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Introduction

This is an attempt to give a basic review of Finite Elements Methods from Mathematical point of view with examples of how
it can be used to numerically solve first and second order ODE’s. Currently I show how to use FEM to solve first and second
order ODE. I am also working on a detailed derivation and implementation using FEM to solve the 2D Poisson’s equation
but this work is not yet completed.

FEM is a numerical method for solving differential equations (ordinary or partial). It can also be used to solve non-linear
differential equations but I have not yet studied how this is done. FEM is a more versatile numerical method than the finite
difference methods for solving differential equations as it supports more easily different types of geometry and boundary
conditions, in addition the solution of the differential equation found using FEM can be used at any point in the domain and
not just on the grid points as the case is with finite difference methods. On the other hand FEM is more mathematically
complex method, and its implementation is not as straight forward as with finite difference methods. For examples of using
FDM to solve a PDE equation ?? to a report I wrote on this subject.

We start by considering only ordinary differential equations with constant coefficients over the z domain (real line).

Consider the differential equation

aj—i—i—by(m)—f(x)zo

defined over 0 < z < 1 with the boundary condition y (0) = yo. In the above, only when y (z) is the exact solution, call it
Ye (2), do we have the above identity to be true.

In other words, only when y = vy, we can write that a% +by.(z)— f(x)=0.

Such a differential equations can be represented as an operator L

L= (3,2) — a2 4 by(2)  f (a) 1)



If we know the exact solution, call it y, (z) then we write

dy

L(yevm) - ad; + bye ('T) - f(x)

— 0

FEM is based on the weighted residual methods (WRM) where we assume that the solution of an differential equation is the
sum of weighted basis functions represented by the symbol ¢; in here. This is in essence is similar to Fourier series, where
we represent a function as a weighted sums of series made up of the basis functions which happened to be in that case the
sin and cosine functions.

So the first step in solving the differential equation is to assume that the solution, called g (z), can be written as

N
§(@) =) 4; ¢ (@)
j=1

Where ¢; are unknown coefficients (the weights) to be determined. Hence the main computational part of FEM will be
focused on determining these coefficients.

When we substitute this assumed solution in the original ODE such as shown in the above example, equation (1) now becomes

L(52) = a2 4 bj(a) ~ f (2)

=R (x)

Where R (z) is called the differential equation residual, which is a function over x and in general will not be zero due to
the approximate nature of our assumed solution. Our goal is to to determine the coefficients ¢; which will make R (x) the
minimum over the domain of the solution.

The optimal case is for R (z) to be zero over the domain. One method to be able to achieve this is by forcing R (x) to meet
the following requirement

/R(m) v; () dz =0
Q

for all possible sets of function v; (x) which are also defined over the same domain. The functions v; (x) are linearly independent
from each others. If we can make R () satisfy the above for each one of these functions, then this implies that R (x) is zero.
And the solution g (x) will be as close as possible to the exact solution. We will find out in FEM that the more elements
we use, the closer to the exact solution we get. This property of convergence when it comes to FEM is important, but not
analyzed here.

Each one of these functions v; (z) is called a test function (or a weight function), hence the name of this method.

In the galerkin method of FEM, the test functions are chosen from the same class of functions as the trial functions as will
be illustrated below.

By making R (x) satisfy the above integral equation (called the weak form of the original differential equation) for N number
of test functions, where IV is the number of the unknown coefficients g;, then we obtain a set of IV algebraic equations, which
we can solve for g;.

The above is the basic outline of all methods based on the weighted residual methods. The choice of the trial basis functions,
and the choice of the test functions, determine the method used. Different numerical schemes use different types of trial and
test functions.

In the above, the assumed solution § (x) is made up of a series of trial functions (the basis). This solution is assumed to be
valid over the whole domain. This is called a global trial function. In methods such as Finite Elements and Finite volume,
the domain itself is descritized, and the assumed solution is made up of a series of solutions, each of which is defined over
each element resulting from the discretization process.

In addition, in FEM, the unknown coefficients, called ¢; above, have a physical meaning, they are taken as the solution values
at each node. The trial functions themselves are generated by using polynomial interpolation between the nodal values. The



polynomial can be linear, quadratic or cubic polynomial or higher order. Lagrangian interpolation method is normally used
for this step. The order of the polynomial is determined by the number of unknowns at the nodes. For example, if our goal
is to determine the displacement at the nodes, then we have 2 unknowns, one at each end of the element. Hence a linear
interpolation will be sufficient in this case, since a linear polynomial ay + aiz contain 2 unknowns, the a; and agp. If in
addition to the displacement, we wish to also solve for the rotation at each end of the element, hence we have a total of 4
unknowns, 2 at each end of the element, which are the displacement and the rotation. Hence the minimum interpolating
polynomial needed will be a cubic polynomial ag + a1x + asx 4+ asx. In the examples below, we assume that we are only
solving for displacement, hence a linear polynomial will be sufficient.

At first, we will work with global trial functions to illustrate how to use weighted residual method.

2 Weighted Residual method. Global trial functions.

The best way to learn how to use WRM is by working over and programming some examples.

We analyze the solution in terms of errors and the effect of changing N on the result.

2.1 First example. First order ODE

Given the following ODE

dy
%—y(x)—O

defined over 0 < z < 1 with the boundary condition y (0) = 1, we wish to solve this numerically using the WRM. This ODE
has an exact solution of y = e®.

The solution using WRM will always follow these steps.
step 1

Assume a solution that is valid over the domain 0 < & < 1 to be a series solution of trial (basis) functions. We start by
selecting a trial functions. The assumed solution takes the form of

N
j(x) =170+ > ¢ ¢ ()

j=1

Where ¢; (x) is the trial function which we have to choose, and g; are the N unknown coefficients to be determined subject to
a condition which will be shown below. 7 is the assumed solution which needs to be valid only at the boundary conditions.
Hence in this example, since we are given that the solution must be 1 at the initial condition = = 0, then gy = 1 will satisfy
this boundary condition. Hence our trial solution is

N
J=1+ q; ¢ (x)
j=1
step 2

Now decide on what trial function ¢ (z) to use. For this example, we can select the trial functions to be polynomials in 2 or
trigonometric functions. Let use choose a polynomial ¢; (x) = 27, hence our assumed solution becomes

N
g=1+)Y g/ (1)
j=1

Now we need to determine the coefficients g;, and then our solution will be complete. This is done in the following step.

step 3



Substitute the above assumed solution into the original ODE, we obtain the residual R (z)

T j@) = R@)

R (x) is the ODE residual. This is the error which will result when the assumed solution is used in place of the exact solution.

