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= Notes: http://bessie.che.uc.edu/tlb/teach/under gr ad/chem381f97/math/node7.html
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local stiffnessmatrix : K;m=f f {0¢Nm, 9)Nm} I T J‘l( )||J||d§dn
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= Triangle Element
shapefunctions: Ny =1-¢-n, Ny =¢ N3z =7

3 3
. oo du ov Ju ov
trial and test function: U:;qi Ni,v=;pk N = 6_§ =—01 +0p, 6_§-‘ = —p1 + P2, 5_77 =—Q1 + s, 5_77 =—P1+P3
X=X+ X2 =X E+ Rz =X N> X=Xy + X =X)E+ (X3 —=X)n, Yy=Y1+ Y2 - YD) E+(Ya—YyD)n
AXp = Xp — X1, AY, = Yo — Y1, AX3 = X3 — X1, AYa =Yz -V

Jacobian: J (65)( 6,,x) (AXZ AX3) {dx, dy} = J{d¢, dn)
oplan:. J= ’ = , 10X, = ,
dey ayy) "\ ay, Ay, Y "

eigenvalues: Ay = AX3 + Ay3, A3 = AXp AXs + Ay, Ayg, A3 = AX5 + Ay
A2 +A3-2223 A3—A3 Az—Az

Axz — Az A3 —A2

A2z = A2 —A23 Az

; 1
-
M AXp Ayg — Axz Ay,

= Quad Element

shapefunctions: Ny = (7-1)(€-1), N2=&(1-n), Na=n(1-§),Ng=¢n
X=X+ R =X+ X3 =X n+ Xy —X2—X3+Xg)€n
AXp =Xp — X1, AY, = Y2 — Y1, AX3 = X3 — X1, AY3 = Y3 - Y1, AXa=X1 — X2 = X3+ Xg, AY, = Y1 - Y2 - Y3+ Y4
Jacobian J:(agx 6,,x):(Ax2+nAxa Ax3+§Axa)
ny any Ay2+77Aya Ay:%""é’v:Aya
eigenvalues: A, = AX3 + Ay2, A3 = AXp AXz + Ay, Ay, A3 = AXS + Ay2
Kl =X

= Program

Calculatethex, y coordinatesof thenodes:
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a=b=20;nx=7;,ny =5
nodes = Chop[Flatten[Table[{x, vy}, {y, =b/2,b/2, b/ (ny = D}, {x, —a/2, a/2, a/(nx — D)}], 1]]

{{-1., -1}, {-0.666667, —1.}, {-0.333333, —1.}, {0, —1.}, {0.333333, —-1.}, {0.666667, —1.}, {1., —1.},
{-1., -0.5}, {-0.666667, —0.5}, {-0.333333, -0.5}, {0, —0.5}, {0.333333, —0.5}, {0.666667, —0.5},
{1., -0.5}, {-1., 0}, {-0.666667, 0}, {—0.333333, 0}, {0, 0}, {0.333333, 0}, {0.666667, O}, {1., O},
{-1., 0.5}, {-0.666667, 0.5}, {-0.333333, 0.5}, {0, 0.5}, {0.333333, 0.5}, {0.666667, 0.5}, {1., 0.5},
{-1., 1.}, {-0.666667, 1.}, {—0.333333, 1.}, {0, 1.}, {0.333333, 1.}, {0.666667, 1.}, {1., 1.}}

Calculatetheindicesof nodesof thetriangleelements:

dements= Flatten[Table[{{i, i+ 1, i+nx}, {i+ 1, i+nx+ 1 i+nx}}+(—-Dnx, {j, 1, ny—-1} {i, 1, nx—1}], 2]

{{1, 2,8}, {2 9,8}, (2 3, 93,10, 9}, {3, 4, 10}, {4, 11, 10}, {4, 5, 11}, {5, 12, 11}, {5, 6, 12}, {6, 13, 12}, {6, 7, 13},
(7,14, 13}, {8, 9, 15}, {9, 16, 15}, {9, 10, 16}, {10, 17, 16}, {10, 11, 17}, {11, 18, 17}, {11, 12, 18}, {12, 19, 18}, {12, 13, 19},
{13, 20, 19}, {13, 14, 20}, {14, 21, 20}, {15, 16, 22}, {16, 23, 22}, {16, 17, 23}, {17, 24, 23}, {17, 18, 24}, {18, 25, 24},
{18, 19, 25}, {19, 26, 25}, {19, 20, 26}, {20, 27, 26}, {20, 21, 27}, {21, 28, 27}, {22, 23, 29}, {23, 30, 29}, {23, 24, 30},
{24, 31, 30}, {24, 25, 31}, {25, 32, 31}, {25, 26, 32}, {26, 33, 32}, {26, 27, 33}, {27, 34, 33}, {27, 28, 34}, {28, 35, 34}}

