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1 Introduction

Given the following system

M —— u(t}

Need to find control law w (t) to stabilize the inverted pendulum. First we need to obtain the
equations of motions.

2 Analysis

Let the Lagrangian coordinates be # and x as shown. Let L be the Lagrangian. Let T be the
kinetic energy of the system and let U be the potential energy. Hence

L=T-U
and
T = 1M:'c2 + lmvz
) 2

Where v is the linear velocity of the blob m relative to the inertial system.

V cos(8)

V sin(B)

Hence, since v = lé, we obtain
v? = (T + vz)z + U;
= (& +vcosh)® + (vsin )
) 2 ) 2
- (m + 10 cos 9) + (wsm 9)
= @2 + 1202 cos? 0 + 210 cos O + 1262 sin? §
= @2 + 1202 + 2310 cos O



Hence T becomes

1 1 . .
T = SMi* + Sm (5;2 41262 4 2416 cos 9)

And since the blob is losing potential energy as it move downwards, we obtain U as (assuming
zero potential energy is the ground level)

U = mgl cos@
Therefore the Lagrangian is

L=T-U

=t Mi? + im (x'2 + 1262 + 2410 cos 0) — mgl cos

To obtain the equation of motions, we need to evaluate 2 <8L> IL _ (), for each Lagrangian

coordinate ¢; and @); is the generalized force for that cooféinge. ;eﬁze for # we obtain
% = %m (2[29 + 21l cos 9)
% (%) = %m <2129 + 2l cos § — 2l sin (0) 9)
g_g _ %m (—25519' sin 9) + mglsin

Hence EQM for 0 is
d (o) oL _
dt \ 90 90
1 95 o . : 1 - :
3™ (21 0 + 23l cos @ — 2l sin () 9) - <§m (—2xl@ sin 9) + mglsin 0) =
mll + mi cos § — mi sin 00 + mif sinf — mgsinf =
mlf 4+ mi cos — mgsin 0 = (1)

Now we need to obtain () for the coordinate #. Apply a virtual displacement 60 and determine
the work done by w (¢)

~|O~O L Q




Hence the work done by u is making virtual displacement 6 is zero, since w is not in the line of
force along this displacement. Therefore, the EQM for # is from (1) above

mlf + mi cos§ — mgsinf = 0 (2)

Now we find EQM for coordinate x

sMi? + sm (j:2 + 1202 + 216 cos 6) — mgl cos 6

oL 1 ) :
%—Mx+§m(2x+2l90089>
d (0L L1 . . - :
pr <8_x) = Mi+ 3™ (Zx + 216 cos 0 — 210 sin (6) 9)
:M:i‘—l—m(i—i-lécos@—lé%in@)
oL
=~ _0
ox

Hence EQM for z is
4oLy o,
dt \ 0z or
(M 4 m) i + mlf cos § — mlf?sinf = Q

Now we need to find @ for z. Apply virtual displacement in the = direction, and find work done
by u

oW =u (dz)
But Q = %—IZ, hence we see that ) = u, therefore, the EQM becomes
(M +m) & + mif cos § — mlb?sinh = u (3)
The 2 EQM found are
mlf + mi cos @ — mgsinf = 0 (3A)

(M +m) i 4+ mif cos§ —mlf*sinh = u (3B)



Assume | small angle approximation |, we obtain
0+i—gd=0 EQM for 0 (4)
(M +m) i +mlf = u EQM for x (5)

Now, solve for # and 6 from (4) and (5). From the second equation above, eq (5) we find

u— mll
(M +m)

T =

Substitute the above into eq (4) we obtain

. uw—mlf
10 — | —g0=0
+<(M—|—m)> g
(M +m)10 +u—mlf — (M +m)gh =0
M1 — (M +m) gb = —u

—u+ (M +m) g0

0= i (6)

Now, using result for 6 found in (6), substitute into (5) we obtain

B u—ml
= (M +m)
) u—mil (7u+(1]\\4/u+m)99>
e (M +m)
uM + mu — mMgh — m?g0
- M (M +m)

—gmf (M +m) u

M (M +m) M
—gmb  u

M M

Hence, to ’summarize what we have so far \ We have obtained 2 linearized equations of motion
for 6 and z and they are the following

10+i—g0=u
(M +m) & +mlf =u

Now convert to state space. Let x1 = x, 29 = &, 23 = 0,24 = 0, hence

T =2 T1 =2 = Xy 1 =T = X9
. . .. . — gm0
To =1 T9 =& Ty = 1\21+%
— — 0
1‘3:0 1‘3:921‘4 333:9:.T4
=0 iy =0 g = Um0

