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1 Problem 1

question: By setting the derivative to zero, find the value of b; that minimizes

2m
|61 sin & — cos z||* = /(1)1 sinz — cosx)” dx

0

compare with the Fourier coefficient b,
Answer:

First I thought it might be a good idea to refresh myself with Fourier series and how it comes
about from geometrical perspective. Understanding how a function can be represented using
Fourier series can be made easier by making an analogy of how a vector is represented using
vector basis.

We know from basic Euclidean geometry, that a vector in the standard 3 dimensional space
is written as the sum of its projections on the 3 basis vectors. When we write v = ai+bj ) —I—ck‘

then in this case, a is the projection of the vector ¥ onto the direction of the base vector i, and
similarly for the numbers b and c. The numbers a, b, ¢ are called the coordinates of the vector
U in this particular coordinate system. The same vector ¢’ can then have different coordinates
values depending on which coordinates system we are making our measurements against, yet
it the same exact vector. Hence a vector is invariant under coordinate transformation, but
its representation (the coordinates) will change. This diagram below illustrates the above

- 777
__Vv=ai+bj+ck

~dL.

Representing a vector as the sum of its projections on the coordinates system

Now that we know how a vector is represented by adding its projections along the direction
of each base vector, we are ready to make the switch to a new and exciting world, where
vectors become functions and the number of basis instead of being fixed at 3 become very
large, in fact, it become infinitely large. This new vector space is called the Hilbert space.

Our goal is to express, or represent a function such as f (x) using as basis the functions sin
and cos. This will lead us to fourier series representation of a function. One of the issues we



need to consider right away, is what basis to use now. There are many families of basis to
select. Here we select the sin and cos functions as the basis. As long as each base is orthogonal
to each other (using a new definition of what it means to have 2 functions orthogonal to each
others). Hence by selecting sin (x) , sin (2x) ,sin (3z) , - - -, and cos (0z) , cos (z) , cos (2x) , - - - .
Le. sin (nz) ,cos (nx) for n over all the integers from 0---oco. These basis work since any 2
different basis have zero as their dot product using the following definition of dot product,
hence they are orthogonal to each others. In Hilbert space, 2 functions are orthogonal to
each others if the dot product is zero, defined as follows between the function f (z), g (x)

<f<x),g<x>>—/f<x>g<x>dx

So, now when we are given a function f (x) and asked for its representation with respect to
the coordinate system called the fourier coordinates system, we follow the same idea as with
normal vectors, and write

f (z) = (projection of f(x) onto first basis) x first basis

+ (projection of f(x) onto second basis) x second basis
_'_

The above is the same as we did with Euclidean space. We now need to know how to find
a projection of a function such as f () onto a base which is itself a function as such sin ().
This diagram shows how to do find one such projection of f (x) onto one base function sin (z)



Step1: Find the length of the projection of a function f(x) on one of the basis (sin(x) in this example).

fx)

sin(x)

vy 1

| (flx)sinx)
x)|| cosf = ———L
Hf( )” [[singx) ||

Step2: To turn the projection (which is just a number) into a vector, we need to multiply this number by a
unit vector along the same direction. This unit vector is found by dividing the “vector” sin(x) by the norm of
the “vector” sin(x). This gives us the vector “p”, which is the projection vector of f(x) onto sin(x)

fx)

'e___X

sin(x)
p = L= sin)

(sin(x) sin(x))
The derivation of the projection vector P is shown below

Lergth [fpr[)pd]m unit vector abng Sinix)

L Yo/ sinG)
Y (Hsin(x)l\)
L (fl).sinb)

= e

}_9’: (f(X) S].'[](.X‘)) S]l]()

(sin(x), sin(x))

f(x),sin(z))

(sin(x),sin(x))

So the above tells us that the coordinate of f (z) along sin (z) is given by —
So, let us express f (x) using the first few coordinates. The first base is cos (0x) = 1, the

second base is cos (x), the third base is cos (2x), etc... and now for the sin basis, again we
use sin (x) ,sin (2x), - - -. Hence we have

x),cos(0x x),cos(z x),cos(2x
f(x) = (égé((;x),cf)s(())jv)) cos (0x) + (<(£)(s(?r),c0(s(2n>)> cos (z) + (iﬁi(Q)w),C(()s(Z)Zv» cos (2x)

oo G G, (0 YOG, (9 4

(sin(z),sin(z) sin(2z),sin(2z))
The standard is to write the above in the order of increasing the frequency of each base,
hence we write

