Project one. Problem one. Mathematics 502 Probability and Statistics

Nasser Abbasi, September 26,2007. California State University, Fullerton

1. [10 points] The distribution function for the exponential distribution with parameter

A is given by
‘ 1— (,—.\.1‘ T _> 0
F(x) = { 0 Otherwise.

a. Write an R program that uses F~! and the uniform random number generator in
R (runif) to generate n numbers from the exponential distribution with A. Use
set.seed(your birthday MMDDYY).

b. Generate n = 10000 values from the exponential random variable with parameter A = 2,
using your program (don’t give me the numbers generated!). Use the hist command
in R to plot the density histogram of the relative frequencies for the generated data.
Overlay this histogram by the graph of the density of the exponential random variable
with parameter A = 2. The commands dexp and lines, or curves can be used. Select
an appropriate number of bins for your histogram. Briefly comment on the relationship
between the histogram and the density curve.

Problem 1 part (a)

1- —AX
The CDF given is defined as F(x) = { g Tofind F~ we need to solve for x in the equation 1 — e~ for x = 0 Hence we
write
y= 1-— e—/\x
e™M=1-y
-AX=In(1-y)
-1
X= = Inl-1y)
Therefore

Fiy =tIn-y)

Now to generate random numbers which belongs to an exponentia distribution, we will now generate random numbers from U (O, 1)
and for each such number generated, we will apply the above function F~1 on it, and the result will be a random number which belongs
to the exponential distribution. For example, if A =2 and a uniform random number is say 0.4, then we evauate
F~1(0.4)= 2} In(1- 0.4) = 0.25541

And so thisisthe idea to implement. We need to first seed the uniform random number generator before we start.

Algorithm

Input: A: parameter, n: number of random numbers to generate
output: alist of n random numbers from the probability density function ~ F (x) given above.

1. Seed the uniform random number generator with (010101).
2.initialize the array d of size n which will contain the list of random numbers generated below.

Thisloop below is just an algorithmic view. In actual code, a 'vector' operation Table[] in used for speed.
3. Foriin1l.nLOOP
Generate yx which is arandom generated from uniform distribution using the build in function RandomReal[0,1]
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dli]= F~(yy) using input A.
END LOOP

4. Find histogram of d. Select an appropriate number of bins. Let f, be the histogram found.

5. Now find the relative frequency f; by dividing set f, by the number of observations n. Hence histogram now is f, = %

6. Now scale the histogram such that it is density. Total areais 1. Do this by finding total area under histogram, and divide each bin
count by this area.
7. Plot the histogram and the exponential distribution Ae~** on the same plot.

Code Implementation

Define the function F~*which was derived earlier. Thisisthe inverse of the CDF of the exponential density function e

n[156:= | Renpve["d obal ™ " 1;
gDebug = Fal se;

-1
in[158):= | 1 nver seCDFof Exponenti al Di stribution[x_, n_]: = Mdul e[{}, T Log[l - n]]

Function below iscalled to generate N random numbersusing the above F~* function (User needsto seed before calling

in[159:= | get RandomNunber sFromExponenti al [A_, nRandonVari abl es _] : = Modul e[{i },
Tabl e[ i nver seCDFof Exponenti al Di stri bution[A, RandonReal []], {i, nRandonVari abl es}]]
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Problem 1 part(b)

Generate n = 10000 for A = 2 and overlay with relative frequency, use appropriate number of bins. See appendix for the function
postProcessForPartOne[] which generate the plots. Removed below to reduce code clutter in the main report.

This function makes a histogram which is scaled to be used to overlay density plots, or other functions.
Input: origina Data: thisis an array of numbers which represents the data to bin

nBins: number of bins
output: the histogram itself but scaled such that areais ONE

in[160]:= | Needs["BarCharts™ "]
nmaMakeDensi t yH st ogram[ori gi nal Data_, nBins_] : =

l\/bdule[{freq, bi nSi ze, from to, scal eFactor, j, a, currentArea},

to = Max[ori gi nal Dataj;

from=Mn[original Data]l;

bi nSi ze = (to -from) /nBi ns;

freq = Bi nCount s [ori gi nal Dat a, binSize];

current Area = Sum[bi nSi ze xfreq[i I, {i, nBins}];
freq

fre = ——;

current Area

a=from

Table[{a+ (j -1) *binSize, freqj 1, binSize}, {j, 1, nBins}]

This function to overlay the histogram and the PDF. It is used by the simulation program as well (that iswhy it is alittle larger than
needed)
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in[162]:= | post ProcessFor Part One [randomNunbers , nBins_, A_, nRandonVariables _, fronX_, toX_]:=
Modul e[{frequency, rel ati veFrequency, pl, p2,
x, factor, nax, infize =300, dx, p, pCDF, pi nvCDF, gz, g},

(»find dx which is bin size, needed by Mathematica Bi nCount functionx)
dx = (toX-fronX) /nBins;

(xgenerate frequency count using the above bin sizex)
frequency = Bi nCount s [randonNunbers, {fronX, toX, dx}1];

(xnow normalize by total nunmber of observation to obtain the relative frequenciesx)
rel ati veFrequency = N[frequency / nRandonVari abl es];

