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1 Problem

question: Consider the solution of A~x = ~b + ~n where A is m � n matrix, ~b�Rm; ~x�Rn and
~n is vector of i.i.d. Gaussian N (0; �2Im) noise vector. (i.e. noise is white Gaussian noise).
Determine the best solution ~x

Answer:

Since noise ~n is an additive noise to the output of the system, we consider the ~b vector as
a random signal of the same mean and variance as the noise being added to it. Hence ~b is
described by a probability density function PDF as follows (assume ~b is an n long vector,
i.e. a vector in an n-dimension space)
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The above gives the probability of~b as a function of its mean �
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and its standard deviation
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Now, we are told this is white noise, hence the mean is zero, so the above becomes
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Now, let us parametrize the output by the input. This means we want to associate the PDF
of the output by the input. We do this so that later we can ask the question of for what ~x is
the probability of ~b the largest? Finding such ~x we give us the best solution for the observed
noisy ~b.

A parametrized random variable ~b by parameter ~x is written as follows
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But A~x = ~b, hence the above becomes
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Start with m = n = 1, hence the above becomes1
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The best x1 is the solution which maximizes the ln of the above. Hence we need to evaluate
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Now set the above to zero, so we write
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Since ~x can�t be zero (A� 0 can�t make something non-zero), hence we need to have a211 +
1� 2a11 = 0:, Solution is a11 = 1

1I will start the index at 1 to be Matlab friendly
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So, the above maximizes the ln Pr
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Lets check: if noise variance is zero, then n = 0 since it is zero mean, hence b = Ax, and lets
say b = 1, then x1 = 1

A
= 1

a11
= 1

Plug in �2 = 0 in the above, we obtain x1 = 1
2
+ 1

2

p
1 = 1 (the solution x1 = 0 is not used,

does not make sense).

Now for the 2D case: n = m = 2
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take the derivative with respect to x1 and set it to zero
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Now take the derivative with respect to x2 of Pr (b2;x2) and set it to zero
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Hence we need to solve 4 equations

a211x1 + a11a12x2 + x1 � 2a11x1 � a12x2 = 0
a222x2 + a21a22x1 + x2 � a21x1 � 2a22x2 = 0
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4 equations, 4 unknowns, solve for a11; a12;a21;a22, use these to �nd ~x as we did for n = 1

(verify if I am on the right track before continuing)

I know looked at the textbook by Kay, I think I need to use 3.29 on page 45, but can�t now
�gure how to do that, since I have no way to �t this problem into that equation. Need more
time.
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