— _{f(x),cos(0x)) (f(z),cos(x)) (f(z)sin(@))
f (.73) " {cos(0zx),cos(0x)) cos (O'T> + (cos(x),cos(z)) cos (ZE) + (sin(x),sin(z)) S (,T)



(f(z),cos(22)) (f(z),sin(22))
+ (cos(2z),cos(2z)) cos (2.1’) + (sin(2z),sin(2x)) Sin (2[1)) +--

(f(z)sin(z))

z),1 ), T 1
f (l’) = (f(z),1) + {2 cos(x)) (sin(z),sin(z)) S (l’)

(1,1) (cos(z),cos(z)) cos (:E) +

(f(z),cos(27)) (f(z)sin(2z))
+ (cos(2x),cos(2x)) cos (2$> + (sin(2x),sin(2z)) Sin <2$) +e

Now, the coordinates are given standard names, the first one is called ag, the second is called
ap the third is called by, etc.. i.e. the coordinates of f () on the cos basis are called ag, ay, - - -
and the coordinates of f (x) on the sin basis are called by, by, - --. Notice that by does not
exist, since sin (0z) = 0.

So, we write the above as

ag ai b1
7\

T, Taheos@) 0, Fasm@)
(sin (), sin (x))

(1,1) (cos (), cos (z))

as b

" ([ (@) cos (22)) "/ (@),sin (22))
(cos (2x) , cos (2x)) (sin (2x) , sin (2x))

f(x) =aog+ aycos(z)+ bysin (x) + as cos (x) + by sin () + - - -

f(z)= cos () + sin ()

cos (2z) + sin (2z) + - - -

Now, using the above definition of an inner product, we know how to calculate each of the
coordinates a,, b,

_ U@ _ i f@)xide [T f(x)de
4o = <i1> N Of"lxldm ="
= (f(x),cos(x)) _ 02" f(z)xcos(z)dx _ 027( f(z)xcos(z)dx

! (cos(z),cos(x)) fozw cos(z) xcos(z)dx T

_ _(f@)cos(2r))  _ _Jg" f(@)xcose)de 1 2w
42 = (cos(2z),cos(2z)) f0207r cos(2z)xcos(2z)dr K fO f (.CL') X COs (23:) dz
Hence we see that

2

ap = 5= [ f (x)dx
an = = U%f(m) X cos (nx) dx n>1

Similarly for the b,, coordinates, we obtain

. 27 :
by = H@sinG) _ Jo J@xsin@)dr 102w ) osin () da

(sin(z),sin(z)) ~— fOQ” sin(z) xsin(z)dz m JO

etc... Hence we obtain

by =L [7" f (2) x sin (nz) dz

T Jo
We know how to measure the norm of a vector in our standard Euclidean space, so we need
to decide how to measure the norm of a function in Hilbert space. For this we use the
following definition

If (@) = / (F (@)} do



I used the above range of integration because for fourier series, the basis used are the
sin (x) , cos ().

Now that we have reviewed the fourier series expansion, let us try to answer the actual
question.

First, use calculus to answer the question itself:

2T
9 d
5 (Hblsinx—costQ) = /(b1 sinx—cosx)zdx
1 1\
a 21
= b (bf sin? z + cos? & — 2b; sin  cos :E) dx
B
D) 27 2m 27
= b bf/ sin? zdz + /COS2 xdr — 261/ sin z cos xdx
1
0 0 0

a ) T 1 ‘ 2T T 1 ‘ 27 _1 ) 27
=0 (bl b—z—lstxL + [§+L—lsm2x]0 —2b; - cos'z )

(b3 [7] + [7] + by [cos® 2m — cos® 0]
(

Hence for minimum,

Now the question is asking to compare this to the fourier coefficient b;, i.e. with the coor-
dinate b; of the function being expanded. The question did not tell us what is f () itself.
But from geormetary we deduce that the problem is minimized the distance between the
function f (x) and the basis, which is sin (z) in this case. Hence b; sin z — cos x is the vector
between the function being expressed and the basis sin (z). Hence f (z) = cos(z) in this
example, as shown in this diagram



cosx) e
I vector
| ! sin(x)
b |
1
—
{fx)sin(x))
(sin(x)sin(x))

by sinx = cosx+7
by sinx —cosx = Z

1By sinx —cosix[| = [|Z]

Hence, we now need to find b; given that f (x) is cos () in this example:

Jy " cos (z) x sin () d
fozﬂ sin (x) X sin (z) dx
0
o7
=0

Hence confirmed to be the same.