Hereisapictureto visualizethetriangleelements:

jmax = Length[elements]; $DefaultFont = {" Times—Roman", 9};
PlotColor[hue ] := Hue[2 (1 - Min[1, Max[O0, hue]])/ 3];
Show[Graphicq Table[plist = Map[nodes[#] &, elements[jT]; {PlotColor[(j — 1)/ (jmax — 1)], Polygon[plist],
RGBColor[0, 0, 0], Text[j, Plusee@ plist/ 3], Table[Text[elementd]j, iT, plist[iTl, {i, 1, 3}1}, {j, 1, jmax, 1}1],
AspectRatio -» Automatic, PlotRange —» {{-1, 1}a/2, {-1, 1} b/2}];

Calculatethelocal stiffnessmatrices:
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my calculations(doesthisagreewithRoy ?) : Ao = AX3 + Ay3, Aoz = AXp Ay, + AXz Ays, Az = AX3 + Ay3, g = AX3 — Ay3
1

Kioeg =
locd AXp Ay; — AXz Ay,
(AX2 — AY,)? + (AXa — Ayg)®  AXp Ay, — Ay5 + AXz Ayg — Ay3 —AX5 — AX5 + AXp Ay, + AXz Ay,
AXp Ay, — Ay + AXz Ay, — Ay3 Ays + Ay —AXp Ay, — AXz Ay,
—AX5 — AX§ + AXo Ay, + AXz Ay, —AXp Ay, — AXz Ay, AXS + AX3
1 /\2+/\3-2/\23 /\23-/\3+/\a /\23—/\2—/13
= 123 - 13 + )La 13 - )La —A23
AXp Ay, — AXz Ay
3 2l -2 24 —Az3 A2+ 2,
Klocal =
Map[M odule[{}, Do[{Ax;, Ay;} = nodes[#[i]] — nodes[#[111, {i, 2, 3}]; A2 = AX3 + Ay3; Aoz = Axp AXz + Ay, Ays;
A2+A3 =223 A —A3 An-—A;
Az = AX% + Ay%; d = Axz Ay; — AXz Ay,; Chop[H Az — A3 Az —Ay3 ]] &, elements];
Az — Az -3 Az
Mapl[
MatrixForm,
Klocal]
2.16667 -1.5 -0.666667 0.666667 -0.666667 O 2.16667 -15 -0.666667
-15 15 0 ,| —0.666667 2.16667 —-1.5|, -15 15 0 ,
-0.666667 O 0.666667 0 -15 15 -0.666667 O 0.666667
0.666667 —0.666667 O 2.16667 -15 -0.666667 0.666667 —0.666667 O
-0.666667 2.16667 —1.5 |, -15 15 0 .| —0.666667 2.16667 -1.5|,
0 -15 15 -0.666667 O 0.666667 0 -15 15
2.16667 -15 -0.666667 0.666667 -—0.666667 O 2.16667 -15 -0.666667
-15 15 0 ,| —0.666667 2.16667 —1.5 |, -15 15 0 ,
-0.666667 O 0.666667 0 -15 15 -0.666667 O 0.666667
0.666667 —0.666667 O 2.16667 -15 -0.666667 0.666667 —0.666667 O
-0.666667 2.16667 —1.5 |, -15 15 0 .| —0.666667 2.16667 -1.5 |,
0 -15 15 -0.666667 O 0.666667 0 -15 15
2.16667 -15 -0.666667 0.666667 -0.666667 O 2.16667 -15 -0.666667
15 15 0 | —0.666667 216667 -15|| -15 15 0 ,
-0.666667 O 0.666667 0 -15 15 -0.666667 O 0.666667
0.666667 —0.666667 O 2.16667 -15 -0.666667 0.666667 —0.666667 O
-0.666667 2.16667 -1.5 |, -15 15 0 .| —0.666667 2.16667 -1.5 |,
0 -15 15 -0.666667 O 0.666667 0 -15 15
2.16667 -1.5 -0.666667 0.666667 -0.666667 O 2.16667 -15 -0.666667
15 15 0 | —0.666667 216667 -15|| -15 15 0 ,
-0.666667 O 0.666667 0 -15 15 -0.666667 O 0.666667
0.666667 —0.666667 O 2.16667 -15 -0.666667 0.666667 —0.666667 O
-0.666667 2.16667 —1.5 |, -15 15 0 .| —0.666667 2.16667 -1.5 |,
0 -15 15 -0.666667 O 0.666667 0 -15 15

