7(-2)]1)/(4xd)

Rubi [A] time = 0.0776517, antiderivative size = 58, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 16, e -

integrand size
0.375, Rules used = {6715, 5250, 372, 266, 63, 206}

btanh ™| [1- ——
ot b (c + dx4) sec™ (c + dx4) o ( (c+dx4)2]
—_— + —

4 4d 4d

Antiderivative was successfully verified.

[In] Int[x"3*(a + bxArcSec[c + d*x~4]),x]

[Out] (a*xx~4)/4 + (bx(c + dxx"4)*ArcSec[c + d*x74])/(4*d) - (b*ArcTanh[Sqrt[1 - (
c + d*x"4)7(-2)]1)/(4xd)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, xJ, x], x, x(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQlx"(m + 1), u, x]

Rule 5250

Int[ArcSec[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcSec[c + d*x]
)/d, x] - Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, xI]

Rule 372

Int[(u )" (m_.)*((a_) + (b_D)*(v_)"(n_)) (p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, vl, x] /; FreeQ[{
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a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Rubi steps
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fx3 (a + bsec™? (c + dx4)) dx = 1 Subst (f (a +bsec(c + dx)) dx, x, x4)

4

= % + =bSubst (f sec™ (c + dx)dx, x, x4)
4 blc+dx*)sec(c+dx*) 1 1
:%+ ( ) i ( )—ZbSubst f - dx, x, x*
(c+dx)[1- iR
b Subst f L iy, x,c+ dxt
ot b (c + dx4) sec™! (c + dx4) \ll—xizx
- 4d B 4d
bSubst | [ —— dx, x, —
ot b (c + dx4) sec™! (c + dx4) ubst| [ N (C+dx4)2)
-3 T 4d " 8d
bSubst| [ ——dx,x, [1- ——
ax* b (c + dx4) sec™! (c + dx4) s f 12 (c+dx4)2)
“a T 4d B 4d

btanh | [1- —2
at b (c + dx4) sec™! (c + dx4) an ( (c+dx4)2]
" 4d B 4d

Mathematica [B] time = 0.36691, size = 137, normalized size = 2.36

c+dx c+dx

b (c + dx4)2 -1 log —log|1-
axt c+dx4 c+dx4) b (c + dx4) sec”! (c + dx4)
— - +

4 c + dx4 / 4d
c+dx4

Antiderivative was successfully verified.

[In] Integrate[x~3*(a + b*ArcSec[c + d*x~4]),x]

[Out] (a*xx~4)/4 + (bx(c + dxx"4)*ArcSec[c + d*x74])/(4*xd) - (b*Sqrt[-1 + (c + d*x
~4)~2]*(-Log[l - (c + d*x"4)/Sqrt[-1 + (c + d*x74)72]] + Logl[l + (c + d*x"4
)/Sqrt[-1 + (c + d*x74)72]]1))/(8*d*(c + d*x~4)*Sqrt[1l - (c + d*x"4)"(-2)1)
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Maple [A] time = 0.265, size = 81, normalized size = 1.4

4 4 ] 4
arcsec(dz +c)x b+3i_a+barcsec£c‘lix +C)C—£ln(dx4+c+(dx4+c) 1—(dx4+c)_2)+j—;

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(atb*arcsec(d*x~4+c)),x)

[Out] 1/4xarcsec(d*x”4+c)*x"4*b+1/4xx"4*a+1/4/d*arcsec(d*x"4+c)*b*xc-1/4/d*x1ln(d*x"
d+c+(dxx"4+c)*(1-1/(d*xx"4+c)~2) " (1/2)) *b+1/4/d*xaxc

Maxima [A] time = 0.997651, size = 96, normalized size = 1.66

2 (dx* + c) arcsec (dx* + ¢) = 1o L 141+l —— +1+1|p
) ( ) ( ) g(v (dxt+c)? ) g('v (dxt+c)?

—ax* +
1™ 8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x(atb*arcsec(d*x~4+c)),x, algorithm="maxima")

[Out] 1/4*a*xx~4 + 1/8%x(2x(d*x"4 + c)*arcsec(d*x™4 + c) - log(sqrt(-1/(d*x~4 + c)~
2 + 1) + 1) + log(-sqrt(-1/(d*x"4 + c)”2 + 1) + 1))*b/d

Fricas [A] time = 2.49047, size = 227, normalized size = 3.91

bdx* arcsec (dx4 + c) + adx* + 2 bcarctan (—dx4 —c+ Vd2x8 + 2cdxt + 2 - 1) +blog (—dx4 — ¢+ Vd2x8 + 2 cdx* +
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arcsec(d*x~4+c)),x, algorithm="fricas")

[Out] 1/4*(b*d*x~4*arcsec(d*x™4 + c) + axd*x"4 + 2xb*ckarctan(-d*x~4 - c + sqrt(d
T2%x78 + 2xcxd*x"4 + ¢c72 - 1)) + bxlog(-d*x"4 - c + sqrt(dT2*x78 + 2xc*xd*x”
4 +c"2-1)))/4d
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(atbk*asec(d*x**4+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (b arcsec (dx4 + c) + a)x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x(a+b*arcsec(d*x"4+c)),x, algorithm="giac")

[Out] integrate((b*arcsec(d*x™4 + c) + a)*x~3, x)
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3.41 f x T sec (a + bx™) dx

Optimal. Leaf size=49

tanh ! [ [1- —
(a + bx")sec™! (a + bx™) o ( (a+bx”)2)

bn bn

[Out] ((a + b*x"n)*ArcSec[a + b*x"n])/(b*n) - ArcTanh[Sqrt[1l - (a + b*x"n)~(-2)]]
/ (bxn)

Rubi [A] time = 0.0716714, antiderivative size = 49, normalized size of antiderivative =
number of rules

1., number of steps used = 6, number of rules used = 6, integrand size = 14,
0.429, Rules used = {6715, 5250, 372, 266, 63, 206}
tanh ™ ( 1 ! )

(a+bxny?

integrand size

(a + bx")sec™! (a + bx™) _
bn bn

Antiderivative was successfully verified.