2 Problem 2

Show that the complex exponential ¢ (z) = age™® ! are eigen functions of the convolution
operator
gx)=(kxf)(x)= /k (x —7) f (1) dr for k € L? (—00, 00) and how representing f () as

a linear combination of complex exponential greatly simplifies this equation

Answer: We need to show that by applying the convolution operator on ¢ (x) , we obtain a
scaled version of ¢ (), i.e need to show that

g9 ()] fl@)=¢(x) — A (2)

Where ) is a scalar.

From the above definition, we obtain

9(@) = (ko)) = [ k@-r)o(rr
= /OO k(z—7)ape™ dr

Using the commutative property of convolution, where (k x ¢) (x) = (¢ * k) (x) , we can write
the above as

g(x) = (¢ *k)(z)
= / k(1) age™* " dr

—00

:ao/ k(7)e™e " dr

o0

:aoeim/ k(t)e " dr

o0

But [*°_k(7) e ™dr is the fourier transform of the function k (z), Call this fourier transform
F(k(r) = X (n)
Hence

g9(x) = (¢ k) (z)
=agX (n) ™"

— /\eiwx

Inote: I renamed e?** in the original question to e* so as not to confuse with the & function used in the

definition of the convolution operator



Where I called apX (n) as the parameter A since agX (n) does not depend on x but depends
on n, Le. given the function k (7), we can determine its fourier transform for the specific
n provided, and this fourier transform integral, which will evaluate to some value, is then
multiplied with ag to obtain the scaling factor by which we scale ¢™® which is ¢ (x) with.
Hence we showed that ¢ () is an eigen function of g (z).

Now for the second part. If f (x) can be written as linear combination of complex exponential

functions as in f (z E a,e™®, then we write

n=1

g(x) = (kx* f) (x)

o] k (Zan in(x— T)) d,]_
= /OO k(T ( > dr
w / N
:/ <Zk Qe eine —znT) dr
N 00
_ Z/ k‘ zn:pe—im-d,r
N 00
= Zanemm / k(r)e " dr

But [*°_k(7) e"™7dr is the fourier transform of k (), call it X (n) , hence the above becomes

N

(x) = ZanemxX (n)

n=1

<

Hence we have replaced the integration operation with a summation operation and we have
simplified this equation.



3 Problem 3

The transpose of a matrix can be defined as the matrix A7 such that (Ax,y) = <£L‘, ATy>

This definition generalizes to function operators like the fourier transform ¢ (§) = F {f} =
ffooo f (SL’) e—i?ﬂ'{xdx

Find the adjoint £ {g} using the definition above.
Answer:

First, a gemoertric view of a matrix transpose can be illustrated in this diagram

e
-~

~_ B _——7

Find the image of the vector x under A, say b.

Now select some vector y in the column space of A. Find the dot product of b and y, call the result k.
Now find the image of y under B, say v. Find the dot product of v and x. If this dot product equals k,
then this means that the matrix B is the transpose of A.

IF @,37) = (X,V) THEN

B=A4"
ENDIF

Now let us try to apply the above diagram to find the adjoint operator we need. Instead of
using the Matrix notation of A and AT, we now use the notation of L and L* , where here L*
is the adjoint operator of L. Hence we seek to find an operator L* such that (Lf,q) = (f, L*q)

We are given what L is, it is the fourier transform, it takes the function f (x) and generates
g (&) according to this operation

g(6) = F {f} = / @) ey

For the inner product operation on the space of complex functions over the infinite domain,
I will use the following definition

<f,g>=/_:f_g da

10



Hence, applying (Lf,q) = (f, L*q)

(Lf,q) = {f,L"q)
(9(),q) ={f, L q)

A\

</OO f () e v da Q> = (f (), (L))

/Z </Zf(£€)e—i2ﬂ€xdx > q dé = /Zf(x) (L*q) dx
[ ([ T@eea Jqu= [ TEwg

I think now I can write as follwoing and exhange the order of integration

/Z [ @) (/: q ei%fxdf) e /ZW o

g(&)

Hence we see that

/ q ei?ﬂ&a}dg — L*q

o0

So, the adjoint operator is the inverse fourier transform.
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