(xNow di vide by scale factora, to scale it =)
max = Max [rel ati veFrequency];

factor = A/ max;

rel ati veFrequency =rel ati veFrequency =factor;

gz = nmaMakeDensi t yHi st ogr am[r andomNunber s, nBi ns];
pl = General i zedBar Chart [gz, BarStyle » Wite,
| mgeSi ze » i nSi ze, Pl ot Label -»"A=" <>ToString[A] <>" variabl es=" <>
ToString[nRandonVari abl es] <>" bins=" <>ToString[nBins]];

p2 = Pl ot [PDF[Exponenti al Di stribution[a], x], {x, fromX, toX}
, PlotRange » All, Frame - True, PlotStyl e -» {Red (%, Thickx)}, | mageSi ze -» i nBi ze];

p = Show[{pl, p2}1;
pi nvCDF = Pl ot [i nver seCDFof Exponenti al Di stri bution[x, y1, {y, 0, A}

, PlotLabel »"x=F?*(y)=—Log[1-y]", | mageSi ze » 200, AxesLabel - {"y", "x" }];
A

pCDF = Pl ot [1 - Exp[-Ax], {x, fronmX, toX}
, PlotLabel -"y=F(x)=1-e*", | nageSize -» 200, AxesLabel -» {"x", "y"}];

g=Gid[{{pi nvCDF, pCDF}}1;
Gid[ {{p}, {9}}, Alignment » {{Center}, {Center}}, Frame - All]

]

now generate the needed outout for N = 10000
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in[163):= | nBins =50; X =2; nunber Of Vari abl es =10000; fronX=0; toX=2.5;
post ProcessFor Part One [get RandomNunber sFr onExponenti al [A, nunber O Vari abl es],
nBi ns, A, nunber O Vari abl es, fromX, toX]

A=2 variables=10000 bins=50
2.0 g
15 :’x
1.0 I
05/
Out[164]= ‘ ‘ ] - ) ) L
1 2 3 4
x=F}(y)=7Logl1-y] y=F=1-e"*
% y
10+
20t
0.8
LB
0.6
10t 0.4f
05 02+
‘ A A Ly : : : ‘ - X
05 1.0 15 2.0 0.5 1.0 15 2.0 25

Comment and analysis

Below | show snap shots of few plots of the density overlaid with the histogram for different values of n which is the number of
random variables.

We see from the plots below, that for a fixed number of bins, fixed A, that as more random variables are generated, the histogram
overlaid on top of the actual PDF becomes closer and closer to the PDF curve. The error between the histogram and the PDF curve
becomes smaller the larger the number of random variables used. This indicates that this method of finding random numbers for
density function will converge to the density function. We need to select an appropriate bin size to see this more clearly. The smaller
the bin size the more clear thiswill become (but too small a bin size will make the histogram itself not too clear).

Please see appendix for additional GUI based simulation for this part of the project.
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In[165]:=

Out[168]=

nBins =40; ax=2; fromX =0;
SeedRandom[010 1017;

toX=2.5;

p = Tabl e [post ProcessFor Part One [get RandomNurber sFr onExponent i al [A, nRandonmVari abl es],

nBi ns, A, nRandonVari abl es, fromX, toX],

{nRandonVari abl es, 500, 6 *500, 500}1;

G aphicsGid[{ {(First[p[[d, 1, 1111, First[p[[2, 1, 1111}, {First[p[[3, 1, 1111,
First [p[[4, 1, 1111}, {(First[p[[5, 1, 1111, First [p[[6, 1, 1111}},

Frame -» All, | mageSi ze - 600]

A=2 variables=500 bins=40 A=2 variables=1000 bins=40
20}
\,
15/
10
051
- 05 10 15 20 2‘.5‘ B Hsio‘ ‘
A=2 variables=1500 bins=40 A=2 variables=2000 bins=40
2.0 \ 20}
151 151\
10 101
05 0.5
05 1‘.0 1‘.5 20 25 §.o 3f5 1 2 3 ;1
A=2 variables=2500 bins=40 A=2 variables=3000 bins=40
2.0 20}
151 15\
10h 1.0}
05+ 051
1 2 3 4 1 2 3 4
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Problem 1 simulation

Define function which accepts a list of random variables from exponential distribution, and A and generates a plot of the histogram
overlaid by the exponentia density plot.

in[1691:= | m= Mani pul at e [ (SeedRandom[0101017;
post ProcessFor Part One [get RandonNunber sFr onExponenti al [A, n], nBins, A, n, 0, maxX]),
{{nBi ns, 50, "Nunmber of bins?"}, 1, 100, 1, Conti nuousAction - True,
Appear ance - " Label ed" },
{{a, 2, "2"}, 1, 10, .01, Conti nuousAction -» True, Appearance - "Label ed"},
{{n, 10000, "nunber of random vari abl es?"},
10, 100000, Conti nuousAction - True, Appearance - "Label ed"},
{{maxX, 2.5, "X Plot range?"}, 1, 100, 1, Conti nuousActi on » True, Appearance - "Label ed"},
Aut orunSequenci ng » {{1, 15}, {2, 20}, {3, 15}}
1

Number of bins? D 50
A G 2
number of random variables? :G 10000
X Plot range? CG 2.5
A=2 variables=10000 hins=50
20 g
15 :,
1.0 I
Out[169]=
0.5 I
Il |
3 4
x=F(y)==!Log[1-y] y=F(x)=1-e*
X y
10t
20+t
0.8+
15¢
0.6+
10¢ 04f
05 02l
‘ s ‘ Ly ‘ ‘ : : = X
05 1.0 15 20 05 10 15 20 25
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