Math 503 computing assignment 1
FEM and FDM solution for u" (x)+qu(x) =f

by Nasser Abbasi
Project for Mathematics 503, Summer 2007. California State University, Fullerton, CA.

(a) Purpose and design of project

In this project we are asked to implement the Finite Element Methods (FEM) and Finite difference method (FDM) to find the solution
u(x) for the following differential equation, and also compare both methods.

—u"X)+qux) = f where uo=0,u1)=0 @

The 2 methods are compared for speed of convergence to the exact solution. The exact analytical solution is known for this simple
differential equation:

sol =First eDSol ve[{-u'"' [X] +qu[x] =f, u[0] =0, u[l] =0}, u[x], X]

e’ﬁx (—1+eﬁx) —eﬁéfe\/?x) f
(1+e\/q7) q

J

{U[X] - -

sol = (u[x] /. %) /. {q-4, f >4},
Plot [sol, {x, 0, 1}, I mageSi ze » {200},
FranmeLabel - {"x", "u(x)", "Exact solution"}, Franme - True]

Exact solution
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0.25¢
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The numerical solution for u(x) at each grid point is compared to the true solution, then the maximum error using each method is

found. Also the RM Serror is calculated.

A brief overview of the FEM and FDM scheme used is now discussed.
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FEM method

For the FEM, the variational approach is used (as contrasted by the Garlkin method). In the variational method, we seek to find a
solution y(x) to a functional J(y(x)) defined by an integral such that this solution y(x) minimizes this functional. This solution will be
the solution to the differential equation itself. However, we do not use nor try to find the differential equation at al in this method. We
work directly on the first variation equation J' (y; ¢) = 0 itself by finding y(x) such that J'(y; ¢) = O for al the ¢; permissible direc-
tions. In the Garlkin method, we are given the differential equation, and then we substitute equation (2) below into the differential
equation itself.

In this problem the ¢ functions are also the basis for the vector space in which the solution y(x) defined in. In other words, these ¢
represent a basis for the V space of y(x) and we seek a solution

N
ux) = ) ¢ (x) (2)
i=1
Which satisfies 3' (y; ¢i) = O for al the basis functions ¢;. ¢; is defined by
X .
#09= (i) &)

Wherei is the shape function number i =1, 2, 3..nand y(x) = 1 — x for 0 <x<1, and ¥(x) = 0 for x > 1 and ¥(X)=y¥(-X). The relation-
ship between ¢;(x) and ¥(x) isillustrated in this diagram

plx)=1-x

»X
The shape funciion is defired by ¢;(x) = w(% —z')
In this problem the functional we want to minimizeis given
J(u) = fo l(u' (X)? +qu(x? -2 f u(x) dx (4)

Where g > 0 and f are given constants. In the first part of this project we found that J(u) achieves a minimum iff J'(y; ¢) = 0 where
J (y; ¢) isgivenby

1
J'(y, ¢)=f0u'(x)¢'(X)+q u(x) ¢(x) — f ¢(x) dx 5)

We start the FEM by setting up the equations J (y; ¢;) =0, therefore, we will have N number of equations, where N is the number of
the shape functions ¢. Hence for each j™ shape function ¢ j wewould have

3'(v:9;)=0

fol[gﬁ ¢ (%) )¢j'(x)+Q[§l]q ¢i(X)J $; ()~ fo;(x)dx=0 j=1.N

The above will generate N algebraic equations which we will then solve for the ¢; coefficients. Once the ¢; is found then we can
determine the FEM solution u(x) from (2) above at any x.
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It is important to agree on the numbering scheme of nodes, elements, and shape functions. The following diagram illustrates the

numbering used.

Example showing shape functions for N=5 (5 points)

Basls functions
numbering: starts

(’from ONE

$ 2 3

MNode numbering:
starts from zero

X0=0, Xy=h, Xp=2h, ...

This below plots the shape functions for illustration.

L =20.; nPoints =10; nElements =nPoints -1; q=4; f =4;

L

nEl enents
Pl ot [Tabl e[¢[i, X, h], {i, 1, nShapeFunctions}], {x, O, L}, PlotRange -» Al I,

nShapeFuncti ons = nPoints; h =

", L="<>ToString[L] <>", N=" <>ToString[nPoints], | mageSi ze » {200}]

Shape functions ¢(x), h=2.22222, L=20., N=10
1.0

0.8

0.6~

0.2

5 10 15 20

AxesOrigin- {0, 0}, PlotLabel - "Shape functions ¢(x), h=" <>ToString[N[h]] <>

When generating each equation J' (y; ¢j) = O for each basis d)j we take advantage of the domain of influence of each specific d)j,

we see from above that ¢; is nonzero only over the range x;_; .. Xj.1. The program calls a function to generate one equation for each

basis. This function performs the integration shown in equation (4) but will only do the integration over Xx;_1..Xj.1 since ¢;=0

elsewhere.

Printed by Mathematica for Students



4 | solutionV2_improved.nb

Once the N equations are computed, We solve Ax=b to find x where x here is the vector which contain c; coefficients as shown in
equation (2) above. The matrix A will be tridiagona in this problem since for each basis ¢ i (other than the first and the last basis) we

see that it overlaps with 2 other basis ¢;_;, and ¢;.1 hence this causes an equation with 3 unknowns to be generated (cj_1, cj, C]‘+1).
This below is an small function will shows the equations for N=8 and shows the A matrix to make this point more clear.

L
L =20.; nPoints =8; nElenents =nPoints-1;, hz ——;
nEl ement s
nShapeFunctions =nPoints; q=4; f =4, leftBC=0; rightBC=0;

coef f ShapeFunctions = Array ["c", nShapeFunctions];

grid = N[Range[O, L, h]1;

(FEMegs = Tabl e [nmakeEquation[i, h, coeff ShapeFunctions, q, f, grid, nPoints] =0,
{i, 1, nShapeFunctions}]) // Tabl eForm

_5.71429 + 4.15952 ¢ [1] + 1. 55476 c[2] == 0
~11.4286 + 1. 55476 ¢ [1] + 8. 31905 ¢ [2] + 1. 55476 ¢ [3] = O
~11. 4286 + 1. 55476 ¢ [2] + 8. 31905 ¢ [3] + 1. 55476 ¢ [4] = O
~11. 4286 + 1. 55476 ¢ [3] + 8. 31905 c [4] + 1. 55476 ¢ [5] = O
~11. 4286 + 1. 55476 c [4] + 8. 31905 ¢ [5] + 1. 55476 C [6] ==
~11. 4286 + 1. 55476 ¢ [5] + 8. 31905 ¢ [6] + 1. 55476 ¢ [7] = O
~11. 4286 + 1. 55476 ¢ [6] + 8. 31905 ¢ [7] + 1. 55476 ¢ [8] = O
_5.71429 + 1. 55476 ¢ [7] + 4. 15952 ¢ [8] == 0

Which in Ax = b format, the above becomes

{A, b} =Devel oper " Li near Expr essi onToMat ri x [FEMeqs, coeff ShapeFunctions];
Al[L, 2;; -111 =0;
Al[-1, 1;; -2]11=0;
br[11] = A[[1l, 11] =| ef t BC,
b[r[-11]1 =A[[-1, -1]] #right BC;
For[i =2, i <snPoints -1, i ++,
{
brri11=brri11-A[[i, 111l eftBC-A[[i, -1]1] =ri ght BC,
Alli, 111 =0;
ALli, -111 =0;
}
|
Mat ri xFor m[A]

The above shows that A is diagonally dominant, and tridiagonal. Hence a tridiagonal solver is used since it is much faster than
Gaussian elimination in this case. In FEM, the generate A matrix will aways contain diagonal bands as the above and these matrices

4.15952 0 0 0 0 0 0 0
0 8.31905 1.55476 O 0 0 0 0
0 1.55476 8.31905 1.55476 O 0 0 0
0 0 1.55476 8.31905 1.55476 O 0 0
0 0 0 1.55476 8.31905 1.55476 O 0
0 0 0 0 1.55476 8.31905 1.55476 O
0 0 0 0 0 1.55476 8.31905 O
0 0 0 0 0 0 0 4.15952

are sparse in nature.
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FDM

In the FDM method, the central difference method is used to approximate u” (x). Hence in this method we aready know the differen-
tial equation and we work directly on the differential equation, while in the FDM method above, we do not know necessarily what the
differential equation is and work directly on the first variational term.

