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1 Problem 1

1.1 Part A

Show that the set of even functions, f(z) = f (—x) is a subspace of the vector space of all
function f (R)

Answer:
(a) if f is an even function, then f(z)— f(—x) =0

let w(x) = f(x) + g (k) where f,g are even functions. To show closure under addition, We
need to show that w () is also an even function.

w(x) = w(—a) = {f (2) + g ()} = {f (=) + g (—2)}
= {f (0) ~ [ (~0)} + {g (2) — g (~0)}
— 040
=0

Hence w (z) is closed under addition.

To show closure under scalar multiplication. Let ¢ € R, we need to show that cf (z) is even
function when f () is even function. Let g (x) = cf (z)

g (@) =g (=) =cf (z) —cf (=)
=c{f (@)= f(=2)}
= c{0}
=0

Hence closed under scalar multiplication.

And since the "zero" function is also even (and odd as well), Hence even functions are
subspace of the vector space of all function f ()

1.2 Part B

Show that the set of odd functions, g (—z) = —g (z) form a complementary subspace with
the set of even functions (i.e. two subspaces W, Z of V' are complementary if

(nwmzz{ﬂ
(ii) WU Z =V, ie. every U € V can be written as ¥ = @ + Z where € W, 2 € Z

solution: Let the set of odd functions be W and let the set of even functions be Z. Let the
set, of all functions be V.



Some functions in V' are
not even nor odd

setl/

set 17 (even functions)

set Z (odd fnctions)

To show that W, Z are complementary, we need to show that the above 2 properties are
met.

Looking at property (i). This property says that the function v € V' can be decomposed into
the sum of an odd function and even function in one and only one way. i.e. ¥ = W+ 2 where
w e W, Z e Z is a unique decomposition of .

To show this, apply proof by contradiction. Assume the function v € V' can be written as
the sum of even and odd functions in 2 different ways. v = w; + z; and also U = Wy + 2,
where wy,ws € W and 21, 2> € Z. But this means that w; + 27 = Wy + Z5. Which implies
that 1171 — QEQ = 52 — 51.

Since the difference between 2 even functions is an even function (This can be easily shown
from properties of even functions if needed), and the difference between 2 odd function is
an odd function, then we have that an even function is identically equal to an odd function.
Which is not possible unless both are zero. Hence w; — wy, = 25 — Z; = 0 which means that
Wi = ws and 25 = 2, therefor the decomposition of ¥ must be unique. This proofs property
(i)-

Now we need to proof property (ii). This means that any function can be written as the
sum of an odd and even function.

answer: Let f (x) € V be any arbitrary function. Write it as follows

1

1
f(@) = 5F @)+ 5 (@)

Now add and subtract from the RHS % f (=x), This will not change anything

1 1

P =350+ 57 @)+ {57 (o) - 5 (-

regroup as follows



Now let g (z) = {f () + f
show that g () — g (—x) =

9(x) —g(=z) ={f(2) + f (=)} = {f (=2) + [ (=(=2))}
={f @)+ [ (=)} ={f (=2) + [ (2)}
=f(@) = f(@)+ f(=2) = f(-2)
=0

Hence g (z) is even.

Now let h (z) = {f () — f (—z)}, to show that h (z) is odd, i.e. h(z) € Z, we need to show
that h (—z) = —h(z) or h(—z) + h(z) =0

h(=x) +h(z) ={f (=) = f(=(=2))} +{f (z) = f(=2)}
={f(=2) = (@)} +{f (2) = f(=2)}
= [(=2) = f(=2) = f(2) + [ (2)

Hence h (z) is odd.

Hence we showed that f (z) = feven function +3odd function. Hence f (z) = f. (z) + f, (2)

where f, () is the even part of f (x) and f, (z) is the odd part of f ().

side note: Let the basis of the subspace W be {wy,ws,- - ,w,}, and let the basis of the
subspace Z be {z1,29, -+ ,2,}. Property (ii) implies that a basis of V' can be taken as

the union of these 2 sets of bases, i.e. basis for V = {wy,wq, -+ ,w,} U{21,290, -+ ,2,} =
{w17w27 cor, Wn,y 21, 22,0 0 7zn}
1.3 Part C

Problem: Show that every function can be uniquely written as the sum of even and odd
function.