[In] Int[x"(-1 + n)*ArcSec[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcSec[a + b*x"n])/(b*n) - ArcTanh[Sqrt[1 - (a + b*x"n)~(-2)]]
/ (b*n)

Rule 6715

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rule 5250

Int[ArcSec[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[((c + d*x)*ArcSec[c + d*x]
)/d, x]1 - Int[1/((c + d*x)*Sqrt[l - 1/(c + d*x)"2]), x] /; FreeQ[{c, d}, x]

Rule 372

Int[(u )" (m_.)*((a_) + (b_)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v°m), Subst[Int[x"m*(a + b*x"n)"p, x], x, vl, x] /; FreeQ[{



226
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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Subst ( f sec™M(a + bx) dx, x, x”)

fx‘“” sec™ (a + bx") dx =

n

Subst f - dx, x, x"

1

_ (a+bx")sec™! (a + bx") _ @b\ 1=
B bn n

Subst f ;1 dx,x,a + bx"
_ (a+bx")sec™! (a + bx") Vi2*
a bn bn

1 Subst ( f X, X, ! )

_ (a+bx")sec™ (a+ bx”) \/Txx " (a+bxn)?
Bl bn 2bn

Subst | [ — dx, x, |1 -
_(a+ bx") sec™! (a + bx™) oS (f 12 X (u+bx”)2)

bn bn
tanh ™|, [1 - —
_ (a+bx")sec™! (a + bx") o ( (a+bxmy?

bn bn

Mathematica [B] time = 0.334603, size = 130, normalized size = 2.65

@+ bx”)2 -1 [log(ﬂ + 1] —log [l - be”])
(a + bx")sec™! (a + bx™) V(@a+bxmP-1 (a+bam?-1

bn 1
n —
2bn (a + bx™) P

Antiderivative was successfully verified.

[In] Integrate[x~(-1 + n)*ArcSec[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcSec[a + b*x"n])/(b*n) - (Sqrt[-1 + (a + bxx"n) 2]*(-Logl[l -
(a + b*xx"n)/Sqrt[-1 + (a + b*x"n)~2]] + Log[l + (a + b*x"n)/Sqrt[-1 + (a +
bxx"n)~2]]1))/(2*b*n*(a + b*xx"n)*Sqrt[l - (a + b*x™n)~(-2)])

Maple [F] time = 0.35, size = 0, normalized size = 0.

f x"Larcsec (a + bx") dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(n-1)*arcsec(a+b*x"n),x)

[Out] int(x~(n-1)*arcsec(a+b*x"n),x)

Maxima [A] time = 0.950173, size = 89, normalized size = 1.82

2 (bx™ + a) arcsec (bx" +a)—10g( — 5 +1 +1) +log(— [- ! 5 +1 +1)
(bx"+a) (bx"+a)

2bn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arcsec(a+b*x"n),x, algorithm="maxima"

[Out] 1/2*%(2*(b*x"n + a)*arcsec(b*x™n + a) - log(sqrt(-1/(b*x™n + a)~2 + 1) + 1)
+ log(-sqrt(-1/(b*xx™n + a)~2 + 1) + 1))/ (b*n)

Fricas [A] time = 2.59592, size = 216, normalized size = 4.41

bx" arcsec (bx" + a) + 2 a arctan (—bx” —a+ Vb2x2" + 2 abx" + a2 — 1) + log (—bx” —a+ Vb2x2" + 2 abx" + a2 — 1)

bn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arcsec(a+b*x"n),x, algorithm="fricas")

[Out] (b*x"n*arcsec(b*x™n + a) + 2*akxarctan(-b*x™n - a + sqrt(b™2*x~(2*n) + 2*axb
*x™n + a”2 - 1)) + log(-b*x™n - a + sqrt(b™2*x~(2*n) + 2%a*xb*x™n + a”2 - 1)

))/ (b*n)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x**(-1+n)*asec(atb*x**n),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f x"1arcsec (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”(-1+n)*arcsec(a+b*x™n),x, algorithm="giac")

[Out] integrate(x~(n - 1)*arcsec(b*x™n + a), x)
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342  [sec (ce™) dx
Optimal. Leaf size=85

iPolyLog (2, —e isec! (Cea+bx)2 sec! (ce“””‘) log (1 +e
+ —

2b 2b b

2isec! (ce”+hx)) 2isec™! (ce’”b"))

[Out] ((I/2)*ArcSec[c*E~(a + b*x)]72)/b - (ArcSec[c*E~(a + bxx)]*Logl[l + E~((2*I)
xArcSec[c*E"(a + b*x)])])/b + ((I/2)*PolyLogl[2, -E~((2*I)*ArcSec[c*E~(a + b
*x)]1)1) /b

Rubi [A] time = 0.081309, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 10, e .

integrand size
0.7, Rules used = {2282, 5218, 4626, 3719, 2190, 2279, 2391}

iPolyLog (2, —e Sec_l(ceﬂ+bx)) isec-1 (Cea+bx)2 sec1 (Cea+bx) log (1 + eZisec—l(ceﬂ+bX))

2D * 2D - b

Antiderivative was successfully verified.

[In] Int[ArcSec[c*E~(a + bx*x)],x]

[Out] ((I/2)*ArcSec[c*E~(a + b*x)]72)/b - (ArcSec[c*E~(a + b*x)]*Logl[l + E~((2%I)
*xArcSec[c*E~(a + b*x)]1)]1)/b + ((I/2)*PolyLogl[2, -E~((2*I)*ArcSec[c*E~(a + b
*x)1)1)/b

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 5218
Int[((a_.) + ArcSec[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b

xArcCos[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4626
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Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + bxx)"n/Cot[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Rule 3719

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
Ix(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x) m*E~(2*xIx*(e
+ fxx)))/(1 + ET(2xIx(e + f*x))), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps



f sec! (ce‘”b") dx =

Mathematica [B]

-1
Subst (f w dx, x, e””’")
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b
—1(X
Subst ( f M dx, x, e‘”‘bx)
X
b
—a—bx
Subst (fxtan(x) dx, x, cos™! (e ))
b
—a—bx 2 eZixx e—a—bx
icos™ ( ) (21) Subst ( i —rdxx, cos™ ( ))
2b - b
per 2 ) o—a—bx ! 1 2icos_1(e_uc_bx)
icos™! (e - ) cos ( c ) og|lte Subst (flog (1 + eZix) dx, x, cos™ ! (E
2 B b " b
2 oa-bx 2i cos_l(e_u_bx) log(1+x) 2icos_1(3_ﬂ_bx‘
i cos-1 (e—ﬂ-bX) cos™! ( - )log 1+e¢ ‘ iSubst IT dx, x,e ‘
C
2b - b - 2b
—a—bx —a—bx
—a-bx 2icos71[ < ) 2icos™1[ ¢ )
i o1 (e-ﬂ-bX)2 cos™! (e - )log 1+e o ( ‘ iLi, (—e 1o ( )
c
2 B b * 2

time = 0.849665, size = 280, normalized size = 3.29

emabx (—4\/1 — c2e2@+b)PolyLog (2, % (1 ~V1- czez(‘”bx))) + V1 — c2e2(a+bx) (1og2 (cZez(“”’x)) +2lo

xsec! (ce‘”b") -

Antiderivative was successfully verified.