The central difference scheme is given by

Ui, - 2Uj +Uj_g (6)
h2

Where u; means u at grid point x;. Now we substitute the above equation directly into the differential equation -u" (x) + q u(x) = f

U; =

and obtain
Ui.1-2 Uj +Uj 1
_ <h72
U1+ (2+ gh?) Uy — Ujeq = T 12

) +quj =f

Hence for each point (we start from the first internal grid point i = 1 and not from the boundary point i = 0) and hence for each such
internal point, we see that we have 3 unknown. Hence the general Ax=b equations will also be tridiagonal. This is illustrate by this
short example below. Notice that 2 equations are inserted manually into the set of the generated equations since ug = 0 and u, = 0,

since these are boundary conditions given.

Renove ["d obal ™ %" ];

L=1.; nPoints =8; nElenents =nPoints-1; q=4; f =4,

init[nPoints, q, f, L, 0, 01;

u=Array["u", nPoints];

Ui +10-2ufi Q +ufi -11
h2

eq=u[[1]] ==|eft BC, FDMegs = Append [FDVeqgs, eql;

eq =u[[nPoints]] =right BC, FDMeqs = Append [FDMegs, eql;

FDMeqs // Tabl eForm

FDMaqs:TabIe[-[ +qQUuUEi]="f, {i, 2, nPoi nts-l}];

4u[2] -0.1225 (u[l] -2u[2] +u[3]) =
4u[3] -0.1225 (u[2] -2u[3] +u[4]) =
4uf[4] -0.1225 (u[3] -2u[4] +u[5]) =
4u[5] -0.1225 (u[4] -2u[5] +u[6]) =
4u[6] -0.1225 (U[5] -2Uu[6] +U[7]) =
4u[7] -0.1225 (U[6] -2Uu[7] +U[8]) =
url] =0

ur8j] =

This shows the A matrix from the above set of equations. We see it is a tridiagonal, The last 2 rows are for the 2 equations for the
boundary conditions
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{A, b} =Devel oper " Li near Expr essi onToMat ri x [FDMeqs, u];
A // Matri xForm
-0.1225 4. 245 -0.1225 0O 0 0 0
0 -0. 1225 4. 245 -0.1225 0O 0 0
0 0 -0. 1225 4. 245 -0.1225 0O 0
0 0 0 -0.1225 4.245 -0.1225 0
0 0 0 0 -0.1225 4.245 -0.1225
0 0 0 0 0 -0.1225 4.245
1. 0 0 0 0 0 0
0 0 0 0 0 0 0
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(b) Summary of numerical results

The error in approximation between numerical and exact solution for u(x) as a function of increasing number of pointsis generated for
up to n = 200 and the complete table is shown in the appendix at the end of the report. Both max error and RMS error is calculated for
each n. Below is partial listing of the table for number of pointsn =4..21

q=4;f=4;,L=1;, |eftBC=0; rightBC=0; nEl enents = 20;

p = anal ysi s[nEl enents, q, f, L, | eftBC, rightBC];

Gid[p, Frame -» Al l]

nunber of elements |FEMrns error |FDMrns error | FEM max error | FDM max error

2 0. 0230543 0. 0107459 0. 0230543 0. 0186124
3 0. 0123266 0. 00559732 0.00871621 0. 00791581
4 0. 00790015 0. 00334592 0. 00528392 0. 00500695
5 0. 00561019 0. 0022118 0. 0032386 0. 00312841
6 0. 00424859 0. 00156733 0. 00231275 0. 00225795
7 0. 00336187 0. 00116759 0. 0016655 0. 00163635
8 0. 00274638 0. 000903042 0. 00129404 0. 00127669
9 0. 00229853 0. 000719055 0. 00101072 0. 000999987
10 0. 00196061 0. 000586 0. 000826163 0. 000819053
11 0. 0016982 0. 000486696 0. 000677674 0. 000672847
12 0. 00148958 0. 000410632 0. 000572964 0. 000569535
13 0. 00132048 0. 00035109 0. 000485639 0. 000483159
14 0.00118114 0. 000303612 0. 000420617 0. 000418766
15 0. 00106472 0. 000265147 0. 000364975 0. 000363575
16 0. 000966257 0. 000233552 0. 000321868 0. 000320783
17 0. 000882096 0. 000207284 0. 000284258 0. 000283408
18 0. 000809488 0. 000185209 0. 000254225 0. 000253548
19 0. 000746328 0. 00016648 0. 000227624 0. 000227079
20 0. 000690978 0. 000150454 0. 00020587 0. 000205426
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The numerical results in the table is aso plotted. The following 2 plots compare both methods accuracy for max error and rms error as
function of increasing n for n up to 200. The full table isin the appendix.

Needs [" Pl ot Legends™ "]
Showliegend [Li stLinePlot [ {p[2;; 10, 21, pI2;; 10, 3]}, Pl ot Range - Al | ,
Pl ot Styl e » {Red, Blue}, AxesOrigin- {0, 0}, FraneLabel - {"nunber of points", "RVS error"},
Pl ot Label - "Conparing RMS error between FEM and Central difference", Frame -» Truel,
{{{G aphics[{Red, Line[{{0, 0}, {5, 0}}1}1, "FEM'},
{Graphics[{Blue, Line[{{O, O}, {5, 0}}1}], "FDM'}}, LegendSize -» {0.7, 0.2},
LegendPosition -» {0, 0.2}, BaseStyle » {FontSize - 12, Font Wi ght -» "Bol d"}}]

Comparing RM S error between FEM and Central difference

0,020} - FEM
[ —— FDM
_ 0015
5 i
5
n
= 0010 1
"4
0.005 | ]
00000, . .o
0 2 4 6 8

number of points

ShowlLegend [Li stLinePlot [ {pI2;; 10, 47, pI2;; 10, 51}, Pl ot Range -» Al |,
Pl ot Styl e » {Red, Blue}, AxesOrigin- {0, 0}, FranmeLabel - {"nunber of points", "RVS error"},
Pl ot Label - " Conparing Max error between FEM and Central difference", Frane - True],
{{{G aphics[{Red, Line[{{0, O}, {5, 0}}1}1, "FEM'},
{G aphics[{Blue, Line[{{O, O}, {5, 0}}1}], "FDM'}}, LegendSi ze » {0.7, 0.2},
LegendPosi tion » {0, 0.2}, BaseStyle » {FontSi ze - 12, Font Wi ght -» "Bol d"}}]

Comparing Max error between FEM and Central difference

0020}

0015}

RMSerror
o
2
o
T
L

o
8

0.000 [ L L L L L L L L L L L L L L L L L Ul
0 2 4 6 8
number of points
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(c) Discussion of numerical results

The FDM is more accurate than the FEM for low N. Two error measurements were used: RMS error and Max error. For low N, FDM
is more accurate than FEM, even more so when looking at the RM S error as seen by the plot above.