Printed by Mathematica for Students



FEM.nb

2.16667 -1.5 —0.666667 0.666667 —0.666667 O 216667 -1.5 -0.666667
-15 15 0 ,| —0.666667 2.16667 —1.5 |, -15 15 0
-0.666667 0  0.666667 0 -15 15 -0.666667 0  0.666667
0.666667 —0.666667 O 2.16667 -1.5 —0.666667 0.666667 —0.666667 O
-0.666667 2.16667 -1.5 |, -15 15 0 ,| —0.666667 216667 -1.5
0 -15 15 —-0.666667 0O  0.666667 0 -15 15
2.16667 -1.5 -0.666667 0.666667 —0.666667 O 216667 -1.5 -0.666667
-15 15 0 ,| —0.666667 2.16667 —1.5 |, -15 15 0
-0.666667 0O  0.666667 0 -15 15 —-0.666667 0O  0.666667
0.666667 —0.666667 O 2.16667 -1.5 —0.666667 0.666667 —0.666667 O
-0.666667 2.16667 —1.5 |, -15 15 0 ,| —0.666667 2.16667 -1.5
0 -15 15 -0.666667 0  0.666667 0 -15 15
2.16667 -1.5 -0.666667 0.666667 —0.666667 O 2.16667 -1.5 -0.666667
-15 15 0 ,| —0.666667 2.16667 -1.5|, -15 15 0
-0.666667 0O  0.666667 0 -15 15 —-0.666667 0O  0.666667
0.666667 —0.666667 O 216667 -1.5 -0.666667 0.666667 —0.666667 O
-0.666667 2.16667 —1.5|, -15 15 0 ,| —0.666667 2.16667 -1.5
0 -15 15 -0.666667 0O  0.666667 0 -15 15
2.16667 -1.5 —0.666667 0.666667 —0.666667 O 216667 -1.5 -0.666667
-15 15 0 ,| —0.666667 2.16667 -1.5|, -15 15 0
-0.666667 0  0.666667 0 -15 15 -0.666667 O  0.666667
0.666667 —0.666667 O 2.16667 -1.5 -0.666667 0.666667 —0.666667 O
-0.666667 2.16667 -1.5 |, -15 15 0 ,| —0.666667 216667 -1.5
0 -15 15 -0.666667 0O  0.666667 0 -15 15

Assembleglobal stiffnessmatrix :
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nxy = Length[nodes]; Kglobal = Tabl€e[0, {nxy}, {nxy}];
Do[element = elementd]j];

Do[K global[element[m], element[n]] += Klocal[j, m, n], {m, 1, 3}, {n, 1, 3}1, {j, 1, jmax}];
Kglobal // MatrixForm

2.16667 -15 0 0 0 0 0 —0.666667 0 0 0
-15 4.33333 -15 0 0 0 0 0 -1.33333 0 0
0 -15 4.33333 -15 0 0 0 0 0 —1.33333 0
0 0 -15 4.33333 -15 0 0 0 0 0 -1.3t
0 0 0 -15 4.33333 -15 0 0 0 0 0
0 0 0 0 -15 4.33333 -15 0 0 0 0
0 0 0 0 0 -15 2.16667 0 0 0 0
—0.666667 0 0 0 0 0 0 4.33333 -3. 0 0
0 —-1.33333 0 0 0 0 0 -3. 8.66667 -3. 0
0 0 —-1.33333 0 0 0 0 0 -3. 8.66667 =
0 0 0 —-1.33333 0 0 0 0 0 -3. 8.66
0 0 0 0 -1.33333 0 0 0 0 0 =i
0 0 0 0 0 -1.33333 0 0 0 0 0
0 0 0 0 0 0 -0.666667 0 0 0 0
0 0 0 0 0 0 0 —0.666667 0 0 0
0 0 0 0 0 0 0 0 -1.33333 0 0
0 0 0 0 0 0 0 0 0 —-1.33333 0
0 0 0 0 0 0 0 0 0 0 -1.3:
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
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= Honey Comb