[In] Integrate[ArcSec[c*E~(a + b*x)],x]

[Out] x*ArcSec[c*E~(a + bxx)] - (E"(-a - bxx)*(4*Sqrt[-1 + c™2*xE~(2x(a + bxx))]*A
rcTan[Sqrt[-1 + c™2*E™(2%(a + b*x))]]*(2xbkx - Log[c™2*E~(2*(a + b*x))]) +

Sqrt[1 - c™2*E~(2x(a + b*x))]*(Loglc™2*E~(2*(a + b*x))]~2 - 4*Log[c™2+E™ (2%

(a + bxx))]*Logl[(1 + Sqrt[l - c™2*xE~(2*(a + bx*x))])/2] + 2xLog[(1 + Sqrt[1

- cT24E7(2x(a + b*x))])/2]72) - 4xSqrt[l - c"2xE~(2*(a + b*x))]*PolyLogl[2,

(1 - Sqrtll - c™2*E~(2*(a + b*x))]1)/2]))/(8*b*c*Sqrt[1 - 1/(c™2*E~(2*%(a + b
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*x)))])

Maple [A] time = 0.392, size = 116, normalized size = 1.4

i br+a))? bx+a 2 J
5 (arcsec (Ce )) arcsec (Ce ) 1 ) 1 5 1 ‘
b - b In|1+ Cehm'i'l 1—W +Ep01y10g 2,— W'f‘l ].—Cz—(E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(cxexp(b*x+a)) ,x)

[Out] 1/2*Ixarcsec(c*exp(b*x+a)) ~2/b-arcsec(c*exp(b*x+a))*1n(1+(1/c/exp(b*x+a)+Ix*
(1-1/c72/exp(b*x+a) ~2) ~(1/2))~2) /b+1/2*I*polylog(2,-(1/c/exp(bxx+a)+I*(1-1/
c~2/exp(b*x+a)~2)"(1/2))"2)/b

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(c*xexp(b*x+a)),x, algorithm="maxima")

[Out] Timed out

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(c*xexp(b*x+a)),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError




Sympy [F] time = 0., size = 0, normalized size = 0.

f asec (ce””’x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(c*exp(b*x+a)),x)

[Out] Integral(asec(c*exp(a + b*x)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f arcsec (ce(b"“’)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(c*xexp(b*x+a)),x, algorithm="giac")

[Out] integrate(arcsec(cxe”(b*x + a)), x)
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3.43 f 5 (ax) 2 1y

Optimal. Leaf size=99

24 8i (1+3i) sec™1(ax) 3 P45 i, 2isec™1(ax) 12 4i (1+3i)sec_1(ax) 3 I 5.5 i, 2isec™1(ax)
(5 +5)e 2hi|3 -2 455 5 75)° b1\ 335 5¢

a3 ad

[Out] ((-12/5 - (4*I)/5)*E~((1 + 3*I)*ArcSec[ax*x])*Hypergeometric2F1[3/2 - I/2, 3
, 5/2 - I/2, -E~((2xI)*ArcSec[a*x])])/a"3 + ((24/5 + (8*%I)/5)*E~((1 + 3*I)x
ArcSec[axx])*Hypergeometric2F1[3/2 - 1I/2, 4, 5/2 - 1/2, -E~((2*I)*ArcSec[a*
x])1)/a"3

Rubi [A] time = 0.117391, antiderivative size = 99, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 10, e o e

0.4, Rules used = {5266, 12, 4471, 2251}

integrand size

272 2 5 ' 5 2/ T o/
asd a3

(% + %i)e(l+3i)sec_1(ax) 21:1 (g _ i 4 5 i;_eZisec_l(ax)) (E + ﬁ) e(1+3i)sec_1(ax) 21:1 (; _ i 3 5 i._eZisec_l(ax))

Antiderivative was successfully verified.

[In] Int[E"ArcSec[a*x]*x~2,x]

[Out] ((-12/5 - (4%I)/5)*E~((1 + 3*I)*ArcSec[a*x])*Hypergeometric2F1[3/2 - I/2, 3
, 5/2 - I/2, -E~((2xI)*ArcSec[a*x])])/a"3 + ((24/5 + (8*%I)/5)*E~((1 + 3*I)x*
ArcSec[axx])*Hypergeometric2F1[3/2 - 1/2, 4, 5/2 - 1/2, -E~((2*I)*ArcSec[a*
x])1)/a"3

Rule 5266

Int[(u_.)*(f_)"(ArcSec[(a_.) + (b_.)*(x_ )] (n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x —-> -(a/b) + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x
, ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 4471
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Int [(F_)~((c_)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)]1"(m_.)*(H_) [(
d_.) + (e_.)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(cx(a + b*x)),
G[d + e*x] m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] &% IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 2251

Int[((a_) + (b_)*(F_)~((e_.)*((c_.) + (d_.)*(x_)))) " (p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[(a"p*G~(h*(f + gxx))*Hypergeometric2F1[
-p, (g*h*Log[G]l)/(d*exLogl[F]), (gxh*Logl[G])/(d*exLog[F]) + 1, Simplify[-((b
*F~(ex(c + dx*x)))/a)]])/(g*xh*Logl[Gl), x] /; FreeQ[{F, G, a, b, ¢, d, e, £,
g, h, p}, x] && (ILtQ[p, 0] || GtQ[a, 0])

Rubi steps

X 3
Subst ( ) gec@tan® gy, sec‘l(ax))

a2

fesec‘l(ux)XZ dx =
a

Subst ( [ € sec®(x) tan(x) dx, x, sec™! (ax))

a3

16i01430x - (1+3i)x
Subst | [ o 3 | dx, x, sec™ (ax)
()T (1ee)

2
(87) Subst ( i (i:i; dx, x, sec‘l(ax)) (16i) Subst ( ) (i::} dx, x,sec”! (ax))
- 3 + 3
(% + %i)e(l+3i)sec‘1(ax) JF; (g _ é,3;g _ é;_eZisec‘l(ax)) (% 4 %) (1430 sec (@) P, (; _ ;4,.; .
- 3 + P

Mathematica [A] time = 0.301252, size = 95, normalized size = 0.96

gsec” (@) (a4x4 (COS (2 sec! (ax)) —sin (2 sec_l(ax)) + 5) - (4 +4i) (axwll - ;7 - i) oF1 (% - é,l; g - é; —ezjsec_l(”")))

12a*x

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSec[a*x]*x"2,x]

[Out] (E"ArcSecla*x]*((-4 - 4*I)*(-I + a*Sqrt[1 - 1/(a"2*x"2)]*x)*Hypergeometric?2
Fi[1/2 - 1/2, 1, 3/2 - 1/2, -E~((2*I)*ArcSec[a*x])] + a~4*x"4x(5 + Cos[2*Ar



cSecla*x]] - Sin[2*ArcSec[a*x]])))/(12%a~4%*x)
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Maple [F] time = 0.181, size = 0, normalized size = 0.