From the plots above we observe that as N increases both methods become as accurate as each others in approximating the exact
solution. This happens for both max error and for RM S error.

The following diagram below shows this more clearly, where both FEM and FDM solution are plotted for n=2, 3,4, 5, 6, 7, 8. We
see that FDM for low N is more accurate, but FEM catches up very quickly, and about N=8 FEM max error was the same as FDM
error for up to 6 decimal places. The following was done for L = 10 instead of L = 1 to make the plots alittle more interesting.

anal ysi s2[]: = Mdul e[{},
p={}
L =10; nPoints =10; q =40; f =40;
| ef t BC=10; ri ght BC=10; pl ot Type = 2;

For[i =3, i <11, i ++, {p = Append[p, process[i, q, f, L, leftBC, rightBC, plotTypell}l;
Pl
p =anal ysis2[]; G aphicsArray |
{{p[[111, P[[211}, {pP[[311, PL[[411}, {P[[511, pL[[611}, {P[[711, pP[[811}}, I mageSize » {600}]

number elements=3 grid spacing=3.33333 number elements=4 grid spacing=2.5
[FEM error] RMS=0.626114 Max error=1.77092 [FEM error] RMS=0.733768 Max error=2.45544
[FDM error] RMS=0.00714338 Max error=0.0202045 [FDM error] RMS=0.0101017 Max error=0.035714:
12 12}
10? 10k

PN ’

o

[ 0 i / . " P o e
of i 4 6 \‘/ 8 1
number elements=5 grid spacing=2. number elements=6 grid spacing=1.66667
[FEM error] RMS=0.534228 Max error=2.22626 [FEM error] RMS=0.461215 Max error=2.20343
[FDM error] RMS=0.0130885 Max error=0.0555288 [FDM error] RMS=0.0160289 Max error=0.079336:
12 12
108 109
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[FEM error]
[FDM error]

12F

number elements=7 grid spacing=1.42857
RMS=0.385514 Max error=2.12218
RMS=0.0188381 Max error=0.106556

number elements=8 grid spacing=1.25
[FEM error] RMS=0.32988 Max error=2.0442
[FDM error] RMS=0.0214124 Max error=0.136251

12f

[FEM error]
[FDM error]

number elements=9 grid spacing=1.11111

RMS=0.283711 Max error=1.95893
RMS=0.0236557 Max error=0.167237

number elements=10 grid spacing=1.
[FEM error] RMS=0.2457 Max error=1.87075
RMS=0.0255004 Max error=0.198281

[FDM error]

12f 12F

100

_3— o

b —
. T P

V‘Z“4‘6

E‘S‘\J‘lo

FEM method is more complicated to implement than FDM. And from the above, we see that it does not give more accurate results
than the simpler FDM method using central difference scheme. One might ask then why use FEM over FDM? Although this did not
come up in this project, one can argue the following advantages of one method over the other:

Advantage of FEM over FDM

e FEM solution u(x) can be used at point x in the domain and not just at the grid points x; as with FDM

FEM can handle complicated boundary geometry, while FDM requires simple boundary geometry.

e With FEM, one can add more elements in the vicinity where the solution changes rapidly to obtain more accuracy there. With FDM this is normally
not done. Although one can also implement adaptive grid sizing aswell in FDM, it is normally done in the time domain and not in the space domain.

e Does not require knowing the differential equation to find the solution when working from the Variational approach as in this project. FDM requires
knowing the differential equation.

Advantages of FDM over FEM

e More accurate than FEM for low N. Thisisin particular when the exact solution is not too smooth. When the solution is not too smooth, more points
are needed to make FEM as accurate as FDM.

e Simpler to code and implement.
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(d) Source code listing

Global parameters

gPl ot TypeFEM = 0;

gPl ot TypeFDM = 1;

gPl ot TypeBot h = 2;
gPl ot TypeFEMlat a = 3;
gPl ot TypeFDMlat a = 4;

Function name: makeEquation and its helpers
Input: the shape function number. Also access variable g, f, ¢, ¢ to generate the weak form equation for the i shape function

Purpose: generate the weak for equation for i shape function. To make it simpler, | have 2 special functions to handle the first and

last shape elements since these are special conditions.
Returns: The weak for equation for the it shape function

makeEquation[i _, h_, ¢_, q_, f_, grid_, nShapeFunctions_]:= Mdul e[{g},
If[i =1, g =makeFirstEquationfh, c, q, f, grid],
If[i ==Length[c], g=makelLast Equation[h, c, g, f, grid, nShapeFunctions],

g = nakel nner Equation[i, h, c, g, f, grid]]]

gridp2] -1 1 -1
makeFi rst Equation[h_, c_, q_, f_, grid_] : = Mdul e[{}, j [[c[[l]] [—] +Cc[2] {—]] [—) +
gridpin h h h

(g (c[l] Evaluate[¢[1, x, h]] +c[2] Evaluate[#[2, X, h]]) -f) Evaluate[¢[l, X, h]]] dx

makelLast Equation[h_, c_, q_, f_, grid_, nvax_]: =

dul gri d[-1] 5 -1 1 1
Modul e , c[- — cr-1 — —
[0 S [[ ' ]](hJ+ = [h]] [h]
(g (cI-21 Eval uate[¢[nMax -1, x, h]] +c[-1] Eval uate[¢[nMax, X, h]l]) -f)

Eval uat e [¢ [nMax, X, h]]) dx

makel nner Equation[i _, h_, c_, q_, f_, grid_]: = Mdul e[{rl, r2},

gridfiJ -1 1 1
J [[C[[i -17 [—] +C[i 1T (—]] [—] +(q (cMi -11¢[i -1, X, hl +c@iQ¢[i, x, h]) -f)
gridpi-17 h h h

) - gridfi +1] ] -1 ) 1 -1
, X, d J— 1 — -
oL ]] X+Lriduin [(C[[I]][h)+cm+ ]](h]][h]+

(q (COi D ¢[i, X, h] +c[i +10¢[i +1, x, h]) -f ) ¢[i, X, h])dlx
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Function name: ¢

Input: i, the shape function number. z, the distance along the domainto find ¢ at
Pur pose: generate the ¢ function.

Returns: the value of ¢ function at this z value.

Y[x_]:=Mdule[{}, If[x>1, 0, If[x20, 1-x, ¥[-x]1111]

oL _, x_, h_] :=IVbduIe[{},

w[% (i -1)]

]

Function name: yApprox

Input: x, distance along x direction. coeff, the ¢; coefficient found for the FEM approximation from the equation y=3 , c(i) ¢[i, X, h
isthe grid spacing, nPointsis number of points.

Pur pose: calculate the solution from the FEM calculation after the ¢; has been found.