Solution: From part(b), since we showed that the subspaces of even and odd functions are
complementary, hence this follows from the property of such subspaces.



2 Problem 2

Problem: Prove that a linear system Az = b of m linear equations in n unknowns has either

1. exactly one solution
2. infinitely many solutions

3. no solution

answer:

What I have to show is that if more than one solution exist, then there is infinite number of
solutions. In other words, one can not have finitly countable number of solutions other than
zero or 1.

Assume there exist 2 solutions. x;,X,, hence Ax; = b, and Axs = b.

A

A

We can show that any point on the line joining the vectors x;, X, is also a solution.

(x2-x1)

Vector v can be parameterized by scalar ¢ where
v =x; +1t(x2 —X1)

By changing ¢t we can obtain new vector v. There are infinitely many such vectors as ¢t can
have infinitely many values.

x1) + tA (X2 — x1) by linearity of A

A(

=A(x1)+ A(t(x2 —x;1)) by linearity of A
A(
A(xy)+t(A(x2) —A(x1)) by linearity of A



But A (x;) = b, and A (x3) = b, hence the above becomes

Av=Db+t(b—b)
=b

Therefor, v, which is different than x; and x5 is also a solution. Hence if there are 2 solutions,
then we can always find an arbitrary new solution from these 2 solutions, Hence there are
infinitely many solutions. QED



3 Problem 3

Problem: Prove that the inner product defined by (f,g) = fab f(x)g(x)+ f'(z) ¢ (z)dx
satisfy the conditions of an inner product on the space on continuously differentiable functions
on the interval [a, 0]

Answer: An inner product must satisfy the following properties. Let f, g, w be continuously
differentiable functions on [a,b] and let ¢ be scalar.

Afr9) =19, /)

- (tf,9) =t{f,9)

{f 4 gow) = (f,w) + (g,w)

A(f, f)>0if f#0or (f,f)=0iff f=0
To show property 1. Since

b
qw:/f@wm+fmymm

N N

Now, since real valued functions are commutative under multiplication (ie. f(z)g(z) =
g (z) f (x)) and similarly for the derivatives, we can exchange the order of multiplication

%m:/g@f@+d@f@Mx
= (g9, f)

To show property 2:

<mm:/Fﬂmwm+wmwamm
= / tf(x)g(z)+tf(x) ¢ (r)dr sincet is constant
/tumgw+fwwwnm

b
—t [ 1@9@)+ ] @) g () ds
To show property 3:

(f+g,w) =



Now, since we can distribute multiplication over addition for real valued functions, i.e.
(f+g)w = fw+ gw (becuase function multiplications is a point-by-point multiplication)
the above becomes

 + 9w /{f L g() w(@)}+ {f @) @)+ (@) (@)} do

By linearity of integration operation we can break above integral into the sum of two integrals

(f + gw /f f<><>m+/gmwwm+ymww»m
w) + (g,w)

To show property 4:

=[ﬁmﬁm+fwuﬁm

Consider fab [f (z)]>dz. Since [f (z)]* can only be positive or zero,This is the same as
f g(z)dz where g (z) > 0 over [a, b], Hence f g(z)dz = 0 only if g(x ) is identically zero over
[a,b], but if g (z) = 0, then [f (x)]> =0 or f(z) = 0, which means fa [f (2)]* dz = 0.

Now if f (x) = 0, then the second integral fab [f (2)]> dz = 0 as well.

Hence (f, f) = 0 only if f (x) is identically zero over [a, b]

Hence we showed the 4 properties for this definition of the inner product.



4 Problem 4

problem: Ly norm on the interval [a, b] is defined as (f, f) = [, [f

Find the cubic polynomial that best approximates the function e” on the interval [0, 1] by
minimizing the Ly error.

solution:
Let p(x) = ap+ a1+ asx? + azx®, hence we need to have 4 equations to solve for ag, ay, as, as
Let the g (x) = p(x) — €®, which is the error function.
From the definition, the square of norm of this error is

EI* = |Ip () — &

= ||g (z) |I”

(z), g (x))
1

g ()" da

p(z) — e’ dx

I
Nc\g

1 1
B[ = / p(2) — e dw = / a0 + @z + ap2® + aga® — ¢ do
0 0

1 e 9 a3
= ——+—+2a0+a0+a0a1+—+4a2+
2 2 3
2a009 a2 as  2as
-+ 24+ =4+ — | —12a3+
3 73 al( 2 "5 3

