
Physics 3041 (Spring 2021) Solutions to Homework Set 4

1. (a) Problem 8.1.1. (5 points)

Rθ =

[
cos θ sin θ
− sin θ cos θ

]
⇒ Rθ′Rθ =

[
cos θ′ sin θ′

− sin θ′ cos θ′

] [
cos θ sin θ
− sin θ cos θ

]
=

[
cos θ′ cos θ − sin θ′ sin θ cos θ′ sin θ + sin θ′ cos θ
− sin θ′ cos θ − cos θ′ sin θ − sin θ′ sin θ + cos θ′ cos θ

]
=

[
cos(θ + θ′) sin(θ + θ′)
− sin(θ + θ′) cos(θ + θ′)

]
= Rθ+θ′ .

(b) Problem 8.1.2, and find the expression of θ in terms of the relative velocity. (10 points)

From the Lorentz transformation

x′ =
x− vt√
1− v2

= x cosh θ − t sinh θ,

t′ =
t− vx√
1− v2

= t cosh θ − x sinh θ,

we obtain

cosh θ =
1√

1− v2
, sinh θ =

v√
1− v2

⇒ sinh θ

cosh θ
=
eθ − e−θ

eθ + e−θ
=
η − η−1

η + η−1
=
η2 − 1

η2 + 1
= v,

⇒ η2 − 1 = (η2 + 1)v, η = eθ =

√
1 + v

1− v
,

⇒ θ = ln

√
1 + v

1− v
=

1

2
ln

1 + v

1− v
,

where v is in units of the speed of light c.[
x′′

t′′

]
=

[
cosh θ′ − sinh θ′

− sinh θ′ cosh θ′

] [
x′

t′

]
=

[
cosh θ′ − sinh θ′

− sinh θ′ cosh θ′

] [
cosh θ − sinh θ
− sinh θ cosh θ

] [
x
t

]
=

[
cosh θ′ cosh θ + sinh θ′ sinh θ − cosh θ′ sinh θ − sinh θ′ cosh θ
− sinh θ′ cosh θ − cosh θ′ sinh θ sinh θ′ sinh θ + cosh θ′ cosh θ

] [
x
t

]
=

[
cosh(θ + θ′) − sinh(θ + θ′)
− sinh(θ + θ′) cosh(θ + θ′)

] [
x
t

]
,

where we have used

cosh θ′ cosh θ + sinh θ′ sinh θ =
(eθ

′
+ e−θ

′
)(eθ + e−θ)

4
+

(eθ
′ − e−θ′)(eθ − e−θ)

4

=
eθ

′+θ + eθ
′−θ + e−θ

′+θ + e−θ
′−θ

4
+
eθ

′+θ − eθ′−θ − e−θ′+θ + e−θ
′−θ

4

=
eθ

′+θ + e−θ
′−θ

2
= cosh(θ + θ′),

sinh θ′ cosh θ + cosh θ′ sinh θ =
(eθ

′ − e−θ′)(eθ + e−θ)

4
+

(eθ
′
+ e−θ

′
)(eθ − e−θ)
4

=
eθ

′+θ + eθ
′−θ − e−θ′+θ − e−θ′−θ

4
+
eθ

′+θ − eθ′−θ + e−θ
′+θ − e−θ′−θ

4

=
eθ

′+θ − e−θ′−θ

2
= sinh(θ + θ′).



(c) Problem 8.2.4, for Lorentz transformation only. (5 points)

For the Lorentz transformation,

Lθ =

[
cosh θ − sinh θ
− sinh θ cosh θ

]
, |Lθ| = cosh2 θ − sinh2 θ =

(eθ + e−θ)2

4
− (eθ − e−θ)2

4
= 1,

Lθ,C =

[
cosh θ sinh θ
sinh θ cosh θ

]
⇒ L−1θ =

LTθ,C
|Lθ|

=

[
cosh θ sinh θ
sinh θ cosh θ

]
= L−θ.

The above result makes sense as the inverse Lorentz transformation corresponds to chang-
ing the sign of the relative velocity v → −v, which in turn changes the sign of the rapidity
θ = 1

2
ln 1+v

1−v → −θ = 1
2

ln 1−v
1+v

.

2. (a) Problem 8.3.4, but using Cramer’s rule to solve the first set of equations only. (5 points)

3x− y − z = 2

x− 2y − 3z = 0

4x+ y + 2z = 4

∣∣∣∣∣∣
3 −1 −1
1 −2 −3
4 1 2

∣∣∣∣∣∣ = 3

∣∣∣∣ −2 −3
1 2

∣∣∣∣− (−1)

∣∣∣∣ 1 −3
4 2

∣∣∣∣+ (−1)