Returns: u(x) based on FEM approximation

yApprox [x_, coeff _, h_, nPoints_]:=Mdul e[{i},
Sum[coeff [i ] #[i, x, hl, {i, 1, nPoints}]
1

Printed by Mathematica for Students



solutionV2_improved.nb

13

Function name: getUCentralMethod

Input: access to number of points

Purpose: performsfinite difference calculation using the central difference scheme for the second derivative.
Returns: data, which isamatrix of 2 columns. The first column is the x value, second column isthe u value at this x.

get UCentral Method [rightBC_, leftBC_, h_, q_, f_, nPoints_, grid_]:=
I\/bdule[{dat a, i, eq, A b, u, coeff, nRow, nCol, FDMVeQs},
u=Array["c", nPoints -17;
(*The equation uses central difference nethod for the
u'' [x]. We just need to be carfull with the first last grid points,
since these need boundary conditions on thisx)

) rightBC-2ufi]+!eftBC ]
FDMeqs:TabIe[If[nP0|nts==3, —[ . ]+qu[[|]]== ,
h
Ui +17-2ufi | eft BC
If[i ==2,-([[+]] e )+qu[[i]]==f,

h2

ri ght BC-2 ufi ufi -1

If[i = nPoints - 1, -( 9 [2[]]+ L ]])+qu[[i]]==f,
h

ufi +17 -2 ufi ufi -1
—[ it oo 1]]+qu[[i]]== ]” {i, 2, nPoints—l}];
h2
{A, b} =Devel oper " Li near Expr essi onToMatri x [FDMeqs, uf2;;11;
{nRow, nCol } = Di nensi ons [A];

(*Now sol ve Ax=b. Use triDi agonal for speed for large matricesx)
coeff =1f [nRow< 5, LinearSolve[A, b], triDi agonal Sol ve[A, b]];

data = Tabl e[
{gridfiq, If[i =1, 1eftBC, If[i ==nPoints, rightBC, coeff[i -17]113}, {i, 1, nPoints}];
{data, FDMegs, A, b}

]:
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Function name: getErrorsinApproximation

Input: access FEM matrix, grid points, FDM data.

Purpose: caled to calculate the RMS error and Max error for the FEM and FDM methods.
Returns. 4 numbers. rmserrorFEM, maxErrorFEM, rmserrorDiff, maxErrorFDM

get Error sl nApproxi mation[pl ot Type_, grid_, nPoints_, FEMcoeff _, xnumeric_, sol _, h_]:=
Modul e [{k, i, rnserror FEM= 0, naxError FEM= 0,
rnmserrorDi ff =0, maxError FDM= 0, fenfol At Poi nts, exact Sol At Poi nts},

exact Sol At Poi nts = Tabl e[sol /. {z-»>grid[iQ}, {i, 1, nPoints}];
| f [pl ot Type == gPl ot TypeFEM | | pl ot Type == gPl ot TypeBot h,
{
f enSol At Poi nts = Tabl e[yApprox [grid[i ], FEMcoeff, h, nPoints], {i, 1, nPoints}];
rmserror FEM = Sum[N[ (exact Sol At Poi nt s [k] - f enSol At Poi nt s[k])"2], {k, 1, nPoints}];
rmserror FEM= Sqgrt [rnserror FEM] / nPoi nt s;
maxEr r or FEM = Max [Abs [exact Sol At Poi nts - f enfSol At Poi nts]];
}
I

| f [pl ot Type == gPl ot TypeFDM | | pl ot Type == gPl ot TypeBot h,
{
rnmserrorDi ff = SUM[N[ (exact Sol At Poi nts [k] - xnuneri ck, 2])72], {k, 1, nPoints}];
rmserrorDiff =Sqgrt [rmserrorDi ff] /nPoints;
maxEr r or FDM = Max [Abs [exact Sol At Poi nts - xnuneri c[Al |, 2]11;
}
1

N[ {r nserror FEM maxError FEM rnserrorD ff, maxError FDV}]
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Function name: triDiagonal Solve
Input: A,d

Purpose: caled to solvefor x in Ax=d for use on tridiagona matrices A. This only works correctly if A is diagonally dominant.

Returns: vector x, the solution from Ax=d

tri Di agonal Sol ve[A_, d_] :=l\/bdu|e[{nRow, nCol, B, a, b, &, ¢, z, i, j, n, x},
{n, nCol } = Di nensi ons [A];
If[n #£nCol, {Print ["Matrix must be square. Matrix is" <>ToString[N[A]]];
B =Tabl e[0, {n}];
c =Table[0, {n-1}];
z =Tabl e[0, {n}];
a=f8;, b=a, x =1z;
a = Di agonal [A];

For[{i =2; ] =13}, i =n, {i ++; ] ++}, bOIi 1 =A[L, j11;
For[{i =1; ] =2}, i <n, {i ++; ] ++}, cOi 1 =AL, j11;

a[1] = afl];
bri 1

For[i =2, 0 sn, i++, {/3[[i]]=ﬂ
a -

;alil=alil-ALilch -11}];

Z[1] =d[i7;
For[i =2, i =n, i ++, z[Ii1 =d[i]-B0i1z0 -11 1;

z[[n]
X[InT =
aln]
For[i =n-1,i 21, i —-, X[ 1=—— (zLi 1 -C@i 1 X0 +1]])];
afll T
X
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Function name: process

Input: accessto all the input parameters from the GUI. See init[] function above.

Purpose: called by the GUI after the call toinit[] is made. This function isthe driver which calls all the other functions above. It find
the FEM and FDM solutions and plot them.

Returns: Graphics plot for the GUI to display

process[nElenents_, q_, f_, L_, leftBC_, rightBC_, plotType_]:= Mdulel
{i, A b, k, p, p2, v, y, maxu, m nu, nRow, nCol, nPoints, pExact,
pFEM h, grid, nShapeFunctions, coeff ShapeFuncti ons, pFEMoi nts, pFDVpoi nts,
exact Sol At Poi nts, fenfol At Poi nts, maxFEM m nFEM FEMeqgs, sol, FEMcoeff, FDMegs,
FDMmat ri x, xnuneric, FDVoMatri x, rnserror FEM nmaxError FEM rnserrorDiff,
maxErr or FDM nRowFDM, nCol FDM, g, statsFDM statsFEM stats, i mageSi ze},

i mgeSi ze = {300, 250};

nPoi nts = nEl enent s + 1;

h=L/nEl ements; (*di stance between 2 pointsx)
grid=N[Range[0, L, h]]; (xthe GRID itself )
nShapeFuncti ons = nPoi nt's;

coef f ShapeFunctions = Array ["c", nShapeFunctions];

sol =y[z] /. FirsteDSolve[{-y'' [z] +qYy[z]=f, y[O0] =1eftBC, y[L] =rightBC}, y[z], z];
exact Sol At Poi nts = Tabl e[sol /. {z-»>grid[iQ}, {i, 1, nPoints}];

(*Find max/mn limts for plotting =)
maxu = Max [exact Sol At Poi nts];
maxu = maxu + 0. 3 Abs [maxu];

m nu = M n[exact Sol At Poi nts];
mnu=mnu-0.3Abs[mnul;

(xNow based on plot type requested, do the needed cal cul ati onsx)
| f [pl ot Type == gPl ot TypeFEM | | pl ot Type == gPl ot TypeBot h | | pl ot Type == gPl ot TypeFEMlat a,

{
(*Now generate the FEM set of equations fromthe weak formk)

FEMegs = Tabl e [makeEquati on[i, h, coeff ShapeFunctions, q, f, grid, nShapeFunctions] =0,
{i, 1, nShapeFunctions}];

{A, b} =Devel oper " Li near Expr essi onToMat ri x [FEMeqs, coeff ShapeFunctions];

(*Now we need to fix up the A matrix due to the initial conditions. %)
(*This below is a standard nethod | |earned from nmy other courses,
and it works, so | use itx)

A[ll, 2;; -11] =0;

Al[-1, 1;; -2]1=0;

b[[1]] =A[[1, 1]1] =l eftBC,
br[-11]1 =A[[-1, -1]1] *right BC;
For[i =2, i <nPoints, i ++,

{
b[[i1] =b[[i]1]-A[[i, 1]1]1*leftBC-A[[i, -1]] #ri ght BC;
A[[i, 111 =0;
A[Li, -1]1=0;

}

1

(*Now sol ve Ax=b. Use triDiagonal for speed for large natricesx)
{nRow, nCol } = Di nensi ons [A];
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I f [nRow< 5, FEMcoeff = Linear Sol ve[A, b],
{
FEMcoeff = Tabl e[0, {nRow}];
FEMcoeff [[2;; -2]] =triDiagonal Sol ve[A[[2;; -2, 2;; -2]11, b[[2;; -2111;