Hence from (1), we find the residual to be

d N , N ,
R(x):% 1+qu x| - 1+qu x!
j=1 j=1

N N
=Y g = (14D g
j=1 j=1

N
—1+qu (jxjfl —mj) (2)
j=1

Our goal now is to reduce this residual to minimum. The way we achieve this is by requiring that the residual satisfies the
following integral equation

/vi(x)R(x)dx:O P=1.N (3)
Q

The above is a set of N equations. The integration is carried over the whole domain, and v; (x) is a weight (test) function,
which we have to also select. Depending on the numerical scheme used, the test function will assume different forms.

For the Galerkin method, we select the test function to be from the same family of functions as the trial (basis) functions.
Hence in this example, let us select the test function to the following polynomial

vi (z) = 2! (4)

step 4

Decide on a value for N and solve the set of equations generated from (3). Let us pick N = 3, hence R (z) becomes

3
R(z)=-1+ qu (jxj_l — xj)

j=1
=—14+q (17’1}'1)4“(]2 (2x7x2)+q3 (3:1327933)

Substitute the above in (3) we obtain

r=1
/xl_lR(.ﬁ)dZ‘ZO i=1---N
=0
=1
/l’“1 (-1+a (1-2") +a (20-27) +g (32" —2%))dz =0 i=1-N
=0

The above generates N equations to solve, there are



8
Il
-

/ (71 +q¢1 (1 — xl) + q2 (2:1: — x2) + g3 (3z2 — x3)) dr =20 when © =1
=0
r=1
x (—1 + ¢ (1 — ml) + g2 (Qx — w2) +q3 (3m2 — x3)) dr =20 when i = 2
x=0
=1
/x2 (—1 + ¢ (1 — xl) + g2 (233 — x2) + q3 (3:132 — 333)) de =0 when 1 =3
=0

Now carry the integration above, we obtain the following 3 equations

-a () ()-o()
a3 o5 w(5)
SRICRE R

Which can be written in matrix form as

Il
=

0

1 2 3
12 3 1
SO I b I
¥ 1 1
12 10 30 a3 3
The solution is
72 30 20

q1 = ﬁ’QQ:ﬁ’quﬁ

Hence our assumed series solution is now complete, using the above coefficients, and from equation (1) we write

<
Il

N
1+ qu x’
j=1

y=14+q x+qu2+q3x3

Hence

Jla) =1+ 2o+ Va2 + 2043

Let use compare the above solution to the exact solution y = e” by comparing the values of the solution over a number of
points. This is done using the following small Mathematica code



In[771= Remove["Global %"]

exact[x_] := Exp[x]
72 30 , 20
approx[x ] i=1l+ — x+ — X"+ — X
- 71 71 71

error[x_] := Abs[exact[x] - approx[x]]
s = Table[{x, exact[x], approx[x], error[x]}, {x, 0,1, .1}];
TableForm[s, TableHeadings - {None, {"x", "exact", "approx", "error"}}]

Out[82)// TableForm=

X exact approx error

0 1 1 0

0.1 1.10517 1.10592 0.000744575
0.2 1.2214 1.22197 0.000569073
0.3 1.34986 1.34986 3.47354 %1077
0.4 1.49182 1.49127 0.000557092
0.5 1.64872 1.64789 0.000833947
0.6 1.82212 1.82141 0.00071035
0.7 2.01375 2.01352 0.000231581
0.8 2.22554 2.22592 0.000374564
0.9 2.4596 2.46028 0.000678579
1. 2.71828 2.71831 0.0000280307

To make this more useful, we can examine how the error changes as N changes. The following Mathematica code determines
the solution and calculates the same table as above for N =1---5



In[615]=
Remove["Global " +"]
ode[y_, x_] :=D[y[x], x] -y[x];
sol = Flatten[DSolve[{ocde[y, x] == 0, y[0] ==1}, y'[x], x]]:

exactSolution[x ] = y[x] /. sol;
trialFunction[x , j_] := x) ;
weight[x , j_] :=x7"1;

to
eq[i , residue ] := J weight[x, 1] residuedx == 0;
from

solution[maxN , from , to_] := Module[{coeff, residue, j, a},
coeff = Array[a, maxN];
maxiN
vapprox[x ] :=1+ Z coeff[j] trialFunction[x, j];
j=1
residue = ode[yapprox, X];
s = Table[eqg[]j, residue], {j, 1, maxN}];
sol = Flatten[Scolve[s, coeff]]

]:

from =0;

to=1;
e

approxSolution[x , sol ] :=1+ Z sol[[j, 2] trialFunction[x, j]:
j=1

error[x , sol ] := Abs[exactSolution[x] - approxSolution[x, sol]];

Do[{sol = solution[maxN, from, to]:
Print["N=", maxN, " Approx Solution is ", approxSolution[x, sol]];
s = Table[{x, exactSolution[x], approxSolution[x, sol], error[x, sol]},
{x,0,1, .1}]:
Print[TableForm[s, TableHeadings - {None, {"x", "exact", "approx", "error"}}]]:
}, {maxN, 1, 5}];