Ml



T1 = @

V2= T tw

T3 = 14

S g(M+m) u
Ta= 73 ~

Writing the above in the form X = AX + Bu we obtain

l"l 0 1 0 0 T 0
| |00 = 0 T2 ﬁ
sl loo 0o 1||a| o] (7)
Ty 0 0 g(%m) 0 T4 ﬁ
X1
_ T2
y=(10 1 0) .
Xy

2.1 Stability of open loop system

To determine the stability of the above system (it is a linear system now, since we have already
linearized it), we first find the equilibrium point. This is found by setting x = 0, and this results
inxzy=0,23=0,24=0,1e. £=0,0=0, and 6 = 0. Notice that the value of z is not important
for the equilibrium point. Now we need to determine if this point is stable or not.

-2 1 0 0
0 —A =
det 0 0 N 1 =0
M+m
0 o Mmoo\

_i 2 4 2\ __
i (MgX?* = MIN* + gmA®) =0
AN (MIN —g(m+M)) =0

Hence

L AT - L AT

Since M, [, m,g are all positive, we see that one root will be in the RHS of the complex plane.
Therefore the open loop system is .

To stabilize it, we need to supply a control law u to force the roots of the new A matrix to be all
in the LHS of the complex plane.

Let
u=Fx

= (f17f27f37f4) (x17$27x37x4)T
=f171 + fazo + f3r3 + fary



Hence (7) becomes

T (/0 1 0 0 0 )
o | 00 = 0 ﬁ To
is | T 0 0 0 1| T 0 i o fs f4) s
g [ \o o «Em - 4
l"l ( 01 0 0 0 0 0 T
Ty _ 0 0 % 0 + _fl Mf2 Mf3 ﬁﬁx T
Ty L \0 0 g(%m) 0 —a7fi —spfe —3fs —R /4 Ty
I 0 1 0 0 1
iQ _ ﬁfl ﬁf? % - %gm %fﬁl ) (8)
I3 0 0 0 1 x3
Ty —if1 —afe S (M+m)—5fs —5r/s Ty
I
y=(1 0 1 0) 2
Ty
Therefore
—A 1 0 0
det ﬁﬁ ﬁféo— A ﬁfs :)\%gm ﬁf4 —0
—snfi —apfe i (M +m)—gpfs —5pfa— A
il (gf1+)\2f3+/\3f4+g/\f2 — Mg)\* + MM — gmA? — IN2fy —l/\3f2) =0
Hence
—1 fa) (fs—Mg—gm—1 f) g fo 9f1
UNIpRIEL \? + 2 =0 8
L VR M M1 M ®)

We now need to determine fi, fo, f3 and f5. Assume we require that the closed loop poles be
located at

A={-1,-2—1+44,—-1—4}

Hence, the characteristic polynomial is

AN=A+DA+2)A+1—=9) (A +1+1)
= A+ 50% + 10A% + 10\ + 4 (9)



Compare (8) and (9) we obtain the following

(f4—lf2):5
M
(fs—Mg—gm—-1Lf)_,
M
g fa
=1
M 0
g f
—— =4
M1
or
fa—1 fo=5MlI
Ml
fo=10="
g
Ml
fr=4="
g
Hence

2
f1=5Ml (1+ gl)

f3s=2MI (5+ 2;[) +g (M +m)

Ml
Jo=10—
g
Ml
fi=4—
g

Therefore, given M,m,g,l we can now find fi, fo, f3, f4 which will generate force u (t) which will
keep the poles of the closed loop system in the LHS of the complex plane, and keep the inverted
pendulum stable. For example, for M = 1kg,m = 0.1kg,l = 1,g = 10m/s?, we obtain

2
f4:5(1+1—0):6

2
fs=2 (5 + E) +10(1.1) =214

1
=10— =1
f2 0
4

=—=04
10

S



3 Comparing solution with and without stabilizing control
law

We will now generate the solution x (¢), 6 (¢) for some initial conditions and plot these solutions
against time. In the first case, we assume u (t) is zero. Hence we will observe that the system is
unstable, i.e. 6 (t) will grow away from the marginally stable position which is = 0° and will not
return back. Next, we will introduce u (t) as determined in the previous section, and observe the
new solution to see that it remains near or at the § = 0° position.

First, we need to decide on some initial conditions. These must be such that 6 (0) close to zero
and for z (0) we can use zero. Hence, let

A~~~ —~
o o o O
— ~— ~— ~—

1
S

To determine y, which is the solution of the system, we first must solve equation (7) and (8) for
the above IC.

