HW2. Math 499. Spring 2007
Independent studies course

Supervisor: Dr Angel R. Pineda, Assistant Professor Mathematics

Department California State University, Fullerton

Student: Nasser Abbasi

April 20, 2007



1 Problem

question: Consider the solution of AxX = b+ it where A is m x n matrix, l;eRm,feR” and
7 is vector of i.i.d. Gaussian N (0, 0%I,,) noise vector. (i.e. noise is white Gaussian noise).
Determine the best solution &

Answer:

Since noise 7 is an additive noise to the output of the system, we consider the b vector as
a random signal of the same mean and variance as the noise being added to it. Hence b is
described by a probability density function PDF as follows (assume bis an n long vector,
i.e. a vector in an n-dimension space)

e () = e (2 O 0)

The above gives the probability of b as a function of its mean 1 (5) and its standard deviation
o

Now, we are told this is white noise, hence the mean is zero, so the above becomes

Pr (5) = ﬁp (_ﬁ (5)2)

Now, let us parametrize the output by the input. This means we want to associate the PDF
of the output by the input. We do this so that later we can ask the question of for what ' is
the probability of b the largest? Finding such & we give us the best solution for the observed
noisy b.

A parametrized random variable b by parameter ¥ is written as follows

Pr (1;, a‘:’) = ﬁexp (—% (5— f)z)

But A¥ = l;, hence the above becomes




Start with m = n = 1, hence the above becomes!

1
exp | —5—5 [(anz1)” + 27 — 21 (anz1)]
20

1
9 2
WGXP < 2% YD) (allxl + 'rl allxl) )

The best x; is the solution which maximizes the In of the above. Hence we need to evaluate

0 0 1 1
9oy 2 (Prbrm)) = a:cf“(Wexp( 507 (o1 a1 - 26‘“1?)))

- () oS-t

9 1 o 1
- () e (s )

0 1
= 3o ( 252 (af27 + 27 — 2a11xf))

—1
2 5.9 (2anx1 + 21’1 4(1111’1)

Now set the above to zero, so we write

—1
QT‘Z (2&%11’1 + 2.1’1 - 4&11{1’}1) =0

(2&%1([1 + 21‘1 — 4&111’1) =0
T (a%l +1-— 2&11) =0

Since # can’t be zero (A x 0 can’t make something non-zero), hence we need to have a?, +

1 — 2ay; = 0., Solution is

T will start the index at 1 to be Matlab friendly



So, the above maximizes the In Pr (l;, i:’), hence

Pr <l;, :17) = Pr(by; 1)
1 2 .2 2 92
exp (_ (afy21 + 27 allxl))

So setting Pr (5, f) =1

Inv2mo? =

o?InV2ro? = 1) — 13
o] — 21 +0*InV2r02 =0

Solution is: |z; = % + %\/1 —202In2 —202lnm — 2021n o2

or|r; = % — %\/1 —202In2 —20%Inm — 2021In o2

Lets check: if noise variance is zero, then n = 0 since it is zero mean, hence b = Ax, and lets

saybzl,thenxlzizﬁ:

Plug in 0 = 0 in the above, we obtain x; = % + %\/I = 1 (the solution x; = 0 is not used,
does not make sense).

Now for the 2D case: n=m = 2

2
1 1 S o :
Petiin) = o (ot ((Sa0:0a) +3-2n (Sauaa) )| oot

SO



Pr(by;xq1) = o2 exp <—# [(a11961 + a12:c2)2 + SC% — 21 (@121 + a12:c2)])
1 1 2 .2 2 .2 2 2
= 972 exp <—@ [(anxl + Q19T + 2@11@12[E1£L’2) + Ty — 2 (CLHl’l + algmlxg)])
1 1 2 .2 2 .2 2 2
= 972 exp <—W [auxl + 19T + 2(111(1121711‘2 + Ty — 2&11[E1 - 2&121’1[)’22})
and
1 1 )
Pr (bg; $2) = 2 exp (——2 [(a21$1 + a22x2> + I‘g — 21‘2 (agll'l + GQQZ‘Q)])
o 20
1 1 2 .2 2 .2 2 2
= 502 exp (_ﬁ [a21x1 + A5 %5 + 209102271 T2 + TH — 2091271 — 2a22x2])

Maximize In Pr (b;; x;), for j = 1 we have

1
2mo?