N=1 Approx Solution is 1+2=x
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Epprox error
1 0
1.2 0.0948291
1.4 0.178597
1.6 0.250141
1.8 0.308175
2. 0.351279
2.2 0.37788
2.4 0.386247
2.6 0.374459
2.8 0.340397
3. 0.281718
6x 6 =%
T
Epprox error
1 0
1.02429 0.0108852
1.20571 0.015628
1.33429 0.0155731
1.428 0.0118247
1.64286 0.00586413
1.82286 0.000738342
2.02 0.00624729
2.23429 0.00874479
2.46571 0.00611117
2.71429 0.00399611
72x 30x°  20%°
E—— 71 71
approx error
1 0
1.10592 0.000744575
1.221397 0.000562073
1.34286 3.47354% 1077
1.49127 0.000557092
1.64789 0.000833247
1.82141 0.00071035
2.01352 0.000231581
2.22582 0.000374564
2.48028 0.000678578
2.71831 0.0000280307
1000x 510 2o0x®  1oxt
" T1001 1001 | 143 | 143
Epprox error
1 0
1.10514 0.0000220539
1.22141 7.83125% 107°
1.3429 0.0000382953
1.42186 0.0000354422
1.64873 5.00303x% 107
1.82209 0.0000288303
2.01371 0.0000324208
2.22553 0.000014455
2.45263 0.0000242615
2.71828 1.10177= 1077
18020  9030x"  3080x°  &30x® 232
18083 18088 18089 18089 18089
Epprox error
1 0
1.10517 4,8554 21077
1.2214 1.42918% 107
1.3428 1.13238%107°
1.4918 6.37093: 1077
1.64872 1.71012x 107
1.82212 9.14353% 107"
2.01375 8.89238x 1077
2.22554 1.46473%107°
2.4598 3.20763x 1077
2.71828 2.76651x 1070



This code below plots the absolute error as N changes. Notice that the number of peaks in the error plot is also N which is
the polynomial order (the trial solution) used to approximate the exact solution, which is to be expected.

tpragp= p={};
Dol {sol = solution[maxN, fran, to];
p= Spend[p, Plot[error[x, sol], {x, 0, 1}, PlotRange + All, AxesLabel + {"x", "error"}, Plotlabel + {"Error at N=", maxii},
DisplayFunction + Identity]] ;
}, {maxN, 1, 6}];
Show[ GraphicsArray[ {p[[11]1, p[[2]1], p[[3]] } 11
Show[ GraphicsArray[ {p[[4]1]1, p[[5]1], p[[6]] } 11
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2.2 Second example. 4" order ODE.

Now we will use a more complex example and repeat the above steps. We now want to numerically solve the following
dy

defined over 0 < z < 1 with the boundary conditions y (0) = 0,y (1) = 0,9’ (0),y’ (1) = 0. This problem is taken from
Professor S.N.Atluri text book 'Methods of computer modeling in engineering and the sciences’ Volume 1, page 47-50.
Professor Atluri used a trigonometric functions for the trial function

N
g= Zqi (sin (2i — 1) mz)
i=1

Which already satisfies the boundary conditions. For the test function, the same function as above is used hence the test
(weight) function is
vj () = sin(2j — 1) 7z

The book above then reduces the residual equation to a symmetric form by doing integration by parts before solving it for
the coefficients. In here, we will use the unsymmetrical weak form and compare the results with those shown in the above
textbook. We now start again with the same steps as we did in the above example.

step 1

Select the trial solution.

j(x) =100+ > ¢ ¢ ()

j=1

7o = 0 as this will satisfy the boundary conditions. Hence the trial solution is

N
j(@) =) 4; ¢ (@)
j=1

step 2

Select trial basis function ¢; (z). As mentioned above, we select ¢; () = sin (2j — 1) 7z , hence the trial solution is

N
J= q; (sin(2j —1)7z)
j=1

step 3

Substitute the above assumed solution into the original ODE, we obtain the differential equation residual R (x)

4

1

SY

7 HU()—1=R(z)

U

T

d4 N N
e > aidi@) |+ | D g 6@ | —1=R()
j=1 j=1

Notice the requirement above that the trial basis functions must be 4 times differentiable, which is the case here. From above
we obtain

R(z)= > (1 + (25— 1)7r)4) (qsin (2j — D) ma) | — 1

j=1

10



Our goal now is to reduce this residual to minimum. The way we achieve this is by requiring that the residual satisfies the
following weak form integral equation

/vi(x)R(x)dxzo i=1---N (3)
)

The above is a set of N equations. The integration is carried over the whole domain, and v; (z) is a weight (test) function,
which we have to also select. As mentioned above, in this problem we select the test function to be

v; (x) = (sin (2¢ — 1) 7x) (4)

step 4

Decide on a value for N and solve the set of equations generated from (3). Let us pick N = 3, hence R (z) becomes

3
3 (1 +o(25-1) 71)4> (q;sin (2j — V)7 | —1

j=1

- ((1 + ) (qisinmz) + (1 + (377)4) (go sin 37z) + (1 + (57r)4) (g3 sin 57r£c)) —1

Hence (3) becomes

/vi(a:)R(x)dxzo i=1---N
/lsm 2i—1)7x) R(z)dx =0 i=1---N
0
/bln (2 — 1) 7x) {((1+ ™) (qlsinﬂ'x)—k(l—k (377)4) (QQSiIl37T1‘)+(1+ (57?)4> (q3sin57rx)>—1}dx20 i=1--
0

The above generates N equations to solve for the coefficients g;

/ (sinwz) {((1 + ) (g sin7z) + (1 + (377)4) (g2 sin 3wz) + (1 + (577)4) (g3 sin 57r:c)) — 1} dx =0 i=1
0
/ (sin 3mx) {((1 + ) (g sin7z) + (1 + (37r)4) (g2 sin3mzx) + (1 + (57r)4) (g3 sin 57ms)) - 1} drx =0 i=2
0
/ (sinbmx) {((1 + ) (qusin7z) + (1 + (37r)4) (g2 sin3mz) + (1 + (57r)4) (g3 sin 57mc)) — 1} dx =0 i=3
0

Carry the integration above and simplify and solve for g; we obtain the numerical solution.

This below is a Mathematica code which solves this problem for different N values, and compares the error as N changes.
The error shown is the percentage error in the solution (approximate compared to exact) for up to N = 10. The result below
agrees well with the result in Professor Atluri textbook.