The solution to (7) is given by solution to

x =Ax (10)
which is
x (1) = x (0) e™
Where
T Et;
) t
x(t) = 75 (1)
24 (1)
and
i) (O) jﬁ'o
X <O) - T3 (O) o 90
Ty (O) 90

Taking Laplace transform of (10) we obtain

sX (s) —x(0) = AX (s)
X (s) = (s — A" x(0)

Hence



Therefore, the solution to

$'1 01 0 0 T
j?g - 0 0 % 0 i)
2.73 - 0 0 0 1 T3
Ty 0 0 g(%m) 0 )
is
[ /(s 00 0 01 0o o\\ '] /o0
_ -1 _ M
x(t) =L 00 s 0 00 0 1 b
000 s 0 0 Mmoo 0o
s —1 0 0\ 7T /0
_ ol 0 s %gm 0 T
0 0 S —1 Qo
\0 0 —54(M+m) s 0o
- /1 1 m m
s 82 glMgs—Mls3+gms glMQSQ—Mls4+gm52 0
_ 0 1 7 iRy s Oy s £ e T
- L 1 s Mls24+Mg+gm Mgs Mlsl +gms 0
0 0 —Mi —]\]\/i[lsi-l—Mg—&-gm —Mlis?+Mg+gm 9,0
| 0 0 _7Ml52%rl\€fg+gm —Mi —Mlis?+Mg+gm 90
1 _ coshtw/Mil(Mg—I—gm) ¢ __ sinht ﬁl(Mg+9m)
Lo (Mg“’m Matgm 987\ Stgtam ™ Wtgramyy/ 3ty o) 0
1 sinhty/ = (Mg+gm) 1 coshty/ = (Mg+gm) )
_ 0 1 Mgm \/ﬁl{[]&nggm) glm (Mg+gm - Mlg—li-gm ) o
1 sinh ¢4/ ﬁ(Mg—i—gm) (?O
00 cosht\/Ml (Mg+ gm) pgrrr— 0o
1 : 1 Mg+gm 1
00 55 <smht\/m (Mg + gm)) —ﬁ(ngﬂrgm) cosht\/m (Mg + gm)

cosh ty/ ﬁ(Mnggm)

1
Mg+gm Mg+gm

tio + glmby ( ) + Ooglm (
7 (Mg+gm)
Mg+gm

1 cosht

Mg+gm

j,’g + Qoglm (

sinh ¢

¢ sinht ﬁ(Mg+gm)

) - %gm@o

Mg+gm

)

(Mg+gm)\/ 17 (Mg+gm)
sinh ¢ ﬁ (Mg+gm)

V 7 (Mg-+gm)
w7 (Mg+gm)

0 cosht\/Mil (Mg + gm) + 6,

v 57 (Mg+gm)

Therefore, the solution to x3 (t) which is 6 (¢) is given by

0o COSht\/ﬁ (Mg + gm) + ﬁ@o (sinht\/ﬁ (Mg + gm))

Mg+gm
ﬁl(Mg+gm)




1 . sinht\/ﬁ (Mg + gm)
0(t) = Hocosht\/m (Mg +gm)+ 6
Vi (Mg +gm)

Let 0p = 75, 0y = 1rad/ sec, we plot the above solution for ¢ = 0 up to 10 seconds

In(E1)= m = 0.1,' M= 1,' 1l = 1,' g = 10,? [=11] =Pi/10,‘ eDot0 = 1,'

Sinh[t M]
(Mg+gm) Ml
e[t ] := 60 Cosh[t - ] +6Dot0
M1
(M g+gm)
M1

Plot[e[t], {t, 0, 1}, AxesLabel - {t, "e(t)"}]

8(t)

i /
.r"llr

I

6 /
rd
out{33]= s i /
//

2 ,_/'/./
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0.2 0.4 0.6 0.8 1.0

Now, we plot the solution to (8), which is the state space equation with the stabilizing control law
derived above,which is the following

1 0 1 0 0 1
Ty | _ S gl A fs — argm 4 To
.ifg 0 0 0 1 T3
Ty —ift —wfe S M +m)—s5fs —5afs) \24

where



2
f1=5MI <1+ El)

f3=2MI (5—!— 2;[) +g (M +m)

Ml
f2=10—
g
Mli
fi=4—
g

Where the above values determined to cause the closed loop poles to be located at