+—+——|—e(—2a0—2a2+4a3)

Now minimize this error with respect to each of the coefficients in turn to generate 4 equations
to solve.

d!zf! _0_2—2e+2a0+a1+%+%
%=0=—2+a0+%+%+%
dc\li _0—4—26+%+5+%+%
%202—12+4 +?+%+§+2_?3



Hence, set up the above 4 equations in matrix form, we obtain

2 1 % % aop 2e — 2
2 1 2

2 13| =17

5 5 5 g (05} 26—4

5 2 5 2| |as 12 — 4e

Solving for a’s using Gaussian elimination leads to solution

’ag = 0.9906, a; = 1.0183, ay = 0.421246, az = 0.278625

Hence the best fit cubic polynomial that minimize the error to e* between 0 and 1 is

p(z) = 0.9906 + 1.0183z + 0.4212462% + 0.2786252°

This is a table of values to compare e* and p ()

2= Table[{x, Exp[x], p/. sal}, {x, 0,1, .1}1;
TableForm [ %, TableHeadings — {Nane, {"x", "p(x)", "exp(x) "}}]

QU0 TadeFonTe

x o =P (H)

o] 1 0.95206
0.1 1.10517 1.10538
0.2 1.2214 1.2218

0.3 1.34%66 1.3456565
0.4 1.45182 1.4%9161
0.5 1.e4872 1.64635
0.6 1.82212 1.82187
0.7 2.0373 2.01385
0.8 2.2254 2.22585
0.5 2,455 2.45586
1. 2.771828 2.711723
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5 Problem 5

Problem: A Hilbert space is a function space with a norm. If we consider the space of
continuous functions on [a,b] with Ly norm, it is Hilbert space H. A key step in showing
that functions on this space can be approximated using a countable (i.e. indexed by integers)
orthonormal set is the Bessel Inequality

n

Z<f7¢i>2 < |IfII? < o=

=1

where ¢; is an element of the orthonormal set and f is the element of the Hilbert space being
approximated.

If we approximate f (z) by Y ., a;¢; (x) with oy = (f, ¢;). Start by stating the error in the
approximation to prove the Bessel inequality.

solution
In this solution, I use the analogy to the normal Euclidean space just as a guideline.

a; = (f, ¢;) is the projection of the function f onto the basis ¢;. This is similar to extracting
the i'" coordinate of a vector. The expression a;¢; (z) is then a vector along the direction
of the base ¢;, whose length is the projection of f in the direction of the i’* basis. Hence in

general,
Number of Basis

f (@)= Z a;p; (x)

i=1

This is similar to the Euclidean coordinate system where we write v = xf—l—y}—i— 2k where ;,J, k
are the basis in this space and x,y, z are the coordinates of the vector. A vector coordinate
is the length of the projection of the vector onto each specific basis. The expression for f(z)
above is a generalization of this concept to the function space and to an arbitrary number
of basis.

And similarly to what we do in the Euclidean space, the 'length’ of the vector using L, norm
is |]]2 = /22 + 32 + 22, hence ||7]|3 = 22 + y? + 2%. This is generalized to the H space by
saying

Number of Basis

= > ()’

i

Number of Basis

- Z {f, ¢z’>2

i
If the number of basis is infinite, then we write

[e.e]

LA = (f. 00)?

(2
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Therefore, if the number of basis is infinite, and we sum for some finite number of basis less
than infinite, say n, hence the resulting norm must be less than the actual norm we would

get if we had added over all the basis. Hence it is obvious that ||f[|? > Z (f,¢;)? since

i
we terminated the sum earlier, and since each quantity being summed is positive, then the
partial sum must be less than the limit, which is || f||*.

Now we just need to show that the norm finite. If the function itself is finite (meaning its
value, or range, is finite) then each of its its projections must be finite (Jcosa| < 1). Hence
given a function which does not "blow" up, then all its components must be finite. Since
we are adding finite number of quantities, each of which is finite in its own, hence the sum
must be finite as well. Hence || f|| < oo, or || f||* < o<

Therefor

n

Z<f7¢i>2 < |IfII? < o=

)
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