11
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3 Finite element method

3.1 Example one. First order ODE, linear interpolation
Let us first summarize what we have discussed so far.

N
Given a differential equation defined over domain €2, we assume its solution to be of the form @ (z) = qu oj (x).
Jj=1

The function ¢; () is called the j'* basis function. g; ¢; (z) is called a trial function.

The function ¢, () is made up of functions called the shape functions N} as they are normally called in structural mechanics
books.

g; are the unknown coefficients which are determined by solving IV set of equations generated by setting NNV integrals of the

form / R (x) v; (z) dz to zero. Where R (z) is the differential equation residual and v; (z) is the it" weight function where

Q
i=1---N. In all what follows NV is the taken as the number of nodes.
In FEM, we also carry the same basic process as was described above, the differences are the following;:

We divide the domain itself into a number of elements. Next, the ¢; (x) function is found by assuming the solution to be
an interpolation between the nodes of the element. The solution values at the nodes are the ¢; and are of course unknown
except at the boundaries as given by the problem.

We start by deciding on what interpolation between the nodes to use. We will use polynomial interpolation. Then g;¢; (x)
will become the interpolation function.

In addition, the coefficients g; represent the solution at the node j. These are the unknowns, which we will solve for by
solving the weak form integral equation as many times as there are unknowns to solve for.

By solving for the nodal values, we can then use the interpolating function again to find the solution at any point between
the nodes.

This diagram illustrates the above, using the first example given above to solve a differential equation Z—Z —u(z) = 0 with

the given boundary condition of u (0) = 1 and defined over 0 <z <1

This is the given These are the unknowns we are solving for.
solution value at e
the boundary p |
\ -
4 ( Pral RN \
* - ~ - |
qip-—~_ -7 ~ y x
T~ < 94
~
element 1 element 2 element 3 X=1
node 1 node 2 node 3 node 4
X1 X2 X3 X4
Here we assume linear interpolation between nodal
values of the solution

Using linear interpolation, then the solution u (x), when x is located in first element, is found from

u(x) = qi + slope (x — x0)

13



But the slope of the linear interpolating line over the first element is %7 hence the above becomes

42 —q1

T2 —T1

(zo — ) (x — 1)
+ q2

(z2 — 1) (z2 — 71)

u(x)=q + (x — 1)

The above is the linear interpolating polynomial. We could also have used the formula of Lagrangian interpolation to arrive
at the same result.

The above is the approximate solution which is valid over the first element only. Using superscript to indicate the element
number, and assuming we have equal division between nodes of length say h, then we write

1 (z2 — ) (x — 1)
u =
) +q2 3
Again, the above is valid for z1 < x < x4
We now do the same for the second element
5 (x5 — ) (z — 22)
u =
P2y +q3 7
The above is valid for 2o, < 2 < 23
and finally for the 3rd element
3 (z4 — ) (z — z3)
u =
B +q4 7
The above is valid for s <z < z3
This is now illustrated in the following diagram
1 u?
u
| y
| qz | X
II II _ /_\‘\ |
q ]' - I P g,- - ~ ~, \@"J
it - ___q;/ - A ~
~ - q‘ 3
element 1 element2 | element 3 X=1
node 1 node 2 node 3 node 4
X1 X2 X3 X4
Here we assume linear interpolation between nodal
values of the solution

Since our goal is to express the global approximate solution u as a series sum of basis functions each multiplied by g;, we
now rewrite each of the u’ to allow this, as follows
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u' = N} (2) + 2Ny (z)

Again, the above is valid for 1 < x < x5. Notice the use of the following notation: Since each element will have defined on
it 2 shape functions, Ny (z) and Ns (z), then we use a superscript to indicate the element number. Hence for element 1, we
will write Ni (z) and N (z).

We now do the same for the second element

Ni (@) N3 (@)
( ), )
2 Tr3 — T Tr — T2
U=y +q3 h

u? = N} (x) + gsN3 (x)

The above is valid for zo < x < 3

and finally for the 3rd element

N(x) N3 (x)
—_— —_—
s (wa—x)  (z—x3)

Uu” = qs h + q4 5
u® = g3N{ + N3

The above is valid for zo < 2 < 3

Now we can write the global trial function as follows

u(x) = u' +u® 4 u?
= (1N} + 2Ny ) + (N7 + ¢sN3) + (qsN} + q4N3)
=@ N{ + a2 (N3 + N7?) + g3 (N3 + N}) + a4 (N3)

Hence we see that the shape function for node 1 is

¢1 = N{
_ (mp—x)
h
and the shape function for node 2 is
¢2 = Ny + N}
_ (x—z1)  (z3—1x)
h h
and the shape function for node 3 is
¢3 = N3 + N}
_ (x —x9)  (z4—x)
h h

15



and the shape function for the last node is

¢4 = Nj

_ (x — x3)
h

Hence for the first node, the shape function is ¢; = @, for the last node ¢,, = % and the shape function for any

internal node is
T —Tj-1 Tjy1 — T

%= h

Now we can write the approximate solution as

Number Nodes

u(z) = > ad

i=1

This completes the first part, which is expressing the global approximate solution as a sum of basis functions each multiplied
by an unknowns ¢ coefficients.

Diagram below illustrates the above.

u? = q2Ni(x) + g3N3(x)
1 1 ) | u? = q3N3 + q4N3
u- = qlNl(x)+92N2(x) = q3iV1 T q4lN)
| |
I y
q 1 ,."'III I‘ 4_.--""// X
x g2
qa
element 1 element 2 element 3 L X=1
node 1 node 2 node 3 node 4
X1 X2 X3 X4

And the diagram below illustrates the numbering used, using general numbering instead of this example which only uses 3
elements.
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u u w Mol
| I',II ql 3 .! I I'-._l.... g:v
q 1 _,.'I ' |' .
};I q 2 > A I'-.I qJT p-_
qj-1" gn-1
element 1| element 2 element j-2 lelement] )
X=0 element N 10 X=1
node 1 node 2 node 3 nodej-1  nodej node (N-1) node N
X1 X2 X3 Xj-1 Xj XN-1 XN

Numbering used for N number of nodes and N-1 number of elements

Next we need to determine the residual R (x) by substituting the above global solution into the original differential equation.