{-1,-2,—1+4i,—-1—1i}

Hence

x () = L7 [(sT — A)"Y] x(0)

s 000 0 1 0 0 /0

_ |0 s 0 0f = agf = f3— gm = fa To
00 s 0 0 0 0 1 0o
000 s —sah —anfe wt(MAm)—gafs —5pfs o
s 1 0 0 /0

_ ! —ﬁfl S—ﬁfz ﬁgm—ﬁfs —ﬁf4 T
0 0 s -1 0,
=i apfe wafs— i (M +m) s+ 554 A

To make the computation easier, we now substitute numerical values for all the above parameters
, which are M = 1kg,m = 0.1kg,l = 1, g = 10m/s*, and we obtain

-1

S —1 0 0 0
x(t) = £ _Ofl S—sz 1—Sf3 —_J% 307(())
fi for fs—=10(L1) s+ fy 0o

and

2
f4:5(1+1—0>:6

2
f3=2 (5 + E) +10(1.1) =214

1
=10— =1
fa 0
4

=—=04
10

S



Hence

s -1 0 0 0
—04 s—-1 1—-214 —6 T
_ 0
xO=L71 0 s -1 o
04 1 214-10(1.1) s+6 o
s -1 0 0\ /0
_ -l —04 s—1 —20.4 —6 To
N 0 0 S -1 9,0
04 1 214-10(11) s+6 b

Using 0y = 7, 0o = 1rad/ sec, iy = 1m/ sec, and solving for 6 () we obtain
s -1 0 0\ /0
04 s—1 —20.4 —6 1
x(H) =L 0 0 s -1 -
04 1 214-10(1.1) s+6 1

Using CAS system to matrix inverse the above and obtain the inverse Laplace transform, and pick
the 0 (t) solution and plot it, we observe that now the system becomes stable as expected.




In[2s]= A={{s, -1,0,0}, {-.4,5s-1,1-21.4, -6}, {0, 0, s,

_1}.1
{0.4, 1, 21.4-10(1.1), s+6}}
inv = Inverse [A]

Chop [Simplify[InverseLaplaceTransform[%, s, t]1]1]1;
MatrixForm[sol = %.{0, 1, Pi /10, 1}];

FullSimplify[sol[[3]]]:

ExpToTrig[%]
Plot[%, {t, 0, 10}, AxesLabel = {t, "e(t)"}]
s -1 0 0
-04 -1 =204 -6
out[as]= 0 0 . 1
0.4 1 104 s+6
3455241045410, s 4654104 20.4 5460, f5+20.4
s4+553+10.52+10. s+4. s4+553+10.52+10.s+4. s4+553+10. 52+ID.5+4. 4 3 z
045240, 54,

sTefsde104s 20452460, 5 65242045
s4+553+10.52+10. s+4. s4+553+10.52+10.s+4. s4+553+10. 52+ID.5+4. 54+553+ID.52+ID.5+4.
Out[96]= 3 2 2

0.-04s —5—0.4 s7+55°—0.45+0. s°—5—0.4
s4+553+10.52+10. s+4. s4+553+10.52+10.s+4. 4 3 2
0. 5-0.4 52

sT+557+100 54410, s+4. 54+553+ID.52+ID.5+4.
—10.454-10.5-4.
S5 5110, 52410, 544,

53—52—0.45
S50 2410 544 ST 455 410 52410, 544,
out[100)= —(2.14823 — 1.17124 z) sm((1. + 1. 2)z) + (1.17124 + 2.14823 §) cos((1. + 1. 7)) -

s +557+10 54+ 10, s+4.

—52—0.45
54+5 53+ID. 52+ID. 5+4.

(1.17124 — 2.14823 5) smh((1. + 1. 5)t) + (1.17124 — 2.14823 5) cosh((1. + 1. ) t) —
3.5823 sinh(1. ) + 5.61062 sinh(2. ) + 3.5823 cosh(1.1) — 5.61062 cosh(2. )
Bit)

ozt |

L \ Ve d T
out[101]= '

1
-0.2F |

—04 \
4 Conclusion

We observe from the above plots and the plots shown in the computation section below, that with
the control law derived to force the poles of the closed loop to be stable, the inverted pendulum
has been stabilized and the final angle # that the inverted pendulum makes with the vertical does
go to zero. From the position z(t) plot, we see that the cart move to the right away from the x = 0
position, then it return back to x = 0 position, while in the same time, the pendulum has swung
back and forth about thef = 0 position before it finally settles down the at the stable position.
This shows the using pole placement will result in an effective control law which stabilized the
system. We have assumed small angle approximation here, and the initial angle used was small.
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