nx = 50; ny = Round[2 nx Tan[x/6]]; dx = 1.0/ (nx — 2);
nodes = Flatten[Table[Table[{Min[1, Max[-1, x]], dx (j — 0.5(ny + 1))/ Tan[x / 6]},
{x, =(1 +dxMod[j, 2]), 1+ dx, 2dx}], {j, 1, ny}], 11;
elements = Flatten[Table[Tableli + (j — 1) nx — Floor[j /2] + Join[If[Mod[j, 2] == 1]]i > 1, {{0, 1, nx}}, {31,
If[Mod[j, 21=01]i <nx =1, {{1, nx + 1, nx}}, {311, {i, 1, nx = 1}1, {j, 1, ny = 1}], 2];
jmax = Length[elements]; PlotColor[hue ] := Hue[2 (1 - Min[1, Max[O0, hue]]) / 3];

$DefaultFont = {" Times—Roman", 9};
Show[GraphicqTable[plist = Map[nodes[#] &, elements[jI1;
{PlotCoalor[(j — 1)/ (jmax — 1)], Polygon[plist], RGBColor[0, 0, 0], Text[j, Plusee plist /3],
Table[Text[elements]j, i, plistTiTl, {i, 1, 3}1}, {j, 1, jmax, 1}]1, AspectRatio -» Automatic, PlotRange —» AllJ;

9
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Klocal =
Map[Modul€[{}, Do[{Ax;, Ay;} = nodes[#[i]] — nodesT#[1I1, {i, 2, 3}]; A2 = AX3 + Ay3; Az = Axz AXz + Ay, Ays;
1 (l2+A3—2223 An—A3 Asn—-2A;
A3 = AX3 + Ay3; d = Axp Ay; — Axz Ay,; Chop[a Aoz — A3 A3 -3 |]] &, elements];
l23 - /12 —l23 /12
nxy = Length[nodes]; Kglobal = Table[0, {nxy}, {nxy}];
Do[element = elements]j]; Do[K global [element[m], element[n]] += Klocal[j, m, n], {m, 1, 3}, {n, 1, 3}], {j, 1, jmax}];
Q = Table]0, {nxy}]; Map[Modulef{}, Do[{AX;, Ay;} = nodes[#[i]] — nodes[#[1]1, {i, 2, 3}];
Do[QI#INTT += (Ax2 Ay; — AXz Ay,) /6, {n, 1, 3}]] &, elements];
ymax = Max[M ap[#][2] &, nodes]];
Dol{x, y} = nodes[i;
If[Abg[x] == 1 || Abgy] == ymax, Kglobal[i] = Table[lf[j ==1, 1, 0], {j, 1, nxy}]; Qi = 0], {i, 1, nxy}];
g = Linear Solve[K global, Q]; g1 = Min[q]; 92 = Max[q];
Show[Graphicg[{PointSize[1.5dx], Table[{PlotColor[(qIi] — q1) /(92 — q1)], Point[nodes[iT1}, {i, 1, nxy}1},
AspectRatio -» Automatic, Background -» RGBColor[0, 0, 0]11];
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(* Interpolated plot, runtime: 2.3 minutes %)
Interpolatelx_, y_]:=
Modulel{j =1, =2, 7=0}, While[! 0<£<1&& 0=<np=<1&8& £+ =< 1), dement = elements[j;
{x1, y1} = nodes[element[1]]; Do[{AX;, Ay;} = nodes[element[i]] — {x1, y1}, {i, 2, 3}]; d = AXz Ay; — AX3 Ay,;
(& m) = (X = xD) {Ays, —AY,} + (Y — Y1) {—Ax3, Ax2}) /d; j++]; qlelement] {1 - & -7, &, n}];
ymax = 0.5dx (ny — 1)/ Tan[x / 6];
DensityPlot[I nterpolatelx, yl1, {x, =1, 1}, {y, —ymax, 0.999 ymax},
PlotPoints —» 275, Mesh - False, Frame —» False, Color Function —» PlotColor];