f earcsec(ax) xZ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arcsec(a*x))*x"2,x)

[Out] int(exp(arcsec(a*x))*x"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f x2 e(arcsec(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))*x"2,x, algorithm="maxima")

[Out] integrate(x~2*e” (arcsec(a*x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (xze(amsec(”x)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))*x"2,x, algorithm="fricas")

[Out] integral(x~2*e”(arcsec(a*x)), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f xZeasec (ax) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asec(a*x))*x**2,x)

[Out] Integral (x*x2*exp(asec(a*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

fx26(arcsec(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))*x"2,x, algorithm="giac")

[Out] integrate(x~2*e” (arcsec(a*x)), x)
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3.44 f 5T (@) . fe

Optimal. Leaf size=91

16 8 ; -1 i i | 8 4 ; -1 i i |
(? + E) e(1+21) sec™(ax) 21:1 (1 -5 3,.2 _ E;_621560 (ax)) (g + g) e(1+21) sec™(ax) 2F1 (1 _ E,2;2 _ E; _eZzsec (ax))

a? 22

[Out] ((-8/5 - (4*I)/5)*E~((1 + 2*I)*ArcSec[a*x])*Hypergeometric2F1[1 - I/2, 2, 2
- I/2, -E~((2*I)*ArcSecla*x])])/a~2 + ((16/5 + (8%I)/B)*E~((1 + 2*I)*ArcSe
c[a*x] ) *Hypergeometric2F1[1 - I/2, 3, 2 - I/2, -E~((2*I)*ArcSec[a*x])])/a"2

Rubi [A] time = 0.106667, antiderivative size = 91, normalized size of antiderivative =

. . number of rules
1., number of steps used = 6, number of rules used = 4, integrand size = 8, ———— =

integrand size
0.5, Rules used = {5266, 12, 4471, 2251}

(% + %) e(1+2i) sec™(ax) 21:1 (1 _ é, 3’. 2_ é; _€2isec*1(ax)) (g + %) e(1+2i) sec™(ax) 21:1 (1 _ é, 2;2 _ é,. _62isec’1(ax))

a? a?

Antiderivative was successfully verified.

[In] Int[E"ArcSec[a*xx]*x,x]

[Out] ((-8/5 - (4*I)/5)*E~((1 + 2*I)*ArcSec[a*x])*Hypergeometric2F1i[1 - I/2, 2, 2
- I/2, -E~((2*I)*ArcSecla*x])])/a"2 + ((16/5 + (8*I)/5)*E~((1 + 2*I)*ArcSe
c[a*x])*Hypergeometric2F1[1 - I/2, 3, 2 - I/2, -E~((2*I)*ArcSec[a*x])])/a"2

Rule 5266

Int[(u_.)*(f_)"(ArcSec[(a_.) + (b_.)*(x )] (n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x -> -(a/b) + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x
, ArcSecla + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 4471

Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)] " (m_.)*(H_) [(
d_.) + (e_.)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(cx(a + b*x)),
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G[d + exx]"m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] && IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 2251

Int[((a_) + (b_)*(F_)"((e_.)*((c_.) + (d_.)*(x_)))) " (p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[(a"p*G~(h*(f + gxx))*Hypergeometric2F1[
-p, (g*h*Log[G])/(d*exLog[F]), (g*h*Logl[Gl)/(d*exLog[F]) + 1, Simplify[-((b
*F~(ex(c + d*x)))/a)]])/(gxh*Log[Gl), x] /; FreeQ[{F, G, a, b, c, d, e, f,
g, h, p}, x] && (ILtQ[p, 01 Il GtQla, 01)

Rubi steps

X qael .
i Subst ( f gsec@tan) 4oy e (ax))
fesec M)y gy = ‘
a

Subst ( [ € sec?(x) tan(x) dx, x, sec™! (ax))

a2

gie+20x  gjp(1+20)x
Subst f - = | dx, x,sec”!(ax)
(1+2%)"  (1+4207)

a2
(1+2i)x (1+2i)x
(41) Subst ( il ‘ — dx, x, sec‘l(ax)] (87) Subst ( i : — dx, x, sec‘l(ax))
__ (l+e ) + (1+e )
a2 a?
8 4 i sec-1 i i i sec—1 16 8i N sec—1 i i
© 4 Z) ,(1+2i)sec™ (ax) _ L n.n_ L. 2isecT (ax) 20 4 9} ,(1+2i) sec (ax) _tan_ 1
~ (5+5)€ 2F1(1 2,2,2 Y € ) (5 +5)€ ZPl(l 2,3,2 >
- 72 + 22

Mathematica [A] time = 0.191084, size = 107, normalized size = 1.18

1 ] -1 . 1 . ] j P aae—l S| i i
(g + %)esec (ax) ((—2 +i)ax (,/1 - - ax) + (1 + 2i) ,F; (—§,1;1 — 55 —eHsee (ﬂx)) — g2isec™ (@)  F) (1,1 - 52- 3

22
Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSec[a*x]*x,x]

[Out] ((1/5 + I/10)*E~ArcSec[a*xx]*((-2 + I)xa*x*(Sqrt[l - 1/(a"2*x"2)] - a*x) + (
1 + 2*I)*Hypergeometric2F1[-I/2, 1, 1 - I/2, -E~((2*I)*ArcSec[a*x])] - E~((
2*I)*ArcSec [a*x]) *Hypergeometric2F1[1, 1 - I/2, 2 - I/2, -E~((2*I)*ArcSec[a



*x])]1))/a"2
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Maple [F] time = 0.176, size = 0, normalized size = 0.

f earcsec(ax)x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arcsec(a*x))*x,x)

[Out] int(exp(arcsec(a*x))*x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f xe(arcsec(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))*x,x, algorithm="maxima")

[Out] integrate(xxe”(arcsec(a*x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (xe(arcsec(“x)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))*x,x, algorithm="fricas")

[Out] integral(x*e”(arcsec(a*x)), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f xedsec (ax) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asec(a*x))*x,x)

[Out] Integral(x*exp(asec(a*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f xe(arcsec(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))*x,x, algorithm="giac")

[Out] integrate(xxe”(arcsec(a*x)), x)
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-1
345 [ ™y
Optimal. Leaf size=91

(2 + 21')6(1+i) sec™(ax) 2F1 (% _ élzl. g _ é’. _eZisec_l(ax)) (1 + i)e(1+i) sec™Hax) 21:1 (% _ é’ 1; g _ %; _621' sec_l(ax))

a a

[Out] ((-1 - I)*E~((1 + I)*ArcSecla*x])*Hypergeometric2F1[1/2 - I/2, 1, 3/2 - I/2
, "E7((2*I)*ArcSecla*x])])/a + ((2 + 2+xI)*E~((1 + I)*ArcSec[a*x])*Hypergeom
etric2F1[1/2 - 1I/2, 2, 3/2 - 1/2, -E~((2*xI)*ArcSecla*x])])/a

Rubi [A] time = 0.0922147, antiderivative size = 91, normalized size of antiderivative =

. . number of rules
1., number of steps used = 5, number of rules used = 3, integrand size = 6, —————

0.5, Rules used = {5266, 4471, 2251}

integrand size

i 1 3 i._EZisec_l(ax))

(2 + 2i)e(1+)sec™ (@) 21?1( _15.8 i;_ezisec—l(ax)) (1 + i)e+sec @) F. (% S PR

1 .
2 27772 2

a a

Antiderivative was successfully verified.

