Computation of the Control law using pole
placement to stabilize an inverted pendulum on a
moving cart

by Nasser Abbasi, computation section project report for 511

set up some notations to use

<< Notation’
Synbolize[ X1 ]; Synbolize[ X2 ]; Synbolize[ X3 ];

Synbolize[ Xa ]; Synbolize[ Vy ]; Synbolize[ Vy ]

Calculate the kinetic energy

1 1
ke = — Mx' [t]1%+ Emquuared;
vSquared = (X' [t] +Vx[t1)%+Vy[t]%
vSquared = vSquared /. vx[t] - Vv[t] Cos[e[t]];
vSquared = vSquared /. vy[t] »Vv[t]Sin[e[t]];
vSquared = vSquared /. v[t] - Le' [t];

vSquared = Sinplify[vSquared];
vSquar ed = Expand [vSquar ed];
ke

1 1
> m(L2¢' ()% + 2L X (1) ¢/ (1) cos(B(t)) + X (t)?) + M X (1)

Calculate the potential energy of the system

pe = mgLCos[e[t]]

g L mcos(6(1)
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Calculate the Lagrangian of system

Lagrangi an = ke - pe

1 1
—g L meos(i(t) + 5 m(L% ') + 2L X (1) @' (t) cos(@(t) + X () + > M X'(t)

Find equation of motion for the bob

eqFor Theta = D[D[Lagr angi an, ' [t]], t] - D[Lagrangi an, e[t ]]
eqFor Theta = Assum ng[{L, m} >0, Sinplify[eqFor Thetal]];
eqFor Thet a = Cancel [eqForTheta = (1/ (Lm))] =

1
—gLmsin@(t)) + 5 mM(2L26"(t) + 2L X"(t) cos(@(t)) — 2L X'(t) &/ (t) (A1) + L mx'(t) &/ (t) sin(A(t))

—gsin((t)) + L §”(t) + X’ (t) cos(d(t)) = 0

Find equation of motion for the bob for small angle

eqFor Thet aFor Smal | Angl e = eqFor Theta /. {Cos[e[t]] » 1, Sin[e[t]] ->e[t], &' [t]° 0}

—got) + Lo’ +x'(H)=0

Find equation of motion for the cart

eqFor X = D[D[Lagrangi an, x' [t]1], t] -D[Lagrangi an, x[t]]
eqFor X = Sinplify[eqForX == u]

1
5 m(2L 6" (1) cos((t)) — 2L &' ()2 Sin@(D) + 2 X" (D) + M X" (1)

L m# (®)?sin(@t)) + u= L m@”(t) cos(@t)) + (m+ M) X’(t)
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Find equation of motion for the cart for small angle

egFor XFor Smal | Angl e = eqForX /. {Cos[e[t]] » 1, Sin[e[t]] ->e[t], & [t]2->0}

u=Lme@" )+ (m+ M) X"(t)

Fi rst [Sol ve [eqFor Thet aFor Smal | Angle, ©'' [t1]]

(0 g - x"(t)}

Fi rst [Sol ve [eqFor XFor Smal | Angle, x'' [t]1]]

u-—Lme” )
{X/,(t)—> -

)

m+ M

sol = First [Sol ve[{eqFor XFor Smal | Angl e, eqFor Thet aFor Smal | Angle}, {x'' [t], e ' [t1}]]

gmé(t) —u —-gmet) —gM () +u

{x”(t) > @'(t) > — — }

Set up the state space equations X' =A X+ B u

xldot = x; = 0;

x2dot = ((x''[t] /. sol) /. {6[t] » x3}) = 0;

x3dot = x4 = 0;

x4dot = ((6'' [t] /. sol) /. {6[t] » X3}) =0;

c = CoefficientArrays [{xldot, x2dot, x3dot, x4dot }, {X1, X2, X3, X4}] // Normal ;

setup the A matrix

A=c[[2]]

o

o

|

|
o B O O
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setup the B matrix

b = Transpose [{C[[1]] /. U > 1}]

0
1
M
0

1
LM

Analysis for Uncontrolled inverted pendulum

In this section, we find the solutions (x (t), X' (t), 8 (t), and ' (t)) when no control isapplied.i.e. u=0

define initial conditions, and initial X(0) vector, and define system values

val ues = {initial XPosition - 0, initial XSpeed - 1,

initial Angle » Pi /20, initial Angul arSpeed -1, m-»0.1, M- 1, g » 10, L » 1};
Matri xForm[initial X = {initial XPosition, initial XSpeed,

initial Angle, initial Angul ar Speed} /. val ues]

R 8ls O

define desired pole locations

desiredPol eLocations = {-1, -2, -1+, -1-1}

(-1, -2, -1+, -1 — i}

Setup the sl - A matrix

tnp =s xldentityMatrix[4] -A

s -1 0 0
gm

0 s o 0

00 S -1
g mg

(0} T Tw S
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Fi

nd I nverse Lapl ace t ransf or mof (sl - A)~1

Inverse[tnp /. val ues];
I nver seLapl aceTransform[%, s, t]