m Unstructured Grid

nodes =
Transpose]l mport[" C:/School/Engineering/M E207 — Computer M odeling/Unstructured Grid/mesh_p.txt", " Table"']];
elements = Transpose{Round[Delete]
Import[" C:/School/Engineering/M E207 — Computer M odeling/Unstructured Grid/mesh_t.txt", " Table"], 4111;
jmax = Length[elements]; xlist = Map[#][1] &, nodes]; ylist = Map[#[2] &, nodes];
{x1, x2} = {Min[xlist], Max[xlist]}; {y1, y2} = {Min[ylist], Max[ylist]};
nxy = Length[nodes]; Q = Table[0, {nxy}];
Klocal = Map[Modul€[{}, Do[{Ax;, Ay;} = nodes[#[i]] — nodes[#[111, {i, 2, 3}]; A2 = AX3 + Ay?;
Az = AXp AXz + Ay, Ayy; A3 = AX3 + Ay3; d = AxXp Ayg — AXz Ay,; DO[QI#INIT +=d/6, {n, 1, 3}];
A2+ A3 =223 A=Az A —Ar
Chop| — Aoz — A3 A3 -1z |]] &, elements]; nxy = Length[nodes];
d Aoz — A -2 A
23 2 23 2
Kglobal = Table[0, {nxy}, {nxy}];
Do[element = elementd]jI;
Do[K global[element[m], element[n]] += Klocal[j, m, n], {m, 1, 3}, {n, 1, 3}1, {j, 1, jmax}];
Do[{x, y} = nodes[i]; If[x == x1 || x =x2 ||y == y1 ||y == y2, Kglobal[i] = Table[If[j ==, 1, O], {j, 1, nxy}]; QLI = 0],
{i, 1, nxy}]; g = Chop[Linear Solve[K global, Q]];
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(% 17 minutes )
Interpolatelx_, y_]:=
Module[{j =1, £ =2, 7 =0, x1, y1}, While[! 0< £ <1&& 0= < 1&& £ + 7 < 1), element = elements]j I;
{x1, y1} = nodes[element[1]]; Do[{Axi, Ay;} = nodes[element[i]] — {x1, y1}, {i, 2, 3}]; d = AXz Ay; — AX3 Ay,;
(&, m) = (X = xD) {Ay;, —AY,} + (Y — Y1) {—Axs, Ax2}) /d; j++]; qlelement] {1 - & -, &, n}];
DensityPlot[Interpolate]x, y], {X, x1, X2}, {y, y1, y2}, PlotPoints » 275, AspectRatio -» Automatic,
Mesh - False, Frame - False, Color Function » (Hug[2(1 -#)/3] &),
Epilog —» Table[{L ine[M ap[nodes[#] &, elements]jT11}, {j, 1, jmax}]l;
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10

n = 275; image = Tabl€e[0, {n}, {n}];
Interpolatefx_, y_]:= Module[{x1, y1}, {x1, y1} = plist[1]; Do[{Axi, Ay;} = plist[i] — {x1, y1}, {i, 2, 3}];
{&, m) = (x = xD {Ays, —AY,} + (Y — Y1) {—AXs, AX2})/ (AX2 Ay; — AX3 Ay,); qlelement].{1- & —n, & n}];
Do[element = elements]j]; plist = nodes[element]; xlist = Map[#][1] &, plist]; ylist = Map[#][2] &, plist];
xIntersect[{{x1 _, y1 }, {x2_,y2 }]:=x1+If[yl=y2, 0, (y —yl) (x2=x1)/(y2 - yD)];
Doly =yl+(y2-yD (-1 /(n-1;jlist =
Floor [n (Select[M ap[xI ntersect, Partition[plist, 2, 1, 1]], (Min[xlist] = # = Max[xlist]) &] = x1) / (x2 = xD] + 1;
If[jlist =!={}, Do[x = x1+ X2-=x1) (jj =D /(n=1);
image[M ax[1, Min[n, i]], Max[1, Min[n, jj11] = Interpolatelx, vy, {jj, Min[jlist], Max[jlist]}1l,
{i, Floor[n (Min[ylist] —y1) /(y2 - y1)] + 1, Floor[n (Max[ylist] —y1) /(y2-yD] + 1}], {j, 1, jmax}];
ListDensityPlot[image, AspectRatio - Automatic, Mesh —» False, Frame - False, Color Function - (Hue[2(1 - #) /3] &)
Epilog —» Table[{Line[M ap[n (nodes[#] + 1) /2 &, elements[jT11}, {j. 1, jmax}]];
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