[In] Int[E"ArcSecla*x],x]

[Out] ((-1 - I)*E~((1 + I)*ArcSec[axx])*Hypergeometric2F1[1/2 - I/2, 1, 3/2 - I/2
, “E7((2xI)*ArcSec[a*x])])/a + ((2 + 2xI)*E~((1 + I)*ArcSec[a*x])*Hypergeom
etric2F1[1/2 - I/2, 2, 3/2 - I/2, -E~((2xI)*ArcSec[a*x])])/a

Rule 5266

Int[(u_.)*(f_)~"(ArcSec[(a_.) + (b_.)*(x_)]"(n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x -> -(a/b) + Sec[x]/b)*f~ (c*x"n)*Sec[x]*Tan[x], x], x
, ArcSecla + b*x]], x] /; FreeQ[{a, b, c, £}, x] && IGtQ[n, O]

Rule 4471

Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)] " (m_.)*(H_) [(
d_.) + (e_.)*(x )] (n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(cx(a + b*x)),
G[d + exx] mxH[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] &% IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 2251
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Int[((a_) + (b_.)*(F_)"((e_.)*((c_.) + (d_.)*(x_))))~(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[(a"p*G~(h*(f + gxx))*Hypergeometric2F1[
-p, (g*h*Log[G])/(d*exLog[F]), (g*h*Logl[G])/(d*exLog[F]) + 1, Simplify[-((b
*F~(ex(c + d*x)))/a)]])/(gxh*Logl[Gl), x] /; FreeQ[{F, G, a, b, c, d, e, f,
g, h, p}, x] && (ILtQ[p, 01 Il GtQla, 01)

Rubi steps

f sec (@) Subst ( f e* sec(x) tan(x) dx, x, sec™! (ax))
e X =
a

(L) - (1)
Subst ( f ( die _ e ) dx, x, sec‘l(ax))

(1+€2[x)2 14p2ix

- a

; (1+i)x

(1+i)x . 3 -1
(2i) Subst ( [ dxx, sec—l(ax)) (4i) Subst (f ] dx, x, sec <ax>J

== +

a a

N e(1+1) sec™ (ax) 1 _ 1.3 i, 2isec(ax) N (1+i) sec ™1 (ax) 1 i 53 i gige
_ (1 +i)e 2F1 (2 L5 —5e . (2 +2i)e oFil;-525-5-¢
a a

Mathematica [A] time = 0.0604628, size = 54, normalized size = 0.59

_ N p(1+0) sec‘l(ax) l _ l . § _ i _ 2 sec‘l(ax)
xesec’l(ax) _ (1 l)e 21:1 (2 2/1/ 2 2’ ¢

a
Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcSec[a*x],x]

[Out] E~ArcSec[a*x]*x - ((1 - I)*E~((1 + I)x*ArcSec[ax*x])*Hypergeometric2F1[1/2 -
1/2, 1, 3/2 - 1/2, -E~((2xI)*ArcSec[a*x])])/a

Maple [F] time = 0.175, size = 0, normalized size = 0.

f earcsec(ax) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(exp(arcsec(a*x)),x)

[Out] int(exp(arcsec(a*x)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f e(arcsec(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x)),x, algorithm="maxima"

[Out] integrate(e”(arcsec(a*x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (e(arcsec(“x)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x)),x, algorithm="fricas")

[Out] integral(e~(arcsec(a*x)), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f pasec (ax) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asec(a*x)),x)

[Out] Integral(exp(asec(a*x)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f e(arcsec(ax)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x)),x, algorithm="giac")

[Out] integrate(e”(arcsec(a*x)), x)
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esec_1 (ax)

346  [——dx

X

Optimal. Leaf size=45

2l'esec_1(ax) 21:1 (_é/ 1; 1= é; _eZisec_l(ax) _ iesec_l(ax)

[Out] (-I)*E~ArcSecla*x] + (2*I)*E~ArcSec[a*x]*Hypergeometric2F1[-I/2, 1, 1 - I/2
, "E7((2xI)*ArcSec[a*x])]

Rubi [A] time = 0.0578664, antiderivative size = 45, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 10, e =

0.5, Rules used = {5266, 12, 4442, 2194, 2251}

integrand size
el i i - —
Djesec (ax) 21:1 (_E’ 1; 1= E; _621 sec " (ax) | _ jesec (ax)

Antiderivative was successfully verified.

[In] Int[E~ArcSecla*x]/x,x]

[Out] (-I)*E~ArcSec[a*x] + (2*I)*E~ArcSec[a*x]*Hypergeometric2F1[-I/2, 1, 1 - I/2
, “E7((2+I)*ArcSec[a*x])]

Rule 5266

Int[(u_.)*(f_)"(ArcSec[(a_.) + (b_.)*(x_)]"(n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x —> —-(a/b) + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x
, ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4442

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Tan[(d_.) + (e_.)*x(x_)]"(n_.), x_Symb
0l] :> Dist[I"n, Int[ExpandIntegrand[(F~(cx(a + bxx))*(1 - E~(2xIx(d + exx)
))7n)/ (1 + ET(2xIx(d + e*x)))"n, x], x], x] /; FreeQ[{F, a, b, c, d, e}, x]
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&& IntegerQ[n]

Rule 2194

Int[((F)~((c_)*x((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x))) "n/(b*c*n*xLog[F]), x] /; FreeQ[{F, a, b, c, n}, xl

Rule 2251

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_)))) " (p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[(a"p*G~(h*(f + g*x))*Hypergeometric2F1[
-p, (gxhxLogl[Gl)/(d*exLogl[F]), (gxh*Logl[G])/(d*exLogl[F]) + 1, Simplify[-((b
*F~(ex(c + dxx)))/a)]1]1)/(g*xh*Logl[Gl), x] /; FreeQ[{F, G, a, b, ¢, d, e, £,
g, h, p}, x] && (ILtQ[p, 0] Il GtQla, 01)

Rubi steps

dx =
X a

f sec(ax) Subst ( f ae* tan(x) dx, x, sec‘l(ax))
= Subst ( f e* tan(x) dx, x, sec‘l(ax))

2 X
= iSubst ( f (—ex + 1 +eezz‘x) dx, x, sec‘l(ax))
ex

= - (z’ Subst (f e dx, x, sec‘l(ax))) + 2i Subst (f TR dx, x,sec™(ax)

eZix

— _l'esec_l(ax) + Ziesec_l(ax) 2F1 _i 1:1 - i _EZisec‘l(ax)
2/ 4 2/

Mathematica [A] time = 0.0540204, size = 79, normalized size = 1.76

—i 1 _ % (1+2i) sec_l(ax) 2F1 1,1 _ 1;2 _ i; _62isec_1(ax) _ esec_l(ax) 21:1 _1,1;1 _ i; _eZiseC_l(ax)
5 5 2 2 2 2

Warning: Unable to verify antiderivative.