—0.150756 e—3.31662t + 0.150756 e3-31662t
0 11. (~0.150756 331662t . 150756 331662t 0.5 331662t | (5 (331662t

1. 1.t —1.(~0.0909091 + 0.0454545 ¢~331662t | 00454545 £331662t) _1 (~0.0909091 t — 0.0137051 ¢~331682t 4 0,0137051 ¢*
0 1 ~1.(~0.150756 ¢~331682t 1. 0150756 ¢331662t) ~1.(~0.0909091 + 0.0454545 ¢~331662t 1. 00454545 ¢3
0 0 0.56—3.31662t +05 e3.31662t

0

Fi nd X (t) the sol uti onwhi chislnverseLapl aceTransformof (sl -A)~! » X (0)

Tabl eFor m[sol For Uncontrolled = %.initial X]

—0.15708 (0.0454545 ¢~331662t | 0,0454545 £331662t _ 0,0009091) — 1. (—0.0909091 t — 0.0137051 £~331662t 1. 0,0137051 331662t
—1. (0.0454545 ¢~331662t | 0,0454545 £331662t _ 0,0009091) — 0.15708 (0.150756 331662t — 0150756 ¢~331662t) 1 1,

i T (O 5 6—3.31662t +05 83.31662t) — 0.150756 6—3.31662t + 0.150756 63.31662t

2 L b h b

1.72788 (0.150756 331962t — 0.150756 ¢~331662t) 1. 0,5 ¢~3316621 . (.5 331662
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Pl ot thesolutionsx; (t), X, (t), X3 (t), X4 (t)

Ful | Simpli fy [sol ForUncontrol led [[1]]1];

xSol uti onForUncontol | ed = ExpToTrig[%];

pl =Plot[%, {t, 0, 1}, AxesLabel - {t, "x(t) degrees"},
Pl ot Label - "x(t), no control", | mageSi ze » 2407];

Ful | Simpli fy [sol ForUncontrol led [[2]]];

xDot Sol ut i onFor Uncontol | ed = ExpToTri g [%];

p2 =Plot [%, {t, O, 1}, AxesLabel - {t, "x' (t) degrees"},
Pl ot Label - "x' (t), no control", I mageSi ze » 240];

Ful | Si mpli fy [sol ForUncontrol |l ed [[3]]1];

t het aSol uti onFor Uncontol | ed = ExpToTri g [%];

p3=Plot [180/Pi =%, {t, 0, 1}, AxesLabel - {t, "e(t) degrees"},
Pl ot Label - "e(t), no control", | mageSi ze » 2407];

Ful | Simpli fy [sol ForUncontrol |l ed [[4]1]];

t het aDot Sol uti onFor Uncontol | ed = ExpToTrig[%];

p4 =Plot [180/Pi =%, {t, 0, 1}, AxesLabel - {t, "e' (t) degrees/sec"},
Pl ot Label - "e' (t), no control", I mageSi ze » 240];

G aphi csGid[{{pl, p2}, {p3, p4}}]
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Analysis for Controlled inverted pendulum

In this section, we find the solutions (x (t), x' (1), 8 (t), and 6" (t)) when control force is applied which is first
determined based on desired pole locations

Setup the A matrix with the control law. See analytical report for how this is derived

AFor Control l ed =
fi1 f2 f3 gm f4 -f1 f2 gm+«M 3 -f4
{{07 1, Ov 0}7 {_1 — s T - T T _}1 {01 01 01 1}1 {_1 | _}}
M M M M M ML ML ML ML ML
0 1 0 0
f1 f2 3 gm f4
MM MM M
0 0 0 1
f1 f2 g(m+M) i f4
LM LM M LM ™M

Find the characteristic equation for the A matrix

tnp =s xldentityMatrix [4] - AForControl | ed;
gi venChar Equati on = Det [tnp]

flg fl1s? f2gs f2s® {382 f4s gms® g&°
— s~ —
LM M LM M LM LM LM L

Determine the desired characteristic equation from the desired closed loop pole locations

desi redChar Equati on =

Expand [Appl y [Ti mes, Tabl e [s - desi redPol eLocations [[i 1], {i, 1, 4}111]

' +583+10s% + 10s+ 4

Compare coefficients of the above 2 characteristic equations to solve for f1,f2,f3,f4

tnp = Col | ect [desi redChar Equati on - gi venChar Equati on, s _]

f1 3 gm g flg f2 f4 f2g
sz(———+—+—+10]——+53{———+5]+s(10——]+4
M LM LM L LM M LM LM
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tnp = CoefficientList [tnp, S]

flg f2g f1 3 gm g f2 f4
{ 10 : + 10
LM LM M LM LM L LM

equations = Table[tnp[[i]] =0, {i, 1, 4}]

flg f2g fl 3 gm g f2 f4
{4-—=010-—=0,— - —+—+-4+10=0, — - — +5=0]
LM LM M LM LM L M LM

theF = First [Sol ve[equations, {fl, f2, f3, f4}]]

P (-m - g?M —10gLM —4L2M 5(gLM +2L2M) 4LM 10L M
4o flo 25 }

{f3—> ) g g g g

Now that we have solved for the f' s, we plug in the numerical values to obtain numerical value for the f' s

Tabl eFor m[t heF /. val ues // N]

f3- 214
f4 - 6.
f1-04
f2 - 1.