∣∣∣∣ 1 −2
4 1

∣∣∣∣ = 3× (−1) + 14− 9 = 2

x =

∣∣∣∣∣∣
2 −1 −1
0 −2 −3
4 1 2

∣∣∣∣∣∣∣∣∣∣∣∣
3 −1 −1
1 −2 −3
4 1 2

∣∣∣∣∣∣
=

1

2

(
2

∣∣∣∣ −2 −3
1 2

∣∣∣∣+ 4

∣∣∣∣ −1 −1
−2 −3

∣∣∣∣) =
−2 + 4

2
= 1

y =

∣∣∣∣∣∣
3 2 −1
1 0 −3
4 4 2

∣∣∣∣∣∣∣∣∣∣∣∣
3 −1 −1
1 −2 −3
4 1 2

∣∣∣∣∣∣
=

1

2

(
−2

∣∣∣∣ 1 −3
4 2

∣∣∣∣− 4

∣∣∣∣ 3 −1
1 −3

∣∣∣∣) =
−2× 14− 4× (−8)

2
= 2

z =

∣∣∣∣∣∣
3 −1 2
1 −2 0
4 1 4

∣∣∣∣∣∣∣∣∣∣∣∣
3 −1 −1
1 −2 −3
4 1 2

∣∣∣∣∣∣
=

1

2

(
2

∣∣∣∣ 1 −2
4 1

∣∣∣∣+ 4

∣∣∣∣ 3 −1
1 −2

∣∣∣∣) =
2× 9 + 4× (−5)

2
= −1



(b) Problem 8.3.5. (5 points)

M =

 1 2 3
4 5 6
7 8 10

⇒MC =

 2 2 −3
4 −11 6
−3 6 −3

 , |M | = 1× 2 + 2× 2 + 3× (−3) = −3,

M−1 =
MT

C

|M |
= −1

3

 2 4 −3
2 −11 6
−3 6 −3

 =

 −2/3 −4/3 1
−2/3 11/3 −2

1 −2 1

 ,
M−1M =

 −2/3 −4/3 1
−2/3 11/3 −2

1 −2 1

 1 2 3
4 5 6
7 8 10

 =

 1 0 0
0 1 0
0 0 1

 .
3. (a) Problem 8.4.3. (5 points)

(MN)ij =
∑
k

MikNkj

⇒ (MN)†ij = (MN)∗ji =
∑
k

M∗
jkN

∗
ki =

∑
k

M †
kjN

†
ik =

∑
k

N †ikM
†
kj = (N †M †)ij

⇒ (MN)† = N †M †

For M † = M and N † = N , we have

(MN)† = N †M † = NM.

If NM = MN , i.e., M and N commute, then (MN)† = MN , i.e., MN is Hermitian. Other-
wise, MN is not Hermitian.

(b) Problem 8.4.19, proving the first result only. (5 points)

Tr MN =
∑
i

(MN)ii =
∑
i

∑
k

MikNki

=
∑
i

∑
k

NkiMik =
∑
k

∑
i

NkiMik

=
∑
k

(NM)kk = Tr NM

(c) Problem 8.4.20. (10 points)

From the given properties of the Dirac matrices, M2
i = I, and for i 6= j,

MiMj +MjMi = 0⇒M2
iMj +MiMjMi = Mj +MiMjMi = 0,

where we have multiplied both sides of the first equality by Mi. Taking trace of the two sides
of the last equality, we obtain

Tr (Mj +MiMjMi) = Tr Mj + Tr MiMjMi = Tr Mj + Tr MjM
2
i

= Tr Mj + Tr Mj = 2Tr Mj = 0⇒ Tr Mj = 0,

where we have used Tr ABC = Tr BCA.



4. (a) Problem 8.4.5. (10 points)

U =

[
1+i
√
3

4

√
3(1+i)

2
√
2

−
√
3(1+i)

2
√
2

i+
√
3

4

]
⇒ U † =

[
1−i
√
3

4
−
√
3(1−i)
2
√
2√

3(1−i)
2
√
2

−i+
√
3

4

]

UU † =

[
1+i
√
3

4

√
3(1+i)

2
√
2

−
√
3(1+i)

2
√
2

i+
√
3

4

][
1−i
√
3

4
−
√
3(1−i)
2
√
2√

3(1−i)
2
√
2

−i+
√
3

4

]
=

[
1 0
0 1

]
As (U †)ij = [(UT )ij]

∗ and |U | = |UT |, we have |U †| = |U |∗. Let |U | = reiθ, so |U †| = re−iθ.

|UU †| = |U ||U †| = r2 = |I| = 1⇒ r = 1⇒ |U | = eiθ

Note here | | means the determinant of a matrix, NOT the modulus of a complex number. For
the above example,

|U | =

(
1 + i

√
3

4

)
i+
√

3

4
−
√

3(1 + i)

2
√

2

[
−
√

3(1 + i)

2
√

2

]
= i

(
−i+

√
3

4

)
i+
√

3

4
+

3(1 + i)2

8

=
i

4
+

3i

4
= i = eiπ/2

|U †| =

(
1− i

√
3

4

)
−i+

√
3

4
−
√

3(1− i)
2
√

2

[
−
√

3(1− i)
2
√

2

]
= −i

(
i+
√

3

4

)
−i+

√
3

4
+

3(1− i)2

8

= − i
4
− 3i

4
= −i = e−iπ/2 = |U |∗

(b) Problem 8.4.8. (10 points)