[In] Integratel[E~ArcSec[a*x]/x,x]

[Out] (-I)*(-(E"ArcSec[a*x]*Hypergeometric2F1[-I/2, 1, 1 - I/2, -E~((2xI)*ArcSec[
axx])]) + (1/5 - (2%I)/5)*E~((1 + 2*I)*ArcSec[a*x])*Hypergeometric2F1[1, 1
- 1/2, 2 - 1/2, -E~((2*I)*ArcSeclax*x])])
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Maple [F] time = 0.175, size = 0, normalized size = 0.

earcsec(ax)
[E
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arcsec(a*x))/x,x)

[Out] int(exp(arcsec(a*x))/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arcsec(ax))
e,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x,x, algorithm="maxima"

[Out] integrate(e”(arcsec(a*x))/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

e(arcsec(ax))
integral (—, x)
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x,x, algorithm="fricas")

[Out] integral(e~(arcsec(a*x))/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

pasec (ax)
f dx
X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asec(a*x))/x,x)

[Out] Integral(exp(asec(a*x))/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

e(arcsec(ax))
[,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x,x, algorithm="giac")

[Out] integrate(e”(arcsec(ax*x))/x, x)
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esec_1 (ax)

347  [——5—dx

x2
Optimal. Leaf size=39

1 1 esec‘1 (ax)

- 1= _esec’l(ax) _

a
2 a?x2 2x

[Out] (a*E~ArcSec[a*x]*Sqrt[1 - 1/(a"2*x"2)])/2 - E~ArcSec[ax*x]/(2%*x)

Rubi [A] time = 0.0298828, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e e =

0.3, Rules used = {5266, 12, 4432}

integrand size

1 esec‘l (ax)

1 1
Zaq]1 = ——¢Sec (ax) _
2 a2x? 2x

Antiderivative was successfully verified.

[In] Int[E"ArcSecla*x]/x"2,x]
[Out] (a*E~ArcSecla*x]*Sqrt[1 - 1/(a"2*x~2)])/2 - E~ArcSec[a*x]/(2*x)

Rule 5266

Int[(u_.)*(f_)"(ArcSec[(a_.) + (b_.)*(x_ )] (n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x -> -(a/b) + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x
, ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 4432

Int[(F)~((c_)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [(b*c*Log[F]1*F~ (c*(a + b*x))*Sin[d + exx])/(e”2 + b™2xc™2xLog[F]~2), x
] - Simp[(exF~(c*(a + b*x))*Cos[d + exx])/(e”2 + b~ 2*c"2xLog[F]~2), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e~2 + b~2*xc~2*Log[F]~2, 0]

Rubi steps



f psecH(ax) p Subst ( f a?e* sin(x) dx, x, sec‘l(ax))
x =
12 a

= aSubst ( f e* sin(x) dx, x, sec™! (ax))

-1
L el [y o L e
2 a2x2 2x
Mathematica [A] time = 0.0410404, size = 34, normalized size = 0.87

1 1 1 4
_ 1— —— — —|gs€C (ax)
Za ( ! a2x2 ax] ¢

Antiderivative was successfully verified.

[In] Integrate[E~ArcSec[a*x]/x"2,x]

[Out] (a*E~ArcSecla*x]*(Sqrt[1 - 1/(a”2*x72)] - 1/(a*x)))/2
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Maple [F] time = 0.176, size = 0, normalized size = 0.

earcsec(ax)
[,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arcsec(a*x))/x"2,x)

[Out] int(exp(arcsec(a*x))/x"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arcsec(ux))
[,
X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(exp(arcsec(a*x))/x"2,x, algorithm="maxima")

[Out] integrate(e”(arcsec(a*x))/x"2, x)

Fricas [A] time = 2.43419, size = 63, normalized size = 1.62

(\/QZXZ -1- 1)e(arcsec(ax))

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x"2,x, algorithm="fricas")

[Out] 1/2*(sqrt(a”2*x"2 - 1) - 1)*e”(arcsec(a*x))/x

Sympy [F] time = 0., size = 0, normalized size = 0.

pasec (ax)
f 5 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asec(a*x))/x**2,x)

[Out] Integral(exp(asec(a*x))/x**2, x)

Giac [A] time = 1.15866, size = 69, normalized size = 1.77

1 \/17 (% n—arcsin(;_x)) e(% ﬂ—arcsin(%))
2 ¢ T 22 +1e R

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x"2,x, algorithm="giac")

[Out] 1/2*a*xsqrt(-1/(a~2*x"2) + 1)*e”(1/2*pi - arcsin(l/(a*x))) - 1/2xe”(1/2*pi -

arcsin(1/(a*x)))/x
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esec_1 (ax)

348 | dx

Optimal. Leaf size=41

x3

1 - 1 _
Eazesec @) gin (2 sec‘l(ax)) -~ gazesec @) cog (2 sec™! (ax))

[Out] -(a"2*E~ArcSec[a*x]*Cos[2*xArcSec[a*x]])/5 + (a"2*E~ArcSec[a*x]*Sin[2*ArcSec
[a*x]])/10

Rubi [A] time = 0.0416936, antiderivative size = 41, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 10, e e -

0.4, Rules used = {5266, 12, 4469, 4432}

integrand size

1 - 1 _
Eazesec @) gin (2 sec‘l(ax)) -~ gazesec @) cog (2 sec™! (ax))

Antiderivative was successfully verified.