Let the differential equation we are solving be

du
a% +bu(z) = f(x)

defined over 0 < x < 1 with the initial condition u (0) = wo.

Let N be the number of nodes, then we write

PR N
R(z) = G@ZQi¢i + bZQi¢i - f(z)
i=1 i=1

N
R(z) = lth (a; + boi)| — f (2)

i=1

Now we apply the residual weak form of the differential equation, using as the test function

vj:qu j=1N

Now we write the weak form of the differential equation

/¢j(x)R(x)da::0 j=1---N

/ ¢ () ([Z% (ag; + bo;)

—f(t))dx:O j=1---N

Hence we obtain N equations which we can solve for the g;

Now we evaluate these N equations for this example.

First we evaluate the derivatives of the shape functions. Assume in this example we divide the domain into 3 elements, hence
we have

i ¢ ¢
(x2—x) _

: :h ) ) Tl

2 {Ggmu Geal (1,513

3 (z—x2) %

17



Hence in general, if we have N nodes, then we can write that for the first node,

To — T
=027
-1
r_
¢1 - h
and the last node
T —TN_
oy = 2= 0v)
1
U
=1
and for any node in the middle,
Xr — T;—
b = ( : 1)
1
——
for ;1 <z < x; and
_ @iy — )
bi W
-1
r_

for z; <z <z

Looking back at the weak form integral above, we can evaluate it as follows

T=xN N
/ y q @i (g} + bsy)
=1

T=x =

—f(x))dac:O j=1---N

For the first node only, j = 1, we obtain

IL=IN N
/ ol ([ gi (ag; + bgy)
=1

1=

—f(az))dw:O

T=x1
But since ¢ is only none zero over x1 < z < x5 we can simplify the above to be (knowing that ¢; = %, o) = —}—11, ¢y =
7(96—’::1) due to the range of integration limits, and ¢4 = 1) we obtain

/ o1 ([q1 (a) 4 bd1) + g2 (ady 4 bd2)] — f (x)) dz =0

T (o) o 52 e

The above simplifies to

) B ) - B B 9 T=xT2
_q1<(3a+2b(x1 6;322))@1 T2) )—qz( 3a +b(xy 6:22))(3:1 r2)” _/ o1f(z)=0

3a+2b(x1 — a9 :clfoQ —3a+b(x1 — 22 zl—mgz 1
_q1<< +2(e1—m) ))_q2< I SR T

18



Since z9 — 21 = h and 21 — 29 = —h the above becomes

a— 2 3 — 2
q1<(3 2bh) h >q2( 3 6hfh)h 7%/ (29— 2) f () = 0

6h2
2bh — 3a bh+3a\ 1 [
o (53 v (M) -4 [ @ s@ -0

The above equation gives the first row in the global stiffness matrix for any first order linear ODE of the form a % +bu(z) =
T=T2

f (). We see that we only need to perform numerical integration on the term / (2 — ) f (2).
=T

Next we determine the last equation, which will be the last row of the stiffness matrix.

For the last node only 7 = N, we obtain

T=xN N
/ N (lzqz (ad; +bdi)| — f (@) dx =0
E=TN_1 i=1

Since ¢ domain of influence is zxy_1 < z < x, the above simplifies to

=T N
/ oN ([qN_l (a(b'N_l + b¢N—1) +qn (ad’y + b¢N)] —f (x)) dr =0
T=TN_1
Now since ¢n_1 = WAZVNA = 1 oy = T8 ¢y = + the above becomes
e (ax — ) 1
r—TN-1 —a IN — X r—TN-1 -
/ 3 <|:QNl(h +b . >+qN<ah+b . >}—f($)>dx—0
T=TN_1
Which simplifies to
T=ITN
(Ba+b(zy_1 —xn)) (2N_1 —zN) (=3a+2b(zn_1 —zn)) (zy_1 —2n) 1
—gN-1 ( 2 —qN o2 -5 (z—an-1) f(z)=0
T=TN_—1
Replace zny_1 — xny = —h the above becomes
bh — 3 Bat+26h) 1 [
— 3a a—|—
qN-1 +qn - / (x—xN_1) f(x)=0
6 h
T=TN-1

Hence we see that the last line of the stiffness matrix can be determined directly except for the term under the integral which
needs to be evaluated using numerical integration.

Now we need to determine the equation that represents any internal node. This will be any row in the global stiffness matrix
between the first and the last row.

For any j other than 1 or N we write
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—f(x))dac =0

T=x; N T=Tj41 N
/ bj ([Z% (ag; +boi)| — f ($)> dz + / b; ([ ¢ (ad; + bei)
i=1 i=1

= 1=
=1

$=JL’]'71

Where the integral was broken into 2 parts to handle the domain of influence of the shape functions.

[ 05 o (ady s +00,0) 4 (a0 +05) — F@)) dt

T=Tj—1
T=Tj11
05 (a5 (ad; +06;) + qj11 (ag)q +bpj1) — f(2) ) dz =0
For w1 <a <wj, ¢ = 52,0, = 5,051 = 52,9 = 5
For Tj <z< Tj41, ¢j = ajﬁﬁiﬁvqsz‘ = _Tla¢j+1 = 7$71Ij7¢;'+1 = %
Hence the weak form integral can be written as
T —Tj-1 ) ;a Tj — & . g T —Tj-1 _
/ 2o8in ( G ( <y ) +q; <h bt > f (@) ) dot
T=Tj—1
T=Tj4a
Tjp1 — T ) ;a Tjp1 — T ) g T —x; B _
T — <qﬂ<h+bh >+%+1<h+b N > f(@)dl’ 0
z:wj
which simplifies to
2 T=Tj
(=3a —b(z;_1 —x;)) (zj_1 — ;) ((3a =20 (zj1 — xj)) (€51 — ;) ) 1
qi—1 ( z 6h2j s . +q; 6112 7 (z —xj—1) f (z)dot
T=Tj—1
T=Tj+1
—3a —2b(x; — x; T —xia1)’ 3a—b(x; —x; Ti—xip) 1
4 (( ( J 62;1))( J J+1> >+Qj+1 (( ( J é;;))( J J+1) >_h / (xj+1—x)f(x)dx:0
For equal distance between elements, ; — x;41 = —h,z;_1 — x; = —h the simplifies to
=a;
(—3a + bh) h? (3a + 2bh) h? 1
qj—1 ( o2 +4qj ( Rz ) 7 (x —zj-1) f (z) dz+
T=Tj—1
T=Tj+1
(—3a + 2bh) h? (3a + bh) h? 1
4a; <6h2 +qj+1 62 ) h (Tjt1— ) f(z)dz =0
combine we obtain
T=Tj T=Tj41
—3a + bh 2bh 3a + bh 1
qj-1 (6) qj (3) + i1 < e ) -7 / (—xj1) f(z)do+ (zj41—2) f(z)dz [ =0
L=Tj—1 T=T



The above gives the expression for any row in the stiffness matrix other than the first and the last row.