L =

[
0 −1
1 0

]
⇒ L2 =

[
0 −1
1 0

] [
0 −1
1 0

]
=

[
−1 0
0 −1

]
= −I

F (L) = eθL =
∞∑
n=0

(θL)n

n!
= I − θ2

2!
I +

θ4

4!
I − · · ·+

(
θL− θ3

3!
L+

θ5

5!
L− · · ·

)
= I

(
1− θ2

2!
+
θ4

4!
− · · ·

)
+ L

(
θ − θ3

3!
+
θ5

5!
− · · ·

)
= I cos θ + L sin θ

=

[
cos θ 0

0 cos θ

]
+

[
0 − sin θ

sin θ 0

]
=

[
cos θ − sin θ
sin θ cos θ

]
(c) Problem 8.4.10. (5 points)

eiH = I + iH +
(iH)2

2!
+

(iH)3

3!
+ · · ·+ (iH)n

n!
+ · · · , H† = H(

eiH
)†

= I − iH† +
(−iH†)2

2!
+

(−iH†)3

3!
+ · · ·+ (−iH†)n

n!
+ · · ·

= I − iH +
(−iH)2

2!
+

(−iH)3

3!
+ · · ·+ (−iH)n

n!
+ · · · = e−iH

eiH
(
eiH
)†

= eiHe−iH = I ⇒ eiH is unitary



5. Problem 8.4.17. (5 points)

(~σ · ~a)(~σ ·~b) =

(
3∑
i=1

σiai

)(
3∑
j=1

σjbj

)
=

3∑
i=1

3∑
j=1

aibjσiσj

=
3∑
i=1

3∑
j=1

aibj

(
Iδij + i

3∑
k=1

εijkσk

)

= I
3∑
i=1

aibi + i

3∑
i=1

3∑
j=1

3∑
k=1

εijkaibj (êk · ~σ)

= ~a ·~bI + i
(
~a×~b

)
· ~σ = ~a ·~bI + i~σ ·

(
~a×~b

)
,

where we have used

~a×~b =
3∑
i=1

3∑
j=1

3∑
k=1

εijkaibj êk.

6. (a) Consider a horizontal spring-mass system. The spring has a spring constant k and is
fixed at one end. The other end is attached to a block of mass m that can move without
friction on a horizontal surface. The spring is stretched a length a beyond its rest length and
let go. Without solving the problem using Newton’s second law, find the angular frequency of
oscillations and show that it is independent of a. (5 points)

Using units to indicate dimensions, we have

[k] = N/meter = kg · (meter/s2)/meter = kg/s2,

[m] = kg, [a] = meter.

[ω] = 1/s = [k]α[m]β[a]γ = kgα+βmeterγ/s2α

α + β = 0, 2α = 1, γ = 0⇒ α = 1/2, β = −1/2, γ = 0

[ω] = [k]1/2[m]−1/2 =
[√

k/m
]
.

Therefore, the angular frequency ω is independent of a.

(b) Derive the Planck mass, length, and time in terms of Planck’s constant h̄, Newton’s con-
stant G, and speed of light c. Evaluate these quantities in SI units. (10 points)

Using units to indicate dimensions, we have

[h̄] = J · s = kg · (m/s)2 · s = kg ·m2/s,

[G] = N ·m2/kg2 = kg · (m/s2) ·m2/kg2 = m3/(kg · s2),
[c] = m/s.

[MPl] = kg = [h̄]α[G]β[c]γ = kgα−β ·m2α+3β+γ/sα+2β+γ,

α− β = 1, 2α + 3β + γ = 0, α + 2β + γ = 0⇒ α = 1/2, β = −1/2, γ = 1/2.



So the Planck mass is

MPl =

(
h̄c

G

)1/2

= 2.18× 10−8 kg.

With [MPlc
2] = J, it is straightforward to obtain the Planck time and length

TPl =
h̄

MPlc2
=

(
h̄G

c5

)1/2

= 5.39× 10−44 s,

LPl = cTPl =

(
h̄G

c3

)1/2

= 1.62× 10−35 m.

(c) Identify the relevant physical quantities and use dimensional analysis to find the character-
istic length for a black hole of mass M . (5 points)

The relevant physical quantities are Newton’s constant G, the speed of light c, and the
black-hole mass M , the first two of which are fundamental to general relativity and the last of
which specifies the macroscopic property of the black hole.

Using units to denote the dimenions, we have

[G] = N ·m2/kg2 = kg · (m/s2) ·m2/kg2 = m3/(s2 · kg),

[c] = m/s, [M ] = kg.

[length] = m = [G]α[c]β[M ]γ = m3α+β · s−2α−β · kg−α+γ,

3α + β = 1, −2α− β = 0, −α + γ = 0⇒ α = 1, β = −2, γ = 1.

So we obtain

[length] =
GM

c2
.