[In] Int[E"ArcSecl[a*x]/x"3,x]

[Out] -(a"2*E~ArcSec[a*x]*Cos[2*xArcSec[a*x]])/5 + (a"2*E~ArcSec[a*x]*Sin[2*ArcSec
[a*x]])/10

Rule 5266

Int[(u_.)*(f_)"(ArcSec[(a_.) + (b_.)*(x_)]"(n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x —> —-(a/b) + Sec[x]/b)*f"(c*x"n)*Sec[x]*Tan[x], x], x
, ArcSec[a + b*x]], x] /; FreeQ[{a, b, ¢, £}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4469

Int[Cos[(f_.) + (g_)*x(x_)]1"(a_)*xF_)"((c_.)*x((a_.) + (b_.)*(x_)))*Sin[(d_
D o+ (e_)*(x )] (m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),
Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g}, x]
& IGtQ[m, O] && IGtQ[n, O]



Rule 4432

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol]
Simp [(bxc*Log [F]*F~ (cx(a + b*x))*Sin[d + ex*x])/(e”2 + b~2xc~2*Log[F]~2),
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:>
X

] - Simp[(exF~(c*(a + b*x))*Cos[d + exx])/(e”2 + b"2xc"2xLog[F]1~2), x] /; F

reeQ[{F, a, b, c, d, e}, x] && NeQ[e™2 + b~2xc"2*Log[F]~2, 0]

Rubi steps

dx =
X3 a

f psec(ax) Subst ( [ 2P cos(x) sin(x) dx, x, sec‘l(ax))
= % Subst ( f e* cos(x) sin(x) dx, x, sec‘l(ax))
1
= % Subst ( f Eex sin(2x) dx, x, sec‘l(ax))

1
= Eaz Subst ( f e* sin(2x) dx, x, sec‘l(ax))

1 - 1 _
= ——g2e5°c @) ¢ (2 sec‘l(ax)) + Eazesec '@ gin (2 sec‘l(ax))

Mathematica [A] time = 0.0501803, size = 30, normalized size = 0.73

f—oazesecl(‘”‘) (sin (2 sec‘l(ax)) —2cos (2 sec‘l(ax)))

Antiderivative was successfully verified.

[In] Integratel[E~ArcSec[a*x]/x"3,x]

[Out] (a~2*E~ArcSec[a*x]*(-2*Cos[2*ArcSec[a*x]] + Sin[2*ArcSec[a*x]]))/10

Maple [F] time = 0.177, size = 0, normalized size = 0.

earcsec(ax)
[
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arcsec(a*x))/x~3,x)
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[Out] int(exp(arcsec(a*x))/x"3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arcsec(ax))
e,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x"3,x, algorithm="maxima"

[Out] integrate(e”(arcsec(a*x))/x"3, x)

Fricas [A] time = 2.48443, size = 80, normalized size = 1.95

(a2x2 +Va2x2 -1 = z)e(arcsec(ax))

5x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x"3,x, algorithm="fricas")

[Out] 1/5%(a”2*x"2 + sqrt(a™2*x"2 - 1) - 2)*e”(arcsec(a*x))/x"2

Sympy [F] time = 0., size = 0, normalized size = 0.

pasec (ax)
f 5 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asec(axx))/x**3,x)

[Out] Integral(exp(asec(a*x))/x**3, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

e(arcsec(ax))
[,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x"3,x, algorithm="giac")

[Out] integrate(e”(arcsec(a*x))/x"3, x)
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esec_1 (ax)

349 dx

Optimal. Leaf size=84

P

1 1 a QZesec_l(ax) 3 O 1 4
§a3 1- Wesec (ax) _ — Ecﬁesec @) cog (3 sec‘l(ax)) + Ea%sec (@) sin (3 sec™! (ax))

[Out] (a"3*E~ArcSec[a*x]*Sqrt[1 - 1/(a"2*x72)])/8 - (a"2*E"ArcSec[ax*x])/(8%x) - (
3xa”~3*%E"ArcSec[a*x] *Cos [3*ArcSec[a*x]])/40 + (a~3*E~ArcSec[a*x]*Sin[3*ArcSe
cla*xx]])/40

Rubi [A] time = 0.065074, antiderivative size = 84, normalized size of antiderivative

. . b f rul
1., number of steps used = 6, number of rules used = 4, integrand size = 10, e e e

0.4, Rules used = {5266, 12, 4469, 4432}

integrand size

1 9 a2€sec’1(ux) O 1 4
—a?q[1 - e (@) — — Ea%sec @) cos (3 sec‘l(ax)) + 4—0113636‘3 (@) gin (3 sec‘l(ax))
a2x X

Antiderivative was successfully verified.

[In] Int[E"ArcSeclaxx]/x"4,x]

[Out] (a~3*E~ArcSec[a*x]*Sqrt[1 - 1/(a"2*x72)])/8 - (a"2*E"ArcSec[ax*x])/(8%x) - (
3*%a"3*xE"ArcSec [a*x] *Cos [3*xArcSec[a*x]]) /40 + (a"3*E"ArcSec[a*x]*Sin[3*ArcSe
claxx]])/40

Rule 5266

Int[(u_.)*(f_)~(ArcSec[(a_.) + (b_.)*(x_ )] (n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x -> -(a/b) + Sec[x]/b)*f~ (c*x"n)*Sec[x]*Tan[x], x], x
, ArcSecla + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 4469

Int[Cos[(f_.) + (g_)*x(x_)]1"(n_)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
D+ (e_)*(x_ )] (m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),



259

Sin[d + e*x] mxCos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g}, x]
&% IGtQ[m, 0] && IGtQ[n, O]

Rule 4432

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [(b*c*Log[F1*F~ (c*(a + b*x))*Sin[d + exx])/(e”2 + b~2xc"2xLog[F]~2), x
1 - Simp[(exF~(c*x(a + b*x))*Cos[d + e*x])/(e”2 + b~ 2*xc"2%Log[F]~2), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e~2 + b~2*xc~2*Log[F]~2, 0]

Rubi steps

dx =
x4 a

f psec(ax) Subst ( [ ate* cos?(x) sin(x) dx, x, sec™ (ax))
= a® Subst ( f e* cos?(x) sin(x) dx, x, sec‘l(ax))
1 1
= % Subst ( f (Zex sin(x) + Zex sin(3x)) dx, x, sec‘l(ax))

1 1
= ZaS Subst ( f e* sin(x) dx, x, sec‘l(ax)) + Za3 Subst ( f ¢* sin(3x) dx, x, sec‘l(ax))

1 -1 1 azesecfl(”x) 3 -1 1 -1
— _ 43,sec™(ax) _ _ _ 3 ,sec”*(ax) -1 3 ,sec™(ax) o3 -1
= —g’¢ 1 a’e cos|3sec ™ (ax)) + —a’e sin (3 sec™ (a
8 ! a2x2 8x 40 ( ( )) 40 ( (

Mathematica [A] time = 0.140966, size = 54, normalized size = 0.64

Antiderivative was successfully verified.