Hence now we can write the global stiffness matrix as

r 2bhg3a bh+3a 0 0 0 0 9 q1
—3a+bh & 3a+bh 0 0 0 q2
6 3
0 —3a-+bh ﬁ 3a+bh 0 0 q3
6 3
0 0 —3a-+bh & 3a+bh 0 .
6 3 6 _
—3a+bh 2bh 3a+bh
0 0 0 6 3 g’ 0
0 0 0 0 —3a+bh 2bh 3a+bh
o bh23a  3at2eh | |IN-1
L0 0 0 0 0 e Sefph] | TH
_ =1y -

=

=
0
|
8
-
SN~—
&,’
O
QU
)
_|_
N
w
|
8
S~—
&,’
O
QU
)

i / (x—zj_q) f(z)dx + (@jr1 — ) f(z)da
i / (x —xNn_2) f (x)dr + / (zn — ) f (2) dw

=TrN-—2 T=TN -1
T=TN
b emevf@
T=TN-1

Hence we see that the stiffness matrix can be build quickly without the use of any numerical integration. Integration is
needed to evaluate the force (or load) vector. Depending on the forcing function, this can be simple or difficult to do.

Once the load vector is calculated, we can solve for the unknowns g;. But before we do that, we must first replace ¢; by the
initial condition given in the problem, and we must remove the first row after that as follows
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- 2bh,6—3a bh+3a 0 0 0 0 Uo
—3a+bh ﬁ 3a+bh 0 0 0 q2
6 3
0 —3a-+bh ﬁ 3a+bh 0 0 q3
6 _3atbh obh 3a+bh :
0 e A s o 0
i : i —3(1: bh 21;h 3a .bh |
0 0 S S T
0 0 0 0 —3a-+bh 2bh 3a-+bh
0 0 0 0 (6) bhESa 3a—§2bh dN-1
- 6 6 L ogn
r T=x9 E
b w-ai@
=T
T=T2 T=I3
}L('/ (x —x1) f(z)dx + / (x3 — ) f (z)dx
=1 =2
T=x3 T=T4
i(a/ (x —x2) f(x)de + / (x4 — ) f () dx
=T2 =3
T=x; T=T 41
Ho [ enoi@as [ @o-o7@d
L=Tj—1 T=Tj
T=TN-1 T=TN
o[ eoovai@as [ @y-of@d
=TN_2 T=TN_1
T=TN
B R
L T=TN_1 p

Now remove the first row (but remember to multiply ug by the first entry in the second row
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r —3a6+bh o 2gh 3a+bh 0 0 0 7 q2

0 —3a+bh & 3a+bh 0 0 g3

6 3
0 0 —3a+bh ﬁ 3a+bh 0 :
6 3 6
—3a+bh 2bh 3a+bh
0 0 ==t 3 —g 0
0 0 0 —3a+bh 2bh 3a+bh
6 bh23a  3at2vh dN-1

L 0 0 0 0 =5 an

=

1
S
hr\ OO O e
]
g ‘\J\
—~ SZ
8
|
8
S
N—
\’3
&
Q.
g
+
5
—]
g
—~ e
5
w
|
8
N—
K.’
&
Q.
g

T=x; T=T 41
) eosot@dt [ @n-of@d
I:Ij_l z:mj
LT=TN-—-1 T=TN

Bl
B
|
8
2
b
S~—
~
&
S~—
&
8
_l’_
—
8
z
|
8
S~—
~
&
~—
IS8
8

=TN_2 T=TN-—-1
T=TN
B e
T=TN-1

And now remove the first column after moving the first entry in the first row to the RHS to become part of the load vector
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r M 3a+bh 0 0 0 b [ q2 i
—3a3+bh ﬁ 3a+bh 0 0 q3
6 3 6 .
—3a+bh 2bh 3a+bh
0 6+ 3 J(g 0
0 O 73a(;+bh % 3a+;7h 0
0 0 0 —3a+bh & 3a+bh
0 0 0 8 bh>3a 3af2bh gN-1
- 6 - L 4N
B T=x2 T=x3 7
% / (x—21) f(z)dz + / (x3 —z) f (z) dx —(—SGT-S-bhu)
=T1 T=XT2
r=x3 T=x4
H [ e-or@ies [ @-of@
L=T2 Tr=x3
T=x; T=Tj41
) eosot@dt [ @n-of@d
I:Ij_l z:mj

=
B)
|
8
Z
G
~—
~
&
~—
U
S
+
~
8
Z
|
8
~—
~
&
~—
8
S

=TN_2 T=TN-—-1
T=TN
B e
L T=TN-1 .
Now we solve the system above for ¢2,q3, -, qn

Once the ¢; are found, we have our solution, which is

Number Nodes

u(r) = > wds

i=1

The Appendix shows a Mathematica code which solve the above general first order ODE. 4 first order ODE solved for
illustration and the solution is compared to the exact solution. Animation was made to help illustrate this. the RMS error
was calculated. The animations can be access by clicking on the links below

?7?
?7.
?7.

?7.
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3.2 Example Two. 2nd order ODE, Boundary value problem. Linear interpolation. Sym-
metric weak form.