FEMcoef f [[11] =b[[1]]/A[[1, 111;
FEMcoeff [[-1]] =b[[-1]]1/A[[-1, -1]1;
}

1

f enBSol At Poi nts = Tabl e[yApprox [grid[i ], FEMcoeff, h, nPoints], {i, 1, nPoints}];
max FEM = Max [f enSol At Poi nts];
I f [ maxFEM> maxu, {maxu = maxFEM maxu = maxu + 0. 1 Abs [maxu]}];

m NnFEM= M n [f enSol At Poi nts];
If [MNFEM<mnu, {(mMnu=mnFEM mnu=mnu-0.1Abs[mnu]}l;

}
1

| f [pl ot Type = gPl ot TypeFDM | | pl ot Type == gPl ot TypeBot h | | pl ot Type == gPl ot TypeFDMlat a,
{
{xnuneric, FDVeqgs, FDMratri x, FDVoMatri x} =
get UCentral Method [ri ghtBC, | eftBC, h, q, f, nPoints, gridj;
{nRowDM, nCol FDM} = Di nensi ons [FDMmat ri x]
}
1

(xrest is just plotting stuff x)

g=0;
Wi ch[
pl ot Type == gPl ot TypeFDMlat a, g = {Text [Matri xFor m[N[FDMrmatri x]], {0, 0}1],
Text [Matri xFor m[N[FDMoMatri x]], {0.4 +0.03 nRowFDM 0}1,
Text [Tabl eFor m[N[FDMeqs1], {0, .5}1},

pl ot Type == gPl ot TypeFEMlat a, g = { Text [Matri xFor m[N[A[[2;; -2, 2;; -21]111, {0, 0}1,
Text [Matri xForm[N[b[[2;; -2]11], {0.4 +0.05nRow, 0}],
Text [Tabl eFor m[FEMegs], {0, .5}1]

b

True,
{
{rmserror FEM, nmaxError FEM, rnserrorDi ff, maxError FDM} =
get Error sl nAppr oxi mati on [pl ot Type, grid, nPoints, FEMcoeff, xnuneric, sol, hj;

statsFEM=""; statsFDM="";
stats ="nunber el ements=" <>ToString[nEl ements] <>" grid spacing=" <>ToString[N[h]];
I f [pl ot Type == 0 | | pl ot Type == 2,
statsFEM="[FEM error ] RMS=" <> ToStri ng [Account i ngFor m[r nmserror FEM] ] <>
" Max error=" <>ToString[Accounti ngFor m[maxError FEM] ]
1

I f [pl ot Type == gPl ot TypeFDM | | pl ot Type == gPl ot TypeBot h,
statsFDM="[FDM error ] RMS=" <> ToStri ng[Accounti ngForm[rnmserrorDi ff 1] <>
Max error =" <>ToString[Accounti ngFor m[maxError FDM] ]
1

stats =stats <>"\n" <>statsFEM<>"\n" <> st at sSFDM
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pExact =Pl ot [sol /. z X, {x, 0, L}, PlotRange -» {{0, L}, {maxu, minu}},
I mgeSi ze » i mageSi ze, Pl ot Styl e » Red, Pl otLabel - stats];

I f [pl ot Type == gPl ot TypeFEM | | pl ot Type == gPl ot TypeBot h,
{
pFEM= Pl ot [yApprox [x, FEMcoeff, h, nPoints], {x, 0, L}, PlotRange » {{0, L},
{maxu, mnu}}, AxesOrigin- {0, 0}, PlotStyle - Bl ack, | nageSi ze » i mageSi ze];
pFEMpoi nts = Tabl e [ Graphi cs [{Poi nt Si ze[0. 02], Bl ack,
Poi nt [{i h, yApprox[i h, FEMcoeff, h, nPoints]}1}], {i, O, nPoints -1}];
}
1

I f [pl ot Type == gPl ot TypeFDM | | pl ot Type == gPl ot TypeBot h,
{
p2 = Li st Li nePl ot [xnuneric, PlotRange » {{0, L}, {maxu, mnu}},
AxesOrigin- {0, 0}, PlotStyle - {Bl ue, Dashed}, | mageSi ze » i nageSi ze];
pFDMpoi nt s = Tabl e [ Graphi cs [{Poi nt Si ze[0. 02], Bl ue,
Poi nt [{xnuneric[i, 1], xnunmeric[i, 201}1}1, {i, 1, nPoints}];
}
I|E

Wi ch [pl ot Type == gPl ot TypeFEM
g = Show[ {pExact, pFEM pFEMooi nts}],

pl ot Type == gPl ot TypeFDV,
g = Show[ {pExact, p2, pFDMpoints}],

pl ot Type == gPl ot TypeBot h,
g = Show[ {pExact, pFEM p2}, pFDVooi nts, pFEMoi nts]
1
}
1

Graphics[ g, | mageSi ze » i mageSi ze]
1

This isthe Manipulate function. This is the GUI interface for the program. It display the GUI and called the Init and Process functions
above to do the actual calculations
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Set Opt i ons [$Fr ont End, Dynami cEval uati onTi meout -» 10000]
St yl e [Mani pul at e [process [nunber Of El ements, q, f, L, | eftBC, rightBC, plotType],
{{q, 4, "q"}, 1, 100, 1, Appearance - "Label ed"}, {{f, 4, "f"3}, 1, 100, 1,
Appear ance -» "Label ed"}, {{L, 1, "Length"}, 1, 200, 1, Appearance - "Label ed"},
{{l eftBC, O, "Left boundary condition: u(0)"}, -50, 50, 1, Appearance - "Label ed"},
{{rightBC, 0, "Right boundary condition: u(L)"}, -50, 50, 1, Appearance - "Label ed"},
{{pl ot Type, 0, "display type"},
{gPl ot TypeFEM- "PLOT: Finite El ements", gPl ot TypeFDM- "PLOT: Central Difference",
gPl ot TypeBot h - "PLOT: Bot h", gPl ot TypeFEMlat a -» " DATA: Finite el enent",
gPl ot TypeFDMdat a -» " DATA: central difference"}},
{{nunber O El ement s, 2, "nunber of Elenments"}, 2, 50, 1, Appearance - "Label ed"},
FraneLabel -»"Solution to -y'' +q y==f using FEM and di vi ded difference nethods",
Aut or unSequenci ng » {{1, 60}}, SynchronousUpdating - True],
Dynam cEval uati onTi meout - 10000]

q

f

bdbd

Length 8
Left boundary condition: u(0) D 5
Right boundary condition: u(L) D 3

display type |PLOT: Finite Elementsl PLOT: Central Differencel PLOT: Both I DATA: Finite elementl DATA: centr

number of Elements G 9

process[9, 4, 4, 8, 5, 3, 0]

Solution to —y"+q y==f using FEM and divided difference methods
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Appendix

Thisisan analysis function. Not part of the main program. It is used to generate a table that shows the error (RM S and Max) between
FEM and FDM methods as n, the number of points, isincreased.