[In] Integrate[E~ArcSec[a*x]/x"4,x]

[Out] (a~3*E"ArcSec[a*x]*(5*Sqrt[1 - 1/(a”2*x"2)] - 5/(a*x) - 3*Cos[3*ArcSec[a*x]
] + Sin[3*ArcSec[a*x]]))/40

Maple [F] time = 0.179, size = 0, normalized size = 0.

earcsec(ax)
[
X
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arcsec(a*x))/x"4,x)

[Out] int(exp(arcsec(a*x))/x"4,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

e(arcsec(ax))
f —a
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x"4,x, algorithm="maxima"

[Out] integrate(e”(arcsec(a*x))/x"4, x)

Fricas [A] time = 2.71103, size = 100, normalized size = 1.19

(a2x2 + (a2x2 + 1)1/a2x2 —1-— 3)e(arcsec(ax))

103

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x"4,x, algorithm="fricas")

[Out] 1/10%x(a"2*x72 + (a”2*x”"2 + 1)*sqrt(a™2*x"2 - 1) - 3)*e” (arcsec(a*x))/x"3

Sympy [F] time = 0., size = 0, normalized size = 0.

pasec (ax)
dx
f x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asec(axx))/x**4,x)



[Out] Integral(exp(asec(axx))/x**4, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

e(arcsec(ax))
e,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsec(a*x))/x"4,x, algorithm="giac")

[Out] integrate(e”(arcsec(a*x))/x"4, x)
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ad
?+dx

350  [LC9 g,

Optimal. Leaf size=69

iPolyLog (2, _eZisec’l(a+bx)) isec™l(a + bx)? sec™X(a + bx) log (1 + eZz’sec’l(a+bx))
+ —_
2d 2d d

[Out] ((I/2)*ArcSecl[a + b*x]~2)/d - (ArcSec[a + b*x]*Logl[l + E~((2+I)*ArcSec[a +
b*x])1)/d + ((I/2)*PolyLogl[2, -E~((2*I)*ArcSec[a + b*x])])/d

Rubi [A] time = 0.0913614, antiderivative size = 69, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 19, i L

integrand size
0.421, Rules used = {5256, 12, 5218, 4626, 3719, 2190, 2279, 2391}

iPolyLog (2, —e Secfl(”bx)) isec™l(a+bx)?  sec (a+bx)log (1 + ezz’secfl(“bx))
+ —
2d 2d d

Antiderivative was successfully verified.

[In] Int[ArcSec[a + b*x]/((axd)/b + d*x),x]

[Out] ((I/2)*ArcSecla + b*x]~2)/d - (ArcSec[a + b*x]*Log[l + E~((2+I)*ArcSec[a +
bxx])]1)/d + ((I/2)*PolyLogl[2, -E~((2*I)*ArcSec[a + bx*x])])/d

Rule 5256

Int[((a_.) + ArcSec[(c_) + (d_)*x(x_)I*(b_.))"(p_)*((e_.) + (f_)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*x(a + b*ArcSec[x]) p, x],
x, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*xf, 0] &&
1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5218

Int[((a_.) + ArcSec[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
xArcCos[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]
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Rule 4626

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x)"n/Cot[x], x], x, ArcCos[cxx]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Rule 3719

Int[((c_.) + (d_D)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
Ix(c + d*x)"(m + 1))/(@*(m + 1)), x] - Dist[2*I, Int[((c + d*x) "m*xE~(2*I*(e
+ £*x))) /(1 + ET(2xIx(e + £xx))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_I)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*(F~(g*(e + f*x)))™n)/al)/(bxf*gxn*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps



-1
f sec™ (a + bx) =

ad
? +dx

Mathematica [A]
(PolyLog (

-1
Subst (f bsecx (x)
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dx,x,a + bx)

Subst (f ?Rx) dx,x,a + bx)

Subst (f%l(x)dx,x, ! )

a+bx

Subst (fxtan(x) dx, x, cos™ (a-v—lhx))

d

1V (1
icos (m) (2i) Subst (f Treo = dx, x, cos (a+bx))

2d d

2 1 2i cos~1(——
) B 1 -1 a+bx . - !
icos 1 (a+bx) oS (a+hx) log (1 +e ( ’ )) Subst (flog (1 + ezzx) dx, x, cos™ (@
_ +
2d d a

2 B 1 2icos™ 1 —— . log(1+x) 2icos 1 ——
iCOS_l (ﬁ) COS 1 (a+bx) 10g (1 +e (a+bx)) 1 Subst (f T dx, X, e (a+bx)

2d d - >
2 _ 1 2icos™1( - o 2i cos—1[ L
Z.COS_1 (ﬂ:bx) CO 1 (a+bx) log (1 +e (a+bx)) lle (_e (a+bx))
2d d + o

time = 0.0510901, size = 59, normalized size = 0.86

glisec 1(“+bx)) +sec™Ha + bx) (sec La + bx) + 2ilog (1 + g2isec” (‘”bx))))

2d

Antiderivative was successfully verified.

[In] Integrate[ArcSec[a + bxx]/((axd)/b + d*x),x]

[Out] ((I/2)*(ArcSec[a + b*x]*(ArcSec[a + b*x] + (2*I)*Logl[l + E~((2*I)*ArcSec(a

+ b*x])]) + PolyLogl2,

-E~((2*I)*ArcSec[a + b*x])]))/d

Maple [A]

é (arcsec (bx + a))2

arcsec (bx + a)

d

d

time = 0.347, size = 92, normalized size = 1.3

i

2
In [1 + ((bx +a) 41— (b + a)_z) ] + dpolylog( ((bx +a) i1 - (
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsec(bxx+a)/(a*d/b+d*x),x)

[Out] 1/2*Ixarcsec(b*x+a)”2/d-arcsec(b*x+a)*1n(1+(1/(b*x+a)+I*(1-1/(b*x+a)~2)"(1/
2))72)/d+1/2*I*polylog(2,-(1/(bxx+a)+Ix(1-1/(bxx+a)~2)~(1/2))72)/d

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/(a*d/b+d*x),x, algorithm="maxima"

[Out] Timed out

Fricas [F] time = 0., size = 0, normalized size = 0.

barcsec (bx + a) )

1ntegral( dr ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/(axd/b+d*x),x, algorithm="fricas")

[Out] integral(b*arcsec(b*x + a)/(bxd*x + a*xd), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

b fasec(a+bx) dx

a+bx

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asec(b*x+a)/(a*d/b+d*x),x)
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[Out] b*Integral(asec(a + b*x)/(a + b*x), x)/d

Giac [F] time = 0., size = 0, normalized size = 0.

arcsec (bx + a)
[uectera,

ad
dx+?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsec(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

[Out] integrate(arcsec(b*x + a)/(d*x + axd/b), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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12
13

14
15
16
17
18
19
20
21
22
23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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57
58
59
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62
63
64
65
66
67
68
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70
71
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74
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195

elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))




85
86
87
88
89
90

91
92
93
94
95
96

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119

120
121
122
123
124
125

1

276

return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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