Now we show the FEM formulation for a boundary value, second order ODE with constant coefficients of the form

with the initial conditions u (z¢) = ug (called essential dirichlet condition), and the neumann boundary condition 2% = 3 at

L,forzg <z <L

As before, we start by assuming a solution of the form
N
u = ZQi¢i
i=1

And we seek to solve for the unknown ¢ by solving N algebraic equations

L
/@R(w)dx:() j=1---N
zo

Where R (z) is the ODE residual obtained by substituting the assumed solution into the original ODE. Hence the above
becomes (For simplicity, I will not keep writing j = 1--- N each time as it is assumed to be the case.

L
d? d
/¢j (ad:cz —&—bﬁ + cu (x) —f(x)) dx =0

L L
d? d
/(ﬁjaﬂzdx + /qu (bdz +cu(x)—f (x)) dx =0 (A1)

Zo

L
Applying integration by parts on /gbja%d:c. Since
zo
d du d*u , du
o ( %m) =095 g T

then integrate both sides of the above we obtain

L L L
d du d*u du

L

L L
du d?u du
zo

Zo Zo

Hence
L

L
Pu du
Joigiae= o] -
o

7 d
U
Zo
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Substitute the above in equation Al we obtain

{aqﬁjﬂ; / dm+/q§]< +eu(z) - f(x))dsz (A2)

xo

Consider the term

du
~ 99
=g

dul® du
o

z=L
First consider the term a¢;%* |w:L Smce = (3 at L then this term becomes af3 [¢;],_,. But [¢;] _, is non zero only for
the N** shape function evaluated at z = L. Slnce we are using linear interpolation, the N** shape function is ¢y = H%

which have the value of 1 at x = z. Hence

=af  when j = N, otherwise 0

du
ag; Ir

=L

Now consider the term acbj% |w:l_0, since at © = g all shape functions will be zero except for ¢y which has the value of 1 at

x = x9. Hence this simplifies to a% e—zg ® Now recall that Z“ = E qid; = E ¢;®;. But at x =z only ¢ is defined and
i=1
its has the slope of ’Tl, hence
du
4
dz |,y h

However,q; = ug since that is the by definition the initial condition. Hence finally we obtain
ad; du|™ “ j=1
Yda|, | b j=N
hence the symmetric weak form equation A2 can now be simplified more and it becomes

{agqbl iz}\,}—/ dw-l—/(b]( + cu(x) — f(x))dxzo j=1---N (A3)

xo

We will use the trial function obtain by linear interpolation, which are shown in this table again

To—T -1
1 A T
l<i<N {(H}?‘”, (”””{“")} 3 H
N @L}z\ffl) 7

We know construct the global stiffness matrix.

For the first equation (which corresponds to the first row in the global stiffness matrix, we obtain)

aQ1 / ¢1—dx + /gbl <bjz +ecu(x)—f (x)) dzr =
N

Now since u = E q;®;, and since ¢ domain of influence is only from x; to x5 we write the above as
i=1
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agq

xo x2
N /a¢’1% (@161 + q202) do + /¢1 (b;; (191 + q22) + (11 + q2p2) — f (33)) dx =10

But ¢, = ("’327,:"”) and ¢} = 1 and over the domain from z; to x2, ¢ = @, ¢4 = + hence the above becomes

0 [ (Y ars [ (322 () ) Y ar

T 1

The above simplifies to

x2
b(er — 2o)? 3 b (e — 20)? 3 1
ag @ (aml Cb(m—x)”  c(xi—m)” axz) n % <_a$1 . (@1 . z2)”  c(; - ) Yazy | — E/ (z2 —2) f(z) =0

x1
z2

2 3 2 3
— - — - 1
@ (—ah—l—aml Cb(@— )" c(mi—wa)” axz) N % <_a$1 N b (21 . x2)”  c(: . T2) +ax2> _ E/ (2 — ) f(x) =0

x1

The above gives the first row in the stiffness matrix. Since we are assuming each element will have the same length, hence
r1 — 22 = —h, and the above becomes

x2

Q1 bh?  ch? q2 bh?  ch3 1
—h2<—ah—|—ax1—2—|—3—aa:2 +ﬁ —a$1+7+?+a$2 —E/(xQ—x)f(x)zO

z1

x2
a ari b ch azs ari; b ch axe 1 B
_q1<_h+h2_2+3_}12)+q2<_f12+2+6+f12>_h/(x2_$)f($)_0

x1

Now we obtain the last equation, which will be the last row in the global stiffness matrix

af — /a¢§v%dm‘+ /qu (b;lz—l-cu(m)—f(x))dx:

N
Now since © = E q;®;, and since ¢ domain of influence is only from zny_1 to x5 we write the above as
i=1

TN TN

d d
af — / a¢§\,% (qN-16N-1 + qnoN) dz + / éN <bda: (qN-16N-1+qnoN) +c(gn-19N-1 + andN) — f (CU)> dx =0
TN-—1 TN-—1
But ¢y = W and ¢y, = % and over the domain from xy_1 to xn, ony_1 = (w’\rh;“:),%\,_l = _Tl hence the above
becomes
i 1 1
a _
aB — / h <CIN1 (h) +(INh> dz+
TN-1
T ) 1,1 (v =) | )
T —ITN-1 — IN — X T —ITN-1
b | = - _ - dx =
/ h < (CIN 1(h>+(JNh)+C(qN1 i +an n ) f(x)> z=0
TN-—-1
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The above simplifies to

~ b L 2 o 3
af — gN -1 (—aﬂ?N—1— (JCN 1 IN) C(JCN 1 13N)

12 2 N 6 i “xN> *

h? 2 3 h

TN-—1

2 3 T
” <+a$N 1t blon—1—an) — clon-1 —an) - amN> a l / (x—xN_1) f(z)=0

The above represents the last row in the global stiffness matrix. Since we are assuming each element will have the same
length, hence xny_1 — xn = —h, and the above becomes