Now we can update the A matrix with the values found for the control law

AFor Control | ed = AForControl l ed /. theF

0 1 0 0

4L 10L gm -mg>-M g?-10L M g-4L2M 5(2M L2+gM L)
FRr L gM gM

0 0 0 1

4 10 g(MmM)  -mg>-M g>-10L M g-4L2 M 5(2M L2+gM L)
9 9 Im T gLM - gLM

AFor Control | ed = AForControl |l ed /. val ues

01 0 O
g 1 204 6
0 0 0 1

2
-z -1 -104 -6
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Now we can solve the system by method of inverse Laplace transform
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-6
-1

s -1 0

-2 s-1 -204

0 0 S

2 1 104 s+6

tnp =s xldentityMatrix [4] - AFor Control | ed

I nverse[tnp]

$34+55%+10.45+10. £+65+10.4 20.4 s+60. 6s+20.4
$'+588+10. £+10. s+4. $458+10.2+10.s+4.  '+58+10.2+10.s+4.  §'+553+10. £+10. s+4.
28
5 $+65+10.4s 20.45*+60.s 652+20.4s

$'4+588+10. £+10. s+4.

2s

$'4+588+10. £+10. s+4.

2
—s——
5

$'+583+10. £+10. s+4.

S
5

$'+58°+10. £+10. s+4.

2
L-s—-
5

" 5(s+455+10. £+10.5+4)

28

§+55°+10. £+10. s+4.

2s
=
5

$4+553+10. +10. s+4.

-10.4°-10.5-4.

$+553+10. +10. s+4.

sz
5

" 5('+55+10, £+10. 5+4.)

§+553+10.2+10. s+4.

$'+588+10. £+10. s+4.

$'+583+10. £+10. s+4.

I nver seLapl aceTransform[%, s, t1;
Tabl eFor m[sol ForControlled =%.initial X /. val ues]

eCL LAt (51— 2149) - (5.1 — 2.10) %) + 11D (=21 - 0.14) — (2.1 — 0.14) %) + % 7 (eCLLAt((-15. — 4.84) — (15. -
eI (2, - 2.20) @2 + (2. + 2.20)) + L TEIY(B. - 7.240) @2 + (3. + 7.20)) + 2—1071 (1101 ((10.2 - 19.84) et + (10.2 +
LIt (0.1 + 0.41) €%t + (0.1 — 0.44)) + L 1DL (0.6 + 0.95) €2 + (0.6 — 0.91)) + 2—10 (eIt (15 + 2.78) e%it + (15 -
LY (-1.5 + 0.34) — (1.5 + 0.3 €!) + e "1-191 ((-0.5 + 0.3i) — (0.5 + 0.3i) > ") + 2—10 7 (e O (4.2 + 1.24) — (4.2 4
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Now that we have found the solutions, we plot them and compare the result for the uncontrolled case

Ful | Simplify [sol ForControlled [[1]1]];
xSol uti onFor Contol | ed = ExpToTri g [%];
pl =Plot[%, {t, O, 10}, AxesLabel - {t, "x(t) degrees"},
Pl ot Label - "x(t) controlled", |mageSi ze » 240, Pl ot Range -» Al | ];

Ful | Simplify [sol ForControlled[[2]]];
xDot Sol uti onFor Contol | ed = ExpToTrig[%];
p2 =Plot [%, {t, 0O, 10}, AxesLabel - {t, "x' (t) degrees"},
Pl ot Label - "x' (t) controlled", | nageSi ze » 240, Pl ot Range - Al l 1;

Ful | Simplify [sol ForControlled[[3]1]];
t het aSol uti onFor Contol | ed = ExpToTri g [%];
p3 =Plot [180/Pi %, {t, 0, 10}, AxesLabel - {t, "e(t) degrees"},
Pl ot Label - "e(t) controlled", | mageSi ze » 240, Pl ot Range -» Al | ];

Ful | Simplify [sol ForControlled[[4]1]];

t het aDot Sol uti onFor Contol | ed = ExpToTrig[%];

p4 =Plot [180/Pi %, {t, 0, 10}, AxesLabel - {t, "e' (t) degrees/sec"},
Pl ot Label - "e' (t)controlled", | mageSi ze » 240, Pl ot Range -» Al | ];

G aphi csGid[{{pl, p2}, {p3, p4}}]

X(t) controlled X'(t) controlled
X(t) degrees X'(t) degrees
4 .
3 .
3 |
2
2 1t
1L ‘ ‘ ‘ ‘ Lot
2 4 6 8 10
_1 L
‘ ‘ ‘ st
2 4 6 8 10
6(t) controlled ¢'(t)controlled
(t) degrees 0'(t) degrees/sec
60 -
10
4+
5
. /\\v\w . Lot 20
2 4 6 8 10
_5F . L . . Lot
2 4 6 8 10
-10f ool
_15 E
—40+
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