1
InPr(by;21) =1n exp (—27‘2 [a%lm% + a2yw2 + 24110157175 + T3 — 200,20 — 2a12x1m2})

1 1
=1In 9o + <—T‘2 [a%laﬁ + a2y75 + 2a11a1071 Ty + 73 — 241,77 — 2a12:1:13:2]>

take the derivative with respect to x; and set it to zero

0
pr In (Pr(by;21)) =0

0 1
2 2, 2 2 9 5
0= Oz, \ 202 [af,27 + afow] + 20110122123 + 27 — 201127 — 20120172
_ 0 9 5 5 o 9 2 oy 229
= 2 (af127 + afyal + 2a1101221 22 + 17 — 201177 — 2a120172)

2
= 2(111{E1 + 2@11@121‘2 + 21’1 — 4(111.171 — 2(112[E2

2
= 01121 + a11012T2 + 11 — 20/11371 — A12T2

take the derivative with respect to x5 and set it to zero

0
— In(Pr(b1;21)) =0
o (Pr (b))
0
~ o ( %155? + a%2$§ + 2a110127172 + x% — 2a11x% — 2a12m1x2)
2

2
= 2@12372 -+ 2&11&121’1 — 2@121‘1

2
= Q192 + A11G12T1 — G122



Now take the derivative with respect to xs of Pr(by; x2) and set it to zero

o)
52 In (Pr(bg; 22)) =0

0 1 1
exp (—27‘2 [a%lm% + a§2x§ + 2a91a00112 + x% — 2a91T971 — 2a22x§})

B 015 2702

0 1
2 ,.2 2 .2 2 2
= 8—1‘2 _Tﬂ [(121,1’1 + UooLy + 2&21&221’1332 + Ty — 2@21$2£L'1 — 2(1221‘2}

0
2 .2 2 .2 2 2
= — ( 5177 + 5oT5 + 20210207172 + X5 — 2021 T2T1 — 2a22$2)

8x2
= (2(1%2532 + 2@21@22[E1 + 21‘2 — 2&211’1 — 4(122.1’2)

2
= Q99T2 + a91Q99T1 + L9 — Q911 — 2@22.732

Now take the derivative with respect to x; of Pr (by; x2) and set it to zero

0
2 .2 2 2 2 2
0= — ( 2101 + Q99T + 2&21&221’1332 + Ty — 2@211721’1 — 2&22$2)

8:61
2
= 2&21$1 + 2&21&22371 — 2@21.732

2
= G31T1 + 2102201 — A21T2

Hence we need to solve 4 equations

2
a1 + aj1a19r2 + 211 — 2&11%1 — A12T9 = 0
2
(992 + A210922T1 + Lo — Q211 — 2&22332 =0
2
A91T1 + 9109291 — U219 — 0

2
a19T2 + a11a12T1 — Q121 = 0

or

T1 (a%l — 2@11 -+ 1) + ) (CL116L12 — CL12) =0
T1 (a21a22 — (121) + T2 (agg + 1-— 2@22) =0
(a§1 + CL216L22) T1 — ar2 =0

2
A19%2 + (a11a12 — alg) T = 0
4 equations, 4 unknowns, solve for a1, ai2 a2 ag2, use these to find 7 as we did for n =1

(verify if T am on the right track before continuing)

I know looked at the textbook by Kay, I think I need to use 3.29 on page 45, but can’t now
figure how to do that, since I have no way to fit this problem into that equation. Need more

time.
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