anal ysis[maxN_, q_, f_, L_, leftBC_, rightBC_] :=Mdul e[
{i, ], A b, k, p, p2, v, y, maxu, m nu, nRow, nCol, nPoi nts, pExact,
pFEM h, grid, nShapeFunctions, coeff ShapeFuncti ons, pFEMoi nts, pFDVpoi nts,
exact Sol At Poi nts, fenfSol At Poi nts, maxFEM mi nFEM startingAt, nEntries,
sol, nEl ements, FEMegs, xnuneric, FEMcoeff, rmserror FEM, FDMeqs, FDVmatri x,
FDVbMat ri x, maxError FEM, rnserror D ff, maxError FDM, nRowDM, nCol FDMV},

starti ngAt = 2;

nEntries = maxN-starti ngAt +1,

p=Table[{0, O, O, O, 0}, {nEntries +1}];

pIl, 1] = "nunber of elenents"; p[l, 2] ="FEM rns error"; p[l, 31 ="FDM rmns error";
pIl, 4] ="FEM max error"; ; p[l, 5] ="FDM max error";

=1

For [nEl enents = startingAt, nEl ements < maxN, nEl enents ++,
{
nPoi nts = nEl enent s + 1;
h=L/nEl ements; (%di stance between 2 pointsx)
grid=N[Range[0, L, h]]; (*the GRID itself )
nShapeFuncti ons = nPoi nts;
coef f ShapeFunctions = Array["c", nShapeFunctions];

sol =y[z] /. First eDSol ve[{-y'' [z] +qy[z] =f, y[0] ==1eftBC, y[L] =rightBC}, y[z], z];
exact Sol At Points = Table[sol /. {z->grid[iQ}, {i, 1, nPoints}];

(*Find max/mn limts for plotting =)
maxu = Max [exact Sol At Poi nts];
maxu = maxu + 0. 3 Abs [maxu];

m nu = M n[exact Sol At Poi nts1;
mnu=mnu-0.3Abs[nmnuj;

FEMegs = Tabl e [makeEquation[i, h, coeffShapeFunctions, g, f, grid, nShapeFunctions] == 0,
{i, 1, nShapeFunctions}];

FEMegs = Si npl i fy [FEMeQsS];
{A, b} =Devel oper " Li near Expr essi onToMat ri x [FEMeqs, coeff ShapeFunctions];

(*Now we need to fix up the A matrix due to the initial conditions. %)
(*This below is a standard nethod | |earned from nmy other courses,
and it works, so | use itx)

AlIll, 2;; -11] =0;

Al[-1, 1;; -2]1=0;

b[[1]] =A[[1, 1]1] =l eftBC,
br[-111 =A[[-1, -1]] *ri ght BC;
For[i =2, i <nPoints, i ++,

{

b[[i1] =b[[i1]-A[[i, 1]1]1*leftBC-A[[i, -1]] #ri ght BC;
A[[i, 111 =0;

Alli, -1]]1 =0;
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(*Now sol ve Ax=b. Use triDi agonal for speed for large matricesx)
{nRow, nCol } = Di nensi ons [A];
FEMcoef f = Li near Sol ve [A, b];

{xnuneric, FDVeqgs, FDMratri x, FDVoMatri x} =
get UCentral Method [ri ghtBC, | eftBC, h, q, f, nPoints, gridj;
{nRowDM, nCol FDM} = Di nensi ons [FDMratri x1;

{rnserror FEM, maxError FEM rnserrorDi ff, maxError FDM} =
get Error sl nApproxi mation[2, grid, nPoints, FEMcoeff, xnuneric, sol, hl;

jo=i+1

pOj . 11 = nEl enents;

(*plj , 21=Account i ngFor m[r nser r or FEM];
pLj , 31=Account i ngFor m[rnmserrorDi ff ];
pOj . 41=Account i ngFor m[maxEr r or FEM];
pOj , 51=Account i ngFor m[maxErr or FDM]; *)

pOj, 2] =rnserror FEM
pOj, 3] =rmserrorDi ff;
pOj, 41 = maxError FEM
pO , 51 = maxError FDM
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p = anal ysis[];
Gid[p, Frame » Al |l ]