TN

_ bh?  ch? bh?  ch? 1
Q/B_q];[lQI <—a§CN1—2+6+CL(,UN>+}7/2<G,£L'N1+2+3_axN>_h / (x—xN,l)f(x):()
TN-—-1
b ch b ch -
ar N — C ax N aryN—1 C ax N
aﬂ_(IN1<— h21_§ 6+hz) N( 12 +§ 3 h2>_h/ (—aNn-1) f(z)=0

TN-—1

Now we derive the expression for any row in between the first and the last rows. For a general node j we write

Zj

/ ¢dm+/¢]( +eu () - f(z))dzo

Jj—1

Break the integral into halves to make it easier to write the trial functions over the domain of influence of each we obtain

- /aqé e+ /aqb Wiz | + /¢J< + cu(x) — f(a:))da:Jr /gbj <b;l:;+cu(x)f(:c))d3:0

Consider the first domain z;_; <z < z; we have

—7 ¢—dw—|— /(;5]( + cu(x) — f(x))dx

j—1

. d / / T;—T / -1 T—Tj—1 / 1
Over this range, u = gj_1¢;—1+¢;¢; hence 7 = qj_1¢;_, +¢;¢; where ¢;_1 = ==, ¢, = 5, ¢; = ==, ¢; = 3 hence
the above becomes

Zj Zj

1 -1 1 T —Xi_1 -1 1 Ti— X T —xi_1
o Gl o R e e U Ol G R R (e e e R L

Tj—1 Tj—1

Now consider the second domain z; < x < x;41 we have

_/ gf)dm—i—/qb](d +cu(x) — f(x))dw
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3 — du __ / / _ Tijy1—T 4 —1 _ x—xy / 1
Over this range, u = qj$; + ¢j+1¢j+1 hence 32 = q;¢; + qj+19),, where ¢; = =H5—,¢% = 5=, 041 = =%, ¢} 11 = 3 hence
the above becomes

Tjt1
-1 -1 1 Tig] — X -1
[o () (o (F) vy )amr [ 297 (0 (o

1 Tip1 — X T —T;
h h>+(b’+1h>+c<%jh+%‘+1 3 j>—f($)> dx
z;
(A5)
Combine A4 and A5 and simplify we obtain
o blai 1 —x:)? o p)d
(I;Lzl <—axj1— (z; 12 ;) o c(z; 16 ) —|—axj>
2 3 2 3
qi b(x;i_1 —x; c(xi_g —x; b(zx; — x4 c(xi —Tii1
+]1]2<amj_1+(]2 ])7(33 ])(323+)(J3J+)axj+l>
b )2 ( )3 zj Tjt1
qi+1 Tj — Tj41 C\Tj — Tjip1 T —Tj-1 Tiy1 — X
+ ;:2_ (—axj + J 5 J+1) J : it +axj+1> - / T]f(x)da:— / J*‘Tdm:()
Tj-1 z
Since we are assuming each element will have the same length, hence ;1 —x; = —h, ; —xj4+1 = —h and the above becomes

. _axj_l é+%+%
-1 2276 " h2

ari_1 2ch az;yq
+qj( 3 +5 - J+>

12
zj

—ax; b ch
Tqi+1 | =5 T

Tj41
0 ch aTj41 _ T —Tj-1 _ Tjt1 — T _
. 5 T G + 3 > / — f(x)dx / —— f(x)dx =0

zj—l Ij
The above gives any row in the stiffness matrix other than the first and the last row. Now we can write the global stiffness
matrix as
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0

0

(h+ 5 -s+g—5) (G- 5)
(5 — 5+ G+ 5% (G + 2% - 58) (G g+ g g) 0
0 ((SeofedeR)  (SReRome)  (FRepedes)
0 0 -
’ 0 (- -3+ ) (i)
i 2 -
@)1 @)
T
L
q2
: - b Tj41
o | |4 @omr@assd [ @o-n@a
. Tj—1 T
dN-1
L 4N ]
TN
i | @—anoa)f(x)—aB
L TN-—1 ]

we must first replace g; by the initial condition given in the problem, and we must remove the first row after that as follows

(gemotidom) (Gmebodeem) 0 :
Cor-trdes)  (Eed-m) (GReiefen) 0
0 0 -
0 0 ..
0 0 (g (i)
M 2 B
H @m0 @)
z1
T
a2
— @ Tj41
4; %/ (x_xj—l)f(x)dx‘i‘%/ (xj41 — ) f (z)dz
: Tj-1 T
gN-1
L 4N |
TN
b e f@) a8
L ITN-—-1 ]

Multiply the first element in the second row by ug and remove the first row we get
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_ary _ b ch azrs azxy ch _ axs —axs b ch ars
(9% -5+ G+ 5%) w + ( t32+5% ) 0

h2 b 3 h2 h2 oo hZ N
0 (_am22_§+%+aac23) (%_’_%_am{l (—(17"3_"_ +c +(n"4)
0 0 -

0 0 g ) (St o)
- oo 5 -
%/(m—xg)f(x)dm—i—% (x3 — ) dx
z1 x2

o ]

: zj Tjt1

o= [ enr@a [ @o-asee

. ZTj—1 zj
gN-1
L dN |

TN
b @oana) i@ s
L TN-—1 .

Now move the first element of the first row above to the RHS and remove the first column we obtain

(S +%-om) (S +be 2o 0 0
0 (_%_7+ch+a$3) (%_"_%_%) (7an_~_ +c}L+amJ+1)
0 0 (-t 2 ) (43D - )
o o .
1 _ d 1 _ de — _axl _ b @ U.fL’Q
v (=) f(x)dx+ 5 [ (v3 —x)dw ( e + + )uo
T T2
0 ]
z Tjp1
. |- b emaif@dot} [ -7 @
Tj—1 Z
gN -1
L N
TN
b oo s @ -ap
L IN-—-1 .
Now we solve for the vector [ga, g3, - ,qN]T and this completes our solution.

A Matlab implementation is below which solves any second order ODE. This code was used to generate an animation. This
animation can be accessed by clicking on the link below.

77
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4 Appendix

4.1 Mathematica code to solve first order ODE using FEM

The notebook can be 7?7

4.2 Matlab code to solve second order ODE using FEM

The driver file is 77 .

The main FEM matlab function is 77 .
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