Printed by Mathematica for Students

nunmber of points |[FEMrns error |FDMrnms error | FEM max error | FDM nmax error
4 0. 00616329 0. 00559732 0. 00871621 0. 00791581
5 0. 00353305 0. 00334592 0. 00528392 0. 00500695
6 0. 00229035 0. 0022118 0. 0032386 0. 00312841
7 0. 00160582 0. 00156733 0. 00231275 0. 00225795
8 0.0011886 0. 00116759 0. 0016655 0. 00163635
9 0. 000915461 0. 000903042 0. 00129404 0. 00127669
10 0. 00072686 0. 000719055 0. 00101072 0. 000999987
11 0. 000591147 0. 000586 0. 000826163 0. 000819053
12 0. 000490227 0. 000486696 0. 000677674 0. 000672847
13 0. 000413134 0. 000410632 0. 000572964 0. 000569535
14 0. 000352912 0. 00035109 0. 000485639 0. 000483159
15 0. 00030497 0. 000303612 0. 000420617 0. 000418766
16 0. 00026618 0. 000265147 0. 000364975 0. 000363575
17 0. 000234352 0. 000233552 0. 000321868 0. 000320783
18 0. 000207912 0. 000207284 0. 000284258 0. 000283408
19 0. 000185709 0. 000185209 0. 000254225 0. 000253548
20 0. 000166884 0. 00016648 0. 000227624 0. 000227079
21 0. 000150784 0. 000150454 0. 00020587 0. 000205426
22 0. 000136907 0. 000136636 0. 000186367 0. 000186002
23 0. 000124862 0. 000124636 0. 000170109 0. 000169805
24 0. 00011434 0. 000114151 0. 000155387 0. 000155133
25 0. 000105094 0. 000104935 0. 000142918 0. 000142704
26 0. 0000969267 | 0. 0000967911 0. 000131534 0. 000131352
27 0. 0000896758 | 0. 0000895598 0. 000121763 0. 000121607
28 0. 0000832094 | 0. 0000831096 0. 000112779 0. 000112646
29 0. 0000774181 | 0. 0000773318 0. 00010498 0. 000104864
30 0. 0000722113 | 0. 0000721361 | 0.0000977667 | 0. 0000976662
31 0. 0000675126 0. 000067447 0. 0000914429 | 0. 0000913551
32 0. 0000632582 | 0. 0000632006 | 0.0000855634 | 0.0000854865
33 0. 0000593937 0. 000059343 0. 0000803651 | 0. 0000802972
34 0. 0000558729 0. 000055828 0. 0000755099 0. 00007545
35 0. 0000526561 | 0. 0000526163 0. 000071185 0. 0000711317
36 0. 0000497094 | 0. 0000496739 | 0.0000671294 0. 000067082
37 0. 0000470034 | 0. 0000469716 | 0.0000634927 | 0.0000634503
38 0. 0000445124 0. 000044484 0. 0000600703 | 0. 0000600323
39 0. 0000422144 | 0.0000421888 | 0.0000569832 | 0.0000569491
40 0. 0000400899 | 0. 0000400668 | 0.0000540687 | 0.0000540379
41 0. 0000381218 0. 000038101 0. 0000514258 0. 000051398
42 0. 0000362952 | 0. 0000362763 | 0.0000489235 | 0.0000488983
43 0. 0000345969 | 0. 0000345797 | 0.0000466436 | 0.0000466207
44 0. 000033015 0. 0000329993 | 0.0000444792 | 0.0000444584
45 0. 0000315391 | 0. 0000315249 | 0.0000424987 | 0.0000424797
46 0. 0000301601 | 0. 0000301471 | 0.0000406141 | 0.0000405968
47 0. 0000288696 | 0. 0000288577 | 0.0000388827 | 0.0000388668
48 0. 0000276602 | 0. 0000276493 | 0.0000372317 | 0.0000372171
49 0. 0000265253 | 0. 0000265152 | 0. 0000357094 0. 000035696
50 0. 0000254588 | 0. 0000254495 | 0.0000342549 | 0.0000342426
51 0. 0000244553 | 0. 0000244467 | 0.0000329093 | 0. 0000328979
52 0. 00002351 0. 0000235021 | 0.0000316213 | 0. 0000316108
53 0. 0000226185 | 0. 0000226112 | 0.0000304261 | 0.0000304164
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54 0. 0000217768 | 0.00002177 | 0.0000292801 | 0.0000292711
55 0. 0000209812 | 0. 0000209749 | 0. 0000282137 | 0. 0000282054
56 0. 0000202284 | 0.0000202226 | 0.0000271897 | 0. 0000271819
57 0. 0000195154 | 0.00001951 | 0.0000262342 | 0.000026227
58 0. 0000188395 | 0.0000188344 | 0.0000253153 | 0. 0000253086
59 0. 0000181981 | 0. 0000181933 | 0. 0000244559 | 0. 0000244496
60 0. 0000175889 | 0. 0000175845 | 0. 0000236283 | 0. 0000236224
61 0. 0000170098 | 0. 0000170056 | 0.0000228525 | 0.000022847
62 0. 0000164588 | 0. 0000164549 | 0. 0000221044 | 0. 0000220993
63 0. 0000159341 | 0. 0000159305 | 0. 0000214017 | 0. 0000213969
64 0. 0000154342 | 0. 0000154308 | 0. 0000207234 | 0. 0000207189
65 0. 0000149574 | 0. 0000149542 | 0. 0000200849 | 0. 0000200807
66 0. 0000145024 | 0. 0000144994 | 0.0000194678 | 0.0000194639
67 0. 0000140678 | 0.000014065 | 0.000018886 | 0.0000188822
68 0. 0000136525 | 0. 0000136499 | 0. 000018323 | 0. 0000183195
69 0. 0000132553 | 0. 0000132528 | 0.0000177913 | 0. 0000177879
70 0. 0000128752 | 0. 0000128728 | 0.0000172763 | 0. 0000172732
71 0. 0000125112 | 0.000012509 | 0. 000016789 | 0.0000167861
72 0. 0000121625 | 0. 0000121603 | 0. 0000163168 | 0.000016314
73 0. 0000118281 | 0. 0000118261 | 0. 0000158692 | 0. 0000158666
74 0. 0000115073 | 0. 0000115054 | 0. 000015435 | 0. 0000154325
75 0. 0000111994 | 0.0000111976 | 0.0000150229 | 0. 0000150206
76 0. 0000109037 | 0.000010902 | 0.0000146228 | 0.0000146206
77 0. 0000106195 | 0. 0000106179 | 0. 0000142426 | 0. 0000142405
78 0. 0000103463 | 0. 0000103448 | 0. 0000138731 | 0. 0000138711
79 0. 0000100835 | 0. 0000100821 | 0. 0000135215 | 0. 0000135196
80 9.83064x10° | 9.82927x10°® | 0.0000131796 | 0.0000131778
81 9.58715x10°° | 9.58584 x10°° | 0. 0000128538 | 0. 0000128521
82 9.35259%10° | 9.35134x10°° | 0.0000125369 | 0.0000125352
83 9.12653x10°% | 9.12534x10°° | 0.0000122344 | 0.0000122329
84 8.90857 x107° | 8.90744x10°° | 0.00001194 0. 0000119385
85 8.69833x10°% | 8.69725x10°° | 0.0000116587 | 0.0000116573
86 8.49544x10°°® | 8.49441x10°°® | 0.0000113847 | 0.0000113834
87 8.29957 x10°® | 8.29859x10°° | 0.0000111228 | 0.0000111215
88 8.1104x10° | 8.10946 x10° | 0.0000108673 | 0. 0000108661
89 7.92762x10°® | 7.92672x10°° | 0.0000106229 | 0. 0000106217
90 7.75095x10°® | 7. 75009 x10°® | 0. 0000103844 | 0.0000103833
91 7.58012x10° | 7.5793x10° | 0.000010156 | 0.0000101549
92 7.41488x10°° | 7.4141x10°® | 9.93301x10°® | 9.93198x10°°
93 7.25498 x10°® | 7.25423x107°% | 9.71919x10°® | 9.7182x10°°
94 7.1002x10°® | 7.09948 x10°® | 9.5104x10° | 9.50945x10°°
95 6.95032x107° | 6.94964x107° | 9.30999 x10°°® | 9. 30908 x10°°
96 6.80514 x10° | 6.80448x107° | 9.11419x10°° | 9.11332x10°°
97 6. 66446 x10° | 6.66383x107° | 8.9261x10° | 8.92526x107°
98 6.5281x10°% | 6.52749x107° | 8.74224x10°° | 8. 74144 x10°°
99 6.39588x10° | 6.3953x10°° | 8.56547x10°° | 8.5647x107°
100 6.26764x10° | 6.26708x107° | 8.3926x10° | 8.39186x10°°
101 6.14321 x107° | 6.14267 x10°° | 8.22626 x10°® | 8. 22555 x10°°
102 6.02246x10°°% | 6.02194x10°° | 8.06352x10° | 8.06284 x10°®
103 5.90523x10°° | 5.90473x10°° | 7.90681x10°° | 7. 90616 x10°°
104 5.79139x10°° | 5.79091 x10°° | 7. 75343 x10°® | 7. 75279 x10°®
105 5.68081x10° | 5.68035x10° | 7.60562x10°° | 7.60501 x10°®
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106 5.57337x10°° | 5.57292x107° | 7.46088x10°°® | 7.4603x10°°
107 5.46894 x10°° | 5.46852%x107° | 7.32131x10°® | 7.32075x10°®
108 5.36743x10°° | 5.36702x107° | 7.18459x10°° | 7.18404 x10°®
109 5.26871x10° | 5.26832x10° | 7.05265x10°° | 7.05213 x10°®
110 5.1727x10° | 5.17232x10°° | 6.92336x107° | 6.92285x10°°
111 5.07928 x10™® | 5.07891x107° | 6.79851x10°° | 6. 79803 x10°°
112 4.98838x107° | 4.98802x10°° | 6.67612x10°° | 6.67565x107°
113 4.89989 x10°° | 4.89955x107° | 6.55787 x10°° | 6.55742 x10°°
114 4.81373x10°° | 4.8134x10°° 6.4419x10°° | 6.44146x10°°
115 4.72983x107° | 4.72951x10°° | 6.32978x10°° | 6.32936x107°
116 4.6481 x10°° 4.6478x10°% | 6.21979x10° | 6.21938 x10°°
117 4.56848 x10°° | 4.56818x10°® | 6.11338x10°® | 6.11299x10°°
118 4.49088 x107° | 4.49059x10°® | 6.00897 x10°® | 6. 00859 x10°°®
119 4.41524%x10°° | 4.41496x10°® | 5.9079x10° | 5.90753x10°
120 4.3415x10°° | 4.34123x10°® | 5.80869x10° | 5.80833x10°°
121 4.26959%x10°° | 4.26933x10°® | 5.71261x10°® | 5.71226x10°°
122 4.19945x10°°% | 4.1992x10° | 5.61826x10° | 5.61793x10°°
123 4.13102x10°° | 4.13078x10°® | 5.52684 x10°°® | 5.52652x10°°
124 4.06426 x107° | 4.06402x10°° | 5.43704x10°° | 5.43673x10°°
125 3.9991x10° | 3.99887 x10°°® | 5.34999x107° | 5.34968 x10°°
126 3.93549x10°° | 3.93527x107° | 5.26445x10°° | 5.26416 x10°°
127 3.87339x10°° | 3.87318x107° | 5.18149x10° | 5.18121 x10°®
128 3.81275x107° | 3.81254x107° | 5.09995x10°° | 5.09968 x 10°°
129 3.75352x107° | 3.75332x10° | 5.02083x10° | 5.02056 x10°®
130 3.69566 x 107 | 3.69547 x10°° | 4. 94304 x10°° | 4.94279 x10°®
131 3.63913x10°° | 3.63894x107° | 4.86752x10°° | 4.86728x10°°
132 3.58389x10° | 3.5837x10°° | 4.79327x10°° | 4.79302x10°°
133 3.52989x10°° | 3.52971x10°° | 4.72114x10°°® | 4.7209x10°°
134 3.47711x10°° | 3.47693x10°° | 4.65019x10°° | 4. 64997 x10°°
135 3.4255x10°° | 3.42533x10° | 4.58126x10° | 4. 58104 x10°®
136 3.37503x10°° | 3.37487x10°° | 4.51343x10°® | 4.51322x10°®
137 3.32567 x10°° | 3.32551%x10°°% | 4.4475x10° | 4.44729x10°®
138 3.27738x10°° | 3.27723x10°° | 4.38262x10°° | 4.38242x10°
139 3.23014x10°% | 3.22999x10°° | 4.31952x10°® | 4.31932x10°°
140 3.18391x10°° | 3.18377x107° | 4.25741x10°° | 4. 25722 x10°®
141 3.13867 x10° | 3.13853x10°° | 4.19698x10°° | 4.1968x10°°
142 3.09438 x10°° | 3.09425x107® | 4.13749x10°° | 4.13731x10°°
143 3.05103x107° | 3.05089%x107° | 4.07959x10°°® | 4.07941 x10°®
144 3.00858x107° | 3.00845x107° | 4.02257x10°° | 4.0224x107®
145 2.96701x107° | 2.96688 x10°° | 3.96705x10°° | 3.96689 x10°°
146 2.92629x107° | 2.92617x107° | 3.91237x10°° | 3.91221 x10°®
147 2.88641x10° | 2.88629x10° | 3.85911x10°° | 3.85895x10°°
148 2.84734x10°° | 2.84722x107° | 3.80664x10°° | 3.80648 x10°°
149 2.80905x10°°® | 2.80894x10°® | 3.75551x10° | 3. 75536 x10°®
150 2.77154x10°® | 2.77143x10°° | 3.70513x10°°® | 3. 70499 x10°®
151 2.73477x10°® | 2.73466x10° | 3.65603x10°° | 3.65589 x10°
152 2.69872x10°° | 2.69862x10° | 3.60763x10°° | 3.6075x10°
153 2.66339x10° | 2.66329x10° | 3.56045x10° | 3.56032x10°
154 2.62874x10°° | 2.62864x10° | 3.51394x10°°® | 3.51381 x10°°
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155 2.59477 x10°® | 2.59467 x107° | 3.46857 x10°°® | 3.46844 x10°°
156 2.56145x10°° | 2.56135x10°° | 3.42384x10° | 3.42372x10°
157 2.52876x107° | 2.52867x10°° | 3.3802x10° | 3.38008x10°
158 2.4967 x10°® | 2.49661x10°° | 3.33717x10°® | 3.33705x10°°
159 2.46525x107° | 2. 46516 x107°® | 3.29516 x10°°® | 3. 29505 x 10°°
160 2.43438x10°° | 2.4343x10°® | 3.25374x10°° | 3.25363x10°°
161 2.4041x10°® | 2.40401x10°® | 3.2133x10°® | 3.21319x10°°
162 2.37437x107% | 2.37429x10°° | 3.17341x10° | 3.1733x10°
163 2.34519x107° | 2.34511x107° | 3.13445x10°° | 3.13434x10°°
164 2.31655x107° | 2.31647x107° | 3.09601x10°° | 3.09591 x10°°
165 2.28842x10°° | 2.28835%x107° | 3.05846x10°° | 3.05836 x10°°
166 2.26081x10° | 2.26074x10°° | 3.02141x10°° | 3.02131 x10°®
167 2.23369x10°° | 2.23362x10° | 2.98521x10°°® | 2.98511 x10°®
168 2.20706x10°® | 2.20699x10°° | 2.94948 x10°® | 2. 94938 x10°°
169 2.1809x10°® | 2.18084x10°® | 2.91455x10°® | 2. 91446 x10°°
170 2.15521x10°° | 2.15514x10°° | 2. 88008 x10°® | 2. 87999 x10°°
171 2.12996x10°® | 2.1299x10°® | 2.84638x10° | 2.84629 x10°°
172 2.10516x10°® | 2.1051x10°°® 2.8131x10°% | 2.81302x10°°
173 2.08079x10°° | 2.08073x107° | 2. 78057 x10°® | 2. 78048 x10°°
174 2.05684 x107° | 2.05678x107° | 2.74844x10°° | 2. 74836 x10°®
175 2.0333x10°® | 2.03324x10°® | 2. 71701 x10°® | 2. 71693 x10°®
176 2.01016x10° | 2.0101x10® | 2.68598x10°° | 2.6859x107°®
177 1.98741x10°° | 1.98735x10°° | 2.65561x10° | 2. 65554 x107°
178 1.96505x10°° | 1.96499 x10°® | 2.62562x10° | 2. 62555 x10°°
179 1. 94306 x10°® | 1.94301x10°® | 2.59627x10°® | 2.5962x107°
180 1.92144x10°° | 1.92139x10° | 2. 56728 x10°® | 2.56721 x10°®
181 1.90018 x10™® | 1.90013x10°° | 2.53889x10° | 2.53883 x10°°
182 1.87927 x10°® | 1.87922x10° | 2.51085%x10° | 2.51079 x10°®
183 1.8587x10°° | 1.85866x10°° | 2.4834x10° | 2.48333x10°
184 1.83847 x10°® | 1.83843x10° | 2.45627x10°° | 2.45621x10°®
185 1.81857 x10°® | 1.81852x10°° | 2.42971x10°° | 2. 42964 x10°®
186 1.79899 x10°® | 1.79894 x10°® | 2.40345%x10°° | 2. 40339 x10°®
187 1.77972x10°® | 1.77968x10°® | 2.37773x10°° | 2. 37767 x10°®
188 1.76076 x10°® | 1.76072x10°° | 2.35232x10°° | 2.35226 x10°®
189 1.74211x10°® | 1.74206x10°° | 2.32741x10°° | 2.32736x10°°
190 1.72374x10°% | 1.7237x10°° 2.3028x10°% | 2.30274x10°°
191 1.70567 x10™® | 1.70563x10°° | 2.27867x107° | 2. 27862 x10°°
192 1.68788x10°° | 1.68784x107° | 2.25482x107° | 2. 25477 x10°®
193 1.67037 x10™® | 1.67033x10°° | 2.23145%x107° | 2.23139x10°°
194 1.65312x10°° | 1.65309x10° | 2. 20833 x10° | 2.20828 x10°®
195 1.63615x10°° | 1.63611x10°° | 2.18567x10°° | 2. 18562 x10°®
196 1.61943x10° | 1.61939x10° | 2.16327x10° | 2. 16322 x10°®
197 1.60297 x10°° | 1. 60293 x10°° | 2.14129%x10°° | 2. 14125 x10°®
198 1.58676x10°® | 1.58672x10° | 2.11957x10°° | 2.11952 x10°®
199 1.57079x10°® | 1.57075x10°° | 2.09825x10°° | 2. 09821 x10°®
200 1.55506 x10°® | 1.55503x10°® | 2.07718x10°° | 2. 07713 x10°®
201 1.53957 x10°® | 1.53953x10°® | 2.0565x10°® | 2.05645x10°®
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